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Abstract

This dissertation develops the subject of beam evolution in storage rings with nearly
uncoupled symplectic linear dynamics. Linear coupling and dissipative/diffusive pro-
cesses are treated perturbatively. The beam distribution is assumed Gaussian and
a function of the invariants. The development requires two pieces: the global in-
variants and the local stochastic processes which change the emittances, or averages
of the invariants. A map based perturbation theory is described, providing explicit
expressions for the invariants near each linear resonance, where small perturbations
can have a large effect. Emittance evolution is determined by the damping and diffu-
sion coefficients. The discussion is divided into the cases of uniform and non-uniform
stochasticity, synchrotron radiation an example of the former and intrabeam scat-
tering the latter. For the uniform case, the beam dynamics is captured by a global
diffusion coefficent and damping decrement for each eigen-invariant. Explicit expres-
sions for these quantities near coupling resonances are given. In many cases, they are
simply related to the uncoupled values. Near a sum resonance, it is found that one
of the damping decrements becomes negative, indicating an anti-damping instability.
The formalism is applied to a number of examples, including synchrobetatron cou-
pling caused by a crab cavity, a case of current interest where there is concern about
operation near half integer v,. In the non-uniform case, the moment evolution is
computed directly, which is illustrated through the example of intrabeam scattering.
Our approach to intrabeam scattering damping and diffusion has the advantage of not
requiring a loosely-defined Coulomb Logarithm. It is found that in some situations
there is a small difference between our results and the standard approaches such as

Bjorken-Mtingwa, which is illustrated by comparison of the two approaches and with



a measurement of Au evolution in RHIC. Finally, in combining IBS with the global
invariants some general statements about IBS equilibrium can be made. Specifically,
it is emphasized that no such equilibrium is possible in a non-smooth lattice, even
below transition. Near enough to a synchrobetatron coupling resonance, it is found

that even for a smooth ring, no IBS equilibrium occurs.
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Chapter 1
Introduction

A storage ring is a device in which a high energy beam of charged particles is confined
in the vicinity of a closed orbit. Storage rings can be used for particle acceleration,
colliders for nuclear and particle physics experiments, damping rings and light sources.
Intensive research is ongoing for all of these applications with energy being pushed
higher, beam intensity increased and control and measurement of other beam prop-
erties pushed to the limits of current technology and understanding. The motivation
for the present dissertation arose out of several issues that researchers confront as

these various limits are pushed.

The first problem is that of intrabeam scattering (IBS). Particles in the beam in-
teract via the Coulomb interaction. This causes particles to slowly move off the orbits
prescribed by the external magnetic fields. Because of the essential randomness of the
detailed particle distribution this causes beam evolution in a thermal equilibration
like process. At a single particle level, one can think of IBS as causing diffusion and
damping (so-called “dynamical friction”). The effects of IBS get stronger with in-
creased particle density which results from either increased beam current or reduced
beam sizes. However, it is strongly energy-dependent, making it most relevant for
machines with low and intermediate energies. For example, in the ALS, a third gen-
eration light source, IBS is a strong effect at 0.7 GeV, but very weak at 1.9 GeV
[1].

Intrabeam scattering theory has a long history, passing through such disparate
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subjects as galactic dynamics (see e.g. [2, 3, 4]) and plasma physics (see e.g. [10,
11]) before being adapted to charged particle beams. The connection of course, is
that both the gravitational and Coulomb interactions are 1/r? forces; attraction or
repulsion ends up being relatively unimportant here. The two main adaptations
of this theory to accelerator physics are those of A. Piwinski [12] and Bjorken and
Mtingwa (BM) [13].

There are two reasons for revisiting IBS theory which we will focus on here. The
first is the issue of the Coulomb Logarithm. This is a parameter that shows up in
the standard IBS analysis and is usually expressed as the logarithm of the ratio of a
maximum to minimum impact parameter for the scattering process. The minimum
distance cut-off is relatively uncontroversial: a variety of different arguments all lead
to a distance of the order of the distance of minimum approach of the two particles.
The large distance cut-off b,,., has been more controversial, however. The question
is one of locality. If only nearby particles need to be considered, then one takes by,ax
to be of the order of the inter-particle spacing. If no such locality condition can be
assumed, then one must include scatters up to some possibly much larger distance
scale. In plasma physics, for a uniform density plasma, an argument based on charge
shielding gives the Debye length for this length scale. In a non-neutral situation of
either stars interacting gravitationally, or a charged particle beam, however, such a
shielding cut-off does not obviously apply'. For a view into the controversy, see e.g.
(15, 16, 17].

By the time diffusion and damping due to the Coulomb interaction was adapted
to accelerator physics, the controversy was mostly seen as resolved with the “sys-

. b3} . . 2
tem size” determining bp..°.

Let us suppose that in some sense this is the correct
answer. Charged particle beams give this issue a further twist however. In modern
light sources or damping rings the vertical beam size can be much smaller than the
horizontal which in turn is much smaller than the bunch length. Which of these three

sizes should be used? Typically, the smallest of the three sizes is taken, but one may

IFor the gravitational case, some have suggested using the distance associated with the Jeans
instability[14].

2Note, however, that in Piwinski’s 1974 original paper, he takes the interparticle spacing for
determining by,ax. His later work suggests using the beam size.



wonder whether this is justified. In this dissertation, we describe an approach to IBS
in which no large distance cut-off is required. The scattering integrals are cut off
naturally by the actual beam distribution® . This approach was first described in
[18]. Here we give a more complete treatment.

The second issue regarding IBS theory relates to coupling. The original formula-
tions of Piwinski and BM didn’t include a coupled beam distribution. Piwinski made
some progress on this topic in [19] as did V. Lebedev [20] more recently in unpub-
lished work. General coupling is also combined with IBS in the computer program
SAD, with an approach as described in [21]. All of these approaches involve general
coupling and are mainly amenable to numerical computation. One may wish for an
intermediate approach that includes coupling but still allows for analytical under-
standing. Such an approach by the present author and collaborators which included
transverse coupling and was applied to understanding of IBS data in the KEK ATF
was described in [18]. Elaborating on the approach described in this work amounts
to a substantial portion of the contents of this dissertation.

The topic of linear coupling is still an active research subject (see e.g. [24, 25, 26,
27, 28]), despite the fact that general analyses were initiated quite some time ago|[22,
23]. Because of its importance in accelerator operations, improved understanding of
parametrization, measurement, and correction continues development.

These references relate mainly to transverse (betatron) coupling. There is also
the issue of transverse-longitudinal (synchro-betatron) coupling [44]. A recent reason
for wanting to understand this issue involves installation of crab cavities in colliders
(such as KEK-B[60]) in order to compensate for beam-beam effects from a collision
with a crossing angle. Because such colliders typically operate with a horizontal tune
near a half-integer resonance, one may be particularly concerned about the effects
of synchro-betatron coupling on stability and beam distribution. This problem was
analyzed by Hoffstaetter and Chao [35] in which they find stop-band widths near

linear resonances due to a single crab cavity and also due to dispersion at an rf

3We should point out, however, that the existence of this formulation should not be seen as a
strong argument for using the beam size over the inter-particle spacing for the maximum distance
scatters to include. We have, in a sense, decided ahead of time that large distance scatters are
relevant and can be included in an impulse approach.
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cavity.

Even if the crab cavity doesn’t cause an instability, however, it may still have a
strong effect on the beam distribution near a resonance. This issue led to the work
contained in [29] and which also comprises a substantial part of this dissertation.

The effect of coupling near resonance has been well studied in the context of
Hamiltonian perturbation theory. See [30] and [31]. In this approach, a distributed
perturbation to the Hamiltonian is Fourier analyzed and slowly varying terms are
extracted. For the case of linear perturbations such as linear coupling, a coupling pa-
rameter can be determined and the tunes found, particularly near sum and difference
resonances.

In the presence of a damping and diffusion effect, a unique equilibrium distribution
is reached. For the uncoupled case with synchrotron radiation, analytical expressions
were given in [36]. A numerical algorithm to find this distribution for the general
coupled case was given in [37]. A generalization of the synchrotron radiation integrals
were given in [32, 33].

In reference [34], the authors find the equilibrium beam distribution near a beta-
tron coupling resonance, using the Hamiltonian perturbation theory results of [31] to
find the coupled Hamiltonian and resulting equilibrium beam distribution. We seek
similar results for the synchro-betatron coupled case in addition to wanting to under-
stand the beam distribution near integer and half-integer resonance. In [29] and this
dissertation, we take a different approach to near resonance perturbation theory. We
develop a new perturbation theory based directly on the one turn map, which for the
linear case is a symplectic matrix. Near resonance, this is degenerate perturbation
theory, with a close parallel to that of Quantum Mechanics*. We are able to derive
the same results as found from the Hamiltonian approach in addition to being able
to analyze the integer and half integer resonances caused by coupling which requires
second order degenerate perturbation theory.

With this as introduction to the motivations of the work described in this dis-

sertation, let us now return to a more general discussion of storage rings in order to

4A similar approach to the perturbation theory is taken in reference [66]. However, they do not
consider the case of near resonance.



describe our analytical framework.

In each type of storage ring, dipole magnets are used to bend the trajectory into
a convenient shape. Quadrupole magnets provide transverse focussing about this
orbit. The invention of alternating focussing quadrupole magnets allows stability in
both horizontal and vertical directions. RF cavities are added to the ring to provide
the acceleration of the beam and also for longitudinal focussing. There may also be
additional dipole magnets in the form of insertion devices in electron storage rings
for the purpose of additional cooling or for the production of coherent or incoherent
radiation. There are also higher order multipole magnets which produce magnetic
fields for other orbit related purposes. Although these elements act locally, for our
purpose, it is their net global effect that is important. They can all be lumped together
to produce a symplectic one-turn map. This map will depend on the position in the
ring, but is determined by electric and magnetic fields throughout the ring, not just
at the local position. The arrangement of these linear and nonlinear electromagnetic

elements around the storage ring is called a lattice.

In addition to the planned fields due to the lattice, there are additional electric
and magnetic fields the beam encounters around the ring. For one, it produces a
self field, that acts on itself directly through what are termed space charge effects
and intrabeam scattering, and indirectly through its interaction with the beam pipe
and cavities. There will also be error fields, due to small discrepancies between the
designed configuration of magnets and cavities and their actual configurations. Also,
electrons and positrons can emit substantial synchrotron radiation when bent in their
trajectories. This reduces their energy in addition to providing a noise source due to

quantum fluctuations in the emitted photon energy.

One would like to know the effects of these additional processes on particle dynam-
ics and beam distribution. We will assume that they are small, and can be treated
as a perturbation to the design symplectic dynamics. These additional effects can
be divided into symplectic and non-symplectic ones. We will take an asymmetric
approach to these effects, treating the symplectic perturbations as perturbing the
one-turn map, and the non-symplectic dynamics as causing local perturbation to the

beam.
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The reason for this division comes from the fact that we assume that the dynamics
is close to symplectic. We will also focus on the linear case in this thesis, in which
the one-turn map is represented by a symplectic matrix. In this case, a beam in
equilibrium can be described as a Gaussian function of the invariants of the one-turn

map matrix [37]:

1 g1 g2 g3

&) = Sy gy P (_ o) (g (93>> ’ (1)

where g3 are quadratic invariants which we will write as g, = z7G,Z, with a =

1,2,3. 7 is the phase space vector and the 7 indicates a transpose of the vector.
(g1,2,3) are the average values of the invariants over the beam distribution. They are

related to the RMS eigen-emittances €, by (ga.) = 2€,.

Once these invariants have been determined, the distribution is only a function
of three parameters, the (g,). The non-symplectic dynamics locally change the emit-
tances, but the form of the invariants are determined by the global one-turn map at

a given location.

How do the non-symplectic dynamics change the beam distribution? We will
assume the beam has a Gaussian distriubition, taking the form of (1.1). We can
thus capture the effects of the non-symplectic dynamics in terms of the change to
the second moments of the distribution which thereby change the (g,). Let X be the
matrix of second moments. Then the non-symplectic dynamics will produce a local
d>/ds where s is the position along the closed orbit trajectory. The change in the

emittance around the ring is then given by

Alga) = fdsTr lGa%] (1.2)

This equation is the basis for our approach to the subject and captures the distinction
between global symplectic dynamics and local non-symplectic dynamics: G, is the
invariant of the global one-turn map at that position, and dX/ds is the local change
in the distribution due to the non-symplectic effects. The local change in the global
invariant is then integrated around the ring to yield Eq. (1.2) for the total change in



emittance.

So we see that there are two pieces to this approach to beam dynamics in a stor-
age ring. The first involves finding the global one-turn map and the corresponding
invariants. The second involves finding the local effect on the second moments due
to all relevant non-symplectic processes. This interaction between local and global is
one of the distinctive features of storage ring physics. For example, particles emit-
ting synchrotron radiation undergo diffusion primarily in energy. However, due to
dispersion which causes the transverse invariant to contain an energy component, the
transverse emittance grows. More generally, diffusion or damping in one direction
can, through global coupling, cause growth in other directions which could not be
predicted by only looking at the local dynamics. As another example of this which
we will encounter, the non-symplectic process of intrabeam scattering causes growth
in the RMS momenta of the beam in such a way that energy in the beam frame is
conserved. When energy conservation is described in terms of the global invariants,
interesting effects arise, such as lack of an equillibrium, even in the smooth approxi-
mation when above the transition energy. Further, when one goes beyond the smooth
approximation, using the locally varying global invariants, one finds that no equilib-
rium is possible with just IBS, even below transition. This is again an application of
this interplay between local and global dynamics in storage rings®.

Stochastic effects can be included through the Fokker-Planck equation [2, 39, 40]
which gives the evolution of the single particle probability distribution which can be
reinterpreted as the beam distribution itself. This is not as general a starting point
as it may appear. It assumes that correlations between particles can be ignored®.
Further, it is assumed that the stochastic kicks are small”. We mention these as-
sumptions to bring attention to the fact that it is by no means obvious that the
Fokker-Planck framework is adequate for describing the effects of IBS. In fact, this
question is connected to the question of locality and b, in the Coulomb Logarithm.

Refer to the galactic dynamics literature (e.g. [2, 3, 4]) for more on this point. We will

®See [38] for further musings on this global/local philosophical issue.

6For a more general framework, see a discussion of the BBGKY hierarchy in e.g. [41]

If one does not make this assumption, but still uses a single particle distribution function, this
is the Master Equation (again, see e.g. [41]).
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here assume that the Fokker-Planck equation (or equivalent single particle stochastic
differential equation) applies, taking the framework as seriously as possible. Indeed,
the ability to do measurement of beam evolution due to IBS means that perhaps some
of these old controversies can finally be put to rest®. But doing so requires both very
careful measurement, and very careful understanding of assumptions going into the
modeling analysis.

If we are only interested in Gaussian beams, as we will be in this dissertation, only
the evolution of the second moments is required, as stated in Eq. (1.2). Then, one
can use a single particle stochastic differential equation as the starting point to derive
such moment evolution. In the case that non-Gaussian evolution were considered,
the Fokker-Planck equation would be a more convenient tool. However, we will not
consider this interesting question further. See refs. [5, 6, 7, 8, 9]. In the case that the
distribution has substantial tails, but one still wants to use a Gaussian analysis, ref.
[62] should be considered.

This thesis is organized as follows. In Chapter 2, we will give the details of the
general formalism described in this introduction. The invariants are defined from
the one turn map, and the distribution is described in terms of the invariants and
their average values, or emittances. Given additional non-symplectic processes, the
emittances will evolve, and we write down these evolution equations. We assume an
uncoupled starting point and will consider coupling and non-symplectic dynamics as
perturbations. We here give the details of the uncoupled symplectic starting point.
We give the uncoupled invariants and transfer matrix in terms of the Courant-Snyder
lattice parameters and dispersion functions. We give approximate lattice parameters
for a smooth ring, the simple smoothed-out model replacing the actual ring with
varying local properties.

In Chapter 3 we consider how linear coupling affects the symplectic dynamics.
We develop a perturbation theory based on the one turn map. We focus on the case
of being near a linear resonance where small coupling can cause large effects. Being

on a resonance implies a degeneracy of the one-turn map, and we will thus require

8Computer simulation can also be of help here. However, the adequacy of macroparticle models
which are inevitable for 10° particles is uncertain and under investigation (see e.g. [42] for some
recent work in this area).



degenerate perturbation theory. We give analytical expressions for the perturbed
eigenvalues by which questions of stability can be explored, and also the coupled
invariants which determine the beam distribution. We explore the example of trans-
verse coupling caused by skew quadrupole magnetic fields. We also consider the case
of synchro-betatron coupling, and we give detailed results for the cases of dispersion

at an RF cavity and a single crab cavity.

In Chapter 4, we add non-symplectic dynamics in the form of constant damping
and diffusion matrices. Combined with linear symplectic dynamics, there is a unique
Gaussian equilibrium beam distribution. This distribution can be approximately
written as a function of the invariants of the one turn map, and we focus on this
approximation which is typically quite good. In this case, we can define damping and
diffusion coefficients for the eigen-invariants which give the equilibrium emittances.
We consider the case of synchrotron radiation emitted in bending magnets in elec-
tron storage rings giving the explicit expressions for the local damping and diffusion
matrices. We then derive the equilibrium emittances, which are well-known from the
work of Sands [36].

In Chapter 5, we combine the results of the third and fourth chapters, giving
expressions for the damping and diffusion coefficients for the coupled eigen-invariants
near each of the linear coupling resonances. Near difference resonances we find that
one of the damping coefficients can become negative, when the symplectic dynamics
are still stable. This “anti-damping” indicates a slow instability, caused by the inter-
play of the damping with the structure of the invariants. This phenomenon can be
seen in the “uncoupled” results of Chapter 4 as well. When the damping partition
number is too large, an instability results. In this context dispersion in fact couples
the transverse and longitudinal invariants and damping coefficients together. Our
formalism shows that anti-damping is a more general effect, and occurs as a sum
resonance is approached. Near an integer and half-integer resonance, we also derive
the effect on the damping and diffusion coefficients. We find that the damping coeffi-
cients are not affected much by the resonance. However, the diffusion coefficients are

affected, blowing up as the instability is approached.

In Chapter 6, we consider the case of non-constant damping and diffusion matrices.
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The example we explore is intrabeam scattering. In this case, we find that it is not use-
ful to define global damping and diffusion coefficient for the eigen-invariants, although
it can be done. Because a beam filling up larger phase space will have less diffusion
and damping, there is a fundamental difference from the constant case in which diffu-
sion is constant, and the damping effect increases with increased phase space volume.
Instead, the local emittance growth can be directly computed. There are a variety of
existing formulations of intrabeam scattering theory. Bjorken-Mtingwa and Piwinski
find the emittance evolution directly, not breaking the scattering down in a damping
piece and a diffusion piece. The damping and diffusion can combined together to find
the evolution of the beam second moment and resulting emittance change, which is
equivalent to the B-M and Piwinski results. The approach we take is most similar to
the Rosenbluth Potentials [10], however we provide a new derivation of the diffusion
and damping coefficients. The standard approaches involve a parameter called the
Coulomb logarithm. Although not stated explicitly in most derivations, this param-
eter results from an assumption of spatial homogeneity (specifically involving impact
parameters of colliision) of the beam. We formulate the problem in such a way that
the real spatial distribution is involved and so no divergence occurs. We find that us-
ing the minimum beam size as a cut-off gives an excellent approximation to our more
exact results in most cases. However, near to an equilibrium there can be substantial
differences. We explore an example of bunch length growth in RHIC due to IBS and
show that there is a small but possibly measurable difference between our equations
and those of Bjorken-Mtingwa. We find that it is plausible that our equations provide
a better fit to the data. Next, we survey the existing literature on IBS, describing the
various ways in which the integrals can be approximated and under which conditions
these approximations apply. Finally, we address the question of equilibrium, asking
whether an equilibrium can occur when IBS is the only damping and diffusion mech-
anism. We confirm a result of Piwinski’s, that below transition such an equilibrium
can occur, while above transition it cannot. This result, however, is only valid in the
smooth approximation. We find in a real non-smooth ring, even below transition, no
equilibrium is possible, although the equilibrium predicted by the smooth approxi-

mation is approximately valid. The smooth approximation results can be understood
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in terms of Piwinski’s invariant, a quantity conserved by IBS. It is basically energy
conservation rewritten in terms of the invariants.

Chapter 7 combines the IBS results of Chapter 6 with coupling and synchrotron
radiation discussed earlier. We give explicit expressions for the coupled matrices
needed to compute the emittance evolution and give an example of x-y coupling
in the ATF at KEK. Finally we consider how Piwinski’s invariant is affected in the
presence of synchro-betatron coupling, finding that even below transition, with strong

enough coupling, there is still no equilibrium even in the smooth approximation.



Chapter 2
General Overview

Storage ring dynamics involves interaction between local and global dynamics. If
we ignore non-linearity, the global dynamics is described by a one-turn map matrix,
M. The one-turn map will have three independent invariants associated with it. Any
beam distribution that is a function of these invariants will be stationary with respect
to M. The presence of weak damping/diffusion does two things. First, it tends to
cause the distribution to be a Gaussian function. We write a general normalized

Gaussian distribution as

f(2) = ! e~ 27 M2 (2.1)

(27)3+/det (M 1)

In particular, the distribution will be a function of the invariants of M, which implies

. 1 ox 9 92 83
1) = Sl (o ga) p( 0 Tga) <g3>)- 22)

Here, the g123 are quadratic invariants which we will write as g, = z7G,Z, with
a = 1,2,3, 7 being the phase space vector and the 7 indicating a transpose of the
vector. (g123) are the average values of the invariants over the beam distribution.

The second moment matrix, 3 is given by M~!, and using (2.2), we can show that

2= =T (9a)Ga) (2.3)

a

12
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with J given in Eq. (2.8).

Further, the diffusion and damping cause a slow variation of (g,). To find this
evolution, we consider some non-symplectic process that causes a local change in the
beam second moments ¥, = (z;2;). The net change in the (g,) is then given by

integrating the corresponding change in the invariant around the ring:

Alga) = j[ ds Tr [Ga%] (2.4)

with Tr representing the trace of a matrix. Thus, as we see, the non-symplectic
process acts locally on the moments, causing changes in the invariants which are global
quantities. Let us briefly consider the transformation properties of this equation. Let
us suppose we apply a canonical transformation to phase space in the form of a

symplectic matrix A/, and set Z = N'Z. Then the moment matrix and the invariant
matrix transform as ¥ = (ZZ7) = NENT and G, = NG, N so that

ax _dx
Tr[G,—] = Tr[GaE]

— (2.5)

We will find two reasons to use this result. First, dispersion is a form of synchro-
betatron coupling, coupling together transverse and longitudinal dynamics. However
it is unavoidable in storage rings and we therefore would like to work it into our
formalism at the beginning. We do this by using betatron coordinates that uncouple
the dynamics. In this case, the matrix A is the dispersion matrix B which we give
later. Using this transformation will simplify the form of the invariants, but we must
remember to compute X using these same coordinates. For the case of intrabeam
scattering, one finds an additional reason to apply such a transformation. The effect
of intrabeam scattering is most easily worked out in the beam frame. Thus, if we let
N be a Lorentz transformation matrix, L, we can relate the second moment changes

in the beam frame to the lab frame emittance changes.

The calculation implied by Eq. (2.4) will organize our discussion in this chapter
and in fact our general approach. It will be useful at times, when in the midst of

a detailed calculation, to return to this equation to remind ourselves of how that
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detail fits into the bigger picture. In this chapter, we will start with a discussion
of the computation of the invariants GG, from the one-turn map M, giving explicit
expressions for the uncoupled case. Next we discuss the change in the second moments

from the local non-symplectic dynamics.

2.1 Linear Dynamics and Invariants

Consider a general electron storage ring with a given linear lattice. Ignoring the damp-
ing and diffusion effects due to synchrotron radiation, we can describe the dynamics

at any position s in terms of a one-turn map M:
gs+c = M(S)Es, (26)

where C' is the circumference of the ring and where Z'is our phase space coordinate
vector (column matrix). Our coordinates are (x,2',y,v',,2,0) where x and z are
the particle’s horizontal and longitudinal displacements relative to the beam center,
x' = p,/p. is the slope of the particle’s motion in z, and 6 = (p, — Fy)/ Py where B

is the design reference momentum.

The matrix M is symplectic [22] which means
MY JIM = J, (2.7)

where a superscript 1" means taking the transpose of a matrix, and J is the symplectic

inner product matrix

0o 1 0 0 0 O
-1 0 0 0 0 O
0O 0 0 1 0 O
J = (2.8)
0 0 -1 0 0 O
0O 0 0 0 0 1
0O 0 0 0 -1 0
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The six eigenvectors and eigenvalues of M satisfy
Muvy, = Mg (2.9)
The index k runs over +1,£2, 3. We normalize the eigenvectors such that
vl Jue =i sgn(y) 61, (2.10)

where sgn(j)is 1 for j > 0 and —1 for j < 0, and " means taking the complex conjugate
and transpose of a matrix (or vector). This normalization condition suggests the
definition of an upper indexed object

v = —i sgn(j) vl (2.11)

J

The normalization condition (2.10) then reads

vVop = 0. (2.12)

We refer to an eigenvector v, with £ > 0 as a positive mode eigenvector and
one with £ < 0 as a negative mode eigenvector. Note that this property of being a
positive or negative mode is intrinsic to a given eigenvector and is not a property of the
normalization: multiplying by a constant cannot convert a positive mode eigenvector
into a negative mode, and vice versa. The positive and negative modes are related as

follows,

U_p = Uy, v = i (2.13)

When M describes stable motion in the storage ring, the eigenvalues A\; can be

expressed as
A = etk (2.14)

with u a real quantity. We refer to u; as the eigen-phase advance, with pp = 27y

where v, is the eigen-tune. The positive and negative phase advances are related to
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each other as

From the v;’s, we construct a matrix using them as columns,
U= (?Jl V-1 Vg UV_9 Vg U_g3 ) . (216)

Given the normalization, one can show that U is symplectic. We can thus consider

U as a (complex) canonical transformation that diagonalizes! M. In particular

U MU = (2.17)
e 0 0 0
0 e 0 0
0 ez 0
0 0 e 0

0 0 0 e*m 0
0 0 0 0 em

o o O
o O o O

o O O O

Let us now discuss the invariants of M. Let g = zZGZ be a quadratic invariant
of M, where G is a symmetric matrix. To be an invariant, g(s) must satisfy the

condition g(s) = g(s+ C) for all Z, or
MTGM = G. (2.18)

We can in fact use the g, and additional 3 conjugate angle quantities ¢, as coordi-
nates for phase space. These are the well known action-angle coordinates. From the
definition of the invariants, it is easy to see that if the distribution is a function only
of the g, and not the ¢,, then it will be stationary with respect to the symplectic

dynamics. Evolution occurs in the (g,) while the ¢, evolution is washed out. Note

1 Another useful canonical transformation involves taking v/2 times the real and imaginary parts
of the v’s for the columns of U. This is a real canonical transformation and results in a block
diagonal M with blocks given by rotation matrices. Thanks to Y. Cai of SLAC for pointing this out.
It is the same as that given in [23]. We discuss this transformation in Appendix A, but otherwise
do not make use of it in this work.
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that linear combinations of invariants are still invariants. In the non-degenerate case,
there are 3 linearly independent invariants. Given U, there is a natural choice for

these three invariants. We express them as

go=7Go.Z,  G,=JUHU"J, a=123 (2.19)
with
ic, 0 0 0 0 0
H = |0 00|, H=|0 i, 0],
0 0 0 0 0 0
00 0
H. 00 0 (O 1) (2.20)
3 — s Op = 10 . .
0 0 10,

One can verify that these are invariants by using (2.18), and more details are given in
Appendix A. These invariants? can also be written directly in terms of the eigenvectors
as

G, = —J(?}*UT + va)J (2.21)

From this expression, we note two properties of the invariants. First, they are real
quantities, and second, they are independent of the overall phase of the eigenvector
v,. Further, there is no need to allow a to run over negative values. If we do so,
Eq. (2.21) shows that G_, = G,. That is, the invariants determined by the negative
mode eigenvectors are identical to those from the corresponding positive mode. This

is a manifestation of the relationship between vy and v_y.

The invariants g¢,, expressed in terms of normalized eigenvectors in (2.19) and
(2.21), turn out to be the action variables often used in perturbation theory in classical

systems. To see that, let us express the one-turn map as

M =e’%, (2.22)

2Note that we use the term invariant for both g, and G, although only the g, are actually
invariant with respect to the particle motion.
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In this form, S has the physical meaning that the effective Hamiltonian describing

the one-turn motion around the observation point s is given by H = %*TSZ. Then

using
110, 0 0
S=—JUANU', A= 0  iuo. O ,
0 0 130,
1 0
and o, = < ) ; (2.23)
0 —1
it follows that
S = M1G1 + ,MQGQ + ,MgGg. (2.24)

The one-turn effective Hamiltonian is therefore given by

1
H = 5(#191 + Hag2 + 1133)- (2.25)

For the transverse dimension, the g, corresponding to the betatron oscillations reduces

to the Courant-Snyder invariant [22] in the uncoupled case.?

Now, suppose that the distribution of electrons in the storage ring is given as a
function of the invariants g,. In particular, let it have a Gaussian distribution given

by Eq.(2.2). In terms of matrices G, the second moments of the distribution

are given by

1 1 1
Y= —§<g1)JG1J - §<g2>JG2J - §<93>JG3J, (2.27)

which we derive in Appendix A.

3For the sake of this agreement, we have not included a factor of % in the definition of the g,,
Eq.(2.19).
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2.2 Unperturbed Case

A typical storage ring is designed to be planar and uncoupled and this will be our
starting point. We will use betatron coordinates, defined by Z3 = BZ. The dispersion

matrix B is given by

1 0 0 0 0 —n
0O 1 0 0 0 —n
o 0 1 0 0 —

B= K (2.28)
o 0 0 1 0 -
Me —Ne My —my 10
o 0 0 0 0 1

with 7, ,, the horizontal and vertical dispersion function and 7, , the derivative with

respect to the position on the orbit s.

Then the linear one-turn map for the ring at s is of the form

M, 0 0
Muncoupled = 0 My 0 . (229)
0 0 M,

Where M, , . are symplectic 2 X 2 matrices. Since they are symplectic, following

Courant and Snyder [22], we can write them in the form

| , o B
M, = cos p, I + sin p, J, = et J, = , (2.30)
—Yu Oy
Oé2
where u stands for z, y, or z. Here, B, ,, azy = =20, ,, and 7., = 1+ﬁ;,y are the

usual horizontal and vertical Courant-Snyder lattice parameters. They are periodic
with period C; e.g. B.(s + C) = B.(s). Note that adding integer multiples of 27 to
1 and g, does not change the one turn map. We will thus, except where otherwise

noted, assume that an appropriate multiple has been added (subtracted) so that

P € [—T, T (2.31)
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To find the corresponding quantities for z, let us consider a model storage ring

with one RF cavity. The transfer matrix for the RF cavity can then be written as

1 0
Tcav = ( r 1) (232)

where 7 = 4 sin® £, The transfer matrix from the RF cavity to another position s is

T, (s) = (; _?d) . (2.33)

The subscript tells us that this is the longitudinal transfer matrix taking bends into

account. Here, a = C'ns with
Ns = 0 — — (234)

is the momentum slip factor with a,. the momentum compaction factor, and

a = 1/s Mds’, (2.35)
aJs, p(s')

with s. the position of the RF cavity, i the dispersion and p the dipole bending radius.
We note that & depends on the two positions s, and s and ranges from 0 (when s = s,.)
to 1 (when s = s.+C'). We call a.& the partial momentum compaction. The one-turn
map at an arbitrary position s is then

.- (1-7«@ —a[1+rd(d—1)])'

r

2.36
1—r+ra ( )

One can verify that the eigenvalues of M, are indeed e+, Comparing the two

different forms for M., we identify

5 - _eli+ar(@-1)]
° sin ji, ’
,

Y = = . )
asin i,

a, = (I—Qd)tan%. (2.37)
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The synchrotron phase advance per turn p, is typically small. Taking lowest order

in pu, we get

a My Hz o
8, = —— L, =——, a,=—(1—-2a). 2.
R v 4 9 ( ) ( 38)

Note that in order to preserve the symplectic requirement that 3,7, = 1 + a?, we

have to keep higher order in u, in £, and ~,.

We require that 3, and 7, be positive. This means that p, must be negative (as-

suming a > 0, which is true above transition). Thus, designating the usual (positive)

synchrotron phase as s, we have p, = —us. In terms of p, then,
a /zlzs _,U/s «
= Y=, Q= 1—2aq). 2.39
fo=or =T = (1-29) (2.39)

Given the general form (2.30), we can express the eigenvectors of Myncoupled 8s

VB 0 0
U 0 0
1 0 1 \/ 1 0
Vg = — , vy = —= i_fy UV, = —= , (2.40)
V2| 0 V2 . V2 0
NG
0 0 VB
0 0 s

with corresponding eigenvalues e+, v and e+, which can be checked by direct mul-
tiplication. The above v, and v, are positive modes, and the corresponding negative
modes are v_, = i} and v_, = —iv}. Using the notation in (2.11), we can express
the normalization as v*v, = v*v, = v *v_, = v *v_, = 1 and all other combinations

give 0. To be explicit, because v, is a positive mode (likewise v,), v® = —iv].J.
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From these eigenvectors, we find the invariants:

For the x direction, we find the standard Courant-Snyder invariant,

CHAPTER 2. GENERAL OVERVIEW

Yo @ 0 0
ap B 0 0
0 0 0 0
“lo o0 0o
0 0 0 0
0 0 0 0
00 0 0
00 0 0
0 0 v a
oo o s
00 0 0
00 0 0
0000
00 0 0
00 0 0
“lo o0 o0 o0
0000
00 0 0

gz = Vxx% + 2amxﬁxlﬁ + B:B'Tg7

o O O O O O o O o o o o

S O O O O O O O O O o0 o o o o o

Q
w

&

(2.41)

(2.42)

(2.43)

(2.44)

and likewise for y, where we recall that we are using the Z3 betatron coordinates

defined in Eq.(2.28).

We now consider how the eigenvectors transform around the ring. This is necessary

because we will want to know how the damping and diffusion coefficients transform

around the ring, and they depend on the local eigenvectors. The eigenvectors trans-

form in the same way as the phase space coordinate 2z’ does, i.e. with the transfer

matrix from position s; to position s;. We express the transfer matrix in terms of the
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Courant-Snyder lattice functions and the phase advance from sy to ss, 1,12, which is

related to (.(s) by
%2 ds

1o = , 2.45
Va12 B0 (2.45)
In betatron coordinates, the transfer matrix is given by
R, 0 O
Toﬁ(sl — 82) = T125 = 0 Ry 0 (246)
0 0 R

z

with

R. — (; _fd) , (2.47)

where ac is C' times the partial momentum compaction factor from s; to ss, and for

R, and R,,
Ry = %(COS Y12 + aq sin,a),
\/ 1

Ry = /1B2sin g9,

Ry = ﬁ[(% — 1) o8 Y12 — (1 + o) sin 9],
Roy = %(cos Uy — o sinYy10), (2.48)
2

where 51 = [, ,(s1), etc. When so = 514+ C, 1312 = flay-

We have not written the longitudinal transfer matrix in terms of 3., a,, and 7,
for reasons of convenience. We have assumed that we have not crossed an RF cavity
from s; to sy. In the case that we do, we need to also multiply by (2.32). To lowest

order in g,
Vo12 = Qipts, (2.49)

where & is integrated from s; to so. This can be derived by setting Ris for the z
transformation (—ad) equal to \/(,15.28in1,15. In the general case with multiple
RF cavities, we would need to compute the resulting 3., a, and ~,, but otherwise

the formalism remains the same. Note, however, that we assume that the dispersion
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at each of the RF cavities is 0 in the computation of the a., (3., and ~,. These are
uncoupled lattice functions. We treat dispersion at an RF cavity as a perturbation

and later give an example for the case of a single cavity.

The transfer map in betatron coordinates is related to the transfer map in real

coordinates by
Top = ByTy8,7, (2.50)

where B; and B; are the betatron coordinate transformation matrices given in (2.28)

involving the dispersion at s; and s, respectively.

Applying Ti9s to the eigenvectors, we can show

Tiopv.(51) = €20, (s),

Ti25v:(51) = €120, (s2), (2.51)

where v,(s2) and v,(s2) are expressions (2.40) with the lattice functions advanced to

position ss.

2.3 Smooth Storage Ring

It is sometimes useful to replace the real machine with varying lattice parameters with
a smoothed out ring where all positions are equivalent. There are two ways in which
one might define such a ring. First, one could specify some ”typical” position in the
ring. Then, one could simply assume that all places in the ring have the same one
turn map. One could choose the typical position by replacing the lattice parameters

with their average values.

Another way to define a smooth machine is to imagine physically spreading our
the bending and focussing elements throughout the whole ring. Then the bending
radius will be given by

pa = R (2.52)
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Setting 3, , to be constants such that the tunes remain v, , give

R

By o (2.53)
B. = w (2.54)
v,
Ne = V—Rg (2.55)
where we have used the smoothed value of the momentum compaction
Q. = % (2.56)

2.4 Non-symplectic process

We now consider the effect of adding a small non-symplectic perturbation to the

otherwise symplectic dynamics. We write this as*

dz; . ~

— = (JS12)i + & (2.57)
dt

where S5; is the local Hamiltonian matrix. We will later convert time derivatives into
derivatives with respect to path length. Consider a time At that is short relative to

the symplectic dynamics, but long enough that the stochastic term él has acted many

times. The value of z; after At is then

where

t+AL
t

4We assume that éi is entirely a non-symplectic process. In order to implement this in practicality,
we will later have to subtract off the reversible components to the evolution, leaving an entirely
irreversible process.
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From Eq. (2.58) we can find an equation for the evolution of the second moments of

the beam distribution X;;:

AS; e S
where
b — (Azi)y
 athy
7 \2ESE)w
d;; ~ (2.61)

The b; are known as the drift coefficients and contain damping effects and additional
Hamiltonian effects. The d;; are the diffusion coefficients. We have averaged over f,
the beam distribution, and also over W, the ensemble of possible events determining
the process é between t and t+At. We note that the diffusion and damping coefficients

can depend on the phase space position Zz.

Let us say a bit more about this averaging over the ensemble of events. We

consider the stochastic process é as composed of n short kicks so that
Az =Y 627 (2.62)
j=1

where the (52§j ) are the kicks and n is the expected number of events between ¢ and

t + At. The damping and diffusion coefficients are then given by

()
b = % (2.63)

(S

The double sum in the diffusion coefficient can be broken into terms with the same
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and different summation index:

k l
<Z 5z§’“)5z§’“)> < R >5z§.)>
; 2 - (kAL -

- 2.
dij N + A7 (2.65)

Let us consider a single term in the second bracketed quantity:

<5sz)5zj(»l)>w (2.66)
This quantity is an ensemble average of a product of kicks at two different times.
We claim that this quantity is negligible because the two kicks are uncorrelated.
However, it is not entirely true that the two kicks are uncorrelated. We have included
both damping and diffusion in the same process and so in the case that the damping
doesn’t vanish, the kicks are not uncorrelated, but have an average value equal to the
damping. However, since we only keep the damping effect to lowest order, this term

is higher order in the damping and we thus disregard these terms.

Let us now suppose that dz; depends on some parameter ®, and ® is distributed
according to a normalized distribution g(®). Then, instead of averaging using the

more general quantity W, we write the diffusion and damping coefficients as

b = n / ADg(P)62;(P) (2.67)

dy = n / dDg(D)62;(D)52; (D) (2.68)

where n = n/At is the expected event rate. In the diffusion coefficient, we have
used the fact that the kicks are uncorrelated to reduce the double sum (integral) to
a single one. In the case of synchrotron radiation, ® will be the frequency of the
emitted photon, and g(®) the normalized spectrum. For intrabeam scattering, ® will
be Z,, the phase space position of the second particle with which the given particle
is scattering, and g will be the distribution of particles which undergo the scattering
process within the time ¢ and ¢ + At. In each case, we must normalize g(®) so that

its integral is 1.
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We have expressed Egs. (2.67) and (2.68) in terms of general indices ¢,j. This
allows us to compute these in any coordinates. In physical coordinates, however,
only the momenta can change instantaneously and so only the momentum indices are

NnoNn-zero.

In the case where there is constant damping and diffusion, we have

by = Bz (2.69)
di; = D;; = constant (2.70)

where we recall that for physical coordinates, ¢ and j should just run over the mo-
mentum indices. We could also write the damping coefficients as
b,

By = —
’ Opy

(2.71)

with a and b referring to momentum indices.

In this case of constant damping/diffusion, one can prove that the equilibrium
resulting from combining linear symplectic dynamics with the additional irreversible
process is a unique Gaussian distribution. If the distribution is indeed Gaussian, then

it can be completely characterized by its second moments 3;; = (2;2;). Integrating

Eq. (2.60), we find

s—s’

s+C 5 5 5
Y(s+0)=MI(s)MT + / ds'To—gr(2:bj + 2ibi + dig) ) T (2.72)

Here M(s) is the symplectic one-turn map matrix at position s and T,y is the
transfer matrix from s to s’. It is again symplectic. Indeed, M (s) = Ts_sc where C
is the ring circumference. The first term of this moment evolution equation gives the
symplectic evolution of the second moments and the integrated terms give the total

effect on the moments from the irreversible process W.
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2.5 Reversible/Irreversible Dynamics

As written, the stochastic quantity ¢ could contain both reversible and irreversible
parts. We would like to pull out the reversible parts and consider that as being part
of the Hamiltonian evolution. Consider the change in the second moments due to
drift and diffusion as given in Eq. (2.60):

dd;; ~ ~ -

d—tj = <bl'Zj + ijZ' + dzj> (273)
Now, b; and a?ij depend on the phase space coordinate Z. The process of time reversal

can be represented by reversing the direction of the momentum

Pa — —Pa (274)

For dX/dt to be the same after time reversal, we require that the momentum indices

of b; to be antisymmetric and those of d;; to be symmetric:

S

o(—P) = —ba (D) (2.75)
ab(_m = dab(m (276)

where the a and b represent the momentum indices. See [69] for more discussion of
this condition. One can see this more clearly when considering the Fokker-Planck
equation, however the same logic applies starting from the single particle stochastic
equation. We will use it to pick out the irreversible components of the drift and

diffusion coeflicients.

Eq. (2.75) suggests that we write

ba = Babpb (277)

where By, is independent of Z’ to lowest order. Thus, the simplest situation is where
By, and dy, have no phase-space dependence. This will be considered in Chapter IIT

and covers the case of synchrotron radiation. The more general case of Z dependence
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is required for the case where the stochasticity comes from the particle interacting
within the same beam as is the case with intrabeam scattering or with another case

as with beam-beam diffusion. These cases are considered in Chapter V.



Chapter 3

Perturbation Theory Near Linear

Resonances

In Chapter 2, we laid out our general approach. We saw that there are two elements
needed to find the beam distribution, the global invariants and local non-symplectic
second moment evolution. In this section, we focus on the symplectic (reversible) dy-
namics through analysis of the one-turn map M. There are two pieces of information
we seek from this analysis. Before asking about the beam distribution, we should
first determine whether or not the single particle dynamics are stable. This can be
found from the eigenvalues of M. Assuming symplectic stability, we would then like
to understand the beam distribution. For this, we require the invariants, which can
be constructed from the eigenvectors of M. Thus, the basic goal of this Chapter is

to find the eigenvectors and eigenvalues of the one-turn map.

From one perspective, this is a solved, relatively trivial, problem. Given a numeri-
cal representation of M, it is straight-forward to find the eigenvalues and eigenvectors.
It is, however, an analytical representation that we seek. In particular, we are in-
terested in the following quite common situation. A storage ring is designed to be
uncoupled. In Chapter 2 we found the eigenvectors of an uncoupled ring, expressing
them in terms of lattice parameters. A real ring, however will have small pertur-

bations to this uncoupled ring. We would like to find analytical expressions for the

31
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eigenvalues and eigenvectors in the presence of small perturbations. We will be es-
pecially interested in the case of a linear resonance where two of the unperturbed
eigenvalues are close in value. In this case, a small perturbation can cause a large
effect.

A complication arises, however, when doing perturbation theory directly on Myncoupled
near a resonance. At the degeneracy, the eigenvectors are also degenerate, meaning
that linear combinations of eigenvectors are still eigenvectors. One must add a pertur-

! The degeneracy

bation to break the degeneracy and pick out specific eigenvectors.
is broken by two relevant small quantities. First, there is the distance in tune space
from resonance, and second, there is the coupling. Interesting perturbative effects
occur when these two quantities are of similar size. The correct lowest order eigen-
vectors are not necessarily those of M ycoupled. We will thus consider M peoupied to be
My + M,,, where M, is the map exactly on resonance. Instead of doing perturbation
theory on Mncoupled, We Will do it on M. If we turn off the coupling, we will of course
expect to get the correct eigenvalues and eigenvectors for Myncoupled-

The resonances we consider occur when two of the eigenvalues are equal. We will
specialize to a 4-D subspace in which we can capture this dynamics. Extension to
the full 6-D phase space is not difficult, but does not add much new dynamics while
it would make the formalism more cumbersome. We take our 4-D space to be x — z
phase space, but it also applies to x —y and y — z.

There are many ways to define such an on-resonance M,;. We choose to do so

in such a way that the eigenvectors remain to be given by Eq.(2.40). This can be

M, 0
My = ( ° ) | (3.1)
0 M.,

My = et M,y = ez, (3.2)

accomplished by choosing

where

where (1,0 and g,y are their degenerate (exactly on resonance) values and J, and

J, are defined as before, i.e. by (2.30). In particular, o, ,, 3,., and v, , are the

'For more on this point, see a discussion of degenerate perturbation theory in quantum mechanics,
such as in [67], pp. 227-231, as well as our derivations in the next section and in Appendix B.
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uncoupled lattice functions derived from Myncouplea. Let us write? fi, = g0 + Ofly/2

and 1, = .0 + 01, /2, then the perturbation to M, is given to lowest order as

v <5ng$M$O 0 )
e 0 6ngzMz0
_ (‘”5% 0 )M 5.3
= O (ngJz 0- .

For example, in the case of the sum resonance, p, + 1, = du where oy is small (recall
the redefinition Eq. (2.31). We then write p,0 = p, p.0 = —p, and dp, = dp, = dp.
For the difference resonance, p, — p, = dp, and we have 0 = p0 = p and dp, =
—0pu, = Op. For the integer resonance in pi,, we have 0 = 0 = 0 and o, = 2p,.
In this case u,o can be anything; although in practice, the synchrotron tune will
typically be small. Finally, for a half-integer resonance in pu,, we have p,o = m, and
dpte = 2(ptz —m). Along with the corresponding p, integer and half-integer resonances,

these six cases covers all the single linear resonances.

The matrix M;, specifies the deviation of the uncoupled map from being exactly on
resonance. In addition to the perturbation M;,, we still have to add the perturbation
coming from the coupling. We designate its contribution to the one-turn map as M.
This could come from an error in the lattice, or from an added coupling element (such
as a crab cavity) somewhere in the ring, or in the case of dispersion at an RF cavity,
which can be considered to be intrinsically coupling (not due to errors). We show
how to find M, for a dispersive RF cavity and a crab cavity in a later section. We

write
M = My + M, My = My, + M. (3.4)

As mentioned, M, does not change the eigenvectors of My; M will, however. To
be more explicit about the perturbation M, suppose that at position s; we insert
a perturbation 1 4 P(s;). Let there be n such perturbations, arranged such that
0< 81 <83<...<s8, <C. We have defined the observation position to be s = 0.

2The factor of 1/2 is for later convenience — it allows for the interpretation of §u,, . as the splitting
between the uncoupled nearly degenerate phase advances.
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The new one-turn map at the observation position is

M =T, .c[1+P(sp)] ... Ts—s, [1+P(51)] To—s,

(3.5)
Keeping lowest order in the perturbations, we find
M1§ = (Z TSm*)CP<8m)TO*1>Sm> Muncoupled<0)-
m=1
(3.6)

3.1 Perturbation to Eigenvalues and Eigenvectors

Because M, is degenerate, we use degenerate perturbation theory to find the per-
turbed eigenvectors and eigenvalues. We here give a brief derivation of the results we
will need for most of what follows. The discussion is carried out in greater generality
and detail in Appendix B.

Consider specific values of j and £k such that a degeneracy occurs with pjo =
tro = po- Then v;o and vy form a degenerate subspace of My; that is, any linear
combinations of vjy and vy are still degenerate eigenvectors of My. The perturbation
will pick out a particular linear combination in addition to perturbing it, thus breaking

the degeneracy. We write this as

’Uj = Uj0+Uj1+...,

Vg = Upo+ Up1+ ..., (37)
where 09 and 0y are the Oth order linear combinations:

Bjo = CjgUjo + CroUsko,
~ _ k k
Uro = CjUjo T CroUko, (3.8)

where vjo and vy are the eigenvectors of M, with eigenvalues \jo and Ay, and are
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identified with two of the four candidates v,, v_,, v,, and v_, from Eq.(2.40) as the

case may be.

We then expand the eigenvalues up to 1st order,

)\j = /\j0+)\j1+...,
A = )\k0+)\k1+---7 (39)

The eigenvalue equations up to 1st order for v; and vy, say

(Mo+ M) (D50 + 051) = (Njo+Aj1)(Tjo+051),
(Mo~+My)(Tko+0k1) = (Ako+Ak1)(Tko+0k1). (3.10)

We now multiply by v/° and v*° on the left to each of these equations. We again
keep up to first order. After using the Oth order eigenvalue equation, and using the

expansion in Eq.(3.8), we find the eigenvalue equation

(Mo MY (B () 11
My M) \ ey ey /)
where we have defined

Mipn = UmOMIUnO- (312)

Thus, we see that in order to find the coefficients for the coupled eigenvectors, we
need to find the eigenvectors of this perturbation matrix M, whereas to find the

perturbation to the eigenvalues, we find its eigenvalues.

The matrix elements of M are mutually interrelated because M; is not arbitrary

but must be such that M is symplectic. We write M = My + M; and apply the
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symplectic condition (2.7). Given that M, is symplectic, we find, to lowest order,?
Mg (JMy) = (JMi)" My, (3.13)

which says that MI JM; is a symmetric matrix. Taking a transpose and conjugate of
Eq. (3.12), and using this equation and the definition (2.11), we can now prove the

following relationships among the matrix elements M.,,,, (m,n = +1, £2):

Mo = —sgn(m)sgn(n) ApoAo M., (3.14)
My = M2, .. (3.15)

For later convenience, we would also like to define some additional related quan-
tities. As we saw in Eqs.(3.3) and (3.6), it is often convenient to write M; in the
form

M, = PM,. (3.16)

We then define a “coupling parameter”
T'mn = 'Umopvnm (317)

from which follows that
T = €470 My, (3.18)
In terms of the r,,,, the relations (3.14) and (3.15) state

Tmn = —sgn(m)sgn(n)r:, (3.19)
Tmn = 77 . (3.20)

—m-—-n

We now solve the eigenvalue equation (3.11). In terms of the r,,,, the eigenvalues

3In the case that M is proportional to some parameter and that M is symplectic for some
continuous range of that parameter, then Eq.(3.13) will be true exactly, not just to lowest order,
which one sees by writing out the symplectic condition as a Taylor series in this parameter and
setting terms of the same order equal to each other. This situation applies to the cases considered
in this paper. For the RF cavity, this parameter is r, and for the crab cavity it is &., see Eqs.(3.116)
and (3.137).
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are

eiHo ATk Ty
Mg = . - 1498
1 5 (755 +7rk) + (755 —71e) +(Tjj—7’kk)2 ] )
eho AT k71
k1 5 (75 +7xK) = (755 Tkk)\/ + (rjs— )2 ]

(3.21)

From the perturbations to the eigenvalues, we can find the perturbation to the

phase advances. To this end, we write

)\J = )\]0+)\]1 = €i(“0+'uj1) ~ €i“0<1+iﬂj1),
A = ApotAp = elkottnn) ei“°(1+i,uk1). (3.22)

from which we see that the first order perturbation to the phase advances are given
by

ti1 = —Zleii’uo)\jl (323)

pr1 = —te MOy

Let us decompose the shift in the phase advances into an average shift and differ-

ence from that average. i.e. we write

)
i1 = M‘i‘%,
)
fn = u—%, (3.24)
which implies
_ 1
ao= gl o),

Op1 = fij1 — [kl (3.25)
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Using (3.25), (3.23) and (3.21), we find

o= —i(rj; + k), (3.26)

1 4’/“ka‘
5 e 14 ——9%"% 3.27
t 2( & Tkk)\/ * (rj; — Tr)? (3.27)

Now, using Eq.(3.19), r;; and ry are purely imaginary. We can then define the
quantity
Ap = —i(rj; — rik), (3.28)

and we know that it will be real. In fact, it is useful to focus on this term a bit
more for the moment. Recall that M, = M, + M;.. We correspondingly write
Trmn = Tmnp + Tmne and Ap = Apy, + Ape for the two corresponding parts of r,,,, and
Ap. The form of M, was given in Eq.(3.3). Note that M, factored out so that the

perturbation coming from the difference from resonance, P, is

Sty O
P, = ( : ) . (3.2)
0 Oy,

Now, one can easily show that (ignoring the 0’s in the z and § components) v,
is an eigenvector of J, with eigenvalue i, and v_, with eigenvalue —i. Likewise
for v, and v_,. Using this, we immediately get that 7y, = —r_;_1, = 0y, and
Toou = T—9-9, = 0. We have given the expressions for dj, . in the paragraph
following Eq.(3.3). The result is that Ay, is op = p, — 1, for the difference resonance,
dp = g + p, for the sum resonance, and 2, or 2(u, — 7) for an x integer or half

integer resonance, respectively and likewise for z. Then we can write
A,u = 5,u - i(?”jjg - Tkk{)- (330)

Ap will be one of the main parameters we need to compute in any given exam-
ple. We refer to it as the ”splitting parameter”. The additional term involving the

perturbation gives the direct change to the tune split (times 27) assuming 7z = 0.
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Next, using Eq.(3.19), we find

rjkrr; = —sgn(s)sgn(k)|r*. (3.31)
If we then define
& = 2[rjl, (3.32)
Eq.(3.27) becomes
Ap : £?
opy = 7\/1 + sgn(g)sgn(k)A—MQ. (3.33)

In the case where one mode is positive and the other negative, we see that du,

becomes imaginary and hence we have an instability for
§ > |Apl (3.34)

whereas if both modes are positive or both negative, there is no instability. It is
here that we see why the difference resonance is always stable, whereas the sum,
integer and half-integer resonances can have instabilities. In the case of the difference
resonance, the positive x mode is degenerate with the positive z mode and likewise for
the negative modes. For the sum resonance, the positive x mode is degenerate with
the negative 2 mode and the negative x mode degenerate with the positive 2 mode. We
can also understand the instability of the integer and half-integer resonances. In the
case of the x integer and half-integer resonances, the positive x mode is degenerate
with the negative x mode, whereas for the z integer and half-integer resonances,
the positive and negative z modes are degenerate. So, the difference resonance has
degenerate modes of the same sign and hence stability, while the sum, integer and half-
integer resonances have degenerate modes of opposite signs and hence the possibility

of instability.
Next, consider the eigenvectors of M. These can be written as
j Tii—Tkk Ar T

(éo) _ ( JJQTk_j [1 +4/14+ —(T'jjj_rk]:)_Q ] )

Cho 1
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L Tii—Tkk Ar 1Tk

(Cj0> _ ( J;Tkj [1 o 1 + (rjjirk’:)Q ] ) (3 35)

Ck 1 ' |
kO

These eigenvectors have yet to be normalized. All of the quantities here fit nicely
into the definitions we have already made except for the rj; in the denominator. We
know that it has an absolute value of %, but it also has an additional phase. Let us

thus define a phase ¢ by

ik = gew, (3.36)
or
¢ = arg(rj), (3.37)

where arg() means taking the angle in the complex plane with ¢ € [—7,w]. We use
(3.19) to relate rj; to 74;, noting that we get an additional minus sign when j and
k have the same sign. The eigenvectors look different depending on whether the
modes have the same or different signs. When both modes have the same sign, after

normalization, we can express the eigenvectors as

- 0 Liei? 0
Tjo = cos 5 vjo + e sin g o,
N T 0
O = ie"sin g vj + cos 5 Ukos (3.38)
where ¢
tanfd = —=>. 3.39
anb =3 (3.39)

When the modes have opposite signs and supposing that j is the positive mode, we

find the normalized eigenvectors to be

Ujo = cosh 3 Vjo — ie”" sinh 5 Vko,
- b 0 0
Uro = 1€e'?sinh 5 Vo + cosh 5 Vko; (3.40)
where ¢
tanh = —=—. 3.41
an An (3.41)
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In all cases, the quantity € will be referred to as the “coupling angle”. We have

normalized these eigenvectors such that
0 = . (3.42)

The overall phases are chosen so that for 6 = 0, 0o = v;o and Uxp = vro. Note also
that for this choice of overall phase, for the cases when k = —j, i.e. the integer or

half integer resonance, the condition that vy = v, is satisfied.

3.2 Cases of Resonances

We now consider the specific cases for values of 7 and k. We will first consider the
integer and half integer resonances and then the sum and difference resonances. The
integer and half integer resonances involve a single pair of degenerate eigenvalues: for
the integer resonance, an eigenvalue pair approaches the positive real axis while for
the half integer resonance, a pair approaches the negative real axis. In the cases of

the sum and difference resonances, both eigenvalue pairs become degenerate.

3.2.1 Integer/Half Integer Resonance

The integer/half integer resonances are covered by the cases where (j, k) equals (1, —1)

or (2,—2). Let us consider the case (j, k) = (2, —2). This is the case of an integer or

half-integer resonance for p,. For the integer resonance, we have .o = —pu_,0 = 0
and for the half-integer resonance, we have u,o = —pu_.9 = w. Here, the perturbation
matrix is
( Mo Mo ) | (3.43)
M 99 M 5

The coupling parameter is given by

£ =2|rys|, (3.44)



42  CHAPTER 3. PERTURBATION THEORY NEAR LINEAR RESONANCES

The splitting parameter Ay is given by
Ap =2, — 2ira9¢ (3.45)
for the integer resonance and
Ap = 2(p, — m) — 2irgye, (3.46)

for the half integer resonance. The average shift in the phase advances of p., [, is
given by
ﬂ = —’i(?“225 + 7’72,25) = 2Re(r225) = O, (347)

where we have used (3.19) and (3.20). This result is expected due to the fact that
o = —p_9. In terms of these quantities, then, we can express the perturbed x

eigen-phase advance to first order as

Ap £?
=—4/1 - == A48
for the integer resonance and
Ap £?
= — /1= = A4

for the half integer resonance. Note that these reduce to p, when the perturbation is

turned off. The coupling angle is defined by

tanh § = £ (3.50)

Ap

so that 6 ranges from —oo to oo with the sign determined by the sign of Apu.

In terms of this angle, we can express the eigen-phase advance as

A
o = TMsechO (3.51)
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for the integer resonance, with Ay given in (3.45), or
A
fo — T = T'Msechﬁ (3.52)

for the half integer resonance, with Ay given in (3.46). Note that as 6 gets large, the
eigen-phase advance goes to 0. At the instability, § passes through infinity and pus

becomes complex.

Finally, the relative phase for the eigenvectors is given by

¢ = arg(rz—2) (3.53)

for both the integer and half-integer resonance. Eq. (3.40) then gives the eigenvectors

in terms of these quantities as

U9 = cosh 51)2 — ie " sinh av_z

. 0 0
.o = ie"sinh Pl + cosh gV (3.54)

We can write these explicitly as

VB:[cosh(&) — e~ sinh(%)]
B 1 ﬁ%[(z — a;)cosh(8) + (i + a.)e " sinh(%)]

Vg = — 3.55
= i (3.55)
0
and v_y = —iv;. Note that only the 2-D z phase space components of the eigenvectors

get mixed together by the perturbation. Further, only this subspace of the perturba-
tion matrix enters into the coupling angle and phase, as is evident in (3.43). Thus,
this is a fully 2-D calculation. One might wonder what happened to the coupling,
which is a 4-D phenomena. It turns out that we have in fact missed the coupling, and
that to include it appropriately, we need to go to second order perturbation theory.
We find that the eigenvectors are still given by (3.54), but now the expressions for

the coupling angle and phase includes the full 4-D coupling perturbation matrix. We
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discuss this further in Section 3.2.4.

For the case of the u, integer and half-integer resonances, the perturbation matrix

( M M, ) (3.56)
Moy Moy ’ '

and the preceding results are repeated with 2 and z replaced by 1 and x.

18

3.2.2 Sum Resonance

Next we consider the sum resonance where we have the degeneracies (j, k) = (1, —2)
and (j,k) = (—1,2). Note that both of these degeneracies must occur together

because of symplectity of M. The perturbation matrices are

M M Mo, M
( 11 1-2 )7 ( 1-1 12). (3.57)
Mg Moy, Moy My

We find a single coupling parameter
§=2lr1-of. (3.58)
Ap is given by
Ap = pig + pz — i(r11e — T_2-2¢), (3.59)

The coupling angle is now defined by

_ &
tanh § = A (3.60)

I

Next, j1 is given by
n= —’i(?“ng + 7’,2,25). (361)

The eigen-phase advances are

A
o= pt it - sechd,

A
fo = —fi_g = —p—f+ T’M sechd. (3.62)
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The phase for the eigenvectors is given by

¢ = arg(ri-2). (3.63)

The eigenvectors are then given in terms of these quantities as

9, = cosh=v, —ie " sinh —v_,
2 2
) T 0
U_9 = ie'?sinh le + cosh V-2 (3.64)
The other two eigenvectors are given by v_y = —iv] and vy = —iv*,,.

3.2.3 Difference Resonance

For the difference resonance, we have the degeneracies (1,2) and (—1,—2). The

perturbation matrices are

My M Mo M__
( 11 12) | ( 1-1 1 2) . (3.65)
Mo My M_ 91 M_9s

We find a single coupling parameter

g = 2|T‘12|. (366)
Ap is given by
Ap = g — p, —i(ry — rag). (3.67)
The coupling angle is then given by
tanf = £ (3.68)
Ap
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Here 6 can range from —n/4 to 7/4, again with Ap determining the sign. The

eigen-phase advances are

- Ap §?
- eyl NI S
M1 B+ 5 +A/~L2
Ap £?
- — — 14+ ——. 3.69
12 s N (RN (3.69)

In terms of the coupling angle, we can express these as

A
= u—l—ﬂ—i——'usec@

2
A
Mo = (4= 7,u secf. (3.70)
The phase for the eigenvectors is given by
¢ = arg(ria). (3.71)

We can now construct the eigenvectors from (3.38)

) 0 .0
U1 = COS 5 Uy + 1€ Sin 5 Uy,
- 0 0
Ty = ie“sin g Vs + cos 5 Vs (3.72)
The other two eigenvectors are v_; = —iv] and v_y = —v;.

The results for &, Au, ¢, and i1 for each of these resonances are summarized in

the first six rows of Table 3.1.

3.2.4 Special Case of an Integer /Half-Integer Resonance Caused

by Coupling

We have seen that there is a subtlety related to integer and half-integer resonances.
One can see that the “true z-z coupling” from 75 or r1_5 did not enter into the results.

In fact, the integer /half integer results we have derived follow from a strictly 2-D phase
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reso. condition Ap (mod 2m) £ 10) i
sum Mo =2Tn HaHL—1(r11 —T2) 2|r1_a] arg(ri—2) —i(r11 +7_2-2)
diff. Lha— =277 Ha—ft—(r11 — T22) 2|ra| arg(riz) —i(r11 + 722)
int (z) fe = 27N 2ty — 2iryy 2lr_1 arg(ri—1) 0
int (2) 1, = 27n 241, — 2ir9y 2|ro_g arg(ra_s) 0
%—:mt(x) p=(2n+1) 2(;¢xf7r)722jr11 2[r14 arg(ri_1) 0
-int(2) w=m(2n+1) 2(p, —m) —2irgy 2|rg_g arg(ra_s) 0
cp. int (z) fe = 27N [ |§,LLT‘ - 21|7231 () 2|riy +irg_yripcot(G)|  arg(rioy 4 dra_17ria cot(5)) 0
—(|r12|"+|r=12|7) cot 3

cp. int (2) 1y = 27N 2u, — 2irgy 2lrg_g 4 ir1_gray cot(B2)|  arg(ro_p + ir1_ora; cot(5)) 0

— *(‘7”12|2 + ‘7—12|2} COt(%m) i _ i ;
cp. 3-int(x) p=r(2n+1) 2(‘,uz—7r) —?zru 2riy —iryarp tan(f2)| arg(riy — iri_o7oy tan(4y)) 0

_ +(|r2)* + |r_12\z)ta11(“72) ' ’ . ’
cp. 3-int(z) p=m(2n+1) 2(p,—m) —2irg 2|rg_y — iri_oTor tan(fE)|  arg(ra_g — ir1_o7or tan(sy)) 0

+(|riol* + r_1o]?) tan(%)

Table 3.1: Linear resonances of a synchrobetatron coupled storage ring. For each
of the linear resonances, we give general expressions for the quantities Ay, &, ¢,
and ji. The quantities r;, here are r;x¢, @.e. the part of rj; coming from the coupling
perturbation P¢. We have left off the subscript & for convenience. The matrix elements
7k coming from the difference from resonance are included explicitly in the Ay and
involved p, and p,. The resonances with the abbreviation “cp.” refer to the full 2nd

order calculation for the coupling-induced integer and half integer resonances (see
Appendix D).

space analysis, reproducing results already contained in [22]. However, we are also
interested in the situation where the perturbation is strictly a coupling perturbation,
i.e., Mi¢ only has elements in the two off diagonal blocks. This will be the case
for the perturbation due to a crab cavity when there is no dispersion at the cavity.
We can then ask whether this coupling perturbation can cause an integer or half-
integer resonance if it is strong enough. Clearly our first order perturbation theory
is insufficient to answer this question, and we thus consider 2nd order degenerate
perturbation theory. We do this in Appendix B, providing an alternative derivation
and further details in Appendix D. The result is that we can use the same results as
above for the integer or half-integer resonance, except that we use as the perturbation

matrix (consider the case when the resonance occurs in the z-dimension, i.e. pu, is
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close to 0 or 7)

MiaMay Mi_o Mo
A20—A10 A20—A10
+./\/1_12./\/12—1 M_1_oMao_1
A20—A-10 A20—A-10
+ Mg +Mo_o

(3.73)
MiagM_21 Mi_oM_9
A20—A10 A20—A10
M_19M_o_1 M_1_oM_9_1
+ A20—A-10 + A20—A-10
+M 9 +M_5 5

We note that we have here a mixture of first and second order quantities. Ne-

glecting the second order quantities reduces this to Eq.(3.56).

For the case of the integer z resonance, this matrix simplifies to

|r12]? [r_12|? '
( e iz — 1—eins T T22 irg171—2 cOt(5F) + 1oy (3.74)
Sk ok Ha |7’12|2 ‘7"*12‘2 ’
—91T12 COt(?) Tro92 {_gm T i—e—me tT-2-2

where the rj; here are really 7;¢, the matrix elements due to just the coupling pertur-
bation. The perturbed eigenvalues and eigenvectors are now given by the eigenvalues
and eigenvectors of this matrix. We can again express them in terms of a coupling
parameter, splitting parameter and phase. The coupling parameter and phase are
defined by

§el¢ = 5[7“2,2 + 1r91T1_92 COt(%)] (375)

which reduce to (3.44) and (3.53) if we ignore the second order term.
The splitting parameter is given by

Ap = 2, = 2irsse — (ol + [rral?) cot(50) (3.76)

The results for the other integer and half integer resonance are summarized in the
last four rows of Table 3.1. In terms of £ and Au, we can again define a coupling
angle

tanh 6 = £ (3.77)

Ap

The eigen-phase advance is now given by (3.51). It is useful, however, to write
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out the expression for pus more explicitly. Let us consider the case in which the
perturbation is purely a coupling perturbation (7 = 72_9¢ = 0) and in which
|7’12| = ‘T1,2| 4. We then find

1 Jo.
1y =3 — §Mz§i cot() (3.78)

where &&= 2|rjp| = 2|ry_»| is the coupling parameter for the sum or difference
resonances, which will be equal based on our assumptions. We can now see that pus
becomes unstable when

Ha

%gi cot(42) > . (3.79)

Applying a similar analysis, and under the same conditions, we find an instability

near the half integer z resonance when

1 z
§§i tan(%) < T — iy (3.80)

The results for the z integer and half integer resonances can be found by interchange

of x and z. Instabilities occur when

1 .
~e2 cot(22) > g, (3.81)
2 2
or
1 .
S& tan(%) <= g (3.82)

We now see that the 2nd order perturbation theory has yielded new instability con-
ditions. The general expressions for u; and ps are given in Eqs.(D.23) and (D.24),
but much of the basic physics can be seen by examining these results. Note how
the coupling parameters for the sum or difference resonance enter into all of these
expressions along with the value of the other phase advance not going unstable. Since
i, is negative (above transition), we see that for the z integer resonance, there can
only be an instability when v, > % For the crab cavity, this is indeed an important

resonance to consider because v, > % is a typical operation condition and for realistic

4See Appendix C for more on this condition.
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parameters, a storage ring can approach the instability region. For dispersion at an
RF cavity, we will find that because of the form of {4 (in particular, its dependence
on the synchrotron tune), (3.79) is never satisfied and such an integer resonance never

drives an instability.

3.3 Evolution of Eigenvectors Around Ring

We have given expressions for the eigenvectors near each of the resonances, computed
at the position of the perturbation. In order to find global quantities like equilibrium
invariants, we will need to know how the eigenvectors evolve around the ring. We can

determine this using Eq.(2.51).

Let us consider the integer or half-integer resonance. Take mode 2 for example.

We have seen that we can write the perturbed eigenvector in the form
0 g0
va(s1) = cosh(é)vz(sl) — ie smh(§)v,z(31). (3.83)
Applying T124 to this vector we find
i 0 i) gt
Vg(s9) = €12 cosh(é)vz(sg) — ie 212 smh(é)v,z(sg). (3.84)

We have used the fact that ¢¥_,15 = —1),15. The overall phase does not enter into any
physical quantities, so we can multiply by e %12 and we find that the new eigenvector
is that of the old, but with the lattice functions advanced to the new values and the

phase ¢(s2) related to ¢(s1) by

¢(s2) = d(s1) + 2¢z12. (3.85)

Likewise, for the x integer/half integer resonance, the phase in the definition of vy is

¢(s2) = (1) + 2¢z12- (3.86)
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For the difference resonance, we apply the same argument and find

¢(s2) = O(s1) + Va12 — za. (3.87)

For the sum resonance, we find

¢(52) = @(51) + Yar2 + V2ra- (3.88)

The phase advances 1,12 and 1,12 are given in Eqgs.(2.45) and (2.49).

In the following section we will use these near resonance eigenvectors we have
derived to construct the local damping and diffusion coefficients which are then inte-
grated around the ring. We have computed the eigenvectors at an arbitrary position
s9 by first computing them at the position of the perturbation s; and then transform-
ing them to s, by applying T123. For consistency, we would like to see that we get
the same result if we do the perturbation theory directly on the one-turn map at s».

Writing M = (1 + P)M, and transforming from position 1 to position 2 we find

(1+ P(s2))Mo(s2) = M(s2) (3.89)
= TiopM(s1) Ty
= (1 + TiasP(s51)T15) Mo(s2)

So that
P(s3) = TiosP(51) Ty (3.90)

Now, applying this equation along with (2.51) to the definition of 7,,,, (3.17), and

using the symplectic property of 71,3, we find that r,,, transforms as
Tn (S2) = ei¥m2=¥mi2)y. (g (3.91)

i.e. they are invariant except for an overall phase change. From (3.91) we can see
that 7;;(s2) = r;;(s1) and so all of the Ay are global quantities. We can also show
that the quantities £ are global quantities. For the sum, difference and 1st order

integer and half-integer resonances, its obvious because of the absolute value. For the
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coupling caused integer and half-integer and half integer resonance, one must show
that the two terms transform with the same phase. For example, using (3.91) several

times on £ for the x integer resonance (found in line 7 of table 3.1), we can show

|e72e12] £(sy)
= {(s1) (3.92)

£(s2)

and likewise for all the other £’s. Thus, for each resonance, £ and Ap are global
quantities, independent of where they are calculated, and hence so is the coupling
angle . We can also use Eq. (3.91) to show that the expressions derived for ¢(s)
give the same results whether one first computes ¢(s1) and then uses Tj25 to advance
the eigenvectors to get ¢(s3), as we have done above, or if one first advances the r,,,
to so and then computes the phase. The argument for the coupling caused integer
and half-integer resonances is the same as that used in (3.92). Finally, we note that
near each resonance, the net change in ¢ is a multiple of 27 to lowest order, and thus,

modulo 27, ¢ is a well-defined, periodic function in the ring.

To summarize, the coupling angle 6 is a global quantity independent of position
in the ring, whereas ¢ is a phase that changes locally, but is periodic around the ring,
modulo 27. The formulas for ¢ given in Table I refer to the value at the position
of the perturbation. We will use the eigenvectors to find the local invariants, which
will depend on ¢ through cos¢ and sin¢. To advance these quantities to another

position, ¢ must be advanced using Eqgs. (3.85)-(3.88).

3.4 Invariants

With the addition of coupling near a linear resonance, the invariants G, and G,
become perturbed to G; and G5. We compute these approximately by using the

lowest order perturbed eigenvectors ;o derived earlier.
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3.4.1 Sum/Difference resonance

First consider the sum [Eqgs.(3.40), (3.41), (3.58), and (3.59)] and difference resonances
[Eqgs.(3.38), (3.39), (3.66), and (3.67)]. We find

0 0
G, = cosh? §Gx + sinh? §GZ +sinh @ G,

0 0
Gy = sinh? §Gm + cosh? §GZ +sinh 6 G,

for the sum resonance, and

0 0

Gi = cos® éGl« + sin? §GZ —sin G, , (3.93)
0 0

Gy = sin? §Gx + cos? §GZ +sin G, , (3.94)

for the difference resonance. We can easily see that the local invariant sum rules
(3.105) are satisfied. Note that in addition to mixing the uncoupled invariants G,
and G, an additional term, G is picked up. This middle term can be related to
the additional invariants that exist exactly on resonance (see [33]), which are mixed

together by the phase ¢. These terms are given by
1 . . ) .
GH = —§J(ez¢v;vg + e Pyl 4 et ol + eu_ul)J,

1 . . . A
G, = —éJ(e“bv;va + eyl + e vl + vl J. (3.95)

Writing them out explicitly, we find

Oaxo  GF
Gi:(“ ) (3.96)

c ~+T
Gc 02><2

with their submatrices given by

G+ 1 (—1+axaz)c\(}sﬁ<i—&ﬁ-z(ax+az)sinqb /%(Oém COS ¢ + sin ¢)
B (a, cos ¢ + sin ) VBB cos ¢ ’

r=3 (3.97)
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and
_(ew—as)eosgt(Itasas)sing /5 s
o — 1 VB 5, (0S¢ — Az 5in ) (3.98)
c 2 — /%(cosqﬁ + a, sin @) —V/ B2 sin ¢

for the sum and difference resonances respectively. Note that these additional coupling
terms all contain a factor of cos ¢ or sin ¢. In the typical case, this term will oscillate
many times around the ring. This gives the local oscillation in the beam matrix due
to the coupling and is to be expected. When used to construct the global diffusion
coefficient, however, this term will not contribute substantially. An exception to this
is for the case where the integer parts of the degenerate tunes are equal which we
discuss further later.

As a final remark, we point out that if the coupling angle 6 is non-zero, then
there is coupling throughout the entire ring. One may wonder® how this is consistent
with local coupling in which a certain region of the ring is coupled, but the ring is
uncoupled everywhere outside that region. We see here that that situation requires
“strong coupling”, or more precisely, that it is not a resonant effect: to lowest order

in our degenerate perturbation theory, there is global coupling, or no coupling at all.

3.4.2 Integer/Half-integer Resonance

Now consider the integer and half-integer resonances. The eigenvector is of the form
(3.40). Consider the x integer/half integer resonances. Then v,y = v, and vy = v_,.

Constructing the invariant out of the eigenvector gives

G = cosh 0G, + sinh 0G.., (3.99)
where (—14-a2) cos p+2a sin ¢ .
e agcosp+sing 0 0
(y COS ¢ + sin . COS 0 0
G. = ¢ ¢ g ¢ ) (3.100)
0 0 0 0
0 0 0 0

SThanks to Cristoph Steier for raising this point.
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In these expressions, the coupling angle # and phase ¢ are the appropriate expression
for the integer or half integer resonance as the case may be. Note that we could also
obtain the additional coupling term G, by setting (3, = /3, and «, = «a, in Eq.(3.97).
Note that we only have two terms in these expressions for the invariant, versus three
for the sum and difference resonances. This is because the invariants corresponding
to v, and v_, are identical. For z we just replace all the z’s with z’s.

Note that for an integer or half-integer resonance, the invariants remain block
diagonal to the order we compute here. One could thus interpret the new invariant
as defining new 3, o, and  rather than as a perturbed invariant. This allows us to
compare our results to Courant and Snyder [22]. If we do this, we compare Eqs.(3.99)
and (3.100) to Eq. (2.41) to derive a perturbed beta function

B1 = [Br(cosh @ + cos ¢ sinh ), (3.101)

which reduces to 3, when the coupling is turned off. The value of ¢ varies around
the ring via Eq. (3.86) from its initial value as given in Table 3.1. This is a well
known effect referred to as a beta-beat, the periodic oscillation of the beta function
resulting from a perturbation. Note that the initial value will be different for the
integer and half-integer resonances. Also note that because coshf > |sinh@|, (3,
will always be positive, although the range of the oscillations becomes large as the

instability (# — oo) is approached.

3.5 Sum Rules

Under some specific conditions, one can obtain a sum rule for the invariants. In

particular, consider a 2-D coupled storage ring. Eq.(2.24) says that
,u1G1 + ,lLQGQ =GS. (3102)

In later sections, we will formulate a perturbation theory in which we start with an
uncoupled, degenerate map and consider the effects of small coupling and small devi-

ation from degeneracy. Let us write u.9 and .o for the phase advances at degeneracy
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(e.g. g0 = —M,0 for sum resonances, and pio = ji.o for difference resonances) and Sy
for the effective Hamiltonian matrix at the degeneracy. At the degeneracy, then, we
have

Hz0Go + pz0G 2 = So. (3.103)

Breaking the degeneracy and adding a small coupling amount to adding small per-
turbations to the one-turn map. This will add small corrections to Sy, and fi0,.0 to
first order in the perturbations. The invariants (1 2, however can have large changes
depending on the perturbation, as will be clear in later sections. Then, taking (3.102)

to lowest order and setting it equal to (3.103), we get
NxOGl + ,LLZOGZ = MJ:OGJ: + ,LLZOGZ (3104)

This is a sum rule for the invariants. For the case of the sum/difference resonance it

says

G -Gy = G,—G, sum res.
Gi+Gy = G, +G, dif. res. (3.105)

For the integer resonance in the longitudinal motion, we have u,, = 0, in which
case this sum rule tells us that to lowest order, the invariant in the z-dimention is

unchanged © |

Gy =G, int. z res. (3.106)

Similarly,
Go = G,. int. x res. (3.107)

60ne might be tempted to write the sum rule for the invariants as pu1G1 + p2Ga = p, Gy + p.G,
and note that near an integer (z) resonance ps ~ p, and Gz =~ G, and hence conclude that
G1 = (ptz/p1)G4. This reasoning is incorrect since the sum rule is only valid to lowest order, and
to lowest order 1 = pz0 = 0. Eq. (3.99) later shows that this flawed reasoning misses a term.
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3.6 x-y coupling: skew quadrupole

As our first example of an application of the formalism, we consider a skew quadrupole’.

We focus on 4-D x3 — ys phase space. The map is given by

0 0 O
T L&D (3.108)
o 0 1 0 '
& 0 0 1
so that the perturbation is given by
0 0 0
P. 0 ¢ 0 (3.109)
o 0 0 0 '
& O 0

Computing the matrix elements, we find

T125 = _%\/ﬁxﬁy (3110)
Ti—2¢ = %\/ﬁxﬁy (3111)

We now compute the coupling angle and phase for each of the resonances. Let us
consider the difference resonance and suppose we have many skew coupling errors,
with strength &.(s;). Instead of computing the perturbation matrix, we will compute
the matrix element directly, adding up the matrix elements from each perturbation.

The resulting r;_5 at position s will be

fe2 = Z % V Ba(s57)By(s;)e V) (3.112)

"For more on the betatron coupled case, see [64]
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where At (s;) = ps—s; — Pys—s, Taking a continuous limit and replacing £.(s;) with

a continuous k(s’) so that f;i"_j;is ds'k(s") = &.(s;) we get

g _ /s-‘rC' ds' k(s/) ﬁx(s,)ﬁy(s,)eiAw(s/) (3'113)

2

% is the absolute value of the “coupling coefficient” derived by Guignard[31]. The

coupling angle is ¢

tanf = ———
o 271 (vy — 1vy)

(3.114)

3.6.1 Numerical Instability Plot

In Figure 6.2, we give a numerical instability plot for a ring with an added skew
quadrupole perturbation. For simplicity, we have set 3, = 3, = 1 and a, = o, = 0,
and have set the value of &. in 3.109 to be 0.25. The black regions represent values
of the tunes v, and v, where the absolute values of an eigenvalue pair is not equal to
1. The large value for . was chosen so that all the instabilities could be seen on the
same plot. In particular, the integer and half integer stop-bands are narrower than
that of the sum resonance, being second order in &.. The structure given here should
be thought of as the generic structure of instabilities. Later, when we consider cases
of synchrobetatron coupling, we will see similar structures. However, in that case
because the longitudinal beta function depends on v, so will the coupling parameters
and hence the stop-band widths. This will perturb the shape of these instability plots,
but the basic features are similar. When the perturbation has components in the on
diagonal blocks, this will also slightly perturb the picture, as we see later in the case

of dispersion at a crab cavity.

3.7 x-z Coupling: Dispersion at an RF Cavity

As our first example, we consider coupling due to dispersion at the RF cavity. The
uncoupled longitudinal one turn map M, was given by (2.36). This was derived in

physical coordinates. If there is dispersion at the cavity, we must transform the map
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Figure 3.1: Instability plot for coupling due to skew quad with £ = 0.25. The
horizontal axis is v, and the vertical is v,.

into betatron coordinates and (2.29) is no longer block diagonal. The cavity map
is transformed with BT,,,B~!. We would like to pull out the part that causes the
synchrotron oscillations and consider the extra part as the perturbation. To do this,

we write
BT..wB™ " = (1 + Prr)Tray, (3.115)

where T, was given in (2.32), except here we work in the 4-D space, so include a
2 x 2 identity matrix in the upper left block and 0’s in the off-diagonal blocks. Using

this prescription, we derive

m' —n* —-n 0
r 77/2 _77,’7/ _,',]/ 0
Prp = — 3.116
e 0O 0 0 0 (3.116)
-n"n 0 0
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-1 = 2;5 [(Z + am)n + ﬁmnl]2
o B, ,
ne = i E[(H%)Wr@m]
r—2 = _QLCI, %[(Z + a:v)ﬁ + 5:1:77/]
re = reg=0 (3.117)

where H, is defined in Eq. (4.36). From these we find £, Apu, ¢, and g for each

resonance out of which we can construct the perturbed eigenvalues and eigenvectors.

3.7.1 Sum/Difference Resonance

Examining the perturbation (3.116) we see that the determinant of the off diagonal
blocks is zero. From Appendix C, this tells us that the coupling parameters for the

sum and difference resonances will be equal. Computing them, we find

§r = gx/Hmﬁz (3.118)

where the 4 indicates both the sum and difference resonance. If we expand this to

H,
& =\l (3.119)

Note that this goes to 0 at as p, goes to zero. This means that we expect the sum

lowest order in pu,, we find

and difference resonances to become weaker for smaller synchrotron tune. For the

splitting parameter we find
r

for the sum resonance and
Ap = g — o + ng (3.121)

for the difference resonance. The quantitiy r is approximately p?, so the third terms

in these expressions can typically be ignored. For both sum and difference resonance,
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the average shift of the eigen-phase advance is

= i (3.122)
The phase for the sum resonance is
¢ = arg[—(i + az)n + L] (3.123)
while for the difference resonance
¢ = arg[i(i + az)n + Bon']. (3.124)

To lowest order in p, the instability condition for the sum resonance is

H:r 3
\ o kel > e e (3.125)

3.7.2 Integer/Half-integer Resonance

We now consider the integer and half integer resonances. Near the integer = resonance,
we find that the coupling parameter is proportional to puf. There is still in fact an
instability for v, near an integer, but it is extremely weak, with a width of order

% pt. We do not consider this resonance further.

For the half integer resonance in p,, we find

£ = uﬁ% (3.126)
Ap = 2(%—@—%#3 (3.127)
¢ = 2arg(G,+in) (3.128)

where we define
G = 1By + na. (3.129)
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We find that there is an instability when
%,@ >y — T (3.130)
a

This says that there is an instability for p, > 7 with a width of %,uz Note that
these results are identical to those we would obtain by using the 5th row in Table
3.1 (first order calculation). The other terms are higher order in p, and have been

ignored.

For the integer resonance in p, (u, near 0, as is typically the case), we get

3
lquJB Hx
= t— 131
£ ‘ 5, Ot (3.131)
|/~LZ|3H:E g
Ap = 2u, — —— — 132
Il 7 5 cot(5) (3.132)
¢ = 0. (3.133)
Here we find that pus is given by
He M
= 1 2—— cot(—=). 134

From this expression, we can see that there is no instability for the u, integer reso-
nance. The quantity inside the square root could become negative only in two cases.
One case is where the perturbation Prp is not small and hence perturbation theory
no longer applies. The other case is if u, is near 0 or 27 in which case we are in the re-
gion of overlap between two different resonances in which we may need to consider the
other resonances. Numerical calculation confirms that there is in fact no instability

for small synchrotron tune, regardless of the values of the other parameters.
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| reso. condition Ay (mod 27) £ ) il
sum Ua =27 fraHiAEH, e a2 arg(—(i + aw)n + Ben) —p2e
dif. fa—t=2T10 fa—AEHy Help,e arg(i(i+ ou)n + Bon)  —pille
int (z)  pe=2mn 2u, + O(F=ud) O(*p17) 2arg (G, + 1) 0
int (2) e =2 2u, — % cot(5) %| cot ()] 0 0
gint(z)  pe=r(2n+1)  2(pe—m) — Tl e 2arg(G. + in) 0

Table 3.2: Resonances for dispersive RF cavity

3.8 Crab Cavity

As our third example, we consider a single crab cavity[68]. The map for the crab

cavity is given by

0 0 0

Tcrab - ! gc 0 5 (3135)
0 1 0
£ 0 0 1

where &, gives the strength of the cavity. In the case where the crab cavity is used to
correct for a half crossing angle ® at the interaction point of a collider [60], assuming

no resonance, &, is related to that crossing angle by

22sin(mvs)  gingle crab cavity

Br B
e = \/% crab cavity pair (3.136)
kEFPx

where (j, is the beta function at the crab cavity and 3 is the beta function at the

interaction point. For a pair of crab cavities, one positions them symmetrically about
the interaction point such that there is a total of a m phase shift between them and
the second cancels out the effect of the first in the rest of the ring. The expression
given here for a single crab cavity comes from computing the angle at the IP due to a
change in closed orbit, assuming no resonance. Near a resonance, this formula needs
to be reconsidered. Indeed, it is the purpose of this paper to determine the effect on
beam dynamics due to coupling near a resonance. We include this formula because
in practice, the value of & may be chosen assuming the machine is away from all

resonances.
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We here consider the case of a single crab cavity. Suppose we insert a crab cavity
in the ring at position s,. The RF cavity is assumed to be located at s. so that the
partial momentum compaction factor as given in (2.35) involves integration from s,
to Ss9.

Transforming (3.135) into betatron coordinates, we get for the perturbation

(3.137)
1 0 0 n

Note that the perturbation is proportional to the crab cavity strength &.. Note also
that 1 here now refers to the dispersion at the crab cavity while we assume the
dispersion at the RF acceleration cavity to vanish.

First we compute the rjze:

rie = 1£.0,
ricie = —&((i+ax)n+ Ben)
rioe = —if (i+am)<_i+O‘Z)772+ﬁm(5z+(—i+04z)7]77/)
’ 2/B.5-
Fise = & (i + ag) (i + a)n* + Bo(B. + (i + az)nn)
’ 2/B.5-

Tooe = &m0,

ro—ge = &(—i+ay)n (3.138)

The rest of the r;;, can be gotten using (3.19) and (3.20).
Next, we construct &, Au, ¢ and j for each of the resonances and from these

compute 6 and pq and ps.

3.8.1 Sum/Difference Resonance

In this case, examining the perturbation matrix (3.137) we find that the determinant

of the off-diagonal submatrices are not zero. We thus expect a difference between the
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coupling parameters for the sum and difference resonances. Indeed, we find

afs

S

§r =& F 2n? (3.139)

Note that £2 — ¥ = 4¢2n* which is consistent with Eq. (C.5) from Appendix C.
We see that in the case that the dispersion at the crab cavity is zero, the coupling
parameter is inversely proportional to the square root of the synchrotron tune. Thus,
we expect the sum and difference resonances to get stronger for small synchrotron

tune. The splitting parameter is given by

Ap = fig + e +E(Ge + nas) (3.140)
for the sum resonance, and

App = pig — pz +E€(Ge — nez) (3.141)

for the difference resonance. G, was defined in Eq. (3.129). The phase ¢ is given by

¢ = arg {ai”‘“ -+ z’ngx] (3.142)

S

for the sum resonance and

¢ = arg [—ngx - z‘(% - 772)} (3.143)

S

for the difference resonance. For the case of no dispersion at the crab cavity, the

s

5 and the sum resonance has ¢ = 0. The average shift

difference resonance has ¢ = —

in the phase advance, i is given by
f= &G £ na) (3.144)

with the plus sign for the difference resonance and the minus sign for the sum reso-

nance.
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For the sum resonance, we find an instability for

&e \; aix =202 > g + pr. + £C<gm + 770%) (3-145)

3.8.2 Integer/Half-integer Resonance

For the x integer resonance the coupling parameter is

aﬁa:gx a’B; 4

& =48, MLl + &+ i et (3.146)
The splitting parameter is
Ap = 21, + 26,6 + €2 “ﬁx (3.147)
and the phase, to lowest order in p, and &, is
p=m (3.148)
Out of & and Apu, we construct
17 = (e + €Ga)” + (b + &Qx)a’% £ - a%gxﬁ — B M6 (3.149)

From this, we can see that for i, < 0 (or close to 27) and for the case of no dispersion,

we can have an instability if

APz oo

S

f > e (2 < 0) (3.150)

At larger p, and with non-negligable dispersion at the crab cavity and for the case

G, = 0, we find an instability for
née > || (3.151)

for both positive and negative p,.
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For the half integer resonance in x, we find a coupling parameter
1
& = 40,8l = aBaGoll + o0’ AIEL (3.152)
The splitting parameter is
1 2
Ap=2(py — ) + 26.G, — Zaﬁxgc (3.153)

and the phase is
1
¢ = arg (gaﬁxéf —G.8e — z’n) (3.154)

which vanishes when there is no dispersion at the crab cavity. Computing Ap? — &2

and noting the cancellation of terms, we find

af3y
<U1_7T>2 = [(N:v_ﬂ)"i‘écgsz - [(Um_ﬂ>+2£cgzv] 1 fg
1
For the case of G, = 0, we can have an instability for
afe . 242 2
(e = m)= = + 176 > (pa =) (3.156)
Next for the integer resonance in z, we find
232 cot? (L)
2 gy LS 10 ) e 3.157
1 aﬁx Ha 2
Ap=2u, — = t(—= 3.158
=2 QMSCO(Q)fc (3.158)
and }
« Cot (57
¢ = arg aﬁ%ﬂ(z)ég —inée (3.159)

For the case where n = 0, the phase ¢ is 0 for u, > 7 and 7 for u, < w. Computing

Ap? — €2, we find
afe

ps = 2+ = cot ()€ — e (3.160)
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From this, we can see that there is an instability if

e
4

[l
cot(T)E = M€ < 4 (3.161)

When n = 0, this requires p, > m, i.e. the horizontal betatron tune is above a
half-integer. Increasing n moves this instability to values of u, less than 7.

Because in practice the synchrotron phase will not be near 7, we do not consider
the v, half-integer resonance.

We summarize the results for £, Au, and ¢ for each of the resonances in Table

3.3.

Table 3.3: Resonances for Crab Cavity

| reso. condition Ap (mod 27) & o i
suin Mgt =2Tn Ha =+ iz + E((g-L + 7]az) 52(% - 2772) arg(% - 7]2 + anat) ft(gJL - 7]az)
diff. Pa—t=2Tn f1a — iz + &(Gr — nav) (9 +2P) arg(—nG, — (3 = n*) &G + na)
int (z) Je = 270 21y +26.G, + 6(2% 48, HE2 + ““ﬁ—zgfff + a;_/jile T 0
it (2)  pe=2mn 2 5 cot(% )¢ g + TESTD el (D ) 0
gint(r)  pe=r(2n+1) 2(p,—m)+26.G,—1aB,E  ABHLEE—aB,G.E 4150”036 arg(5aB,E2 — G.Ee — in) 0




Chapter 4
Constant Damping/Diffusion

In this chapter, we consider the case where the damping and diffusion coefficients are
constant. An important application of this case is the example of diffusion and damp-
ing due to synchrotron radiation. We apply the general theory to the uncoupled case,
yielding the results of Sands for the case of synchrotron radiation damping/diffusion.

In this case, we have

and we take this damping matrix B and the diffusion matrix D to be independent of

Z. The result for the moment equation is then
Y(s+C) = ME(s)MT — MBX(s)M* — MY (s)BY M* + D(s) (4.2)

where B and D are global damping and diffusion matrices determined by adding up
local damping and diffusion coefficients and transforming them appropriately to the

observation position. We can express D in terms of the integral
s+C
D(s) = / ds' Ty .51 oD(STH_ . (4.3)

Physically, [ D(s')ds’ over a storage ring element gives the contribution of diffusion
to the X second moments due to this element. This contribution is then transferred

to position s by the map Ty_ ¢ to give the integrated D.

69
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Now we can determine the evolution equation for the invariants. We find that it
will be convenient to define damping and diffusion coefficients for the eigen-invariants
b; and d;. The equilibrium emittances are then given as the ratio d;/4b;. To find the
emittances, we need to find the invariants of the one-turn map, out of which we build

the damping and diffusion coefficients.

To find the exact equilibrium distribution, we stipulate in Eq.(4.2) that X(s+C) =
Y(s) = Xeq(s). This equation can be solved for X, directly using eigenanalysis
[37, 32]. For our purposes here, however, we assume that the distribution stays a

function of the invariants. The average value of the invariant is given by

(ga) = Tr(G.X), a=1,2,3. (4.4)

Using (4.4), (2.18), and (4.2), along with the cyclic property of the trace, we

obtain the evolution equation for (g,),
(9a) (5 4+ C) — (ga)(s) = —2Tr(BXG,) + Tr(G,D). (4.5)

We then use (2.27), (2.19), and UTG,U = JH,J (using the symplectic property of

U) to obtain, after some algebra,

(9a) (s + C) = (9a) (8) = —2Xa(ga) + da (4.6)

where the global eigenmode damping decrements per turn y, are given by
Xa = Aaa + A,a,a, a=1,2,3, (47)

where
A=U"'BU, (4.8)

and the one-turn eigenmode diffusion coefficients d, are

d, = Tr(G,D), a=1,2,3. (4.9)
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From (4.6), we see that the equilibrium values of the invariants are given by

d,
2Xa

(ga)eq = a=1,2,3. (4.10)

It may be useful to express the global damping decrements x, and the global

diffusion coefficients d, in an integral form. Writing out (4.8) explicitly gives

A = U Ys)B(s)U(s)
s+C
= / U~Ns)B(s"\U(s")ds'

%A(s’)ds/ (4.11)

where we have used the fact that the U matrix of eigenvectors transforms as U(s) =

T, .+U(s'), and defined the local A matrix in terms of the local damping matrix as!

A(s) = U H(s)B(s"U(s). (4.12)

The matrix A is independent of the observation position s, although B in general

depends on s. We can thus write the global damping decrements as
o= PlAals) + Aol (113)

We refer to the integrand as the local damping coefficient and write
ba = Aga + Aaa (4.14)

so that

Xa = %ba(s')ds'. (4.15)

For the diffusion coefficients, we use (4.3), (4.9), and the transformation property

'The matrix A depends on the overall phases of the eigenvectors v;, in U. However, the diago-
nal elements are independent of these phases, and only the diagonal elements enter the evolution
equations for the invariants.
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of the invariant G,(s’) = T:C_,SJFCGQ(S)TS/_,SJFC to derive

s

dy = %Tr[Ga(s')D(s’)]ds' = %da(s')ds', (4.16)
where we have defined the local diffusion coefficient
d, = Tr|G,D]. (4.17)

The global diffusion coefficients d, are independent of s. It follows that the equilibrium

1

emittances §(ga)eq are also global quantities, independent of s.

Thus, to find the equilibrium emittance, we must find the local invariants G,
and the U matrix constructed from the eigenvectors of M using (2.16) and (2.19).
Given these and local damping and diffusion matrices B and D, we find the local
damping and diffusion coefficients b, and d, from (4.12), (4.14), and (4.17). Finally,
we integrate these around the ring to find the global damping decrements and global

diffusion coefficients which give us the equilibrium emittances.

4.1 Sum Rules

The sum of the local damping coefficients gives the trace of A(s). From this we derive

b1 + bz + bg = TI'(U_lBU)
Tr(B)
= b, +b,+0,, (4.18)

where b,, b,, and b, are the damping coefficients in uncoupled coordinates. Thus,
regardless of the details of the Hamiltonian dynamics (contained in U(s)), the sum of
the b, is unchanged. This is a local sum rule for the damping coefficients. Integrating

this equation around the ring, we get a global sum rule,

X1+ X2+ X3 = Xa + Xy + Xz (4.19)
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where x,, . are the global damping decrements for the uncoupled case. Equation

(4.19) is a manifestation of the well-known Robinson theorem [65].

Let us recall that we also derived invariant sum rules in Chapter 3. The local
diffusion coefficients d, are given by d, = Tr(G,D), where D is the diffusion matrix.
Multiplying the sum rules on the right by the matrix D and then taking a trace gives
sum rules for the local diffusion coefficients. The results for the sum/difference and

integer resonances are

di—dy = d,—d, = invariant sum res.
di+dy = d,+d, = invariant dif. res.
di = d, int z res.
dy = d, int. x res. (4.20)

We can also integrate this equation around the ring to get sum rules for the global

diffusion coefficients,

di—dy = d,—d, = invariant sum res.
dy + ds 1, +d, = invariant dif. res.
d; 1, int z res.
dy = d, int. z res. (4.21)

where the d, are the integrated d, as given in (4.16).

From the sum rule (4.21) for sum and difference resonances (global version), and

using (4.10), we have

X1(91)eq — X2(9g2)oq = invariant sum res.

X1(91)eq T X2(g2)q = invariant  dif. res. (4.22)

Since X2 must be positive for stable motion, it follows that this sum rule imposes
a stability condition for particle motion. For example, in case of coupling between
the two transverse betatron motions, Eq.(4.22) implies that the motion is stable

near a difference resonance and possibly unstable near a sum resonance. This is
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a familiar result involving the sum rule of equilibrium beam emittances [22]. The
present formalism therefore contains in one framework the Robinson sum rule and
the emittance sum rule near linear resonances.

In the case where the coupling near a sum/difference resonance occurs in synchro-
betatron space, and the operation is above transition, we find that pu, = —pu, (see
later) where g, is the usual (positive) synchrotron phase advance per turn. Thus,
in terms of g, there is a sign reversal in the definition of degeneracy so that a sum
resonance has u,o = ps and difference resonance has .0 = —ps. In terms of g,
then, stability applies near a sum resonance and instability occurs near a difference
resonance. This is also a familiar result [12], associated with the longitudinal negative
mass above transition. In the present paper, however, we make the choice to relate
our definitions of resonance to v, so that as in the case of z-y coupling, the difference
resonance is stable and the sum resonance is unstable. This has the advantage of
permitting a uniform treatment of synchrobetatron coupling and transverse betatron
coupling. To reiterate, by “sum resonance”, we mean v, + v, is near an integer, and

for a “difference resonance”, v, — v, is near an integer.

4.2 Example: Synchrotron Radiation

Our example of a process with constant damping and diffusion coefficients will be
synchrotron radiation in an electron storage ring.

We find the damping and diffusion coefficients using Eqs. (2.67) and (2.68) where
g(®) is the spectrum of emitted radiation with & = w, the frequency of a given
photon.

Ignoring the opening angle effect, the diffusion due to synchrotron radiation only

happens in the coordinate 9, so that
02 =(0,0,0, —hw) (4.23)

The specific frequency of any given photon is random, but distributed according to the

frequency spectrum of classical radiation. The frequency spectrum from a bending



4.2. EXAMPLE: SYNCHROTRON RADIATION 1)

magnet is given by S(w/w.) with [36]
9v3 [ -
SO = "€ [ Kot (1.24)
T Je
where K33 is the Bessel Function of order 5/3 and
We = ——— (4.25)

Thus, we take g(®) to be S(w). The other quantity we need is 7, the number of kicks

per unit time which is just the number of photons emitted per unit time. This is

given by
. dagey
V3 (4.26)
with ag the fine structure constant.
For the diffusion and damping coefficients, we will need the quantities,
) = — (4.27)
w) = We .
15/3
and
11
e p— 4.2
(W) = 22 (1.25)
Putting these together, we find
00 0 00 O
00 0 00 O
000 0O0 O
D(s) = , (4.29)
000 0O0 O
00 0 00 O
00 0 0 0 d(s

where

_ 55 2 (Y
0= Vg () 30
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with ~ the relativistic energy factor, p(s) the bending radius of the bending magnets,
h the reduced Planck constant, and m the electron rest mass. As we see from the

p(s) in the denominator, diffusion only happens in the bending magnets.

Later in our applications, it will be convenient to make a transformation from Z
to the betatron coordinates z3 = Bz where we defined the dispersion matrix B in Eq.

(2.28). It follows that we will need to define

Ne Mty Mally ety O —a
MWl e Moy ety O =
/ 2 /
xr x 0 -
Dy=BDB" —a | " N T Mty O (431)
Ny MMy Mty 1M, 00—
0 0 0 0 0 0
—nz =1, -my —my, 001
which we write in terms of 2 X 2 submatrices as
DJ:J: Da:y Da:z
Ds=\| Dy Dy Dy |. (4.32)
Dzm Dzy Dzz

The uncoupled local diffusion coefficients are given by combining G, . with Dg:

d, = Ti(G,Ds) = dH,, (4.33)
d, = Ti(G,Ds) = dH,, (4.34)
d, = Ti(G.Dy) = dpB. ~ d—. (4.35)

S

We use the standard definition of H, ,

Hey = 'Vx,yn?c,y + 20'/%2}77%?/77;,3/ + ﬁ%y(n;,y)Q- (4.36)

The global diffusion coefficients d, and d, are given by integrating these quantities

around the ring.

Damping occurs in the bending magnets and in the RF cavity. At an RF cavity,
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the particle gains back the average energy by the amount Uy, which it lost due to

radiation one turn around the ring. It follows that the RF cavity contributes to a

¥ —a (1 — CU?OO) ) (4.37)

damping [36]

which could be described as

0 0 0 0
0 Ljs—s) 0 0

Beay(s) = ol ) , (4.38)
0 0 0 0
0 0 0 0

where s, is the location of the cavity. In case of multiple RF cavities at positions s,

we define

bm(s) = Z g;;a(s - Sci)a (439)

i

with ). Uy = Uy, i.e. the net energy loss is Uj.

For the damping effect due to the bending magnets, we have

(4.40)

o o O

Bbend<3) =

o O O O
o o o O

b5m

=

z

The b, term comes from the fact that a higher energy electron radiates more whereas
the bs, term has two parts. The first comes from the fact that a particle with a larger
value of x takes a longer path through the magnet and the second from the fact that
the power radiated depends on the magnetic field, which in turn depends on =z if the
vertical magnetic field strength B, contains a quadrupole component. In separated
function dipoles, this second part vanishes. The first is proportional to %. Specifically,

we have b .
1 2
b, = P,cP, bsy = —— | = + ——4¢ 4.41
Py, by 20E0(p+3y8x), (4.41)

where c¢ is the speed of light, Fy = c¢F, at high energy, is the reference energy of the
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particle, P, is the instantaneous radiated power given by

e’PC,
Pﬂ/ - 21

2 22
EsB,, (4.42)
e is the electron charge, r, is the electron classical radius, and the constant

4 e
=T Te 885 x 10 meter — GeV >, (4.43)

& 3 (mc2)3

P, is only non-zero in the bending magnets. This is why we have written Bpenq in
Eq.(4.40).

Altogether, then, we have

(4.44)

o O O O O O
o O O O O O
-~ O O O O O

b.(s)

For later applications, we will again need to transform the damping matrix to the

betatron coordinates. We then calculate

Blg = BBBil
—bseN 0 0 0 0 —b,my — b(§$’f]g2c
_béxn;: by 0 0 0 (bx - bz)% - béa:n;nx
= —bsz 1y 0 0 b, 0 (by—0)m, — bsuyne (4.45)
0 —byn: 0 —byn, 0 —ba Mo — byngl/ny
b5z 0 0 0 0 b, + bsznz
Let us write this in terms of 2 x 2 submatrices as
BJ:J: Bxy Bmz
Bs=| B,y By, DBy |. (4.46)

Bzm Byz Bzz
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To find the damping decrements, we use Eqs. (4.11) and (4.13). Using betatron

coordinates, in the uncoupled case, the U matrix and its inverse are block diagonal,

U 0 . u;t oo
U= . Ut= : (4.47)
0 U, 0o Ut

where U, . and U, Lare 2 x 2 matrices. All these quantities depend on the position

in the ring s. Eq.(4.13) then says

o= 74 T U, (5) B(s)Ua(s)]ds = f Tt[Buo (5))ds, (4.48)

and likewise for z,
Xz = f Tr[B..]ds. (4.49)
Thus, in the uncoupled case, we find that

v = f [ba(s) — nbss(s)] ds
Uy Uy

= 55 (1-D) = 37 (4.50)
v = f (b.(5) + nbis(s)) ds

Uy U

= 2—E0(2+D) = Q—onz (4.51)

where Uy = § dsP, is the total radiated energy per turn and we have introduced the
standard notation of D, 7., and J, for the damping partition numbers. This is a
well-known result in [36], and a similar rederivation has been given in [32] and [33].
Note that one can think of dispersion as causing coupling, and that the local and
global sum rules of Eqs.(4.18) and (4.19) are satisfied.

Now that we have the global diffusion coefficients and damping decrements for
the uncoupled case, Eq. (4.10) gives the equilibrium values of the invariants, or in

terms of the emittances €, = (g,)/2 we find

55 5 Ha
_ wmBNT $ dsps

z = 200
EOJIL'

(4.52)
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55 A5 § e L
TR $ dsp

z = 200
E()jz

(4.53)



Chapter 5

Coupling and Constant
Damping/Diffusion Combined

In the previous chapter, we saw how to find the equilibrium beam distribution in the
presence of a constant diffusion and damping mechanism such as synchrotron radia-
tion. We gave expressions for the general Gaussian solution along with expressions
for the damping and diffusion coefficients for the eigen-invariants, to yield equilibrium
emittances. We also gave the explicit results for the uncoupled case. In Chapter 2, we
found expressions for the invariants near each of the linear resonances. In this chapter
we would like to combine those results with Chapter 3, to find explicit expressions for

the damping and diffusion coefficients of the eigen-invariants near linear resonances.

5.1 Diffusion Coefficients

From the invariants, we can find the local diffusion coefficients by right-multiplying

by the diffusion matrix Dg and taking the trace.
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5.1.1 Sum/Difference Resonance

The results for the sum/difference resonance are

0 6
di = cosh2(§)al:r + sinh2(§)dz + sinh(0)d;},

dy = sinh2(g)dx + cosh2(g)dz + sinh(0)d;},
di = COS2(g)dm + sin2(g)dz + sin(0)d,,
dy = sin2(g)dx + C082<g)dz —sin(0)d_, (5.1)
with
d¥ = Tr[GZ Dyg). (5.2)

To get the global diffusion coefficient d,, we must integrate the local diffusion
coefficients d, around the ring. For d, and d, this integration simply reproduces
the global uncoupled diffusion coefficients d, and d.. The extra term, d,, which
comes from the extra term in the invariants G., however, represents a new set of
lattice functions to be integrated. It would be substantial complication if this full
integration were required since it would require detailed knowledge of the lattice.
Note however, that as with G, all of the terms in d. are proportional to cos¢ or
sin . As we transform the d, around the ring, in addition to the lattice functions

B> and 7, ., evolving, the phase ¢ will also evolve as was discussed in Chapter 3.

The net change in ¢ around the ring is p, — u, for the sum resonance and i, + .

for the difference resonance. We can write this is as

A¢ =2mn+ [ug F 112, (5.3)

where the square brackets represent taking a modulus of 27. Near resonance this
term is small. For synchrobetaron coupling, typically n is somewhat large, since v, is
close to zero and v, is typically much greater than 1. The result of this argument is

that the middle term in the local diffusion coefficient d,. will integrate to a small value



5.1. DIFFUSION COEFFICIENTS 83

in the typical situation, especially so if we assume some symmetry in the lattice.!

Thus, for our purposes here, we ignore this extra term in our global expressions,?

- 0. - 0, -
df = coshz(é)d:r + sinh2(§)dz,
6
df = sinh2(§)dx+cosh2(—)dz,
_ 0. - g, -
. = cos2(§)dx + sin2(§)d2,
0 0. -
dy = sin2(§)dx + cos?(=)d.,

5.1.2 Integer/Half-integer Resonance

We now consider the diffusion coefficients for the integer and half-integer resonances.

For these resonances, we find
5 =d,coshf + d.sinh 6, (5.4)

where

d. = Tr(G™*D.,.). (5.5)

with the results for x given by replacing z with x in these expressions.

We must now integrate the local diffusion coefficient around the ring to get the
global diffusion coefficient. For the case of x, applying the same argument as in the
sum and difference resonances, we find that the extra term d. integrates to a small
value and we disregard it. For the longitudinal direction, however, there is no change

in ¢ around the ring, and thus we must keep d., with its initial value. Thus, for the

n the case of z-y betatron coupling in which v, = v, is possible, this argument will need to be
revised.

2We note here that in case one wanted to compute these middle terms exactly, then, cos ¢ and
sin ¢ can be expanded in terms of cos ¢(s1), sin ¢(s1) and cosine and sine of the phase advances 1,12
and 1,12. We could then write out the expressions b, and d. explicitly in terms of unperturbed
lattice functions. Then, for a given lattice, one could compute these integrals once and for all, and
not have to recompute different integrals, depending on the form of the coupling, one would simply
take different linear combinations of these integrals depending on the value of ¢(s1).
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global diffusion coefficients, we take
d, = cosh(0)d,. (5.6)

It may also be useful to apply Eq. (3.51) or Eq. (3.52) for the integer or half integer
resonances to express in terms of u; and Ay . This is for near the integer or half

integer x resonance and
dy = (cosh 6 + cos ¢ sinh 0)d.,. (5.7)

near the integer z resonance. For the z resonances, the ds is not strongly affected,
while for the z resonance, d; is not strongly affected and we assume there is no change

in these quantities.

5.2 Damping Coefficients
Next we find the local damping coefficients. We do this by constructing the matrix

A = U'BgU [Bg is defined in Eq.(4.45)] with U constructed from the perturbed

eigenvectors for each resonance. From A we find b, = A, + A__4.

5.2.1 Sum/Difference Resonance

The damping coefficients for the sum and difference resonances are given by

6 0

b = by cosh2(§) —b.g sinhQ(é) + sinh(0)b",
0 0

by = —bus sinhQ(é) + b.g CoshQ(é) — sinh(0)b/",

by = bup COSQ(g) +b.5 sinQ(g) + sin(0)b,,

c )

by = bup sinZ(g) +b.p COSQ(g) —sin(0)b,
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with
bxﬁ - Tr[BJ:J:] = ba: - nbéxa
bzﬁ = Tr[Bzz] = bz + nb&va (59)
where
o= @[(-(bx by 4 bae) (0 + 0) + Bo)) cos
H(ba —b2) (= +wen+ 0z Bun) +bsa (B8 + (1 — o )n” — - Ban’)) sin ¢1(5.10)
bc_ - 2@[(bm_bz)((1+axaz)n+azﬁxn/)_b(saz(_ﬁxﬁz +n2+amazn2+azﬁmnn/) COS¢
—(by —b. —bsen[((w — a2 )+ B,n] sin @)]. (5.11)

Again, as with the local diffusion coefficients, we find an extra term in b,, in addi-
tion to the uncoupled damping coefficients b,3 and b.3. Using the same argument as
for the diffusion coefficients, we find that this quantity integrates to a small value and
we will discard it in our global expressions. In addition, note that b* is proportional
to either 1/, or bs,. For the case of synchrobetatron coupling, both 1/3, and bs,
are small, and so this term is intrinsically small. The integration of b,3 and b.g give
the global uncoupled damping decrements, x, and .. Thus, for our global coupled

damping coefficients, we take

0 0
Xi = Xe cosh2(§) — Xz sinh2(§),
, -y )0
Xs = —Xzsinh (5) + X cosh (5)7
0 0
X1 = Xa COSQ(i) + Xz SiHQ(é),
_ . 9,0 5,0
X2 = Xesin(3) + Xz cos7(3)- (5.12)

The damping decrements for the sum resonance show an interesting effect. One

of x1,2 will become negative for a finite value of 6. Specifically, suppose that x, > x,
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which is typically the case. Then y; vanishes when

Xz _ coth(g). (5.13)

Xz
For 6 larger than this, y; becomes negative, and there is an instability. This is
analogous to the case where the damping partition number D is greater than 1, in
which case, we can see from Eq.(4.50) that y, is likewise negative, indicating an

instability. We refer to this as an “anti-damping instability” in this thesis.

5.2.2 Integer/Half-integer Resonances

For the integer/half-integer resonance, we find that the local damping coefficients
are unchanged. This is clear because the perturbation only changes the U matrix in
either the upper left or lower right 2 x 2 block, depending on which resonance is being
considered. But this reduces the problem to the 1-D case. Consider the v, integer or

half-integer resonance. The damping coefficient for mode 2 is given by
by = Tr(Uy ' B,.Us) = Tr(B,,) = b.g, (5.14)

where U; is the submatrix of U built out of 059 and v_55. We have used the cyclic
property of the trace. In other words, the damping decrements are unchanged to

lowest order near the integer/half integer resonances.

5.3 Equilibrium Eigen-Emittances

We summarize the results for the diffusion and damping in Tables 5.1 and 5.2. The

reader can verify that all the quantities satisfy the sum rules discussed in Section 4.1.

From the global quantities d; » and 1.2, we find the equilibrium average values of
the invariants from Eq.(4.10). We quote RMS eigen-emittances, which are 1/2 the

value of the average eigen-invariants.
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For the sum resonance, we find

cosh? 2d, + sinh? 24,
e = 220 - 220 (5.15)
4(cosh” §x, —sinh” Sx.)

sinh? 2d, + cosh? 24,
& = - 59 % 5 (5.16)
4(—sinh” §x, + cosh” $x;)

while for the difference resonance, we find

cos? 2d, + sin? 2d,
6 = 2 — (5.17)
4(cos? Sx, +sin” 5x.)
_ sin® £d, + cos? 4d,
62 - .20 20 (518)
4(sin” S, + cos? Sx.)

Note that in the case where x, = x., we find that

0 0
e = cosh? 6 + sinh? € (5.19)
0 0
e = sinh? 6 + cosh? 7€ (5.20)
for the sum resonance and
0 0
€ = cos® e, +sin® —e, (5.21)
2 2
0 0
€, = sin? 6 + cos® 7€ (5.22)

for the difference resonance. Thus, in this case, it makes sense to talk about emit-
tance coupling: the effect of the coupling is simply to mix together the equilibrium
emittances. If we were talking about transverse z —y coupling, x, = x., would indeed
be approximately correct in many situations and this gives a justification for using
that concept for betatron coupling. For the case here of synchrobetatron coupling,
typically x, ~ x./2, and thus the concept of emittance coupling is not precise.

For the integer and half integer resonances, we saw in Eq. (5.14) that the damping
partition number is not affected by the coupling to lowest order. The global diffusion

coefficient is affected, however. In fact it diverges at the resonance. For the integer
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and half integer x resonances, we find an emittance growth of

€1

e

— =L = cosh (5.23)

€z

8

with 6 the appropriate coupling angle. €, is not strongly affected, and we take e; = €,.

As noted in Eq. (5.6), one could also write this as

A
a_Z°on (5.24)
€z 2”1
for the integer resonance, or A
a__ 2+ (5.25)
€x 2(:“1 - 7T)

for the half integer resonance.

Now, because u, is typically small, we only have an integer resonance. As dis-

cussed, for this case, the cos ¢ term doesn’t average away, and we are left with

2 _ cosh @ + cos ¢sinh (5.26)

€2

€, is not much affected here, and we take ¢; = ¢,. If there were a half integer z
resonance, or indeed, another integer resonance where p, is near an integer other

than 0, the second term in this equation would integrate to a small value.

5.4 Sigma Matrices

In the previous subsection, we gave the expressions for the equilibrium eigen-emittances
near each of the resonances. One may also wish to know the projected emittances
which are more closely related to the typically measured quantities for a beam. Fi-
nally, we give expressions for the second moments of the beam distribution at equi-

librium. For the sum and difference resonances, using the invariants and Eq.(2.27),

— ej;prEx ¥
(W ) (5.27)

Z,pr

we can derive
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| resonance mode d d. d |
sum 1 d,, cosh? g + d, sinh?® g +d.sinh 0 coshz(g)dz + sinhz(g)dz
2 dysinh®g+d.cosh® % +d.sinhf Tr[G/Ds] sinh®(4)d, + cosh®(2)d.
difference 1 dycos> 2 +d,sin? 2 +d,sinf cos?(2)d, + sin*(2)d.
2 d,sin® & + d. cos® é —d.sinf  Tr[G, Dg] sinQ(g)UZx + Cosz(g)ciz
int/-int (z) 1 dy cosh @ + d,sinh d, cosh @
2 d. Te[G™* Dy d,
int (z) 1 dy dy
2 d. cosh 0 + d.sinh 0 Tr[G™*Ds]  d.(cosh @ + cos ¢ sinh 0)

Table 5.1: This table contains the diffusion coefficients near each of the linear reso-
nances. The d column gives the local diffusion coefficient for modes 1 and 2. The d.
column gives the formula for the extra term d. contained in the corresponding local
diffusion coefficient. Finally, the d column contains the global diffusion coefficient
which is given by integrating the local quantity. The text discusses the approxi-
mations used for these expressions. The angle 6 is given by tan='(¢/Ap) for the
difference resonance and tanh™*(£/Apu) for the other resonances where ¢ and Ay are
given in table 3.1. The phase ¢ for the integer z resonance is also given in table 3.1.

| resonance mode b b, X
sum 1 b.s cosh? g —b.p sinh? g + b.sinh 6 Xz coshz(g) — X2 sinhz(g)
2 —bgsinh®? 4+ b.5cosh® & — b.sinh6 Eq.(5.10) —x, sinh®(%) + x. cosh®(%
difference 1 bugcos? & +b.gsin? ¢ + b, sin 6 Xz c0s2(2) + x. SinQ(g)
2 bygsin® g + b,z cos® & — b.sin @ Eq.(5.11) Xz sinQ(%) + x cos®(4)
int/ %—int 1 bes Xz
2 bzﬁ Xz

Table 5.2: This table contains the damping coefficients near each of the linear reso-
nances. The b column gives the local damping coefficient for modes 1 and 2. The b,
column tells where to find the formula for the extra term b, contained in the corre-
sponding local damping coefficient. Finally, the x column contains the global damping
decrement which is given by integrating the local quantity. The approximations used
for these expressions are discussed in the text. The angle 6 is given by tan=1(£/Apu)
for the difference resonance and tanh ™' (¢/Apu) for the other resonances where ¢ and
Ay are given in table 3.1.
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where
1 0 1 . 0
e;pr = §<g1>§1 Coshz(i) + 5(92); 81nh2(§), (5.28)
1 . 0 1 0
Lor = §<91>; Slnh2(§) + §<gz>; COShQ(i), (5.29)
and
~ e;per 2
Y= T - , (5.30)
c 6z,przz
where
1 _ 0 1 _ . ,.0
Copr = §<gl>eq COSZ(§)+§(Q2>eq5m2(§), (5.31)
_ 1 5,0 1 _ 5,0
Ez,pr = §<gl>eq s (5) + §<gz>eq COS (5)7 (532)
with
-1 - ﬁxﬁz Sin¢ %(COS¢+QZ sin ¢)
Sr = = [{91)eg — (92)eg] sin(6) V- R
8 ! ¢ —4/ %(cos ¢ — agsing) — (O‘z*az)cosj;(ﬁHazaz)mw
(5.33)
and
£ = 1 [to)l, + (2] sinh(0) /0 cos e —y/ T ez cos ¢ +sin¢)
¢ 8 9 ed 92 ed Bz : (=1+azaz) cos p+(az+az) sin g ’
—1\/ 5 (@z cos ¢ + sin @) e
(5.34)

The uncoupled 2 x 2 matrices ¥, . are given by
T,z (){ZB 4
Yo, = (ﬁ ’ ’ ) . (5.35)
Qg 2z Va2

€2(,2),pr are€ the projected horizontal and longitudinal emittances. The transverse beam

size and momenta are given by

(13) = €rpele, (5.36)
(@F) = erpVe (5.37)
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and likewise for the bunch length and energy spread. Note however that these are in
betatron coordinates and so differ from the physical variables by terms involving the

dispersion.

5.4.1 Beam Profile Near Difference Resonance
For the difference resonance, the mixed spatial second moment is given by

(xpzg) = —i(em —€,)sinf+/ 5,3, cos ¢ (5.38)

The spatial distribution of the beam will be a 2-D Gaussian with elliptical contours

of constant density. The rotation angle of those ellipses is given by

an(20.) — _ 2%%5)
tan(20,) = o (5.39)

In the case that §, = (3., we find that
tan(26,) = tan(f) cos ¢ (5.40)

We have been using x — z synchrobetatron space in our analysis, but of course, the
exact same analysis applies to transverse betatron coupling where z is replaced by
y. In this case, the difference resonance, is of common practical interest, and in fact
many rings are operated right on this coupling resonance. In the case that the integer
parts of the degenerate tunes aren’t equal, ¢ will vary around the ring. Eq. (5.40)
then says that the rotation angle of the beam distribution will also vary around the
ring, with a maximum value of half the global coupling angle 6.

The maximum global coupling angle occurs when Ay — 0. In this case, we
get § = +m/2 with the sign determined by the direction in which 0 is approached.
Thus, the rotation angle 6, will reach a maximum value of = 7/4 or 45°The eigen-
emittances are both equal to o

€12 = et (5.41)
AN+ x:)

and are also equal to the projected emittances. Thus, the beam contours in the
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x3 — 23 space are round. For the corresponding transverse case, this is the desired
effect. Thus, operating on the difference resonance is a relatively easy way to produce
round beams.

One additional point about the difference resonance is that the difference in the
eigen-phase advance exactly on resonance (Ap = 0) gives the global coupling pa-
rameter £. Varying the strength of a quadrupole magnet in the ring increases one of
the tunes and decreases the other, thus changing Ap. Thus, by varying the strength
of a quadrupole magnet near the difference resonance, and measuring the resulting
eigen-tunes, the coupling parameter can be measured. This situation is illustrated in
figure 5.1 in which the perturbed and unperturbed phase advances are plotted with

varying Apu, along with the corresponding beam distribution at several values of Apu.

5.4.2 Projected Emittance Sum Rules

We have thus derived how these quantities are affected by coupling. We can now find

some useful relationships among these quantities. First we have the obvious ones

o F €ipe = (o), F (0:)ens (5.42)
We can also show that
Xa€ppr T Xe€opr = Xa€e + X2z, (5.43)
and
Xa€apr = Xz€2pr = Xa€z — X262 (5.44)

Here, €, ., are the uncoupled emittances. These last two equations are only strictly
true if the middle term in the global damping decrements is zero. However, this term
will often be small due to the oscillatory nature of the integrand as we have discussed
previously. Compare these sum rules to the sum rules for the equilibrium emittances
of the eigenmodes near a sum/difference resonance (Eqgs. (4.22)), one simply replaces
X1,2 With x,. and (g12) with €, . .

Finally, consider the equilibrium 3 matrix near an integer /half integer resonance.
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U1 2, X,z

35. 004
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001 -0.006 |~ 0005 001"
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34. 996

- 1""" <& -

Figure 5.1: Here we plot the perturbed and unperturbed tunes with the addition of
coupling as the unperturbed tune split is varied. For the case of transverse coupling,
the tune split can be varied by changing the strength of a quadrupole magnet. The
ellipses show contours of the beam distribution in x3— 23 space. The outer two ellipses
represent the beam relatively far from the coupling resonance. The second and fourth
ellipses represent the beam at approximately § = 45°, while the center round beam
is exactly on the coupling resonance at § = 90°. The unperturbed phase advances pi,
and p, are purple and red respectively. With coupling, u, and p, become p; and ps
which are represented by the green and blue curves respectively. The global coupling
parameter is £ = 0.003 which can be read from the difference between p; and pus
exactly on resonance. Note that the identity of p; and py switch discontinuously
with respect to the continuous curves in the upper and lower regions of the diagram.
We have assumed that we are at a position in the ring where ¢ = 0. For different
values of ¢, the second and fourth of the beam distributions would be rotated at
different angles.
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As noted with Eq. (3.101), one can think of the effect of the coupling as causing a
perturbation to the lattice parameters. Thus, in computing >, one must take two
effects into account: the perturbation to the lattice parameters, and the perturbation
to the diffusion coefficient. The perturbed diffusion coefficients are given in Table IV,
and the rest of the perturbed lattice parameters can be found in the same way as in

the derivation of Eq. (3.101).

5.5 Applications

We now apply these results to the applications considered in Chapter 2. We consider
a storage ring with parameters drawn from the PEP-II Low Energy Ring which we
list in Table 5.3.

5.6 Global Quantities Near Sum /Difference Reso-

nainces

For the sum and difference resonances, in Figures 5.2 and 5.3, we plot the damping
decrements X2, the coupled integrated diffusion coefficients a_lm and the resulting

equilibrium invariants (g1 2)... In Figures 5.4 and 5.5, we plot the projected emit-

eq’
tances, €, ., which are given by Eqgs.(5.28), (5.29), (5.31), and (5.32). From these
quantities, one can determine the equilibrium transverse beam size and bunch length
as given in Eqs.(5.36) and (5.37). In Figures 5.6 and 5.7 we again plot the projected

emittances from Figures 5.4 and 5.5, but with 3-D plots showing the full scale range.

5.7 Anti-damping Instability

An interesting effect that we have seen is that the damping decrement can become
negative near a sum resonance when the motion is otherwise stable. This region
of anti-damping is larger, the larger the ratio of x, and x., see Eq.(5.13). For the

parameters used here, it is quite a small region on the v,-v, plot for both of our
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Table 5.3: Parameters used in our numerical examples based on the PEP-II Low
Energy Storage Ring[59].

‘ parameter value ‘
C 2199.33 m
Q. 1.23 x 1073
Xz 1.19 x 1074
Xz 2.4 x 1074
€ 49.2 x 107 m
€, 9.35 x 1075 m
d, 234 x 107" m
d, 8.98 x 107 m

ﬁ(scav) 20 m
a(scav) 0
(Serab) 20 m
a(scrab) 0
N(Scav) 0-3 m
1 (Scav) 0
1(Scrab) 0-3 m
1 (Scrab) 0
& 0-.003 1/m
Vg 36.56
Uy 38.51
Vs 0.025
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Xl
XX

0.05 0.1 0.15 0.2 0O 0.05 0.1 0.15 0.2 0O 0.05 0.1 0.15 0.2

Vx
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gxeq

Vx
X2 g2eq
Xz gzeq
0. 2 0.2
0. 15] 0. 15]
vs 0.1 vs 0.1
0. 05] 0. 05
0 0 0
0.05 0.1 0.15 0.2 O 0.05 0.1 0.15 0.2 0O 0.05 0.1 0.15 0.2
Vyx Vx
x1 gleq
XX gxeq
0.2
0.15
vs 0.1
0. 05
0
-0.2-0.15 - -0.2-0.15-0.1 -
Vx Vx
x2 g2eq
XZ gzeq
0.2
0.15
vs 0.1
0. 05
0] 0 0
-0.2-0.15 - -0.05 -0.2-0.15-0.1-0.05 O -0.2-0.15-0.1-0.05 O

Vx Vx

Figure 5.2: In this figure, we plot global damping, diffusion and equilibrium invariant values for
coupling due to a dispersion of 1 meter at an RF cavity near the sum/difference resonances. The
upper two rows are the sum resonance, and lower two are the difference resonance. Parameters are
otherwise drawn from Table 5.3 based on the PEP-II LER. The quantities are plotted as a function
of the betatron tune v, and the synchrotron tune v; which is positive and equal to —v,, thus giving
an inversion of sum and difference resonances. x1 and x» are global damping decrements expressed
in Table 5.2. d; and dy are global diffusion coefficients expressed in Table 5.1, and (91)eq and (g2) o,
are one half the ratio of these quantities as given by Eq.(4.10). All quantities have been divided by
their uncoupled values so that the blue region with the value of 1 represents no effect from coupling.
The region of instability due to the Hamiltonian dynamics is black. There is also an extremely small
region of anti-damping instability outside the symplectic instability region for the sum resonance
where the damping decrement i is negative. This region is indicated by white.
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Figure 5.3:

for coupling due to a crab cavity with & = 0.003 near the sum and difference resonances.

-0.2-0.15-0.1-0.05
Vx

-0.2-0.15-0.1-0.05

Vx

In this figure, we plot global damping, diffusion and equilibrium invariant values

The

dispersion at the crab cavity is set to 0 in this example. Because the coupling strength & is inversely
proportional to /Vs, the instability broadens for smaller vq. x1, X2, d1, d2, (¢1) and (g2) are the
same as in Fig.5.2. As in Fig. 5.2, the small region of anti-damping for x; near the sum resonance

is colored white.
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0.15
vs 0.1

vs 0.1

0.05 0.05

vs 0.1 vs 0.1

0. 05

-0.2 -0.15 -0.1 -0.05 0

Vx

Figure 5.4: Projected emittances near the sum and difference resonances due to
dispersion at the RF cavity. Paramaters are the same as those in Figs.5.2. The
upper two plots are for the sum resonance with e;r’pr and ej’pr defined in Egs.(5.28)
and (5.29). The lower two plots are for the difference resonance with ¢, and ¢

defined in Eqs.(5.31) and (5.32).

Z,pr
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Vs Vs

Vs Vs

Figure 5.5: Projected emittances near the sum and difference resonances due to a
crab cavity. The four plots have the same meanings as in Fig.5.4. Parameters are the
same as those in Figs.5.3.
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Figure 5.6: 3-D plots of projected emittances near the sum and difference resonances
due to a dispersive RF cavity. The four plots have the same meanings as in Fig.5.4.
Parameters are the same as those in Figs.5.2.
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Figure 5.7: 3-D plots of projected emittances near the sum and difference resonances
due to a crab cavity. The four plots have the same meanings as in Fig.5.4. Parameters
are the same as those in Figs.5.3.
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examples. A natural way to affect this anti-damping region is to control the ratio
X=/ Xz through the damping partition number D as we see from Eqgs.(4.50) and (4.51),
. . 24D

X: _J. 24D (5.45)
One can see from the values of x, . in Table 5.3, that D is quite small with D = 0.0056.
To explore the effect of changing D on the anti-damping instability, we multiply y.
by 1 =D and x, by (24 D)/2 and plot x; for RF cavity dispersion and a crab cavity
for various values of D. The results are given in Fig.5.8 for D = 0.25, 0.5, and 0.75.
The Hamiltonian dynamics instability is colored black, whereas the anti-damping

instability is colored white.

5.8 Dispersion at Crab Cavity

Dispersion at the crab cavity affects all of the resonances. However, for the crab cavity
near the sum and difference resonances, in our plots, we have set the dispersion to
zero. For the case of v, near a half-integer, a case of particular interest, we have
explored the effect of dispersion. In Fig.5.9, we plot stability diagrams (stable if
|A| = 1, unstable otherwise) for the cases of no dispersion and a dispersion of 3
meter. We see that when the dispersion is turned on, the integer and half-integer v,
resonances become visible, as well as a shifting of the integer v, resonance. We have
also plotted the equilibrium horizontal emittance near the v, half-integer resonance as
well as the equilibrium longitudinal emittance near the v, integer resonance. For the
v, half-integer resonance, since the width is largely independent of v, but depends
on the dispersion, we have plotted the horizontal emittance as a function of the tune

v, and the dispersion 7, showing a broadening effect for larger dispersion.

5.9 Numerical Results

Finally, we include an example of a numerical comparison between the eigenvalues

obtained using our perturbation theory against those obtained numerically directly
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Nrrcav=1 m D=0. 25 0 NrRecav=1 m D=0.5 Nrecav=1 m D=0.75
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Figure 5.8: Damping decrement near sum resonance for coupling due to a dispersive
RF cavity (upper plots) and a crab cavity (lower plots). The black region represents
an instability in the Hamiltonian dynamics, whereas the white area represents a
negative value of x; and hence an anti-damping instability. We vary the damping
decrement D. In the two left-most plots it is 0.25. For the center plots it is 0.5, and
the right plots have 0.75. The plots of x; near the sum resonance in Figs.5.2 and
5.3 plot the same quantities, except that in those cases, D ~ 0 as discussed in the
text. Increasing D increases the ratio of y, and y, which widens the region where an
anti-damping instability occurs.
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Figure 5.9: These six plots relate to crab cavity coupling. The upper two plots are instability
diagrams. The eigenvalues A;, have been computed numerically for each value of the tunes and if for
each j, |A\;| = 1, it is stable and colored white, whereas A; # 1 is unstable and colored black. The
left plot has no dispersion at the crab cavity, while the right plot has a dispersion of 3 meters. The
middle two plots show a magnified view of the upper two plots near v, = 1/2. Note that the v, half
integer resonance caused by dispersion is only visible upon magnification. The integer v, resonance
also appears with dispersion as can be seen from the thin black line near v, = 0 in the upper right
plot. The bottom two plots give the horizontal and longitudinal equilibrium invariants, (g1) eq a0d
(gg)eq divided by their uncoupled values, defined in Eq.(4.10). Because x1,2 = Xa,» for integer and
half-integer resonances, this is also given by the ratios d; / d, and ds / d, where d; and ds are defined
in Table 5.1. Explicit expressions for the emittance growth for transverse and longitudinal are given
in Egs. (5.49) and (5.52). We have set the dispersion at the crab cavity to zero here. The bottom
left is plotted as a function of v, and v,, while the bottom right is plotted as a function of v, and
dispersion at the crab cavity in units of meters. The v, half-integer instability does not depend on
Vs.
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from the one-turn matrix. In Fig.5.10 we plot the computed versus numerical values
of uo near the v, integer resonance, as a function of v, including a dispersion function

of 0.1 meter at the crab cavity. The agreement is quite reasonable.

0.6 | /
0.5
0.4 /
.8
0.2 \
0.1 \ /
V

0_‘ E
4.42 4.43 4.44 4.45 4.46 4.47 4.48
ve (107%)

|va

Figure 5.10: Comparison of eigenvalue formula to direct numerical calculation. Here,
v, = 0.51, and we plot the absolute value of p9, which becomes imaginary (unstable)
due to the integer p; = 0 resonance. We have set the dispersion at the crab cavity to
be n = 0.1 m. The red is the numerical result, while the blue is Eq.(3.160).

5.10 Instabilities Near Half-Integer v,

We are particularly interested in the case of the betatron tune just above the half
integer because this is a case that is commonly used in colliders such as PEP-II and
KEK-B. This means that we should pay attention to the v, half-integer resonance.
We see that there is indeed such an instability for a dispersive RF cavity and for a
crab cavity. For the dispersive RF cavity if we set a, =1’ = 0 in Eq.(3.130), we find
an instability for

1 I

1
<y, <+ — 4
2 VS 2T 2 Cas (5.46)

For the crab cavity, we also find a v, half-integer resonance. The condition is given

by Eq.(3.156). When the dispersion at the crab cavity is negligible, the condition is

<, < . (no dispersion) (5.47)

1 a,E2
2 8
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This is typically quite a narrow instability. When dispersion dominates, the condition
becomes
1

" née .
2

2

(dispersion dominates) (5.48)

’ <
In this case, near v, = 1/2, applying Eq. (5.25), and using Ap ~ 2(u, — ), the
emittance will be increased by a factor of

€1 1

== 2 (5.49)
\/1 _ ( 7750 )
27 (ve - 1/2)

As an example, for the parameters in Table 5.3 with a dispersion of 1 meter at the

crab cavity, when v, — 1/2 is 0.0016, there is an increase in emittance of 10% due to
this resonance.

In addition to the v, half integer resonance, because the synchrotron tune is
typically small, one is also concerned with the v, integer resonance. In fact, this
resonance is explored in [35]. Looking at Eq.(D.25), because of the factor cot & we
expect an instability for this resonance, although very near v, = %, it is quite narrow.
Adding dispersion changes this simple picture. As we see in Fig.5.8, the dispersion
moves the v, = 0 resonance into the region v, < %, and for a fixed value of v, increases

its width in v,. The perturbed synchrotron tune due to the integer v, resonance is

2
Uy = \/1/82 + (% cot(mv,) — nQ) (5—;) (5.50)

from which we see that for v, just above 1/2, there can be an instability when

vs < 25—;\/00:533(% — 1) + n? (5.51)

given by

which was also derived in [35]. For v, < L, we see that this resonance can substantially

29

increase the synchrotron tune.
Associated with this integer v, resonance is an increase or decrease of longitudinal

emittance. Applying equation (5.26), and considering the case where the dispersion

at the crab cavity is zero, we find that the longitudinal emittance is multiplied by a
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factor of

QcPx c 2
& vs+[1 +sgn(v, — %)]% cot(muy) (g—ﬂ) (5.52)

€ \/1/32 + —CC“;BZ cot(muy) (g—ﬂ)z

We have used Eq. (3.51) and the fact that Au =~ 2, for the integer 2 resonance. The

sgn (step) function comes from the cos ¢ term in (3.51), where ¢ involves cot(f,/2)
as we find from Table III. Note that the sgn function does not make this expression
discontinuous at v, = 1/2, since cot(m/2) = 0 and so there is no perturbation there.

One may also be interested to know the effects of dispersion at an RF cavity when
the v, is near a half integer. For this case, we find a very weak v, half-integer stop

band. This instability occurs when

27H,
Ca,

1

which is a small stop band both because of the v? and the H, which is n?/3, when
n = a, = 0, where 7, is the dispersion at the RF cavity. Regarding the v, integer
resonance, we find that it is absent for coupling due to a dispersive RF cavity. One
can understand this fact by observing that the strength of the perturbation due

to dispersion is proportional to /2

R

so approaching v, — 0 effectively turns off the
perturbation and avoids an instability.

Even when there is not an instability, we have seen that the emittances can be
affected near a resonance. For the case of the v, half-integer resonance, the horizontal
emittance can become large, whereas for the v, integer resonance, the longitudinal
emittance (and correspondingly bunch length and energy spread) can become large.
For the case of small synchrotron tune and betatron tune just above the half-integer
a combination of these two effects is expected, 7.e. a combination of the bottom two

plots in Fig. 5.9.

5.11 Instabilities Near Integer v,

In case of a storage ring operated near an integer v,,, one needs to be concerned with

four resonances: integer v, and v,, and the sum or difference resonances. Refer to
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the upper two plots in Fig.5.9 for a numerical example of the instability region. From
our analytical expressions for the perturbed tunes, we learn that for small vy, a crab
cavity is particularly dangerous in this region because the effective coupling strengths
for the sum and difference resonances &4 scales as 1/,/v;. Regarding the integer v,
resonance, v, above an integer is safer than below an integer because the v, integer
resonance has a particularly large stop band just below integer v, coming from the
factor of cot(nr,) in Eq.(3.78). For v, above an integer, this factor causes increased
stability, even reducing equilibrium longitudinal emittance, as seen in the dark blue
lower left region of the bottom left plot of Fig.5.9. However, because of the strong
v, = —v, sum resonance, this effect would be washed out, at least for v, near the
integer. Nevertheless, this result suggests the possibility of using coupling to increase
stability and reduce emittance through careful tuning near a coupling-induced integer

or half-integer resonance, perhaps in another context such as transverse coupling.

5.12 Single Versus Multiple Resonances

In this thesis, we have analyzed each resonance in isolation. This should be accurate
as long as the tunes are such that they are much closer to one resonance than any
other. Particularly near v, = vy, = 0 this can break down. In this situation, the
system can be near three resonances, simultaneously: the integer v,, the integer
v,, and either the sum or difference resonance. In this case, we expect that there
may be greater errors in our expressions. In the case that one of the resonances
does not cause an instability, but still can strongly affect the tune, such as for the

difference resonance or the coupling v, integer resonance for v, < %, one could use

2
the perturbed, but not unstable tune as an input to determine the instability of the
other tune. When the tunes are equally near to multiple resonances, a more elaborate
analysis is necessary. We note that our perturbation theory can accommodate this
situation (e.g. the quadruple degeneracy near v, = v, = 0) but we do not pursue it

further here.
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5.13 Discussion

In the presence of damping and diffusion mechanisms, such as synchrotron radiation,
even near to such resonances, we have argued that the beam distribution can usually
be described as a Gaussian function of the invariants of the one-turn map. Regarding
the effect of coupling on this near resonance distribution, one needs to consider both

the issues of stability and the effect on the equilibrium emittances.

Instability can occur in one of two ways. First, the coupling can cause one or
two pairs of the eigenvalues to become complex, which for a symplectic matrix means
that there will be a growing mode. Secondly, near a sum resonance, the coupling can
mix together the damping rates in such a way that one of the modes has negative

damping, which also indicates an instability.

Even if instability can be avoided, coupling near a resonance can have a substantial
effect on the equilibrium emittances. This is particularly so if there is a large discrep-
ancy between the emittances, which is indeed the typical case for synchrobetatron
dynamics in which the horizontal emittance is much smaller than the longitudinal.
For the case of PEP-II, €,/e, = 190. Intuitively, one might expect, therefore, that
synchrobetatron coupling would have a major effect on transverse emittance, since
it is coupled to such a huge reservoir of longitudinal emittance. This is indeed what
we find for both the sum and difference resonances. Near a sum resonance, although
both emittances blow up at the resonance, a little bit off resonance one finds a large
growth in the horizontal emittance €, and a very small growth in the longitudinal
emittance €,. Near a difference resonance, we also find major growth in €, whereas in
this case there is a small decrease in €,. The relationships between the emittances and
how a change in one affects a change in the other can be understood by looking at the
various sum rules we have derived in section 4.1. We have also derived (Eqs. (5.43)
and (5.44)) sum rules for how the projected emittances relate to each other. We find
qualitatively similar behavior for both the projected emittances and the emittances

of the eigen-modes.

One might generalize the intuitive concept of coupling as a sort of equilibration

between reservoirs and roughly state that when there is a large discrepancy between
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two quantities, coupling can have a strong effect near a resonance. We have just
mentioned this effect for the case of the equilibrium emittances near sum/difference
resonances. The other example where this is evident is in the previously mentioned
anti-damping instability near a sum resonance. We have found that the larger the
ratio of the damping rates, the larger the region of tune space that becomes unstable
for a given coupling strength. A natural way in which this ratio is altered is through
the damping partition number D. We have seen that increasing D expands this region
of the anti-damping instability.

It turns out, however that the intuition of the previous paragraph does not apply
near integer and half-integer resonances. Although coupling can cause an instability
when one of the tunes is near an integer or half integer, the damping rates are not
affected much by this instability and although the diffusion coefficient for the unstable
mode does get large and diverge at the instability, it does not mix with the other
(stable mode) diffusion coefficient. Thus, although emittance is still affected by being
near an integer or half-integer resonance, it is not as strong of an effect as with the
sum and difference resonances where disparity between transverse and longitudinal

damping and diffusion rates and emittances enhances the impact.



Chapter 6
Non-Constant Damping/Diffusion

In Chapter 4, we considered the case where the diffusion and damping coefficients
were independent of the phase space position. In that case, the emittance evolution
equation reduced to Eq. (4.6) involving the global damping and diffusion for the
invariants y, and d,. For the general case, we find that it is not particularly convenient
to compute d, and x,. Instead we will compute the second moment changes d/dt

directly using (2.73)
A

— = /(Bizj +bjzi + dig) f(2)dZ (6.1)

where b; and Jij are the damping and diffusion coefficients. Then, given the invariant
matrices GG, the total change in the average value of the invariant around the ring is
given by
Alga) 1/dT[GdE] (6.2)
a) = S1iT a5 .
9o/ = e dt

where we are integrating along the closed orbit and have used the relation ds = (sc dt

with Gsc the velocity of the particle along the orbit.

Now, in general, non-uniform damping and diffusion will give rise to a non-
Gaussian distribution. For the purposes of this thesis, however, we will assume that
the distribution remains Gaussian. In particular, we recall that the distribution is a

function of the invariants

1 g1 92 93

13 = Sty P <‘<gl> (92) <gg>)' (6.3)
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G, thus enters in two places: in (6.2) and in Eq. (6.3) for f(z) which is required in
the computation of b, and d..

Actually, we will find that the G, can enter in a third place in this calculation:
in the computation of the damping and diffusion b; and CZU This will be the case for

intrabeam scattering, our main example for this chapter.

6.1 IBS Dissipation/Diffusion

IBS is a well studied phenomenon in which scattering of beam particles off of one
another causes a growth in the emittance. We revisit this topic, providing a first-
principles derivation based on the framework we have developed in this thesis. Our
formulation has two benefits. The first is that it has no large distance divergence which
usually leads to a Coulomb Logarithm. In this chapter, we derive our expressions
and discuss the connection to existing approaches. Within the general framework of
this thesis, our formulation also has the benefit of being extendable to the coupled
case. We simply use the coupled invariants G,. We discuss this generalization in the
following chapter.

Let us recall the equations of Chapter 2:

b = n / dDg(D)dz (D) (6.4)

d; = / dDg(B)52:(D)52; (P) (6.5)

Here, n is an average value for the number of kicks per unit time. dz; is the magnitude
of a given kick, ® is the parameter that the kick depends upon, and g(®) is the
normalized distribution of ®. In the case of IBS, the kicks are caused by other
particles in the beam.

In order to compute the kick dz;, it is easier to work in the beam frame!. To do
this, we must transform all of these equations. It turns out that this is not hard to

do, as long as we assume that the motion is non-relativistic in the beam frame. In

IFor further understanding of relativistic effects see e.g. [8, 55].
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particular, if 7 is the phase space vector in the beam frame, it is related to the phase

space vector in the lab frame by

7=L7 (6.6)
with
T 100 0 0 0 X
010 0 0 0 Y
00 L 0 0 o0 7
A 1o 00 2 o o P (67)
X I X
Yy 0 00 O ,%0 0 Py
) 000 0 0 % Py,

Here, ~ is the relativistic energy factor and P, is the longitudinal momentum of the
beam. Note that we have reordered the phase space vector so that the position and
momentum are lumped together. We denote the phase space vector in the beam
frame by Z = ()Z' , 15) We let f ()? , 15) be the phase space distribution for the particle

beam in the beam rest frame. We normalize both f and f to 1. That is
/ F(7)d7 = / F(H)dz = 1 (6.8)
Using the fact that det(£) = 1/Pg, we derive that

F -1

(6.9)

This accounts for the transformation of f to the beam frame. Now let us consider
Egs. (6.4) and (6.5) as being in the beam frame. That is, we replace dz; with 67;. ®
will then refer to ZQ, the distribution of particle 2 that scatters off the given particle,

- =

and g(®) = f(Z). To be explicit:

o
S
I

i / dDg(®)5Z:(P) (6.10)

S8
I

Since we will have no need for diffusion and damping coefficients in the lab frame,
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in this chapter, b; and Jij will always be assumed to be for the beam frame. We
also note that only when 7, 5 represent momentum indices will they be non-zero. Let
a,b = x,y, z represent momentum indices. Then, b, involves the change of P,, etc.

Now, we also need to account for the time dilation factor,
dt = ~vdt (6.12)

where dt is the time increment measured in the beam frame. Now, to transform Eq.

(6.1), we consider the moments in the beam frame:

from which we can show that
Y =LnL” (6.14)
Thus, Eq. (6.1) becomes
diij ~ ~ ~ _ =

We reiterate that we are computing b; and CZZ-]» in the beam frame. They will depend
on Z through their dependence on f. Now, writing G, for G, in the beam frame, we

have

G.=L"G.L (6.16)

So that finally, -
1 ~ dX
A(ga) = e /dsTr[GaE] (6.17)

Where d3/dt was given in Eq. (6.15).

What remains is to compute l;, and Jij and combine them into d% /dt. Now that
we have established the connection between the lab and beam frames, we will drop

the bar on the time variable, the extra factor of v contained in Eq. (6.17).

We compute b; and d;; from (6.10) and (6.11). Here is the picture this formulation
implies. We have a particle at position Zy = ()?1,131) scattering off of the other
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particles in the beam at phase space position ()22, 152) If we interpret ® to be Z» and
g(®) to be related to f(Z,), then what is the meaning of §Z? Well, as long as X; and
X, are far enough away, then we can consider them to be undergoing a scatter starting
at infinity with an appropriate impact parameter. What is that impact parameter?
If we define 7 = X 1— )Zg and A = ﬁl - 152. Then if the two particles were to continue
in straight line paths, we can show that the distance of minimum approach is given
by

b=r—r(A-F)A (6.18)

with A = AA and 7 = rr, with hats indicating unit vectors. We take this to be the

impact parameter for the scatter. It has a magnitude of
b =rsiny. (6.19)

with

A7 =cosy (6.20)

So we found the impact parameter. What good does this do us? Well, given the
Coulomb interaction, we can relate the impact parameter to the scattering angle as
v, 2(me)’rg 2k

tan(a) =X C Az k = (mc)*rg (6.21)

And in terms of this scattering angle 1, the change in momentum is given by
L] .
opP = §A((COS¢ —1) A+siney b) (6.22)

Now, we have assumed that the stochastic process will be a small perturbation to
the underlying Hamiltonian dynamics. This implies that we assume that small angle
scattering dominates. In the case of small angles, we find

- 4k o 2k -

This equation says that the particle will receive a kick in opposite direction to its
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relative momentum with another particle and in the same direction as its vector
impact parameter with that particle. The first of these terms causes a damping effect
tending to slow particles down in their direction of travel and is termed ”dynamical

friction”. The second term causes both the space charge and diffusive effects.

So we have computed §Z,. Of course, in physical coordinates, only §P, is non-
zero. In terms of indices, we write this as 515(1 where a = x,y, z. Likewise, we denote
Z~)i and Jij as Ea and Jab where the a and b represent the momentum indices. We find
0P, to be a function of ZQ, although it is in fact only a function of 7y — Zs, a fact
which will help us later. Identifying ® in g(®) with Zo then, what is the function g?
It is supposed to be the distribution of Zs causing kicks within a time At. Given our
picture of the scatter occurring at the point of minimum approach, it makes sense to
just consider those particles with a Z» such that the scatter occurs within At. We

can compute the time to the distance of minimum approach to be

mr ,
toin = ———A -7 6.24

A (6.24)

This allows us to partition the distribution and only include that region that under-

goes scattering such that

0 < tmin < At (6.25)
or
A
0 <cosy < —At (6.26)
mr
Thus, we take
— 1 -, =
9(Z2) = = 1(2:)Oun (6.27)
At

where

(6.28)

0 otherwise

1 i 0 <tpm <At
s

The quantity ['a; is the phase space volume contained in Eq. (6.25). It is inserted
such that g(Zs) is normalized:

/ dZ2q9(Zs) = 1 (6.29)
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Finally we need n. Let us refer to the total phase space volume as I'y. If there are
a total number of N particles, then 7 is given by

Tat

- Ciot
= (6.30)

In words, it is the number of scatters per time At. Putting this all together and

noting the cancelation of the factor of I'a;/T'ios in 7 we find

by = N dZf(Z)6P,(Z) (6.31)
At Jr,

doy = % dZF(Z)0P,(Z)0Py(Z) (6.32)
Lt

Now, since we will want At — 0, we can replace the constraint on the range of

integration by a delta function using the equation (valid for continuous f)

iy { [ s = [ st 100) (6.3

e—0

Using € = %At and y = cosy = A - 7, and shifting the integration from Z = ()Z', ﬁ)
to 7= (7, A) we get

- JANE

bu(Z) = N | dif o f(Z)SPaMOA - ) (6.35)
iz = N [ 47 = F(Z)oP IR - 7) (6.36)

This change of integration variables from Zs to 17 is particularly convenient because

2 Actually, we really have a delta function of the form § (%f’ . A) We can write this as a sum over
delta functions with the argument going to zero in the different regions. We ignore the r — oo zero
because it will never be reached in the integration with a distribution that goes to zero outside a

finite region. So we have

A . r A

0(—=7-A)=—6(F-A -

(T7-8) = o 4)+ —

The second term has one more power of A than the first one does and this will cause this term to
be zero at the A — 0 limit. So we can safely ignore this term and we are left with the result above.

r

5(A) (6.34)
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of the fact that § P; depends only on 77 as we have indicated in these expressions.

Now, substituting (6.23) into (6.35) and (6.36), we have

a2 . 2% .
b _N/dn% {_@Aa—i_ﬂba} (5(AT) (637)

and

4 3 2

=N / dﬁ% [%Aa& A8ff63<A13 ©Aghy) zs} S(A-7)  (6.39)
At this point we would like to apply the irreversibility criterion discussed in Chapter
2, namely Eqs. (2.75) and (2.76) which say that b, should be antisymmetric under
P — —P and Ja should be symmetric. This criterion removes the second term in l;a
and the middle term in a~lab. The second term in l;a causes the space charge effect,
which we ignore, as it is not the focus of this study. In the usual treatment of this
problem, only terms proportional to b% are kept. After using the ¢ function, we have
b =r and so these terms have a l behavior if we ignore the distribution. One might
think that the 2 ; term in dp, Would dominate. However, if we ignore the distribution,
then the integral over o of bis 0. In our case where we have an explicitly varying
distribution, this integral will no longer be 0. This term gives the space charge
force which we will ignore here. These arguments give the same result except for
the first term in dg. This term we expect to be a symptom from using the small
angle approximation and will ignore it. We note that if one continues the small angle

expansion, there would be many additional such terms. Thus, we will compute

- ANE? Aw ziq

b=~ [ di g FZ)6A (6.39)
and

S OANEE [ b, :

dn="" / a7 SR F(Z)0(A - 7) (6.40)

Equations (6.39) and (6.40) are our general expressions for the damping and dif-
fusion coeflicients. We can use them with (6.15) to find the evolution of the second

moments. Before doing so, however, let us briefly consider these quantities on their
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own terms. If we were to consider a generalization of our framework in which we allow
for non-Gaussian beams, then we would want to solve the Fokker-Planck equation.

This takes the form 97 3
- 1
L B+

ot 97,

o - -

——d;; 6.41
207, if) (6.41)
where B; will contain a term from the Hamiltonian dynamics in addition to the ba

we are computing here. We have assumed that repeated indices are summed over.

These damping and diffusion coefficients involve a 6-D phase space integration.
Because we have made the small angle approximation, we find that the short dis-
tance spatial integration will diverge logarithmically at short distances. We impose a
minimum impact parameter cut-off of

2k

buin = 33 (6.42)

This is also (within a factor of 2) the distance of minimum approach for the two
particles assuming they approach each other head-on. The existence of this divergence
and cut-off may seem alarming, but actually it really is just an artifact of having made
the small angle approximation. If one does not make the small angle approximation
and instead uses the full expressions given by (E.10) and (E.11), there is no short
distance (or large 1) divergence, but the result is approximately the same as if one
uses the cut-off of (6.42). The varying of the minimum impact parameter with A
makes calculations more difficult, and since it only will occur logarithmically, we
can replace the A? with an average value. This approximation is made by Bjorken-
Mtingwa[13], but is not made by Piwinski[12]. We will face a similar issue when we
combine the damping and diffusion into second moment evolution equations. If we
keep the A dependence in by;,, and make the CLA when computing the moment
evolution for a Gaussian distribution, we arrive at the results of Piwinski. We will
drop the A dependence and as a result will arrive at the results of Bjorken-Mtingwa
after applying the CLA. We take a typical value of A given by the transverse velocity.

Relating this to quantities in the lab frame, if we use the horizontal RMS velocity,
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then
b = 122 (6.43)

2
V€

with (3, and €, the horizontal beta function and emittance. Using the longitudinal
velocity would give
b — -0 (6.44)
Y€z
The single factor of ~ instead of v? reflects the longitudinal Lorentz boost which

affects P, but not P,,. Thus, in the typical case, the RMS P, is much smaller than

P, , and thus the corresponding by, using P, is much larger. However, the transverse
phase space will dominate the longitudinal, being of larger dimensionality, and we will
thus use the transverse by, of (6.43). In the case where the horizontal and vertical

divergences differ by orders of magnitude, this assumption should be reexamined.

Let us suppose that the phase space distribution f (Z ) separates into a product of

functions of position and momentum:

F(Z) = pa(X)p,(P) (6.45)
In this case, we find
- Nk? - 2 - A,
b = = 2nLef (Z3) [ 4R S50 (6.46)
and , o
Nk = e N (5ab - AaAb)
dgp = . QWch(Zl)/dA pp(pQ)T (6.47)

We have been required to cut off the logarithmically divergent spatial integral at max-

imum and minimum impact parameters and have introduced the Coulomb Logarithm

L, = In mas (6.48)

These correspond to the Rosenbluth potentials [10], also known as Landau collision
integrals[11]. We will refer to the procedure of replacing the spatial distribution with

a uniform density and cutting off the resulting divergences incorporating them into a
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Coulomb Logarithm as the “Coulomb Log Approximation” (CLA). Thus, we say that
under the CLA, our damping and diffusion coefficients (6.39) and (6.40) reduce to the
Rosenbluth Potentials. By including the full spatial distribution in the formulation,
we do not need to apply the CLA however, and our expressions have no large distance
divergences, assuming the spatial distribution falls off appropriately fast at infinity.

There is still the short range logarithmic divergence, however.

Let us now return to Egs. (6.39) and (6.40) and plug them into Eq. (6.15) to
find the second moment evolution due to IBS. Now, IBS will affect both the pure
momentum moments and the mixed position-momentum moments of d¥;;/dt . One
can show that the mixed moments do not have the same logarithmic behavior as the
pure momentum moments and we thus expect them to be smaller. A full analysis of
this issue, however, should be considered further to give more confidence that this is
always a good approximation. Thus, henceforth, we consider only dX,,/dt where the
a and b represent momentum indices. In this case the growth rate can be expressed
as _

1 1 d¥p

Ta 2<ga>Tr[Ca i)

where ¥p is the submatrix of momentum moments of ¥ with components Y.

(6.49)

Substituting in the expressions (6.39) and (6.40), returning to Z, as the integration

variable, and combining the integrals together, we get

dS 4N k2
dt  m

dZ,dZs [ ; . . A
/ S [~ (BaPu+ AP + Ataiy] F(Z0)[(2)0(A - 7) (6.50)

Next, consider what happens to the first term under a change of variables that inter-
changes 1 and 2. The only changes will be that P, — P and A — —A. Thus under

the integral we can make the substitution

~ ~ 1 ~ A
AyPyy — A (P — Poy) = §AAaAb (6.51)

1
2

which is the same for the term with a — b so that we can just multiply the first term
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by 2. Now, factoring out the A, and canceling one in the denominator, we have

dSw  ANK? / dZ,dZy [

dt  m Ar3 Faly = A“Ab] F(Z0)f(Z2)s(A - 7) (6.52)

Taking a trace of this quantity gives 0 which shows that the average energy is con-
served. Here we have computed the evolution of the pure momentum moments. The
damping effect will also give rise to evolution of the mixed position momentum mo-

ments. Let us write Z_, = P,. We can show that

dSe_y  2NK2 [dZydZs 7. « T
- Pl = 18] F(Z0)J(Z2)3(A -7 6.53
oot = T [ b - b FEFZ05A 1) (653)
Note that there is one fewer power of r in the denominator which will mean that there
is no logarithmic behavior and leads us to consider these quantities as typically smaller
than the pure momentum moment evolution. One interesting property one can see
immediately from this expression is that it implies angular momentum conservation.

For example

d(L.) d%,, B A%y s
dt  dt dt

and likewise for (L,) and (L,). This is independent of the beam distribution function

=0 (6.54)

3

Let us now assume that the distribution is a Gaussian function. We will further
take it to be a function of the invariants of the linear one-turn map as we have

discussed previously. For the distribution matrices, we write
_ A B °L 1 (A B,
M = = M, = — 6.55
(BT C) 2 ;ea<mag ca) (6.55)
where M = £LTML is M expressed in the beam frame and
- 1
M, = —L"B"G,BL (6.56)

€a

where we have transformed from betatron coordinates to physical coordinates. Eq.
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(6.52) becomes

A,  NE / d°n

— = [ [ty = Audy| e is(A ) (6.57)

Next, we consider spherical coordinates for both A and 7. The delta function is going
to do one of the angular integrals for us. We have a choice of which one. Define the

following vectors:

sin fcos ¢ cos fcos ¢ —sin ¢
é1= | sinfsing |, éy=| cosbsing |, é3= | cos¢ (6.58)
cos 0 —sin 6 0

Then we can either let A = é; and b = cosa é; +sina é3 or b = ¢; and A =

CcoS v €9 + sin« €3.

Pulling out the constant term and writing

diab
= AK, 6.59
o = AKa (6.59)
with ,
Nrgc
A= 3213 33yte €,0505 (6.60)
We have A
Ko = / AAdrdQ=hgye~ 2> tharAthsd?) s A . (6.61)
r
where
hay = (fafb - AaAb) (662)
and
hi = Agbaby (6.63)
hg = Eabi)a +]}_Babi)bAa (664)

b
hy = CulAlA, (6.65)
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Here,

A = r2A, (6.66)
B = Pyr,B, (6.67)
C = PC (6.68)

are unitless distribution matrices. We have changed variables to the unitless r/r,,
and A /P, which is why these factors show up in the distribution matrices. Now, we
do the r and A integrals. We can see that the integral will diverge at r = 0, and
hence we need a minimum distance cut-off r,,. Because of the change of variables,
we actually cut the r integral off at 1. As discussed, r,, is A dependent. As an

approximation, here, we will take r,, to be a constant as noted earlier.

If we throw away the non-logarithmic terms, and ignore the factor of v — In2

(see appendix for derivation including these extra terms) we have:
hab
Ko = [ dQ2—1Inhy (6.69)
hs
We can reduce this to a double integral:
K, = — / deos§ dé O(6, ) In(h) (6.70)

where

Va 2 g+ (a+c)\/g

Ouw(0,0) = /27r @da =2 <<fafb ~ 5t) + 1 ((uab — wap) (@ — ) + Uabb))
o (6.71)

with u;rb = Ugp + Wap AN Uy = Ugy — Wap. FOT Ugp, Vap, Wep We have explicitly

€2462p
Vab = €24€3p + €2p€34

Wap = é3a é3b (6 72)
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and

= Jinhs — 12

The fact that hihs — h3 > 0 follows from the fact that M;; is positive definite, i.e.

(6.73)

M;jz;z; > 0 for all z;. This is our main result for the IBS emittance growth rates. We
have not encountered any long distance divergence requiring a Coulomb Log. Indeed
the spatial dependence of the beam is included in the matrix A, although we do note
the factor of the minimum impact parameter in Eq. (6.66). We have reduced K
to double angular integrals. These integrals can be done numerically and are not

particularly time consuming.

In order to reproduce the results of Bjorken-Mtingwa, and further simplify the
integration, we consider the Coulomb Log approximation for the moment evolution.
This involves first doing the r integral in (6.57) but ignoring the Gaussian function
of f. This is done in the appendix. We could also combine Eqgs. (6.46) and (6.47)

directly in the moment evolution equation. In either case, the result is

VA
det(A)

KPM,, = 272 / d\ (6 Tr(A™1) — 3AY (6.74)
0

where A = C — M. So, for the growth rate we get

1 1 Nric © \/X
— — _CYaor, (272 0 / AN—" (5, Tr(A™Y) — 3A7! 6.75
T, 9 ab ( m )3271.363,746163/0.30.5 0 det(A)( b I‘( ) 3 ab) ( )

Combined with explicit expressions for the submatrices of Eq. (6.55) for the uncou-
pled case, this reproduces the results of Bjorken-Mtingwa. We give these expressions

in the next section.
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6.2 Uncoupled Case

Computing the uncoupled submatrices, we find

A, = 0 0 0 (6.76)
—G, 0 0
0 0 0

A, = 0 _7g~y (6.77)
0 _ng O
VE M, Yo,

A, = | v, vy e, (6.78)

yout  yeet,

a, 0 0

B, = | 0 00 (6.79)
0 0 0
0 0 0

B, — |0 a, 0 (6.80)
0 0 0
—VeMally MRy YO,

B, = | —vmn, —vmm, o, (6.81)
YVl YV YR
B —7G

C, 0 0 0 (6.82)
-G, 0 *H,
0 0 0

C, I (6.83)
0 —G, ~*H,
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%773% 7znxny —Q YTy
C. = | vmny  vmp  —ouymy
QYT QYT ’VZﬁz

We have introduced the definitions

_ /
Goy = Quylloy T Buyllyy
5 _ !
gLy - 733,3/771711 _'_ O{x7ylr]1',y
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(6.84)

Looking at the elements of C,, we find that the 24, in the lower right corner will

typically dominate, and we drop the other terms. Then,

Bz 0 _79_x

€x

C = 0 By —y Gy

€y

2 « | R
& P(E T

For the uncoupled A, if we just keep the v? term in A, we find

Yo _~Gz

€ O 75:0

_ Yy _~%
A = 0 o Ve
Gx G, 292

e e e

We now define the emittance growth rates as

1 1 degy,.

T‘T7yvz €:B7y7z dt

and we get
1 A
1 A
— = —(BKyy —27G,K,; + VQHszZ)
Ty €y
1
- = éﬁz]Kzz
Tz €2

(6.87)

(6.88)

(6.89)

(6.90)
(6.91)

(6.92)

We can now use our expression and that of the CLA to effectively define a Coulomb
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Logarithm for each of the moment growth equations:

— [dQf log(%) K
Jaoke K

2Log,, = (6.93)

Note that this actually defines 9 Coulomb Logs: one for each of the growth rates
of (P,Fy). If all of the Coulomb Logs so calculated come out similarly, then one can
use the CLA with an appropriate Coulomb Log. However, if the different Log,, come
out substantially differently, then the CLA is not applicable.

Let us consider the calculation of Log,, for a real storage ring. We take the case
of the ATF at KEK. The parameters are given in Table 6.1. The ATF was designed
as a test facility for damping rings for a high energy linear collider. It can produce
beams with some of the smallest emittances ever achieved. Further, as a result of
minimizing vertical emittance and coupling, the vertical emittance is extremely small.
It is in such a situation that one may question whether the CLA is valid. Even if one
Coulomb log is appropriate, what is its value? What should one use for the maximum
impact parameter? The three beam sizes, o, , . provide substantially different length
scales.

Now, because of radiation damping and diffusion, as was discussed in chapter 4,
the beam will reach an equilibrium. IBS will change this equilibrium. We discuss the
combination of IBS and synchrotron radiation (SR) more in the next chapter. For
now, we note that we have written a program to evolve the emittances in the presence
of both IBS and SR. After equilibrium was reached, we computed the ratio of the
Coulomb Log defined in (6.93) and the Coulomb Log determined by using the vertical
beam size as by.x. We vary the vertical dispersion which determines the non-IBS
vertical emittance through the quantity H,. Thus, varying n, is essentially varying
the beam aspect ratio. We use a smoothed version of the ATF with parameters given
in Table 6.1.

In the ATF, the beam is coolest in § and hottest in x. Thus, Kz3 is positive
and Kj; negative. Ksy can be either positive or negative (energy conservation gives
Y oK = 0.) We find the biggest difference between K, and KaBg\/[ for Kyy. In

the small coupling limit, the Kos and the Ks3 contributions to 1/75; have a relative
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Table 6.1: ATF, RHIC Parameters

| parameter ATF RHIC (AU) injection
C 138.6 m 3833.845 m
N 9 x 10° 1.3 x 10°
m Me 197m,,
Z -1 79
Ey 1.28 GeV 9.8 GeV/u
¥ 2505 10.5
Vs 0.0049 0.007
Q 0.0029 0.0016
€ 1.05 x 107 m 2.4 x 1077
€y 5x 1072 m 2.4 x 1077
€ 2.81 x 107 m 1.1 x1073
Yo 25 % 107
Xy 1.6 x 107
X 22x 107
dy 10.5 x 1073 m
d, 2.46 x 10719 m
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coefficient of 727)5 / ﬁj In the “High Energy Approximation”, one keeps only the K3
term. However, for the ATF parameters, if , < 1.8 mm, Ky, can become important.
In Figure 6.2 we plot the ratio of the Coulomb logs defined in (6.93) to the conventional
Coulomb log L. = log(o,/r,) (L.~ 16 for ATF) for varying vertical dispersion and
zero coupling (since BM dealt only with the uncoupled case). As stated, we are
varying the beam aspect ratio, with the right side of the plot approaching a round
beam. Near 1, = 28mm, the intrinsic vertical growth rates Ky and K5V have
opposite signs. Finally note that both Log,,/L. and Logs;/L. are close to 1 over a

wide range of beam aspect ratios. See [18] for more details.

2.0

My [mm]

Figure 6.1: Coulomb Logs for ATF

Figure 6.2 shows that the Coulomb Log approximation is excellent except for the
growth rates of the momentum second moments (P?) and (P?) and not particularly

good for <Py2> over this parameter range. The range where the CLA for the vertical
growth rate breaks down is where the vertical growth rate goes to zero. Normally
the longitudinal temperature is much smaller than transverse, but because of the
very small vertical emittance for the ATF, the vertical growth rate can go to zero
or even become negative. Even though the CLA can break down, there is very little

practical consequence to this for this parameter range. This is because coupling or
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vertical dispersion cause the vertical emittance growth rate to be dominated still by
the longitudinal growth which is not going to zero and where CLA applies.

In general, near where one of the the moment growth rates goes to zero is where
we expect to find differences between our expression and that of the CLA. As another
example, we consider the case of RHIC, comparing data to analytic formulas. The
parameters are given in Table 6.1 and the data is drawn from [72]. Below transition
there is approximately an equilibrium. The equilibrium occurs approximately when

the beam-frame momentum moments are equal. For the uncoupled case, and ignoring

%_ [e_ 4
7—\/; \/;y (6.94)

RHIC has a round beam and thus the second two of these quantities are approximately

dispersion, this occurs when

equal. The ratio of the first to the second is found to be 0.7, so the beam is indeed

near an IBS equilibrium.

Near equilibrium, we find that our results differ from those of B-M. We find a
small, but possibly measurable difference and our equations give results closer to
the data than those of B-M. This comparison is shown in Figure 6.2. The data is
RMS bunch length data measured with a wall current monitor. More details of the
measurements and conditions are given in the referenced paper. One should note
that for the transverse dynamics, additional growth was found that was not likely
to be IBS. We find that this additional growth does not have much effect on the
longitudinal growth.

Another common formulation of IBS theory used is that of Piwinski. It is essen-
tially the same as that of Bjorken and Mtingwa, except for retaining the A dependance
of rnin. There are many ways of approximating Bjorken-Mtingwa and Piwinski and
much of the recent literature on IBS involves finding approximations which are valid
in various useful limiting cases. This is useful so that one can evaluate the integrals

rapidly and average around a full lattice.

A variety of approximations to the Bjorken-Mtingwa result exist. For example,

Lebedev et. al. considers the limit where 0,, < 0, Here, this means Cs3 > Cyy 2.
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1.5} o _ o

1.48¢
1.46¢ H

1.44! s

1.420 | | | |
0 200 400 600 800
Ti ne

Figure 6.2: Comparison of B-M to our formulae in reproducing RHIC AU bunch
length data [72, 73] The vertical axis is RMS bunch length measured from a wall
current monitor, and time is measured in seconds. The blue points represent the
bunch length data. The red points give bunch length evolution using our equations
which we computed using Eq. (6.70) and the purple dots represent the results of
Bjorken-Mtingwa, Eq. (6.74).
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In this limit we can show

1

27
KBM , ~ / do
’ VCs3 Jo \/CH sin? ¢ + Cay cos? ¢

(6.95)

Note that when we put the prefactor back in for the growth rate, the dependence on
os drops out. This can be interpreted to mean that as far as the scattering process

is concerned, in this limit, one can assume no initial relative longitudinal motion.

6.3 Equilibrium distributions

Intrabeam scattering gives us a specific model of thermal equilibration. We might ask
therefore about what kinds of equilibria can be achieved. From a general perspec-

2 .
—P72mKT here K is Boltzmann’s

tive, one might expect a distribution of the form e
constant, and 7', some effective temperature. We find that for the CLA, this is true,
but our expressions give a small deviation from the Boltzman distribution. Here we
consider the case of a round beam (Aj; = Ay = A, Cy; = Cyp = C) and try to find
equilibria. Within the Gaussian approximation, this means K,, = 0. Using symmetry
and energy conservation, we have that K;; = Kgy = —%Kgg. Thus, all we need for
equilibria is that K33 = 0. Because of the symmetry, K33 is a function of 3 parameters.

The parameters we use are

~ A
A = ——1 6.96
A (6.96)
~ C
C = — -1 6.97
o (6.97)
1
L, = 5 log A (6.98)

Details of the calculation are shown in the appendix and the results are shown in
figures (6.3) and (6.4).

When C = 0 we have the Boltzman distribution. For Bjorken-Mtingwa, if C' = 0,
it is always an equilibrium. For our expressions for Ky, we find that if C' = 0, we also

need A = 0, i.e. a spherical beam in position space. What is perhaps surprising is
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that we find that for C # 0, we can also find equilibria, although as we increase L.,

C must be smaller and smaller for there to still be an equilibrium.

0.1

0. 05

-0.05

Figure 6.3: Equilibrium value of C' as a function of A for several different values of
L. = %logA (“Coulomb Log”). L. =5 is yellow, L. = 10 is green, L. = 15 is blue,
and L. = 20 is purple.

200 400 600 800 1000

Figure 6.4: Same as previous figure with larger range of A.

Now we consider the question of equilibrium in the Coulomb Log approximation.
At a given position, using the Coulomb-Log approximation, the distribution is in
equilibrium if

2 py _ (02)
(@) = (") = ey (6.99)

We first consider the case of the smooth approximation.

We can see that above transition, in the smooth approximation, there is no equilib-
rium due to IBS alone. How does this picture change when we go beyond the smooth
approximation? Following Bjorken-Mtingwa, we compute the sum of the growth rates
and find it is strictly positive. Thus, except in the smooth approximation, there is
not equilibrium.

In the case where €, =€, = €, and 3, = 3, = 3., we find a total growth rate at
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any position of

Lol By (6.100)

T €L €
This quantity is always greater than or equal to 0 and hence as long as (3, is varying, as
it will in any strong focussing machine, there can be no equilibrium due to intrabeam
scattering, even below transition! The paper of B-M contains a general expression for
the total growth rate in terms of the eigenvalues of the matrix C. In particular, they
find ([13] Eq. 3.6) that the total growth rate is given by (in our notation)

g A(/\l—)\Q)Q/ = VA = —+two cyclic permutations (6.101)
T 0 ()\1+)\)5<)\2+)\)5<)\3+)\)5

where A = C 4+ A and Ay 53 are the eigenvalues of C. They compute the integrated
growth rate, but without integrating around the ring, this expression gives the local
growth rate as well. This quantity is clearly always positive. Thus, for a non-smooth
lattice, there can be no equilibrium. Thus, the conclusion we given here for a special

case is actually quite general.

6.4 Overview of IBS Literature

We have developed our own approach to IBS in this thesis. We have seen that if
we make what we call the “Coulomb Log Approximation”, our expressions for the
growth of the second moments reduce to the expressions given by Bjorken-Mtingwa.

The other main approach to IBS is that of Piwinski[12] who is the original author
to tackle this subject in the context of beams in storage rings. Although the starting
point is different, his work can be understood as the same in effect as Bjorken Mt-
ingwa, except for the minimum impact parameters dependence on the momentum of
the two particles scattering is retained in the integral instead of replacing it with a con-
stant average value allowing one to pull out a Coulomb Log from the integral. Thus,
from this perspective, his equations are indeed more exact than Bjorken-Mtingwa’s.
Our approach provide a branching off point from which one could derive either Pi-

winski or B-M’s results. The common ground is contained in Eq. (6.57).
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The original paper of Piwinski’s did not include general Courant-Snyder lattice
parameters or the derivative of the dispersion function. His work was generalized to
include these.

Bjorken-Mitingwa approach the subject from a quantum mechanical scattering
formalism, but taking lowest order and given the result that the classical and quan-
tum scattering cross section for the Coulomb interaction agree to this order, the result
is the same as the classical analysis. Once this fact is recognised, there are two re-
maining differences between the two analyses. The first is that Piwinski does not
include the full variation of the lattice parameters in his analysis, whereas Bjorken-
Mtingwa do. This was remedied in later work, by Martini, Piwinski and others. The
other difference relates to the issue of the Coulomb Logarithm. In computing the
growth rate due to scattering, one must integrate over impact parameters. In the
formalism used by Bjorken-Mtingwa and Piwinski this integrals diverges logarithmi-
cally at both small and large impact parameters requiring the introduction of cut-offs
bmin and by.x. Both analyses retain an undefined maximum distance cut-off related
to the size of the beam. For the minimum distance cut-off one uses the distance of
minimum approach of the particles. This depends on the relative momenta of the
two scattering particles. Piwinski retains this momentum dependence of b,,;, whereas
Bjorken-Mtingwa replace it with an average value. Thus, once the variation of the
lattice parameters is included, Piwinski’s is the more accurate equation, although the
paper’s of Bjorken-Mtingwa and subsequent approximations and elaborations of both
authors include many insights on the subject.

There are also a variety of approximations to B-M and Piwinski. See for example,
references [45, 46, 47, 48, 49, 53, 61] and references therein. For some early history
of IBS, see [54].

6.5 Beam-Beam Diffusion

Our work can be applied to the beam beam interaction. Here we find the diffusion
and damping coefficients and resulting moment evolution due to the beam-beam

interaction in a collider. A calculation of such an effect was given in [74] under
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the description “beam-beam diffusion model”. The diffusion coefficient is computed
roughly along with the resulting emittance growth. Using the formalism described in
this thesis, one could do a more careful computation. We sketch how this could be

done.

We start by considering the scattering of two particles at phase space positions 2

and Z3. The fields due to a particle with large v in the lab frame are given by

2
E, =By = 7(1 (s — ct) (6.102)

The resulting force causes an increase in transverse slope of the particle’s orbit deter-

mined by the equation

F
" Yy
S - 6.103
4 my32c? ( )
for the case where the force is in the y direction. This leads to a kick in transverse
momentum y .
pL 4q T T
— = -=k- 6.104
Py ympB%cr r ( )

where 7 = r7 = ¥; — I is the relative position of the two particles at the time of
collision (transverse). Given this result, we could now compute the diffusion and
damping coefficients. Due to the reversibility condition, we can see that the damping

coefficients are zero.

We note that the transverse momentum kick depends only on the transverse sepa-
ration of the particles. Thus, the probability distribution g(®) that we must average
over, will be the transverse particle distribution at the given location of the particle.

For the quantity n, we again take

i = Nje / 47 p(Z 15 2) (6.105)
where
p(Z) = / dpf (&, p) (6.106)

is the spatial distribution of the beam. z is the longitudinal position of the particle in

the oncoming bunch. We could write the distribution of colliding particles explicitly
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p(Z1;2)

~ Jdip(FL;2) (6107

9(%1)



Chapter 7

Coupled IBS and Combination
with SR

In this chapter, we apply our results on coupled invariants to IBS.

7.1 Coupled Matrices

The expressions for the emittance growth rates due to IBS for Gaussian beams was
expressed in terms of the beam distribution in the beam frame. The position distri-
bution was represented by the matrices A, and the momentum distribution by C,
with the mixed components given B. When the Coulomb Log approximation is made,
only the C, are involved, A essentially being absorbed into a Coulomb Log. In this
section we will make the Coulomb Log approximation and write down the coupled

Cyg; the coupled A, can be written down in an analogous manner.

First consider an x — y difference resonance, with a coupling angle . We find

C, = coshQ(g)(CersinhQ(g)(Cy+sinh(0) C/,
C, = sinhQ(g)(ng+cosh2(g)(cy+sinh(0) C/,

139
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for the sum resonance and

C, = cos’(

5)((:35 + SiDQ(g)Cy +sin(6)C_ (7.1)

Cy, = SiIlQ(g)(Cx + COSQ(g)Cy +sin(0)C,, (7.2)

for the difference resonance. The extra terms are given by

0 \/BefBycosd 0
. /By cos ¢ 0 0 (7.3)
0 0 0

+
I

d
o 0 —/BeBysing 0
C., = | —\/B:Bysing 0 0 (7.4)
0 0 0

Now, we recall that the matrix C is required for the moment evolution matrix K.

The C, are then needed to compute the growth of the invariants as we see from Eq.

(6.49).

7.2 Coupled Emittance Evolution and Combina-

tion with Synchrotron Radiation

To combine the effects of IBS and synchrotron radiation, one simply computes the
emittance growth due to each effect per turn and add them together. The total change
per turn is given by

— Ta

A(ga) = —2Xa(ga) + da + <ga>?0 (7.5)

where Tp is the revolution time.

Next, we return the example of the ATF at KEK to illustrate the inclusion of IBS
and SR damping/diffusion. We also include global = — y coupling of 5 degrees. This
coupling angle was chosen to best fit equilibrium measured emittances. This coupling

has a substantial effect on the projected vertical emittance because of the small beam
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aspect ratio. To see this, note the difference between emittance of eigenmode 2 and the
vertical projected emittance. Also, we see the ratio of the projected vertical emittance
to the transverse emittance does not stay constant over time, although the change is
not extreme. This reminds us that the approach to IBS in which projected vertical

emittance is simply taken as a multiplicative factor times the horizontal emittance is

not exact.
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Figure 7.1: Evolution of Coupled Emittances for ATF

We include this plot to show the type of evolution that can occur for the emittances
as they approach equilibrium due to both IBS and synchrotron radiation. More details

and discussion are given in [18].

7.3 Coupled Piwinski Invariant

Without coupling, in the smooth approximation, the Piwinski invariant [12, 56, 57]
expresses conservation of energy in terms of the invariants transformed into the beam

frame. It is given by

(9y) (9:)

()
+ + N 3.

Be By

= invariant (7.6)
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where 1, = %2 — a, is the slip factor. Above transisition 1, < 0 and the coefficients of
the first and third term have opposite signs which implies that there is no equilibrium.
Below transition 7, > 0 which gives the same sign for all terms in the invariant which
implies an equilibrium. Now, consider synchrobetatron coupling with a coupling angle
of # near a sum or difference resonance. If we ignore the extra term G, then expressing

the Piwinski invariant in terms of the coupled g; and g3, we find an invariant

2 2

0_2_527]3 CT}s_S_] @_' _
{51 3. ] (g1) + [ 5 5 (g93) + 5, invariant (7.7)

where for the difference resonance, ¢* = cos?(f/2) and s? = sin*(6/2) and for the
sum resonance ¢? = cosh?(6/2) and s? = sinh?(#/2). Now, consider the case of small,
positive 7. This is below transition and stable in the uncoupled case. We can easily
see that for large enough 6, the second term will be negative and the first term
positive. Thus, the synchrobetatron coupling extends the region for which there is

no IBS instability to below transition. If we expand in small 6, we find that there is

0 NsBx [ Bults
5> 5 c (7.8)

where we used the fact that 5, ~ C|ns|/pus. This is true for both the sum and

no IBS equilibrium when

difference resonance. For example, in the case of coupling due to dispersion at an RF

cavity, we find that there is no IBS equilibrium below transition when

Vs

n

where 7 is the dispersion at the RF cavity and Av is the tune split between betatron
and synchrotron tune. We have assumed that the coupling angle is small in this
derivation.

Finally, we note that we have been using the smooth approximation in this dis-
cussion. If we drop this condition, the earlier discussion applies and there is generally

no equilibrium, even well below transition.



Chapter 8
Conclusions and Future Work

In this dissertation, we have considered a general framework for computing emittance
evolution due to linear dynamics in storage rings with additional diffusive/dissipative
processes. We find that the emphasis on global invariants and local stochastic moment

evolution helps clarify the structure of this important element of storage ring physics.

Regarding the invariants, we have considered the case of weak coupling near a
linear resonance and formulated a perturbation theory to get analytical expressions.
The key to the perturbation theory was to start with the one-turn map exactly on
resonance and consider both difference from resonance and coupling as perturbations.
The map exactly on resonance has at least two equal eigenvalues, and so we require
degenerate perturbation theory. Defining appropriate “co-vectors” we found that the
results are expressed in terms of matrix elements of the perturbation and is isomor-
phic to perturbation theory in time-independent quantum mechanics. For a storage
ring, the matrix is symplectic whereas in quantum mechanics the matrix is Hermi-
tian. The difference between the formalisms shows up in the symmetry properties of
the matrix elements. In the symplectic case, the eigenvectors are either a positive or
negative mode. Whether or not the two degenerate modes have the same or differ-
ent sign account for either stability or instability in the perturbed eigentunes. For
the case of the integer and half-integer resonances, we find that in order to see the

instability due to coupling, we need to do second order perturbation theory. Besides
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doing this just for the sake of completeness, we find that one of our motivating appli-
cations require this: an issue of current importance is the synchrobetatron coupling
resonances induced by adding a crab cravity to a storage ring. We are particularly
interested in the case of the horizontal tune near a half integer as this is a typical
operating condition for B-factory colliders such as KEK-B and PEP-II. In addition,
because the synchrotron tune is always small, we find that we must consider the effect
of coupling on the integer v, resonance. Indeed, for v, > 1/2, we find that the crab
cavity can cause an instability and emittance growth as well. For our other example
of synchrobetatron coupling, dispersion at a crab cavity, we found that there was no
instability at the v, = 0 resonance. This is perhaps fortunate, because of the ubiquity

of this type of perturbation in storage rings.

We saw that the emittance evolution equations were particularly simple for the
case of uniform damping and diffusion as is the case for synchrotron radiation. The
invariants and damping and diffusion coefficients are combined together into damp-
ing decrements and global diffusion coefficients for the eigenmodes. We have explored
behavior of each of these quantities near linear resonances. Near the difference res-
onance (the one stable resonance), we find a mixing of the uncoupled damping and
diffusion coefficients. For the case of synchrobetatron coupling, the transverse di-
rection is most strongly affected because the transverse diffusion and emittances are
typically much smaller than the longitudinal. Near the unstable resonances (sum,
integer, half-integer), the diffusion coefficients are mixed but also diverge at the res-
onance. At the sum resonance, we find that one of the damping decrements becomes
negative indicating an anti-damping instability. Near the integer and half-integer

resonances, the damping decrements are not affected much.

When the damping and diffusion depend on the phase space position, we need to
directly compute the local moment evolution from the damping and diffusion rather
than finding global damping/diffusion as we did in the uniform case. In actuality,
non-uniform damping/diffusion will lead to non-Gaussian beams. Analysis of this
issue requires solving the Fokker-Planck equation which we don’t consider in this

thesis.

Intrabeam scattering is our main example of a non-uniform stochastic process.
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However, we have formulated our stochastic approach such that it is computed in a
way directly analogous to the uniform case of synchrotron radiation. We compute
the momentum change per scatter with another particle in the beam and add up the
totality of such scatters. By defining the scatter to occur at the distance of closest
approach, we are able to partition the beam into a region that will undergo scatters

within At and the rest that will not.

This derivation is purely classical and the assumptions are relatively clear . An
additional benefit we find from our formulation is that there is no large distance di-
vergence in the integration over other particles that leads to a Coulomb logarithm
L, in standard approaches. Such approaches are typically claimed to be valid to an
accuracy of order 1/L.. We hope that our formulation can improve this accuracy. Al-
though we have improved on the standard approaches, we have also made a number
of approximations for ease of calculation. One such approximation is in neglecting
the evolution of the mixed position-momentum moments. We have also neglected the
relative momentum dependence of the minimum distance in the integration. To be
very clear about the accuracy of our expressions, the validity of these approximations
should be further explored. Regarding the latter approximation involving the mini-
mum distance, Bjorken-Mtingwa make the same approximation. Piwinski does not
make this approximation, however, and in this respect is more accurate than B-M. For
a fully well-defined approach, one should keep this dependence as Piwinski does. This
can be done by performing the integration in a different order, but the full exploration
of this issue is a topic for future research. We thus characterize our result as more
precise than B-M, but making a different approximation than Piwinski, which may
have relevance at lower energies. We have done all our comparison to B-M, which is
generally seen to give adequate prediction of data in the studies thus far performed.
We have shown an example, based on some measurements at RHIC where our formu-
lae can plausibly be said to give more precise results than B-M. We have seen that
this will tend to occur in the region where one of the momentum growth rates goes to
zero. In flat beams such as in the ATF at KEK or the ALS, the growth rates of (y)
can vanish for reasonable parameters, but the vertical emittance growth rate 1/7, is

typically dominated by the growth of (6%) due to vertical dispersion or x-y coupling.
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Once one has expressions for the moment growth equations, they can be combined
with the expressions for the invariants to find the eigen-emittance growth equations.
Using our explicit expressions for coupled invariants near resonances, we can thus find
IBS growth rates near such resonances. In addition to needing the coupled invariants
to determine the definition of the emittances, one also needs the invariants to use in
the beam distribution formulae which enter into the IBS moment growth equations.
Thus, we can write down explicit expressions for IBS growth rates including coupling.
This has been done in generality, but without providing explicit expressions. We
expect that using explicit expressions for the coupled invariants and distribution can

help in understanding IBS effects in a variety of coupled scenarios.

When IBS is combined with synchrotron radiation (SR), an equilibrium clearly
exists, typically not too far from the equilibrium due to SR alone. When IBS is
the only effect, the issue of equilibrium is a bit more subtle. In the Coulomb Log
approximation (such as B-M), only the momentum distribution is involved with mo-
ment growth due to IBS. The result is basically that the beam tends to the Boltzman
distribution if it can be reached. In our formulation involving the spatial distribu-
tion and no Coulomb Log, we find equilibrium that varies by a small amount from
the Boltzman distribution. Assuming one can fully justify the use of the scattering
approach to IBS, our result gives information on the locality of IBS. It suggests that
the full beam size is relevant to IBS, but only to a small extent. This issue of locality
in Coulomb scattering has always been controversial, and more precise measurements

or multi-particle simulations would be desirable to help finally settle this old issue.

It is well-known from Piwinski that in the smooth approximation, in the uncoupled
case, an equilibrium exists below transition and not above transition. When a real
varying lattice is used, no equilibrium exists, even below transition. We have given a
simple argument to understand this for a special case; however, a result of B-M for
the total phase space growth rate shows that the lack of equilibrium in a non-smooth
machine is a general result. In the original paper, this fact was pointed out for the
case of a varying dispersion function, but we find that this understates the fact. Even

disregarding dispersion and considering varying (3, , leads to this conclusion.

Finally, as mentioned, for the case of the smooth approximation, the information
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about equilibrium can be understood via Piwinski’s invariant. We have generalized
this invariant for the case of a storage ring near a synchrobetatron sum or difference
resonance. We find that with strong enough coupling, an equilibrium doesn’t exist

below transition, even in the smooth approximation.



Appendix A

Further Invariant Calculations

We would like to show that the expressions given for the invariants GG, in the text,

do in fact satisfy the invariant condition. That is, we would like to show that
G, = JUH,U"J (A1)

satisfies
MTG.M =G, (A.2)
Using the symplectic property of M, and Eq. (2.17), we derive
M"G,M = M"JUH,U"JM
JM'UHUTM™ T

= JUe H,e *UTJ
= JUH,U"J (A.3)

In the last step we have done the matrix multiplication

(o )Gl )=o) o

This shows that the GG, given are in fact invariants.

Now we consider the beam distribution written in terms of the invariants. We
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write a general (6-D) Gaussian distribution as

£(5) = ! o~ 3TME (A5)

(27)3+/det (M)

where we have normalized f so that [ f(Z)dZ = 1. By performing the integration,

one can show that the second moment matrix is given by
Sk = (z2k) = M (A.6)

In terms of the three invariants, we can write the distribution as

> 1 ox 9 92 83
& = Sl ) p( 0 lga) <gg>> (A7)

Let us prove this. In particular, we must show that the quantities we have written as

(ga) in the above equation are indeed given by

(ga) = / 0 guf (2) (AS)

To show this, we introduce the matrix K given by

1 —i 0 0
-1 0 0 0 0

o 1[0 0 1 - 0 0 (A.9)
V2l o o —i 0 0
0o 0 0 0 1 =i
0 0 0 0 —i 1

Note that det(K) = 1. In fact, it is symplectic. Now, consider the change of coordi-

nates from 7 to the coordinates V
Z=UKV (A.10)

UK is in fact a real symplectic matrix. Its columns are V2 times the real and
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imaginary parts of v,. The quadratic form g, becomes

g = Z'G.7
VIKTUTG,UKV
= VI'KTH,KV
= V'LV (A11)

Where [, is a matrix that is all zero’s except for a 2 x 2 identity matrix in the ath
diagonal 2 x 2 block. Thus, g, = V2+V?, (witha = 1,2,3 for g,, and k = +1, +2, +3
for V). Applying this change of variables to (A.8), we get

/ p . ‘/;12 + V—Qa 3 VE+v2, _V22+VE2 _V32+v23
3
e

S ———— (91) (92) (93)
(91)(92){g3)
= (9a) (A.12)

after doing the 6 1-D integrals.

Next we find expressions for the second moment matrix. Looking at (A.7),(A.5)

and (2.19), we identify

M = 261 + 2G> + 2Gs (A.13)

(91) (92) (93)

Thus, to find the second moment matrix Y, we must invert this matrix. We claim

that the inverse is given by
~1 1 1 1
M™ = —§<91>JG1J - §<Q2>JG2J - §<93>JG3J (A.14)
In order to prove this, we show the following:
JG o JGy = =01, (A.15)
where a and b run from 1 to 3. Now, GG, is written explicitly as
G, =JUH,U"J, (A.16)

Substituting this in and using the symplectic property of U and the fact that J? = —1I,
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we get

JG,JGy =UH,JH,JU ! (A.17)

From this and the definition of H,, (2.20), Eq. (A.15) follows by simple matrix

multiplication. In particular, when a = b, we find

10
O'xJQO'J;JQ = (0 1) (A18)

The minus sign comes from the two factors of ¢ from the H,. Now, multiplication of
(A.13) by (A.14) and repeated use of Eq. (A.15), proves that (A.14) is indeed the

inverse matrix.
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General Perturbation Theory

Let us suppose we have a matrix M that can be expanded as
M=) M, (B.1)
p

where we consider M, to be of order €’ where ¢ is some small parameter. We seek a

perturbation expansion of the eigenvectors and eigenvalues of M:
ka = )\kvk (BQ)

with
p

and

M= My (B.4)

We consider vy, and A, to be of order €?. We use the tilde in vy, because we would
like to distinguish vk from vye. Let Zg,(k) be the indices such that for j € Zy,(k),
Ajo = Ago. In other words, Zy,(k) is the set of indices with eigenvalues that are

degenerate with Agg. We let {vgo} be an orthonormal complete set of eigenvectors of
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M. In particular, we assume that we can define covectors v!° such that
’Ulo’l}ko = 5lk (B5)

How to do this for a symplectic matrix is discussed in the main text. This means

that we can expand an arbitrary vector as
v = Z CLURO (B.6)
k

with
cr = v (B.7)

We consider the v to be the “uncoupled”, “unperturbed” eigenvectors. Within
the perturbation matrices M; and M,, we consider there as being two different types
of perturbations. In the case that we consider them both as 1st order (an important
case will occur when we consider it as 2nd order), we notate them as M;¢ and Ms,.
When just M5, is added to M, its effect is to change the eigenvalues, but not the vy.
This is in effect how we define vy. The addition of the perturbation M, serves to
pick out a particular linear combination of the vy which we notate as vy, in addition
to causing a perturbation of these eigenvectors. However, it will be the main purpose
of this section to derive the vy for the two cases where we have a M, and a Mss,,
i.e. when the purely eigenvalue changing perturbation is first order and second order.
It will turn out that this latter case is important in the case of “coupling” causing an

integer or half integer resonance.

We now consider the eigenvalue equation setting equal terms of the same order

up to 2nd order:

p=0: Moo = AkoUko (B.8)
p=1: Moy1 + My 0ko = Ao Uk1 + A1 Uko
D =2: MyOga~+ M0k + MoUro = N poUk2 + Ak1Uk1 + AkoUk2

Consider the p = 0 equation. Expanding out the ¥4y and using the Oth order
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eigenvector equation, we get
> codiovio = Ao Y Cobio (B.9)
J J
Multiplying on the left by v gives
ch oo = chodro (B.10)

which implies that either \jg = Ao, or cf, = 0. This is what we expect since for

l € Zay(k), Mo = Ao and otherwise ck, = 0.

Next we consider p = 1. Expanding the v, and again using the Oth order eigen-

vector equation gives

Y Gaiovio + My Y clgvjo (B.11)

J J

= Mo D Gavio + M1 Y oo

J J

We now multiply on the left by v°. The result is

Cha Mo + Z C/ioMlj = MoChy + )‘klcﬁso (B.12)

J

where we have defined

My = leMlvjo (B.13)

Now, suppose that [ € Zy,(k). Then A\jg = Ay and two of the terms cancel. We are
left with

> " dgMij = Aiachg I € Zy,(k) (B.14)

j
We will use this equation to analyze the sum and difference resonances. In the case

where there is no degeneracy, Zy,(k) = {k} and we get the usual result from 1st order
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non-degenerate perturbation theory:
Ak = My, (B.15)
Next suppose that [ ¢ Zy,(k). Then \jg # Ao and ¢y, = 0. Then Eq. (B.12) gives

My
gy = 2By (B.16)
Ako — Ao

Finally, we consider p = 2. Expanding out the 0y,, using the M eigenvalue equation

and left multiplying by v'* gives

ChoNio + Z My + Z CIZOMQJJ
J J

where we have defined
M?,lj = UIOMQ’UJ'(]. <B18>

Now, suppose that | € Z,(k). Then \jg = A\yo. We can then write

hoMz = D G Mu; + Y oMoy — Macly L€ Zyy(k) (B.19)
j

J

There are two different contexts in which one might use this equation. The first
is that the cl, have already been determined by the lower order equations and this
becomes an equation for just A\ge. This is the case if M; breaks the degeneracy. In
this case A\g; is nonzero. We then think of this equation as adding small terms to the
eigenvectors and eigenvalues. Another important possibility is where M; does not
break the degeneracy. This happens when all the My;’s are zero for [ € Zy,(k). This
means that A\g; = 0. Then, after using Eq. (B.12), (B.19) becomes an eigenvalue

equation for i, and Ago:

M, M, :
Z Z = + Moy C;co = )‘k2C§co

_)\n
i | ngZag k) TR0 0
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1€ Zy(k) (B.20)

This is our main result which we use to analyze the integer and half-integer resonances

caused by coupling.
If we take the case where there is no degeneracy, this reduces to

MMy
oy MM g (B.21)

which, if we also set My i = 0 gives the usual expression for the second order shift
in the eigenvalue for non-degenerate perturbation theory.
Now, let [ & Zg,(k). Then, as before, A\jg # Ao and ¢k, = 0. Solving for ¢k, gives

l > My + > ChoMai; — Machy
Cro =
Ako — Ao
L ¢ Zag(k)

(B.22)




Appendix C
Relationship between &, and &

Suppose we have a general matrix () with elements
q11 q12
(o )
421 Go2
Now, compute the quantities

— %[(qm —q12)+1(q11+¢22)]

1 .
= 5[(@21+Q12)+Z<—Q11+Q22)]

Now, defining

—Qg 2

1

Aﬂ_(wﬁm,z 0 >

and identifying
Q=ALJBA,

where B is the upper-right 2 x 2 block of M; or P, we can see that
|~/\/112|2 - ‘M712|2 = det(Q)
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158 APPENDIX C. RELATIONSHIP BETWEEN &, AND &

But, since det(A, .) = det(J) = 1, we get that det(Q)) = det(B), and hence

¢ — & =4det(B) (C.5)



Appendix D

Coupling Integer /Half Integer

Resonances

Suppose that the transfer matrix M is close to the u, integer resonance. Then the

eigenvalue equation can be written in the form!

<%r1fp)(3)=a+5w<5) (D.1)

where we are looking for the eigenvalues near 1. v and v are 1 x 2 column matrices,
and we assume that B, C', D and §\ are small. If the upper equation is solved for u,

we find
u=—[M, —I(1+\)] " (D.2)

Substituting this into the lower equation and taking lowest order in the small quan-

tities (i.e. ignoring 0\ in above equation), we get
[D—C(M, —I)"'Blv = 6\ (D.3)

Thus, we must find eigenvalues and eigenvectors of this 2 x 2 matrix. If we change into

the basis in which M is diagonal, and taking into account the half-integer resonance

!Thanks to B. Freivogel for pointing out this alternative derivation of the 2nd order degenerate
perturbation theory results.
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as well, in which I — —1I, we get

MiaMoa Miy_aMa
)\20—>\10 >\20—)\10
M_19Ms_y M_1_ oMo
+ A20—A-10 + A20—A-10
+ Moo +Ms_o
(D.4)
MiagM_o; Mi_oM_o
)\20—>\10 >\20—)\10
M_19M_9_1 M_1_oM_o_1
+ A20—A-10 + A20—A-10
+M 5 +M_5 5
For the integer resonance, this simplifies to
ral? P iro1T1_o cOt(EZ) + 7
( etz — 1_ginz 22 21712 5 2-2 (D.5)
O S P [712|? o 7_12|? '
iy g cot(B) 41y - — B4 o
for the half integer it is
el renl? irg1m_o tan(ke) —r
( 1+e—iugg 1+eiugc 22 2171-2 2 2—2 (D 6)
C Kk Ko —|riz)? |r_12|? :
—1y1T1_9 tan( 5 ) — T_929 Treine —+ Tre—ir T_9_9

Now, for a matrix,

the eigenvalues can be written as

1
(5)\i:§

a+d=+(a—d) 1—1—47()0] (D.8)

and the (unnormalized) eigenvectors as

e <§[(a—d)i(a—d) 1+ﬁ})

) (D.9)

In order to be consistent with the notation for the simpler resonances, we make the

following definitions

Ap = —ie” " (a — d) (D.10)
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€ = 2| (D.11)

and
¢ = arg(e"b) (D.12)

where g is 0 for the integer resonance and 7 for the half integer. This phase definition
being consistent depends on the fact that ¢* = b which is easily verified for each of

the two cases above. The perturbed phase advance is given by

(D.13)
(D.14)
for the half integer resonance. The perturbed eigenvector is given by
0 - ig e 0
Vg = cosh(é)vz —ie smh(i)v,z (D.15)
with .
tanh(f) = = D.16
anh(9) = 5 (D.16)

Writing out all of these quantities explicitly, and after some algebra, we find for the

integer resonance
Alunz = Q/LZ — 2i7”22§ — (|7’12|2 + ‘T712‘2) COt(%) (Dl?)

gnz =2 To_o + iT1_2T21 COt(%) (D18)

and

Gnz = argro_o + iry_ory; cot(%)] (D.19)
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For the half integer we get

AM%Z = Q(Mz - 7T) — 2i7“22§ + (|T12|2 + |7‘_12|2) tan(%) (DQO)
5%2 =2 To_9 — ’iT1,2T21 tan(%) <D21)

and
¢n. = argra_o — i1 _oTa1 tan(%)] (D.22)

In each case, we can combine ¢ and Ay to find the perturbed value of s using

(D.13) and (D.14). We ignore the issue of the sign here and compute j3:

B = (e = irm)? = (e = irane) (ol + raaf®) cot(52) = ramae
+i(|r12|2 — i) cot?(55) + %Im(ré‘_%mzrl_z) cot(55) (D.23)
(p2 —m)? = [(pe =) — irane)® + (= — 7) — irg0e) (2] + |T1—2|2)tan(%) — |ra—ze|?
+i<"r12‘2 —|r19]?) tan%%) — %Im('r;zgrlzfrlz) tan(%) (D.24)

for the integer and half-integer z resonances respectively. Note that for both cases po

reduces to p, when the perturbation is turned off.

Now, we consider a useful special case. Suppose that the perturbation M, only
has off-block diagonal elements. This implies that 799 = ro_o¢ = 0. Further suppose
that |ra|*> = |r_12)?>. This is equivalent to det(B) = 0, where B is the off-block
diagonal matrix in either M;¢ or P. If these two conditions hold, the expressions for

o simplify considerably. They become

W= =2l ot () (D.25)
(=) = (e =) +2(1. = mlriaf tam(50)

for the integer and half integer respectively.

The expressions for x are given by interchanging 1 and 2, and x and z.
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Finally, consider the quantity g which we expect to be 0 for the integer and half-
integer resonances. It is proportional to the trace of (D.4). Computing this quantity,
we find that it is not zero. A careful analysis, however, reveals that it is always higher
order than the lowest order terms kept and can thus be seen as a part of the higher

order terms in the expansion of e which should be dropped.



Appendix E

IBS Calculations

Consider two particles scattering with phase space positions Zl = ()? 1, ]31) and ZQ =
(Xg,ﬁg). Define 7 = )21 — )Z'g and A = ﬁl — B,. Now if the two particles were
to continue in the straight lines determined by their initial conditions, their motion
would be given by

— —

S . P , , P
Xi(t) =X, + Elt, Xo(t) = Xy + ﬁt (E.1)

and their distance apart at time ¢ would be

27 A A2
F(t) =7+ —t 20) = 12 A p— E.2
7(t) T+m or ri(t)=r"+ — +m2 (E.2)

They would reach a minimum distance apart at a time (when r2(¢) is minimized)

tmin - _%A -7 (Eg)

The vector separating the two particles at t,;, can be thought of as the impact

parameter b for the scattering of the two particles. It is given by

b= tmm) =7 — r(A-7)A (E.4)
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Thus, we have

v =131 —(A-7)?) =r?(1 —cos?x) (E.5)
with
A7 =cosy (E.6)
so that
b=rsiny. (E.7)

If we assume the initial conditions can be thought of as infinitely far apart as far as
the scattering goes, we can relate the scattering angle 1 to the impact parameter b.
The scattering will occur in the b— A plane. By conservation of momentum, we have
that

5P = —0P, (E.8)

so that
0P =((P'—P)— (B~ P)) =
These results imply that
6P, = %A((cosw —1) A +sin¢ b) (E.10)

and given the coulomb interaction one can show that

V. 2(me)?r 2k
tan(5) = (N)b 0 — o k = (mc)*ro (E.11)

where rg is the classical particle radius. If we assume that small angles dominate, it
will be usefull to express 6P, in this limit:

5P ~ 4k2A+2kl§ Y <<1 (E.12)
FTOART T AD ' '
This equation says that the particle will receive a kick in opposite direction to its

relative momentum with another particle and in the same direction as its vector
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impact parameter with that particle. The first of these terms causes a damping effect
tending to slow particles down in their direction of travel and is termed ”dynamical

friction”. The second term causes both the space charge and diffusive effects.

To calculate the diffusion and drift coefficients for a particle in this distribution, we
compute the quantities (§Py;) and (0P;0 P ;) (we leave off the 1 after this) in a time
At resulting from all the other particles in the distribution. Now, there is a sense in
which any given particle is undergoing the scattering process with all other particles
at all times. However, the majority of the effect from a given scatter occurs within the
short period of time in which the particles obtain their distance of closest approach.
Thus, in order to use the scattering approach, we will let the entire scattering effect

occur at one time, namely the time of closest approach.

Reduction to Rosenbluth Potentials

Let us first suppose that
J(&,D) = pa(Z)pp(P) (E.13)

then, doing the integral over cos y = A using the § function for fixed A we get

< 6p; > k? S - A, o
— " x—— [ dA p,(ph) d*b —=g(b; A E.14
At 4m pp(p2> A2b2g( ; ) ( )
and , o
< 5p25p] > - k = 9 blbj A
— A Yo /dA d°b Ab2g(b, 71, A) (E.15)
where we’ve defined
g(b; 71, A) = p, (7, — b) (E.16)

Note that we canceled one of the b’s in the denominator in going from [ d*7 to [ d2g,
since b = r when cos x = 0. Let’s look at the b integration. For dp;, we have

—

I, =A; / dbda% (E.17)



167

and for dp;dp;, we have

— A A

B) bib;
I, = / dbdag()T” (E.18)

-

Now, suppose we set g(b) equal to a constant- f(Z1,p1). Then the integrals diverge
logarithmically. Let’s cut them off at a maximum b,,,, and minimum b,,;,. The

integral for dp; becomes simply

bmaa: A
For dp;dp; we get
- - bmax o 77
Ij = [(@1,p1) log b / bib; (E.20)
min J0

Using b= cosa 31 + sin« Z;Q we get
2t 1 . « o
/ bz ' do = 5(()12‘{)1]’ + bQiij) <E21>
0
Now, consider the quantity

Z;lzj)lj + 822‘32]‘ + AzA]
= (b - @3)(by - &) + (bo - 20) (b - &) + (A - ) (A - &)

Thus,
Bui?lj + Z;22‘272]‘ =05 — AZA] (E.22)
So , )
li; = §f(5517271) log g(%‘ — AiA;) (E.23)
So we have 5 2 |
< op; > . R i
R—— [dA ~ E.24
At Am Pp(P2) A2 ( )
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and op;d k2 I
< 0piop; > i
Ar . dA py (7 P2) & (E.25)

These correspond to the Rosenbluth potentials[10].

Even though the damping and diffusion coefficients due to IBS are dependent on
the phase space position, one may wonder whether one can find some appropriate
constant values, such as taking the values at the center of the distribution (z; = 0).

Using n = 21 — Z», we expand a general Gaussian:

f(%) = %e‘%zg Mz _ L -0 - 1 Mz sy (E.26)
Now, keeping first order in 27, we use
f(2) = f(n)(1+ 2] M) (E.27)

The term without z| integrates to 0 because of the A. Keeping the term proportional

to —pa, we get damping coefficients

4k*N
by = I E.2
ab ml acch ( 8)
where
A A N
— 6 c _§ i ij L
Iy = /d M —p mniMii §(A 7 (E.29)

For the diffusion coefficients, we can take the 0 order term because its the leading

term in this case. Setting 23 = 0, we get

2
N .
A ”Tce—wmﬂ a§(A - 7) (E.30)

ab—

We write these for reference, but do not pursue this further.
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IBS Moment Evolution

In this section we combine together the damping and diffusion coefficients to find the
second moment evolution. We will not make the Coulomb Log approximation in the

following.

dSu™  /{(0pa) 1 (3padps)
dt APty A )Tl h) (E.31)

Using the expressions derived earlier for the drift and diffusion coefficients from IBS,

and combining the integrals together, we get

dzab . / d21 dZQ

A23 { Aapiv + Awb} f(ﬁ)f%)c?(ﬁ-f)ﬂaﬁb) (E.32)

N
Next, consider what happens to the first term under a change of variables that inter-
changes 1 and 2. The only changes will be that p; — p, and A — —A. Thus under

the integral we can make the substitution

~

o 1 ~ A
Aaplb - Aa(pw - p2b) = éAAaAb (E-33)

DO | —

which is the same for the term with a — b so that we can just multiply the first term

by 2. Now, factoring out the A, and canceling one in the denominator, we have

AL, 4k? [ dZdZ [

— - [ EER [ - A S (200 ) (130

Next, we consider a general gaussian for f:
f(2) = e 277 (E.35)

normalized so that the integral over the distribution gives N, the total number of

particles. This means that

I' = (27)*Vdet M1 (E.36)
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To give a little more detail about the position and momentum distribution, we write

A B N
M = (ET C) N f(g) _ Fe_%Aabxal'b_Babxapb_%Cabpapb (E.37)

The combination in the integrand can then be written

F()(5) = TpeHomsnssmcuians (B39
Now, we notice that
213215 + 22i%25 = %(Z'u + 29;) (215 + 225) + %(Zu — 29;) (215 — 225)
= %wz‘wj + %mm (E.39)

with w; = 2z1; + 29; and 1; = 21; — 29;. We can now change variables under the
integration:
P 1
/d621d622 = 0 d®nd®w ... (E.40)

The only dependence on w is in f. The w integral is

1 2° e
r / dow e it = 2 / dSpe 2™ Mii — 93, (E.41)

1

Doing the same thing to turn the i in the exponent in the 7 integral into a 3, we get

an additional factor of 2. So, we are left with

dz IBS Nk:Q d6 ~ o~ 1 ~

To make the constants more transparent, change variables in the integral to unitless
variables: 7 = = and A = 2. The result is that the integrand is expressed in terms

Tm Py
of these unitless variables, and we multiply by an overall factor of P}:

diab IBS
dt

= AK,, (E.43)
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with N2 N2
r4C
= — E.44
A ml'  (27)3B33e €005 ( )
= 20Lb
Yap = E.45
and
K, = LA P dydy| e 2mmMi (A L p E.46
ab — A3 TaTh — Aglyp| € ( 'T) ( . )

Now the matrix M is unitless, positions measured in units of r,,, momenta in terms

of Fy. I' has units of length cubed times momentum cubed. So overall

[];iﬂ - [iﬁziﬂ = {%} = {pﬂ (E.47)

as we expect. The dependence on 7, is interesting. From the above expression,

it looks at first glance as though we could have chosen any value for r,, and the
integrand would have same form. The hidden point is that the integrand diverges at
small r and whereas previously we cut the integrand off at r = r,,,, now we cut it off
at ¥ = 1. So the choice of r,, as a unit really is special. Next, we consider spherical
coordinates for both A and 7. The delta function is going to do one of the angular

integrals for us. We have a choice of which one. Define the following vectors:

sin fcos ¢ cos fcos ¢ —sin ¢
é1=| sinfsing |, éy=| cosfsing |, é3=| coso (E.48)
cosf —sin 6 0

Then we can either let A = é; and b = cosa é; +sina é3 or b = ¢; and A =

CcoS v €9 + sin« €3.
A —L(hir24horA4+h3A) s A o
Ko = [ dAdrdQd—hge 27" 320(A - T) (E.49)
r

where

hay = (fafb - AaAb) <E50>
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and

hi = Awbiby (E.51)
hy = IE%abi)a A b+ BabBbAa (E52)
hs = Calld, (E.53)

Now, we do the r and A integrals. We can see that the integral will diverge at
r = 0, and hence we need a minimum distance cut-off r,,,. We would like to consider a
A dependent cut-off. As an approximation, for now, we will take r,, to be a constant.

Then, we can do the A integration first:

hi .2

K,, — / dQdechy / dr< T Ia(r, Q) (E.54)

and .
Ia(r, Q):/ Ae= 38758 gA (E.55)
0

with a = her. We now do the following to isolate the r dependent part from the

non-r dependent part.

In = _/h3 . g) PALGA A
_ N N REIYCIION
B hg ‘0 * hs/o ©
1 a —d? & ,B( a2
= —+—e / e 27 hl dA
hs — hs 0 /e
1 a =
_ + e 1+ Er } E.56
e { L L B ) (E.50)
The 2nd term is thus:
ho — L2 _poAr— "3 A2
o2 247 d
his "
= 2%3(7r—2tan Y(q)) (E.57)
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where

= Jinhs — 12

The fact that hihs — h3 > 0 follows from the fact that M;; is positive definite, i.e.

(E.58)

M ziz; > 0 for all z;. Now, we do the r integral by using the fact that

=3 T h _
/ ¢ dr = — log(il) — v + O(hy) (E.59)
1

which can be derived by changing variables to x = r?, integrating by parts and then

using the identity
o 1
/ log(z)e “*dx = —5(10gC’ +vE) (E.60)
0

with vz the Euler Gamma constant equal to 0.577. ... The order h; remainder comes

r2

S 7y We can ignore this term in

min(oz2,042,05

from the integral from 0 to 1. Since hy <

the typical situation. So we have

KBS — / do _7Z“b [(tog(h1) + 75— log(2)) + 3(x — 2tan" ()| (E61)

The third term here qZ—gb integrates to 0 from the « integral. So we have

—h, _
Kl = [ a9 | 52 tog(h) +95) — tan” () (E.62)
3
Let’s ignore the 2nd term for now, and do the « integral in the 1st term. We'd

like to integrate
2m ha
/ — dov (E.63)
o hs

This is the relevant « integral only if we’ve chosen the coordinates so that h; doesn’t
depend on «. i.e 7 = é; and A = cosa é,+sina é.

We can then write h3 in the form

1
hs = acos® a + b sinacos a + csina = §(a+ + a_ cos2a + bsin 2a)

= ay +y/a +b%cos(2a+ ) (E.64)
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where ;
Sin @) = ——— (E.65)
Var + b?
with a;, =a+cand a_ =a— ¢, and
a = éQaéQbCab
b = 2é2aé3b@ab
c = éBaéBb(:ab (E66)
Now, 7,7, doesn’t depend on «, but AaAb does. So for h,, we can write
Ray = Folh — Ugp COS> 0 — Vgp SIN (vCOS v — w sin® o
= Ty — 5(“2:1; + u_, cos 2 + w sin 2ax) (E.67)
with u:{b = Ugp + Wap aNd Uy = Ugp — Wap. FOT Ugp, Vap, Wep We have explicitly
Ugh = é2aé2b
Uap = €24€3p + €234
Wap = é3aé3b (E68)
Our « integral now becomes
2 2
ha ~ A 1 da
/ Lda = (Fofy — =uj;) /
o hs 2 0 ay++/a® + b%cos(2a + 1)
1 [ cos 2« da
- —u
279 | ay 4 a_ cos2a + bsin 2a
1 2 sin 2o do
— =V / - (E.69)
2 o G4 +a_cos2a+ bsin2a

The first integral can be done by changing variables- first shifting by v then scaling

by 2. Doing this does not introduce any overall factors. Then we use the formula

2 da 2m
= E.7
/0 A+ Bceosa A2 — B2 (E-70)
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so that the first term becomes

1 2
Falh — — _— E.71
(Fafy — Fus+) T (E.71)

where we've used the fact that a2 — a® = 4ac. For the second and third terms, we

use the formulas

/ COS & B 2B (E.72)
A+ Beosa+Csina B2+ (02— A2 — AVA2 — B2 — (2 '

and

/ sin v B 2nC' (E.73)
A+ Bceosa+Csina B2+ (02— A2 — AVA2 — B2 — (2 '

Now, we compute
A? - B* - (C? =dac—- b =q (E.74)

and we get

. @ o = 21 (,f,afb — %u;rb) 1 ((uab - wab)<a - C) + Uabb) .
/0 do =2 < Va 3 g+ (a+¢)yq )_@ab(9’¢)
(E.75)

Our final answer thus becomes

Kb = /dCOSG do [—Ou(0, ¢)(log(hy) + vE)] —i—/ do dcos cl<;§qﬁ tan"'(q)
s (E.76)

Connection to Bjorken-Mtingwa and Coulomb Logarithm

Throwing away the terms in the growth rate without logarithmic divergence, and

ignoring the vg — In2 we have:

1 1 L ha
L §Ac§b>Kab — éAcg,j / th—*’ (log (h1)) (B.77)

7'(“) 3
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with
Nric

3213 33yte e, 0505

A (E.78)

If we approximate the term in the parentheses as a constant, and call it 2L, (the 2 is

because the argument in the logarithm is squared), we get

Ko = 2L KM (E.79)
ha AaA — A a A
KBM — / dN— — / dadcos&dqﬁ(r P — Baly) (E.80)
h3 (CabAaAb
Now, if we make the choice
7 = bycos a + bysin a (E.81)

and do the « integral we get

» — 3ALA,

KBM :w/dcosﬁd(bda_ — (E.82)
CabAaAb
Now using the relation
o 1
2 / Ae VA dA = = (E.83)
0 )
we get that
Ks’éw = QW/dAde(éab —3AQA1))6_AQC“"A“A”
dA C A AR
= QW/KQ;M,—?)AaAb)eAGAbC“b <E84>
Now, following B-M, using the identity
1 CdAV A —aa?
— :/ \/_eATA (E.85)
A3 o 4T
we get
SRR
KPM =2 2/ dA\——— (0 Tr(A™") — 37, E.86
m 0 det(A)( b I‘( ) ab) ( )
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where A = C — M\I. So, for the growth rate we get

I 1w 2
m = 501) 2Lc(27T )

Nric o0 vV » .
327’(363’74635631080'5/0 d)\m(éabTr(A ) —3Ay) (E.87)

Lebedev Approximation

Lebedev et. al. [51] considers the limit where o, < 0, , Here, this means Csg >

Ci1,22. We approximate the integrals

S — 3A,A
KEM = / dcos 0d e
ab o8 ¢(C11(sin Ocos ¢)? + Caya(sin fsin ¢)? 4+ Czz(cos )2

(E.88)

Since usually K33 is most important let’s consider that. The integral we need can be

written

! 1 — 322
d E.89
/; xC’l(l —1‘2)+ng$2 ( )

where C; = Cy;sin® ¢ 4+ Cyy cos? ¢ and C1 < Cs3 ¥V ¢. Now, define € = C1/Cs3 and

we have

-1 1
1 1 1_32 3 (1+2€)ta1’1 ( g-].)
L / do— G _ (E.90)
Css Jo 22+e(l—2a2) e—1 (e —1)V1—ey/e
The first term is ~ 3 and the second term is &~ 1/1/e, so for large € we can ignore the
first term and just keep the 1/4/¢ term in the second. Using the fact that tan™! of a

large number approaches 7/2, we approximate the integral as QL\/E so that the integral

becomes
KEM n 1 /% d¢ ! (E.91)
ab vCss Jo \/C11 sin® ¢ 4+ Cays cos? ¢ .
We have put a factor of 2 back in since the integral was really from z = —1toz =1

and we used symmetry to make it from 0 to 1. Note that when we put the prefactor

back in for the growth rate, the dependence on o5 drops out, as Lebedev has noted.
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