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PREFACE

The Joint 28th ICFA (International Committee for Future Accelerators)

Advanced Beam Dynamics and Advanced and Novel Accelerators Work-

shop on “QUANTUM ASPECTS OF BEAM PHYSICS and Other Critical

Issues of Beams in Physics and Astrophysics”, was held on January 7-11,

2003, in Hiroshima, Japan. This was the third in the QABP workshop se-

ries. The first QABP workshop was launched in January 1998, in Monterey,

California, and the second was held in October 2000, in Capri, Italy. Over

the past five years, this workshop series has passed its torch around the

world, from the U.S. to Europe, and this time to Japan in Asia. Following

the footsteps of the first two workshops, this one in Hiroshima was again a

tremendous success.

The frontier of beam research points to increasingly higher energy,

greater brightness and lower emittance beams with ever-increasing par-

ticle species. These demands have triggered a rapidly growing number of

beam phenomena that involve quantum effects. With the significant ad-

vancement of laser and accelerator technologies, there is also a growing

interest in using high energy, high intensity particle and photon beams for

laboratory astrophysics investigations, as well as the application of beam

physics expertise to astrophysics studies. It has therefore become a tradi-

tion that this workshop series attracted a broad spectrum of experts from

beam physics, astrophysics, cosmology, particle physics, condensed matter

physics, nuclear physics, atomic physics, and laser science, to explore a

common frontier where their individual expertise and interests overlapped.

About 70 physicists from China, Denmark, Georgia, Germany, India,

Italy, Japan, Korea, Mexico, Mongolia, Russia, Taiwan, Ukraine, U.K.,

and U.S., had participated in the Hiroshima workshop. Unlike the first

two workshops, the Hiroshima meeting was conducted in the symposium

style. Other than one poster session, all the meetings were plenary. The

Program Committee thought that the symposium style would allow partic-

ipants to listen to all interesting talks. The concern, however, was the loss

of opportunity for free exchange of ideas under such a format. To prevent

such a drawback, the workshop had set-aside a block of time for round-

table discussion at the end of each topical session. This was found to be

a very welcome arrangement. In the end the advantages of both workshop

and symposium styles appeared to have preserved. The exciting scientific

program is now documented in this volume.

The social program of the Hiroshima workshop was also wonderfully



organized by the Chairman of the Organizing Committee, Atsushi Ogata.

Following the tradition of the QABP workshop series, which seeks to ac-

tively integrate science and culture, there was again an opening night mu-

sic concert at the workshop, performed by concert marimbist, Ms. Hiroko

Tsuji. Her repertoire extends from classical music of J.S. Bach to contem-

porary American and Japanese pieces. The excursion to the famous and

sacred Miyajima Island in the Hiroshima Bay was most memorable. Hi-

roshima is home to prestigious Sake breweries. The post-workshop visit to

one of the famous breweries was very educational. Many foreign workshop

participants also took extra time to visit the atomic bomb site and the

Memorial Piece Museum in Hiroshima.

None of these wonderful arrangements were possible without the dedi-

cation and outstanding organizational skill of Prof. Atsushi Ogata and his

staff of the Hiroshima University. On behalf of all conference participants,

I wish to express our sincere gratitude to his effort. With the successful

ending of the QABP03 Hiroshima meeting, the trilogy of workshops on

quantum beam physics has by now come around the world in a full circle.

Six years ago, I designed the QABP workshop logo (a jumping whale

overlaps with a vacuum-polarization Feynman diagram) under the inspira-

tion that there was an interesting analogy between emerging whales from

the sea and vacuum fluctuations in the Dirac “sea”, and with the conviction

that the ultimate understanding of the physical vacuum was one of the last

frontiers in physics. In the interim, we saw the emergence of the notion of

dark energy in cosmology, whose nature is beyond anyone’s comprehension.

Although it is unclear which water will this QABP whale swim to next, it

is clear that the subject will continue to be in the forefront of our pursuit.

Pisin Chen

Stanford, California
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ON COHERENT RADIATION IN ELECTRON-POSITRON

COLLIDERS ∗

V. N. BAIER AND V. M.KATKOV

Budker Institute of Nuclear Physics,

Novosibirsk, 630090, Russia

E-mail: baier@inp.nsk.su; katkov@inp.nsk.su

The electromagnetic processes in linear colliders are discussed on the basis of qua-
siclassical operator method. The complete set of expressions is written down for
spectral probability of radiation from an electron and pair creation by a photon
taking into account both electron and photon polarization. Some new formulas are
derived for radiation intensity and its asymptotics. The main mechanisms of pair
creation dominate at χ ≤ 1 are discussed.

1. Introduction

The particle interaction at beam-beam collision in linear colliders occurs in

an electromagnetic field provided by the beams. As a result, 1)the phenom-

ena induced by this field turns out to be very essential, 2)the cross section

of the main QED processes are modified comparing to the case of free par-

ticles. These items were considered by V.M.Strahkhovenko and authors 1,
2.

The magnetic bremsstrahlung mechanism dominates and its character-

istics are determined by the value of the quantum parameter χ(t) dependent

on the strength of the incoming beam field at the moment t (the constant

field limit)

χ2 = −
e2

m2
(Fµνpν)2, χ =

γF

H0

, (1)

where pν(ε,p) is a particle four-momentum, Fµν is an external electromag-

netic field tensor, γ = ε/m, F = E⊥ +v×H, E and H are the electric and

magnetic fields in the laboratory frame, E⊥ = E − v(vE), v is the particle

∗This work is partially supported by grant 03-02-16154 of the Russian Fund of Funda-
mental Rerearch.

1
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velocity, F = |F| and H0 = m2/e = (m2c3/e~) = 4.41 ·1013 Oe. We employ

units ~ = c = 1 and α = 1/137,

1.1. General formulas

The photon radiation length in an external field is

lc(χ, u) = λc
H0

F

(

1 +
χ

u

)1/3

=
λcγ

χ

(

1 +
χ

u

)1/3

, (2)

where λc = ~/mc is the electron Compton wave length, u = ω/ε′, ε′ =

ε − ω, ω is the photon energy. The field of the incoming beam changes

very slightly along the formation length lc, if the condition lc � σz (σz is

the longitudinal beam size) is satisfied, providing a high accuracy of the

magnetic bremsstrahlung approximation.

In the general case, when both polarizations of electron and photon are

taken into account, the spectral probability of radiation from an electron

per unit time has the form3 (see also 2)

dwγ

dt
≡ dWγ(t) =

α

2
√

3πγ2
Φζ

γ(1 + (λξ))dω; Φζ
γ = Φγ −

ω

ε
(ζh)K1/3(z),

Φγ(t) =

(

ε

ε′
+

ε′

ε

)

K2/3(z) −

∫

∞

z

K1/3(y)dy, (3)

where Kν(z) is the Macdonald functions, z = 2u/3χ(t), λ(λ1, λ2, λ3) are

the Stokes parameters of emitted photons for the following choice of axes:

e1 = (v×h), h = F∗/F, e2 = h, F∗ = e/|e|[H⊥ +(E×v)], e is the charge

of particle, ζ is the spin vector of the initial electron in its rest frame. The

vector ξ determines the mean photon polarization and its components are

given by the following expressions:

ξ1 =
ω(ζvh)

ε′Φζ
γ

K1/3(z), ξ3 =
1

Φζ
γ

[

K2/3(z) +
ω

ε′
(ζh)K1/3(z)

]

,

ξ2 =
(ζv)

Φζ
γ

[

(

ε

ε′
−

ε′

ε

)

K2/3(z) −
ω

ε

∫

∞

z

K1/3(y)dy

]

, (4)

here (ζvh) = ζ(v × h).

Using asymptotic expansion of the Macdonald functions Kν(z) =

(Γ(ν)/2)(2/z)ν , (z � 1) we obtain for the case u � χ

Φζ
γ = Γ

(

2

3

) (

3χ

u

)2/3 (

1 +
ω2

2εε′

)

;

ξ1 = 0, ξ2 =
ε2 − ε′2

ε2 + ε′2
(ζv), ξ3 =

εε′

ε2 + ε′2
. (5)
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It is seen from given here characteristics that, generally speaking, the radi-

ation is polarized. For unpolarized initial electrons ξ3 6= 0.

The probability of pair creation by a photon in the external field can be

find from formulas (3), (4) using the substitution rule 3: ε → −ε, ω →

−ω, ζ → −ζ, λ2 → −λ2, λ1,3 → λ1,3(e → e∗), ω2dω → −ε2dε.

Performing these substitutions we obtain

dwe

dt
≡ dWe(t) =

αm2

2
√

3πω2
Φζ

e(1 + (λΣ))dε; Φζ
e = Φe −

ω

ε
(ζh)K1/3(y),

Φe(t) =

(

ε

ε′
+

ε′

ε

)

K2/3(y) +

∫

∞

y

K1/3(x)dx, , Σ1 = −
ω(ζvh)

ε′Φζ
e

K1/3(y),

Σ2 =
(ζv)

Φζ
e

[

(

ε

ε′
−

ε′

ε

)

K2/3(y) +
ω

ε

∫

∞

y

K1/3(x)dx

]

,

Σ3 = −
1

Φζ
e

[

K2/3(y) +
ω

ε′
(ζh)K1/3(y)

]

, y =
2ω2

3εε′κ
, κ =

ωF

mH0

(6)

here ε is the energy of the created electron, ε′ = ω − ε is the energy of

created positron, ζ is the electron spin vector, λ(λ1, λ2, λ3) are the Stokes

parameters of the initial photon.

Integrating (6) over ε (in some terms, integration by parts was carried

out) we get the total probability of pair creation (per unit time) 4

W ζ
e =

1

2

(

We −
αm2

√
3πω

(ζh)

∫

1

0

K1/3(η)

x
dx

)

,

We =
2αm2

3
√

3πω

∫

1

0

K2/3(η)

[

1 − 3λ3

2
+

1

x(1 − x)

]

dx, (7)

where x = ε/ω and η = 2/(3κx(1 − x)).

For longitudinally polarized initial electrons (see Eqs.(4),(5)) the hard

photons (ω ' ε, ε′ � ε) are circularly polarized. The polarization of

created electrons and positrons is discussed in detail in5. In particular,

for the circular polarization of incoming photon the created electrons with

x → 1 have the longitudinal polarization (see (6)). All these effects are

manifestation of ”the helicity transfer”.

2. Photon Emission

Here we consider radiation from unpolarized electrons. The spectral prob-

ability of radiation is (3)

dwγ

dω
=

α

πγ2
√

3

∫

∞

−∞

Φγ(t)dt. (8)
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For the Gaussian beams

χ(t) = χ0(x, y) exp(−2t2/σ2

z), (9)

here the function χ0(x, y) depends on transverse coordinates.

It turns out that for the Gaussian beams the integration of the spectral

probability over time can be carried out in a general form:

dwγ

du
=

αmσz

πγ
√

6

1

(1 + u)2

[

(

1 + u +
1

1 + u

)

×

∫

∞

1

K2/3 (ay)
dy

y
√

ln y
− 2a

∫

∞

1

K1/3 (ay)
√

ln y dy

]

, (10)

where a = 2u/3χ0. In the case when a � 1 the main contribution into

integral (10) gives the region y = 1 + ξ, ξ � 1. Taking the integrals over ξ

we obtain

dwCF
γ

du
'

√
3αmσz

4γ

1 + u + u2

u(1 + u)3
χ0 exp

(

−
2u

3χ0

)

(11)

For round beams the integration over transverse coordinates is per-

formed with the density

n⊥(%) =
1

2πσ2

⊥

exp

(

−
%2

2σ2

⊥

)

(12)

The parameter χ0(%) we present in the form

χ0(%) = χm
f(x)

f0

, x =
%

σ⊥

, f(x) =
1

x

(

1 − exp(−x2/2)
)

,

χrd = 0.720αNγ
λ2

c

σzσ⊥

, f ′(x0) = 0, f0 = f(x0) = 0.451256, (13)

where N is the number of electron in the bunch.

The Laplace integration of Eq.(11) gives for radiation intensity dI/du =

εu/(1 + u)dW/du

dIas

du
' αm2σz

3

4

√

π

|f ′′
0
|

1 + u + u2

√
u(1 + u)4

f
3/2

0
χ

3/2

rd exp

(

−
2u

3χrd

)

, (14)

where f ′′
0

= f ′′(x0) = −0.271678.

Integration of (10) over transverse coordinates gives the final result for

the radiation intensity. For the round beams it is shown in Fig.1 for χrd =

0.13, the curve attains the maximum at u ' 0.02. The right slope of the
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Figure 1. Spectral intensity of radiation of round beams in units αm2σz for χrd=0.13
calculated according to Eqs.(10),(13).

curve agrees with the asymptotic intensity (14) and the left slope of the

curve agrees with the standard classical intensity.

dIcl

du
=

e2m2

π
31/6Γ(2/3)χ2/3u1/3 (15)
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It will be instructive to compare the spectrum in Fig.1, found by means

of integration over the transverse coordinates with intensity spectrum which

follows from Eq.(10) (multiplied by ω) with averaged over the density

Eq.(12) value χ0 Eq.(13): χ0 = χrd · 0.8135. The last spectrum repro-

duces the spectrum given in Fig.1, in the interval 10−3 ≤ u/χ0 ≤ 1 with

an accuracy better than 2% (near maximum better than 1%) while for

u/χ0 ≤ 10−3 one can use the classic intensity (15) and for u/χ0 ≥ 1 the

asymptotics (14) is applicable.

For the flat beams (σx � σy) the parameter χ0(%) takes the form

χ0 =
2γE⊥

H0

= χme−v2

[eyerf (w) − iexerf (iv)] , χm =
2Nαγλ2

c

σzσx
, (16)

here v = x/
√

2σx, w = y/
√

2σy, erf(z) = 2/
√

π
∫ z

0
exp(−t2)dt, ex and

ey are the unit vectors along the corresponding axes. The formula (16) is

consistent with given in 6. In 1,2 the term with ex was missed. Because of

this the numerical coefficients in results for the flat beams are erroneous.

To calculate the asymptotics of radiation intensity for the case u � χm

one has to substitute

χ0 = |χ0| = χme−v2 [

erf2 (w) − erf2 (iv)
]1/2

(17)

into Eq.(11) and take integrals over transverse coordinates x, y with the

weight

n⊥(x, y) =
1

2πσxσy
exp

(

−
x2

2σ2
x

−
y2

2σ2
y

)

. (18)

Integral over x can be taken using the Laplace method, while for integration

over y it is convenient to introduce the variable

η =
2

√
π

∫

∞

w

exp(−t2)dt, w =
y

√
2σy

. (19)

As a result we obtain for the radiation intensity in the case of flat beams

dIfl

du
=

9

8
√

2 (1 − 2/π)
αm2σzχ

5/2

m

1 + u + u2

u3/2(1 + u)4
exp

(

−
2u

3χm

)

. (20)

It is interesting to compare the high-energy end of intensity spectrum at

collision of flat beams (20) with intensity spectrum of incoherent radiation

with regard for smallness of the transverse beam sizes 11. For calculation

we use the project TESLA parameters 8: ε = 250 GeV, σx = 553 nm,

σy = 5 nm, σz = 0.3 mm, N = 2 · 1010, χm=0.13. The result is shown in

Fig.2. It is seen that for x = ω/ε > 0.7 the incoherent radiation dominates.

For x > 0.7 the incoherent radiation may be used for a tuning of beams 11.
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Figure 2. The spectral radiation intensity dI/dω of coherent radiation (fast falling with
x = ω/ε increase curve) and of incoherent radiation (the curve which is almost constant)
in units Nα2λc/σx for beams with dimensions σx = 553 nm, σy = 5 nm, for χm=0.13
calculated according to Eq.(20), and Eq.(5.7)
11.

Along with the spectral characteristics of radiation the total number of

emitted by an electron photons is of evident interest as well as the relative

energy losses. We discuss an actual case of flat beams and the parameter

χm � 1. In this case one can use the classic expression for intensity (bearing

in mind that at χm ≥ 1/10 the quantum effects become substantial). In

classical limit the relative energy losses are

∆ε

ε
=

2αm2

3ε

∫

χ2(t, x, y)n⊥(x, y)dtdxdy. (21)

Using Eqs.(9), (17), and (18) we get

∆ε

ε
=

2

9

√

π

3
rχ2

m, r =
ασz

γλc
. (22)

For mean number of emitted by an electron photons we find

nγ =
5αm2

2
√

3ε

∫

χ(t, x, y)n⊥(x, y)dtdxdy = 0.59275
5

2

√

π

6
rχm = 1.072rχm.

(23)

If χm > 1/10 one have to use the quantum formulas. For the energy losses

one can use the approximate expression (the accuracy is better than 2% for
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any χ) 9

dε/dt = 2/3αm2χ2
[

1 + 4.8(1 + χ) ln(1 + 1.7χ + 2.44χ2)
]−2/3

. (24)

Here χ is the local value, so this expression for dε/dt should be integrated

over time and averaged over the transverse coordinates. For mean number

of photons emitted by an electron there is the approximate expression (the

accuracy is better than 1% for any χ0)
2

nγ(%) =
1.81χ0r

[1 + 1.5(1 + χ0) ln(1 + 3χ0) + 0.3χ2
0
]1/6

, (25)

where the expression should be averaged over the transverse coordinates.

For the project TESLA one gets for (∆ε/ε)cl = 4.3% according to (22),

while the correct result from (24) is (∆ε/ε)cl = 3.2%. For mean number

of emitted by an electron photons we have correspondingly ncl
γ ' 1.6 while

the correct result is nγ ' 1.5.

3. Pair Creation

There are different mechanisms of electron-positron pair creation

(1) Real photon radiation in the field and pair creation by this photon

in the same field of the opposite beam. This mechanism dominates

in the case χ ≥ 1.

(2) Direct electroproduction of electro-positron pair in the field through

virtual photon. This mechanism is also essential in the case χ ≥ 1.

(3) Mixed mechanism(1):photon is radiated in the bremsstrahlung pro-

cess, i.e. incoherently and the pair is produced in external field.

(4) Mixed mechanism(2): photon is radiated in a magnetic

bremsstrahlung way, and pair is produced in the interaction of this

photon with individual particles of oncoming beam, i.e. in interac-

tion with potential fluctuations.

(5) Incoherent electroproduction of pair.

All these types of pair production processes were considered in detail in
2. In the actual case χ � 1 mixed and incoherent mechanisms mostly

contribute. We start with the mixed mechanism (2). In the case χm � 1

the parameter κ Eq.(6) containing the energy of emitted photon is also

small and the incoherent cross section of pair creation by a photon is weakly

dependent on the photon energy

σp = 28/9α3λ2

c ln(σy/λc)
(

1 + 396κ2/1225
)

. (26)
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If the term ∝ κ2 being neglected, the pair creation probability is factorized

(we discuss coaxial beams of identical configuration). The number of pairs

created by this mechanism (per one initial electron) is

n(2)

p =

∫

∞

−∞

Wγ(%, t)dt

∫

∞

t

2σpn⊥(%, t′)dt′d2%

=
35

9

√

π

6
Nrα3λ2

c ln
σy

λc

∫

χ0(%)n2

⊥
(%d2%) =

35

9

√

π

6
Nrχmα3

λ2
c

2πσxσy

4

π

×

∫

∞

0

exp(−3v2 − 2w2)
[

erf2 (w) − erf2 (iv)
]1/2

dwdv

= 0.1167α3Nrχm
λ2

c

σxσy
ln

σy

λc
. (27)

So for the project TESLA parameters the total number of produced pairs

by this mechanism per bunch in one collision is Nn
(2)

p ∼ 1.4 · 104.

Now we turn over to discussion of incoherent electroproduction of pairs

when both intermediate photons are virtual. To within the logarithmic

accuracy for any χ and κ one can use the method of equivalent photons

dσv

dω
= n(ω)σp(ω), (28)

where for soft photons (ω � ε)

n(ω) =
2α

π
ln

∆

qm
, ∆ = m(1 + κ)1/3,

qm = m
ω

ε

(

1 +
εχ

ω

)1/3

+
1

σy
≡ qF + qσ. (29)

Taking into account that the cross section of pair photoproduction is

σp(ω) =
28α3

9m2
ln

m

qm(ω′)
, ω′ =

m2

ω
(κ � 1); σp ∝ κ−2/3 (κ � 1), (30)

we obtain in the main logarithmic approximation for the cross section of

the pair electroproduction

σ(2e → 4e) =
56α4

9m2

∫ ωmax

ωmin

ln
m

qm(ω)
ln

m

qm(ω′)

dω

ω
, (31)

where ωmax = ε/(1 + χ), ωmin = m2/ωmax. If we put χ = 0, σy = ∞ we

obtain the standard Landau-Lifshitz cross section σLL (see e.g. 3)

σLL =
28α4

27m2
ln3 γ2. (32)
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With regard for the bounded transverse dimensions of beam and influence of

an external field the equivalent photon spectrum changes substantially. For

χ ∼ 1 we have q(ω) = m(ω/ε)2/3+1/σy and under condition γ2/3λc/σy ≥ 1

we find

σv =
28α4

3m2
ln

(

γ4/3
λc

σy

)

ln2 σy

λc
. (33)

For TESLA parameters γ2/3λc/σy ' 1 then

σv =
28α4

81m2
ln3 γ2. (34)

This cross section is three times smaller than standard σLL. For the project

TESLA parameters the number of pairs produced by this mechanism per

bunch in one collision nv = Lσv ' 1.5 · 104, L = 1/(4πσxσy) is the geo-

metrical luminosity per bunch11. So the both discussed mechanisms give

nearly the same contribution for this project.

It should be noted that the above analysis was performed under as-

sumption that the configuration of beams doesn’t changed during collision,

although in the TESLA project the disruption parameter Dy > 1.
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Classical mechanical treatment of charged particle beam optics is so far very sat-
isfactory from a practical point of view in applications ranging from electron mi-
croscopy to accelerator technology. However, it is desirable to understand the
underlying quantum mechanics since the classical treatment is only an approxima-
tion. Quantum mechanical treatment of spin- 1

2
particle beam transport through

optical elements with straight optic axes, based on the proper equation, namely,
the Dirac equation, has been developed already to some extent. In such a theory
the orbital and spin motions are treated within a unified framework. Here, after a
brief review of the Dirac spinor beam optics for systems with straight optic axes it
is outlined how the application of the formalism of general relativity leads to the
use of the Dirac equation for getting a quantum theory of spin- 1

2
beam transport

through optical elements with curved axes.

1. Introduction

It is surprising that the development of a quantum theory of electron beam

optics based on the proper equation, namely, the Dirac equation, has only a

recent origin.1,2,3 The theory of charged particle beam optics, currently used

in the design and operation of various beam devices, in electron microscopes

or accelerators, is largely based on classical mechanics and classical electro-

dynamics. Such a treatment has indeed been very successful in practice. Of

course, whenever it is essential, quantum mechanics is used in accelerator

physics to understand those quantum effects which are prominent pertur-

bations to the leading classical beam dynamics.4 The well-known examples

are quantum excitations induced by synchrotron radiation in storage rings,

the Sokolov-Ternov effect of spin polarization induced by synchrotron ra-

diation, etc. Recently, attention has been drawn to the limits placed by

1



2

quantum mechanics on achievable beam spot sizes in particle accelerators,

and the need for the formulation of quantum beam optics relevant to such

issues.5 In the context of electron microscopy scalar wave mechanics based

on the nonrelativistic Schrödinger equation has been the main tool to an-

alyze the image formation and its characteristics, and the spin aspects are

not considered at all.3

In the context of accelerator physics it should be certainly desirable to

have a unified framework based entirely on quantum mechanics to treat the

orbital, spin, radiation, and every aspect of beam dynamics, since the con-

stituents of the beams concerned are quantum particles. First, this should

help us understand better the classical theory of beam dynamics. Secondly,

there is already an indication that this is necessary too: it has been found

that quantum corrections can substantially affect the classical results of

tracking for trajectories close to the separatrix, leading to the suggestion

that quantum maps can be useful in finding quickly the boundaries of non-

linear resonances.6 Thus, a systematic formalism for obtaining the relevant

quantum maps is required.

The aim of this article is present a brief summary of the formalism

quantum beam optics of particles, in particular, Dirac particles, for treating

problems of propagation through optical elements with straight and curved

axes.

2. Quantum Beam Optics of Particles: An Outline

One may consider obtaining the relevant quantum maps for any particle op-

tical system by quantizing the corresponding classical treatment directly.

The best way to do this is to use the Lie algebraic formalism of classi-

cal beam dynamics developed particularly in the context of accelerator

physics.7 The question that arises is how to go beyond and obtain the quan-

tum maps more completely starting ab initio with the quantum mechanics

of the concerned system since such a process should lead to other quan-

tum corrections not derivable simply from the quantization of the classical

optical Hamiltonian. Essentially, one should obtain a quantum beam opti-

cal Hamiltonian Ĥ directly from the original time-dependent Schrödinger

equation of the system such that the quantum beam optical Schrödinger

equation

i~
∂

∂z
ψ(r

⊥
; z) = Ĥψ(r

⊥
; z) (1)
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describes the z-evolution of the beam wave function ψ(r
⊥

; z) where z stands

for the coordinate along the optics axis and r
⊥

refers to (x, y) coordinates

in the plane perpendicular to the beam at z. Since |ψ (r
⊥

; z)|
2

represents

the probability density in the transverse plane at z, with
∫ ∫

dxdy |ψ (r
⊥

; z)|
2

= 1, (2)

the average of any observable Ô at z is

〈Ô〉(z) = 〈ψ(z)|Ô|ψ(z)〉

=

∫ ∫

dxdyψ∗(z)Ôψ(z). (3)

We can write the formal solution of Eq. (1) as

|ψ(zf )〉 = Ûfi|ψ(zi)〉,

Ûfi = ℘

{

exp

(

−
i

~

∫ zf

zi

dzĤ(z)

)}

, (4)

where i and f refer to some initial and final transverse planes situated at zi

and zf , respectively, along the beam axis and ℘ indicates the path (or z)

ordering of the exponential. Then, the required quantum maps are given

by

〈Ô〉f = 〈ψ(zf )|Ô|ψ(zf )〉

= 〈ψ(zi)|Û
†

fiÔÛfi|ψ(zi)〉

= 〈Û†

fiÔÛfi〉i . (5)

As an example of the above formalism let us consider a kick in the

xz-plane by a thin sextupole represented by the classical phase-space map

xf = xi,

pf = pi + ax2

i . (6)

This would correspond to Ûfi = exp(a
3
x̂3) and following Eq. (5) the quan-

tum maps for the averages become

〈x̂〉f = 〈x̂〉i,

〈p̂〉f = 〈p̂〉i + a〈x̂2〉i

= 〈p̂〉i + a〈x̂〉2i + a〈(x̂− 〈x̂〉)2〉i . (7)

Now, we can consider the expectation values, such as 〈x̂〉 and 〈p̂〉, as cor-

responding to their classical values à la Ehrenfest. Then, as the above
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simple example shows, generally, the leading quantum effects on the classi-

cal beam optics can be expected to be due to the uncertainties in the initial

conditions like the term a〈(x̂ − 〈x̂〉)2〉i in Eq. (7). Such leading quantum

corrections involve the Planck constant ~ not explicitly but only through

the uncertainty principle which controls the minimum limits for the initial

conditions as has been already pointed out.6 This has been realized earlier

also, particularly in the context of electron microscopy.8

The above theory is only a single-particle theory. To include the multi-

particle effects, it might be profitable to be guided by models such as the

thermal wave model and the stochastic collective dynamical model devel-

oped for treating the beam phenomenologically as a quasiclassical many-

body system.9,10

3. Quantum Beam Optics of Dirac Particles: Optical

Elements with Straight Axes

The proper study of spin- 1

2
particle beam transport should be based on the

Dirac equation if one wants to treat all the aspects of beam optics including

spin evolution and spin-orbit interaction. Let us consider the particle to

have mass m, electric charge q and an anomalous magnetic moment µa. It

should be noted that the electromagnetic fields of the optical systems are

time-independent. In this case one can start with the time-independent

equation for the 4-component Dirac spinor ψ (r
⊥

; z)

Ĥψ (r
⊥

; z) = Eψ (r
⊥

; z) ,

Ĥ = βmc2 + qφ̂+ cα
⊥

· π̂
⊥

+cαz

(

−i~
∂

∂z
− qÂz

)

− µaβΣ ·B, (8)

including the Pauli term to take into account the anomalous magnetic mo-

ment. Here, we are using the standard notations as is clear from the context.

Let us assume that we are interested in studying the transport of a mo-

noenergetic quasiparaxial particle beam through an optical element which

has a straight optic axis along the cartesian z-direction. If p is the design

momentum of the beam the energy of a single particle of the beam is given

by E =
√

m2c4 + c2p2. Further, the quasiparaxial beam propagating along

the z-direction should have |p
⊥

| � |p| = p and pz > 0. Then, actually

Eq. (8) has the ideal structure (compare Eq. (1)) for our purpose since it

is already linear in ∂
∂z . So, one can readily rearrange the terms in it to get

the desired form of Eq. (1). However, it is difficult to work directly with
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such an equation since there are problems associated with the interpretation

of the results using the traditional Schrödinger position operator. In the

standard theory of relativistic quantum mechanics the Foldy-Wouthuysen

(FW) transformation technique is used to reduce the Dirac Hamiltonian

to a form suitable for direct interpretation in terms of the nonrelativistic

part and a series of relativistic corrections. The FW technique was used

originally by Derbenev and Kondratenko to get their Hamiltonian for ra-

diation calculations. This theory has been reviewed and used to suggest a

quantum formulation of Dirac particle beam physics, particularly for polar-

ized beams, in terms of machine coordinates, observables, and the Wigner

function.11

In an independent and different approach an FW-like technique has

been used to develop a systematic formalism of Dirac particle beam optics

in which the aim has been to expand the Dirac Hamiltonian as a series of

paraxial and nonparaxial approximations.1,2,8,12 This leads to the reduction

of the original 4-component Dirac spinor to an effective 2-component spinor

ψa (r
⊥

; z) =

(

ψa
1

(r
⊥

; z)

ψa
2

(r
⊥

; z)

)

(9)

which satisfies an accelerator optical Schrödinger equation

i~
∂

∂z
ψa (r

⊥
; z) = Ĥψa (r

⊥
; z) . (10)

It should be noted that the 2-component ψa is an accelerator optical ap-

proximation of the original 4-component Dirac spinor, valid for any value of

the design momentum p from nonrelativistic to extreme relativistic region.

As an example, consider the ideal normal magnetic quadrupole lens

comprising of the magnetic field

B = (−Gy, −Gx, 0), (11)

associated with the vector potential

A = (0, 0,
1

2
G(x2 − y2)), (12)

where G is assumed to be a constant in the lens region and zero outside.

The corresponding quantum accelerator optical Hamiltonian reads

Ĥ ≈
1

2p

(

p̂2

x + p̂2

y

)

−
1

2
qG

(

x̂2 − ŷ2
)

+
1

8p3

(

p̂2

x + p̂2

y

)2

+
q2G2

~
2

8p3

(

x̂2 + ŷ2
)

+
(q + γε)G

p
(x̂Sy + ŷSx) , (13)



6

where γ = E/mc2, ε = 2mµa/~ and S = ~

2
σ represents the spin of the

particle defined with reference to its instantaneous rest frame. It is to

be noted that this quantum accelerator optical Hamiltonian Ĥ contains

all the terms corresponding to the classical theory plus the ~-dependent

quantum correction terms. Using the formalism outlined in the previous

section it can be shown that the first two ‘classical’ paraxial terms of the

above Ĥ account for the linear phase-space transfer map corresponding to

the focusing (defocusing) action in the yz-plane and defocusing (focusing)

action in the xz-plane when G > 0 (G < 0). The last spin-dependent term

accounts for the Stern-Gerlach kicks in the transverse phase-space and the

Thomas-Bargmann-Michel-Telegdi spin evolution.12

The following interesting aspect of quantum beam optics should be men-

tioned. In the case of a spin-0 particle also one can derive the quantum

beam optical Hamiltonian Ĥ starting from the Schrödinger-Klein-Gordon

equation.8 It would also contain all the terms corresponding to the classical

theory plus the quantum correction terms. But, these quantum correction

terms are not identical to the quantum correction terms in the Dirac case.

Thus, besides in the ~-dependent effects of spin on the orbital quantum

map (e.g., the last term in Eq. (13)), even in the spin-independent quan-

tum corrections the Dirac particle has its own signature different from that

of a spin-0 particle.13

4. Quantum Beam Optics of Dirac Particles: Optical

Elements with Curved Axes

For studying the propagation of spin- 1

2
particle beams through optical ele-

ments with curved axes it is natural to start with the Dirac equation written

in curvilinear coordinates adapted to the geometry of the system. Let us

make the z-axis coincide with the space curve representing the optic axis

of the system, or the ideal design orbit. Let the transverse, or off-axis,

coordinates (x, y) at each z be defined in such a way that the spatial arc

element ds is given by

ds2 = dx2 + dy2 + ζ2dz2, ζ = (1 +K
⊥

· r
⊥

), (14)

where Kx(z) and Ky(z) are the curvature components at z.

Now, we have to start with the Dirac equation written in a gener-

ally covariant form. To this end, let us use the formalism of general

relativity.2,14,15 Here, for the sake of simplicity let us drop the anoma-

lous magnetic moment term. Then the generally covariant form of the
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time-dependent Dirac equation becomes

i~
∂Ψ

∂t
= ĤΨ,

Ĥ = βmc2 + qφ̂+ cα
⊥

· π̂
⊥

+
c

ζ
αz

(

−i~
∂

∂z
− ζqÂz − Γz

)

,

Γz = KxSy −KySx. (15)

Further, it should be noted that

Bx =
1

ζ

(

∂(ζAz)

∂y
−
∂Ay

∂z

)

,

By =
1

ζ

(

∂Ax

∂z
−
∂(ζAz)

∂x

)

,

Bz =

(

∂Ay

∂x
−
∂Ax

∂y

)

. (16)

For a monoenergetic beam with particle energy E

Ψ(r, t) = ψ (r
⊥

; z) exp(−iEt/~) (17)

and ψ (r
⊥

; z) satisfies the time-independent equation

Ĥψ (r
⊥

; z) = Eψ (r
⊥

; z) (18)

where Ĥ is the same as in Eq. (15). We should now cast Eq. (18) in the form

of Eq. (1) so that the corresponding beam optical Hamiltonian Ĥ can be

derived and the formalism of Sec.2 can be applied for obtaining the transfer

maps for the quantum averages. It should be noted that the quantum

operators for the transverse position (r̂
⊥

) and momentum (p̂
⊥

), and spin

(S), are unaltered. The method of deriving Ĥ proceeds in the same way

as for systems with straight optic axes: a series of FW-like transformations

are to be applied to Eq. (18) up to any desired order of accuracy so that

finally a 2-component equation like Eq. (10) is obtained.2 In general, for a

magnetic system we get, up to the first order, or paraxial, approximation,

Ĥ = −ζp− qζÂz +
ζ

2p
π̂2

⊥
. (19)

For a closed orbit in the xz-plane, with no torsion, writing ζ = 1 + x
ρ , it

is clear that Ĥ of Eq. (19) corresponds to the well known Hamiltonian of

classical accelerator optics.16 To get a more complete form of Ĥ including

the spin terms and other ~-dependent quantum corrections one has to carry

out the FW-like transformations to higher orders.
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5. Concluding Remarks

In summary, it is seen that the quantum theory of transport of particle

beams through optical elements is very simple. Starting from a beam opti-

cal Schrödinger equation the transfer maps for quantum averages of phase-

space and spin variables across an optical element can be computed by a

straightforward procedure. To this end, one has to obtain the appropri-

ate quantum beam optical Hamiltonian starting from the corresponding

time-dependent Schrödinger equation of the system. As example, quantum

theory of propagation of Dirac particle beams through optical elements

with straight and curved optic axes was considered briefly. So far, the de-

velopment of such a theory has not taken into account multiparticle effects.

Also, such a theory has been developed only for optical systems. Taking

into account the multiparticle effects and treating accelerating elements are

issues of the theory to be tackled in future.
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We present the application of the variational-wavelet analysis to the quasiclassical
calculations of the solutions of Wigner/von Neumann/Moyal and related equa-
tions corresponding to the nonlinear (polynomial) dynamical problems. (Naive)
deformation quantization, the multiresolution representations and the variational
approach are the key points. We construct the solutions via the multiscale ex-
pansions in the generalized coherent states or high-localized nonlinear eigenmodes
in the base of the compactly supported wavelets and the wavelet packets. We
demonstrate the appearance of (stable) localized patterns (waveletons) and con-
sider entanglement and decoherence as possible applications.

1. Wigner-like Equations

In this paper we consider the applications of a numerical-analytical tech-

nique based on local nonlinear harmonic analysis (wavelet analysis, general-

ized coherent states analysis) to the quasiclassical calculations in nonlinear

(polynomial) dynamical problems in the Wigner-Moyal approach. The cor-

responding class of Hamiltonians has the form

Ĥ(p̂, q̂) =
p̂2

2m
+ U(p̂, q̂), (1)

where U(p̂, q̂) is an arbitrary polynomial function on p̂, q̂, and plays the

key role in many areas of physics [1], [2]. The particular cases, related to

some physics models, are considered in [3]-[12]. Our goals are some attempt

of classification and the explicit numerical-analytical constructions of the

existing quantum states in the class of models under consideration. There

is a hope on the understanding of relation between the structure of initial

∗http://www.ipme.ru/zeitlin.html, http://www.ipme.nw.ru/zeitlin.html
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Hamiltonians and the possible types of quantum states and the qualita-

tive type of their behaviour. Inside the full spectrum there are at least

three possibilities which are the most important from our point of view:

localized states, chaotic-like or/and entangled patterns, localized (stable)

patterns (definitions can be found below). All such states are interesting in

the different areas of physics (e.g., [1], [2]) discussed below. Our starting

point is the general point of view of a deformation quantization approach

at least on the naive Moyal/Weyl/Wigner level [1], [2]. The main point of

such approach is based on ideas from [1], which allow to consider the alge-

bras of quantum observables as the deformations of commutative algebras

of classical observables (functions). So, if we have as a model for classical

dynamics the classical counterpart of Hamiltonian (1) and the Poisson man-

ifold M (or symplectic manifold or Lie coalgebra, etc) as the corresponding

phase space, then for quantum calculations we need first of all to find an

associative (but non-commutative) star product ∗ on the space of formal

power series in ~ with coefficients in the space of smooth functions on M

such that

f ∗ g = fg + ~{f, g}+
∑

n≥2

~
nBn(f, g), (2)

where {f, g} is the Poisson brackets, Bn are bidifferential operators. Kont-

sevich gave the solution to this deformation problem in terms of the formal

power series via the sum over graphs and proved that for every Poisson

manifold M there is a canonically defined gauge equivalence class of star-

products on M. Also there are the nonperturbative corrections to power

series representation for ∗ [1]. In the naive calculations we may use the

simple formal rule:

∗ ≡ exp
( i~

2
(
←−
∂ q
−→
∂ p −

←−
∂ p
−→
∂ q)

)

(3)

In this paper we consider the calculations of the Wigner functions W (p, q, t)

(WF) corresponding to the classical polynomial Hamiltonian H(p, q, t) as

the solution of the Wigner-von Neumann equation [2]:

i~
∂

∂t
W = H ∗W −W ∗H (4)

and related Wigner-like equations. According to the Weyl transform, a

quantum state (wave function or density operator ρ) corresponds to the

Wigner function, which is the analogue in some sense of classical phase-

space distribution [2]. We consider the following form of differential equa-
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tions for time-dependent WF, W = W (p, q, t):

Wt =
2

~
sin

[

~

2
(∂H

q ∂W
p − ∂H

p ∂W
q )

]

·HW (5)

which is a result of the Weyl transform of von Neumann equation

i~
∂ρ

∂t
= [H, ρ] (6)

In our case (1) we have the following decomposition [2] (U = U(q) in the

following only for simplicity, but the case U = U(p, q) can be considered

analogously):

∂W

∂t
= T + U, (7)

where

U =

∞
∑

i=0

(i~/2)2l

(2l + 1)!

d2l+1U(q)

dq2l+1

∂2l+1

∂p2l+1
W (p, q; t) (8)

T = −
p

m

∂

∂q
W (p, q; t) (9)

Let {|E〉, E} be the full set of discrete/continuous eigenfunctions (eigenval-

ues)

H|E〉 = E|E〉 (10)

then we have the following representation for the Moyal function:

WE′′,E′(q, p) ≡
1

2π~

∫

∞

−∞

dξe−ipξ/h(q +
1

2
ξ|E′′〉〈E′|q −

1

2
ξ〉 (11)

which is reduced to the standard WF in the case E′ = E′′: WE,E(p, q) ≡

W (p, q). As a result, the time independent Moyal function generates the

time evolution of the WF. The corresponding integral representation con-

tains the initial value of the density operator ρ(0) as a factor [2]. The Moyal

function satisfies the following system of (pseudo)differential equations

[ p2

2m
+ U −

~
2

8m

∂2

∂q2
+

∞
∑

i=1

(−1)l(~/2)2l

(2l)!

d2lU

dq2l

∂2l

∂p2l

]

WE′′,E′

=
E′ + E′′

2
WE′′,E′ (12)
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[ p

m

∂

∂q
−

dU

dq

∂

∂p
−

∞
∑

i=1

(−1)l(~/2)2l

(2l + 1)!

d2l+1U

dq2l+1

∂2l+1

∂p2l+1

]

WE′′,E′

=
i

~
(E′′ − E′)WE′′,E′ (13)

really nonlocal/pseudodifferential for arbitrary Hamiltonians. But in case

of polynomial Hamiltonians (1) we have only a finite number of terms in

the corresponding series. Also, in the stationary case after Weyl-Wigner

mapping we have the following equation on WF in c-numbers [2]:

( p2

2m
+

~

2i

p

m

∂

∂q
−

~
2

8m

∂2

∂q2

)

W (p, q) + (14)

U
(

q −
~

2i

∂

∂p

)

W (p, q) = εW (p, q)

After expanding the potential U into the Taylor series we have two real

partial differential equations which correspond to the mentioned before par-

ticular case of the Moyal equations (12), (13).

Our approach, presented below, in some sense is motivated by the analy-

sis of the following standard simple model considered in [2]. Let us consider

model of interaction of nonresonant atom with quantized electromagnetic

field:

Ĥ =
p̂2

x

2m
+ U(x̂), U(x̂) = U0(z, t)g(x̂)â+â (15)

where potential U depends on creation/annihilation operators and some

polynomial on x̂ operator function (or approximation) g(x̂). It is possible

to solve Schroedinger equation

i~
d|Ψ >

dt
= Ĥ|Ψ > (16)

by the simple ansatz

|Ψ(t) >=

∞
∑

−∞

wn

∫

dx|Ψn(x, t)|x > ⊗|n > (17)

which leads to the hierarchy of analogous equations with potentials created

by n-particle Fock subspaces

i~
∂Ψn(x, t)

∂t
=

{ p̂2
x

2m
+ U0(t)g(x)n

}

Ψn(x, t) (18)

where Ψn(x, t) is the probability amplitude of finding the atom at the time

t at the position x and the field in the n Fock state. Instead of this, we
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may apply the Wigner approach starting with proper full density matrix

ρ̂ = |Ψ(t) >< Ψ(t)| = (19)
∑

n′,n′′

wn′w∗

n′′

∫

dx′

∫

dx′′Ψn′(x′, t)Ψ∗

n′′(x′′, t)|x′ >< x′′| ⊗ |n′ >< n′′|

Standard reduction gives pure atomic density matrix

ρ̂a ≡

∫

∞

n=0

< n|ρ̂|n >= (20)

∑

|wn|
2

∫

dx′

∫

dx′′Ψn(x′, t)Ψ∗

n(x′′, t)|x′ >< x′′|

Then we have incoherent superposition

W (x, p, t) =

∞
∑

n=0

|wn|
2Wn(x, p, t) (21)

of the atomic Wigner functions

Wn(x, p, t) ≡
1

2π~

∫

dξexp
(

−
i

~
pξ

)

Ψ∗

n(x−
1

2
ξ, t)Ψn(x +

1

2
ξ, t) (22)

corresponding to the atom motion in the potential Un(x) (which is not more

than polynomial in x) generated by n-level Fock state. They are solutions

of proper Wigner equations:

∂Wn

∂t
= −

p

m

∂Wn

∂x
+

∞
∑

`=0

(−1)`(~/2)2`

(2` + 1)!

∂2`+1Un(x)

∂x2`+1

∂2`+1Wn

∂p2`+1
(23)

In the following section we’ll generalize this construction and we are

interested in description of entanglement in the Wigner formalism.

The next example describes the decoherence process. Let we have col-

lective and environment subsystem with their own Hilbert spaces

H = Hc ⊗He (24)

Relevant dynamics are described by three parts including interaction

H = Hc ⊗ Ie + Ic ⊗He + Hint (25)

For analysis, we can choose Lindblad master equation [2]

ρ̇ =
1

i~
[H, ρ]−

∑

n

γn(L+

n Lnρ + ρL+

n Ln − 2LnρL+

n ) (26)
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which preserves the positivity of density matrix and it is Markovian but

it is not general form of exact master equation. Other choice is Wigner

transform of master equation [2] and it is more preferable for us

Ẇ = {H, W}PB + (27)
∑

n≥1

~
2n(−1)n

22n(2n + 1)!
∂2n+1

x U(x)∂2n+1

p W (x, p) + 2γ∂ppW + D∂2

pW

In the next section we consider the variation-wavelet approach for the

solution of all these Wigner-like equations (6)-(9), (12), (14), (23), (26),

(27) for the case of an arbitrary polynomial U(q, p), which corresponds to a

finite number of terms in the series from (8), (12), (13), (14), (23), (27) or

to proper finite order of ~. Our approach is based on the extension of our

variational-wavelet approach [3]-[12]. Wavelet analysis is some set of math-

ematical methods, which gives the possibility to work with well-localized

bases in functional spaces and gives maximum sparse forms for the general

type of operators (differential, integral, pseudodifferential) in such bases.

These bases are the natural generalization of standard coherent, squeezed,

thermal squeezed states [2], which correspond to quadratical systems (pure

linear dynamics) with Gaussian Wigner functions. Because the affine group

of translations and dilations (or more general group, which acts on the space

of solutions) is inside the approach (in wavelet case), this method resembles

the action of a microscope. We have a contribution to the final result from

each scale of resolution from the whole underlying infinite scale of spaces.

Our main goals are an attempt of classification and construction of possible

nontrivial states in the system under consideration. We are interested in the

following states: localized, entangled patterns, localized (stable) patterns.

We start from the corresponding definitions (at this stage these definitions

have only qualitative character).

1. By localized state (localized mode) we mean the corresponding (par-

ticular) solution of the system under consideration which is localized in

maximally small region of the phase space.

2. By chaotic/entangled pattern we mean some solution (or asymptotics

of solution) of the system under consideration which has equidistribution

of energy spectrum in a full domain of definition.

3. By localized pattern (waveleton) we mean (asymptotically) stable

solution localized in relatively small region of the whole phase space (or a

domain of definition). In this case all energy is distributed during some

time (sufficiently large) between few localized modes (from point 1) only.

Numerical calculations explicitly demonstrate the quantum interference
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of generalized coherent states, pattern formation from localized eigenmodes

and the appearance of (stable) localized patterns (waveletons).

2. Variational Multiscale Representation

We obtain our multiscale/multiresolution representations for solutions of

Wigner-like equations via a variational-wavelet approach. We represent

the solutions as decomposition into modes related to the hidden underlying

set of scales [13]:

W (t, q, p) =

∞
⊕

i=ic

δiW (t, q, p) (28)

where value ic corresponds to the coarsest level of resolution c or to the

internal scale with the number c in the full multiresolution decomposition

of underlying functional space (L2, e.g.) corresponding to problem under

consideration:

Vc ⊂ Vc+1 ⊂ Vc+2 ⊂ . . . (29)

and p = (p1, p2, ...), q = (q1, q2, ...), xi = (p1, q1, ...., pi, qi) are coordinates in

phase space. In the following we may consider as fixed as variable numbers

of particles. Last case corresponds to quantum statistical ensemble.

We introduce the Fock-like space structure

H =

∞
∑

n=0

⊕

Hn (30)

for the set of n-particle wave functions (states):

W = {W0, W1(x1; t), W2(x1, x2; t), . . . , WN (x1, . . . , xN ; t), . . . }, (31)

where Wp(x1, . . . , xp; t) ∈ Hp, H0 = C, Hp = L2(R6p) (or any different

proper functional space), W ∈ H∞ = H0 ⊕ H1 ⊕ · · · ⊕ Hp ⊕ . . . with

the natural Fock space like norm (guaranteeing the positivity of the full

measure):

(W, W ) = W 2

0
+

∑

i

∫

W 2

i (x1, . . . , xi; t)

i
∏

`=1

µ`. (32)

First of all we consider W = W (t) as a function of time only, W ∈ L2(R),

via multiresolution decomposition which naturally and efficiently introduces
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the infinite sequence of the underlying hidden scales [13]. We have the con-

tribution to the final result from each scale of resolution from the whole infi-

nite scale of spaces. We consider a multiresolution decomposition of L2(R)

(of course, we may consider any different and proper for some particular

case functional space) which is a sequence of increasing closed subspaces

Vj ∈ L2(R) (subspaces for modes with fixed dilation value):

...V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ ... (33)

The closed subspace Vj(j ∈ Z) corresponds to the level j of resolution, or to

the scale j and satisfies the following properties: let Wj be the orthonormal

complement of Vj with respect to Vj+1: Vj+1 = Vj

⊕

Wj . Then we have

the following decomposition:

{W (t)} =
⊕

−∞<j<∞

Wj or {W (t)} = V0

∞
⊕

j=0

Wj , (34)

in case when V0 is the coarsest scale of resolution. The subgroup of trans-

lations generates a basis for the fixed scale number: spank∈Z{2
j/2Ψ(2jt −

k)} = Wj . The whole basis is generated by action of the full affine group:

spank∈Z,j∈Z{2
j/2Ψ(2jt− k)} = spank,j∈Z{Ψj,k} = {W (t)}. (35)

Let the sequence {V t
j }, V

t
j ⊂ L2(R) correspond to multiresolution analysis

on the time axis, {V xi

j } correspond to multiresolution analysis for coor-

dinate xi, then V n+1

j = V x1

j ⊗ · · · ⊗ V xn

j ⊗ V t
j corresponds to the mul-

tiresolution analysis for the n-particle function Wn(x1, . . . , xn; t). E.g.,

for n = 2: V 2
0

= {f : f(x1, x2) =
∑

k1,k2
ak1,k2

φ2(x1 − k1, x2 −

k2), ak1,k2
∈ `2(Z2)}, where φ2(x1, x2) = φ1(x1)φ

2(x2) = φ1 ⊗ φ2(x1, x2),

and φi(xi) ≡ φ(xi) form a multiresolution basis corresponding to {V xi

j }.

If {φ1(x1 − `)}, ` ∈ Z form an orthonormal set, then φ2(x1 − k1, x2 − k2)

form an orthonormal basis for V 2
0

. So, the action of the affine group gener-

ates multiresolution representation of L2(R2). After introducing the detail

spaces W 2

j , we have, e.g. V 2
1

= V 2
0
⊕W 2

0
. Then the 3-component basis for

W 2
0

is generated by the translations of three functions

Ψ2

1
= φ1(x1)⊗Ψ2(x2), Ψ2

2
= Ψ1(x1)⊗ φ2(x2), Ψ2

3
= Ψ1(x1)⊗Ψ2(x2).

Also, we may use the rectangle lattice of scales and one-dimensional wavelet

decomposition:

f(x1, x2) =
∑

i,`;j,k

〈f, Ψi,` ⊗Ψj,k〉Ψj,` ⊗Ψj,k(x1, x2),
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where the basis functions Ψi,` ⊗ Ψj,k depend on two scales 2−i and 2−j .

After constructing the multidimensional basis we may apply one of the

variational procedures from [3]-[12]. We obtain our multiscale/multireso-

lution representations (formulae (40) below) via the variational wavelet

approach for the following formal representation of the systems from the

Section 1 (or its approximations).

Let L be an arbitrary (non)linear differential/integral operator with

matrix dimension d (finite or infinite), which acts on some set of func-

tions from L2(Ω⊗
n

): Ψ ≡ Ψ(t, x1, x2, . . . ) =
(

Ψ1(t, x1, x2, . . . ), . . . ,

Ψd(t, x1, x2, . . . )
)

, xi ∈ Ω ⊂ R6, n is the number of particles:

LΨ ≡ L(Q, t, xi)Ψ(t, xi) = 0, (36)

where

Q ≡ Qd0,d1,d2,...(t, x1, x2, . . . , ∂/∂t, ∂/∂x1, ∂/∂x2, . . . ,

∫

µk) =

d0,d1,d2,...
∑

i0,i1,i2,···=1

qi0i1i2...(t, x1, x2, . . . )
( ∂

∂t

)i0( ∂

∂x1

)i1( ∂

∂x2

)i2
. . .

∫

µk.(37)

Let us consider now the N mode approximation for the solution as the

following ansatz:

ΨN (t, x1, x2, . . . ) =

N
∑

i0,i1,i2,···=1

ai0i1i2...Ai0 ⊗Bi1 ⊗ Ci2 . . . (t, x1, x2, . . . ).

(38)

We shall determine the expansion coefficients from the following conditions

(different related variational approaches are considered in [3]-[12]:

`N
k0,k1,k2,... ≡

∫

(LΨN )Ak0
(t)Bk1

(x1)Ck2
(x2)dtdx1dx2 · · · = 0. (39)

Thus, we have exactly dNn algebraical equations for dNn unknowns

ai0,i1,.... This variational approach reduces the initial problem to the prob-

lem of solution of functional equations at the first stage and some algebraical

problems at the second. We consider the multiresolution expansion as the

second main part of our construction. So, the solution is parametrized

by the solutions of two sets of reduced algebraical problems, one is linear

or nonlinear (depending on the structure of the operator L) and the rest

are linear problems related to the computation of the coefficients of the

algebraic equations (39). These coefficients can be found by some wavelet

methods by using the compactly supported wavelet basis functions for the
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expansions (38). As a result the solution of the equations from Section 1

has the following multiscale or multiresolution decomposition via nonlinear

high-localized eigenmodes

W (t, x1, x2, . . . ) =
∑

(i,j)∈Z2

aijU
i ⊗ V j(t, x1, x2, . . . ),

V j(t) = V j,slow
N (t) +

∑

l≥N

V j
l (ωlt), ωl ∼ 2l, (40)

U i(xs) = U i,slow
M (xs) +

∑

m≥M

U i
m(ks

mxs), ks
m ∼ 2m,

which corresponds to the full multiresolution expansion in all underlying

time/space scales. The formulae (40) give the expansion into a slow part

and fast oscillating parts for arbitrary N, M . So, we may move from the

coarse scales of resolution to the finest ones for obtaining more detailed

information about the dynamical process. In this way one obtains contri-

butions to the full solution from each scale of resolution or each time/space

scale or from each nonlinear eigenmode. It should be noted that such repre-

sentations give the best possible localization properties in the correspond-

ing (phase)space/time coordinates. Formulae (40) do not use perturbation

techniques or linearization procedures. Numerical calculations are based

on compactly supported wavelets and related wavelet families [13] and on

evaluation of the accuracy on the level N of the corresponding cut-off of

the full system regarding norm (32):

‖WN+1 −WN‖ ≤ ε. (41)

So, by using wavelet bases with their best (phase) space/time local-

ization properties we can describe localized (coherent) structures in quan-

tum systems with complicated behaviour. The modeling demonstrates the

appearance of different (stable) pattern formation from high-localized co-

herent structures or chaotic behaviour. Our (nonlinear) eigenmodes are

more realistic for the modelling of nonlinear classical/quantum dynamical

process than the corresponding linear gaussian-like coherent states. Here

we mention only the best convergence properties of the expansions based

on wavelet packets, which realize the minimal Shannon entropy property

and the exponential control of convergence of expansions like (40) based

on the norm (32). Fig. 1 shows the high-localized eigenmode contribu-

tion to the WF, while Fig. 2, 3 give the representations for the full solu-

tions, constructed from the first 6 eigenmodes (6 levels in formula (40)),

and demonstrate the stable localized pattern formation (waveleton) and
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complex chaotic-like behaviour. Fig. 3 corresponds to (possible) result of

superselection (einselection) [2] after decoherence process started from Fig.

2 or Fig. 4. Fig. 5 and Fig. 6 demonstrate time steps during appearance

of entangled states. It should be noted that we can control the type of

behaviour on the level of the reduced algebraical system (39) [12].
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Figure 1. Localized mode contribution to Wigner function.
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Figure 2. Chaotic-like Wigner function.
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The formation of the beam halo in charged particle accelerators is studied in the
framework of a stochastic-hydrodynamic model for the collective motion of the
particle beam. We take into account space-charge effects, which lead to a set
of self–consistent coupled nonlinear hydrodynamic equations. Solutions of the
dynamical equations describe quasi-stationary beam configurations with enhanced
transverse dispersion and transverse emittance growth. Finally, potentials and
drifts leading to ring–shaped halos are studied.

1. Introduction

In high intensity beams of charged particles, proposed in recent years for a

wide variety of accelerator–related applications, it is very important to keep

at low level the beam loss to the wall of the beam pipe, since even small

fractional losses in a high–current machine can cause exceedingly high levels

of radioactivation. One of the possible relevant mechanisms for these losses

is the formation of a low intensity beam halo more or less far from the core.

These halos have been observed 1 or studied in experiments 2, and have

1
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also been subjected to an extensive simulation analysis 3,4,5,6,7,8,9,10,11. It

is however widely believed that for the next generation of high intensity

machines it is still necessary to obtain a more quantitative understanding

not only of the physics of the halo, but also of the beam transverse distri-

bution in general 12,13,14. In fact “because there is not a consensus about

its definition, halo remains an imprecise term” 15 so that several proposals

have been put forward for its description.

The charged particle beams are usually described in terms of classical

dynamical systems. The standard model is that of a collisionless plasma

where the corresponding dynamics is embodied in a suitable phase space

(see for example 16). We propose and develop a different approach: a model

for the halo formation in particle beams based on the idea that the trajec-

tories are samples of a stochastic process, rather than usual deterministic

(differentiable) trajectories. Indeed the authors believe that a plasma (with

collisions) described in terms of controlled stochastic processes seems a good

candidate to explain the rare escape of particles from a quasi-stable beam

core by statistically taking into account the random inter–particle interac-

tions that can not be described in detail. Of course the idea of a stochastic

approach is hardly new 16,17,18, but there are several different ways to im-

plement it. In fact, the system we want to describe is endowed with some

measure of invariance under time reversal 19, and this looks reasonable in

the intermediate regime of stability. In a few previous papers 20,21 we explic-

itly introduced a stochastic description which involves both a kinematical,

diffusion equation and a dynamical equation with external potentials. We

showed that this method allows also to implement techniques of active con-

trol for the dynamics of the beam. These techniques have been proposed

to improve the beam focusing and to independently change the frequency

of the betatron oscillations. As a first step to approach the halo problem,

we implement the method to quantitatively investigate the nature, the size

and the dynamical characteristics of a possible stationary beam halo.

Time–reversal invariant diffusion processes are obtained by promoting

deterministic kinematics to stochastic kinematics, and by adding a further

dynamical prescription 22,23. The simpler, and most elegant, way to obtain

the equations of such processes is to impose stochastic variational principles

which generalise the usual ones of the deterministic mechanics to the case of

diffusive kinematics 22,24. This method can be applied to classical, conser-

vative many–particle systems, whose complex dynamics can be effectively

described by a representative particle performing stochastic trajectories. If

ρ is the (normalized) density of the particles and v the current velocity, the
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stochastic variational principle leads to the following gradient form for the

velocity field v

mv(r, t) = ∇S(r, t) , (1)

and to the couple of nonlinear hydrodynamic equations

∂tρ = −∇ · (ρv) , (2)

∂tS +
m

2
v2 − 2mD2

∇2
√
ρ

√
ρ

+ V (r, t) = 0 . (3)

Here, D is the diffusion coefficient, and V (r, t) is the external potential en-

ergy applied to the system. Due to the non differentiability of the stochastic

trajectories, it is not possible to define the standard velocity. One then in-

troduces the forward velocity v+ (connected to the mean time-derivative

from the right) and the backward velocity v− (connected to the mean time-

derivative from the left). In the conservative diffusions, the two velocities

are exchanged under time-reversal. Furthermore, the current velocity is the

balanced mean of v±; it describes the velocity of the center of the density

profile, and obviuosly reduces to the standard deterministic velocity if the

noise is removed putting D = 0. In this last case, the two hydrodynamic

equations reduces to the equations for an ideal fluid. The equation (2) can

be also explicitely written in the form of Fokker–Planck equation

∂tρ = −∇ · [v(+)ρ] +D∇2ρ (4)

formally associated to the Itô equation. It is finally important to remark

that, introducing the representation 25

ψ(r, t) =
√

ρ(r, t) eiS(r,t)/α , (5)

(with α = 2mD) the coupled equations (2) and (3) are made equivalent

to a single linear equation of the form of the Schrödinger equation in the

function ψ, with the Planck action constant replaced by α:

iα∂tψ = −
α2

2m
∇2ψ + V ψ . (6)

We will refer to it as a Schrödinger–like (S-l) equation. In this formulation

the phenomenological “wave function” ψ carries the information on the

dynamics of both: the bunch density, and the velocity field of the bunch,

since the velocity field is determined through equation (1) by the phase

function S(r, t). This shows that our procedure, starting from a different

point of view, leads to a description formally analogous to that of the so
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called Quantum-like approaches to beam dynamics 26. In this last frame-

work, an interesting analysis of the halo formation in particle beams has

been performed in Ref. 27.

2. Self consistent equations

One of the possible mechanisms for the formation of the halo in particle

beams is that due to the unavoidable presence of space charge effects. In

this Section we will investigate this possibility in the framework of our

hydrodynamic-stochastic model of beam dynamics. To this end, we take

into account the space charge effects by coupling the hydrodynamic equa-

tions of stochastic mechanics with the Maxwell equations which describe

the mutual electromagnetic interactions between the particles of the beam.

We thus obtain a self-consistent, stochastic magnetohydrodynamic system

of coupled nonlinear differential equations that can be numerically solved

to show the effect of the space charge.

In the following, the reference physical system will be an ensemble of

N identical copies of a single charged particle embedded in a particle beam

and subject to both an external and a space-charge potential. In a refer-

ence frame comoving with the beam, our system is then described by the

Schrödinger equation (6), where α is the unit of action (emittance) and ̂H

the Hamiltonian operator which will be explicitly determined in the fol-

lowing. Since in general ψ is not normalized, we introduce the following

notation for its constant norm

‖ψ‖2 =

∫

R3

|ψ(r, t)|2 d3r , (7)

so that, if N is the number of particles with individual charge q0, the space

charge density of the beam will be

ρsc(r, t) = Nq0
|ψ(r, t)|2

‖ψ‖2
. (8)

In this paper we study the case of zero current density, so that the wave

function is stationary:

ψ(r, t) = u(r) e−iEt/α . (9)

We couple Eq. (6) with the Poisson equation for the scalar potential Φsc

generated by the space charge, and we consider that in a reference frame

comoving with the beam we can always assume that the wave function is

of the stationary form (9). Moreover, if the beam with space-charge inter-

actions stays cylindrically symmetric the function u will depend only on
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the modulus of the cylindrical radius r. We define the potential energies

Vext = q0Φext, and Vsc = q0Φsc. We then choose as external potential en-

ergy a cylindrically symmetric, harmonic potential with a proper frequency

ω in absence of space charge: Vext = (mω2r2)/2, with r =
√

x2 + y2, and

introduce the dimensionless quantities

s =
r

σ
√

2
,

w(s) = w

(

r

σ
√

2

)

≡ σ3/2u(r) , (10)

v(s) = v

(

r

σ
√

2

)

≡
4mσ2

α2
Vsc(r) ,

where σ2 = α/2mω is the variance of the ground state of the cylindrical

harmonic oscillator without space charge.

Then, the coupled (Schrödinger and Poisson) equations become, in

terms of the adimensional unities,

sw′′(s) + w′(s) + [β − s2 − v(s)] sw(s) = 0 , (11)

sv′′(s) + v′(s) + b sw2(s) = 0 , (12)

where

β =
4mσ2

α2
E =

2E

αω
,

b =
4mσ2

α2

Nq2
0

2πε0L

1

B
=

2

αω

Nq2
0

2πε0L

1

B
, (13)

B =
Aσ

2
=

∫

∞

0

sw2(s) ds .

The effect of the space charge will be accounted for by comparing the

normalized solution w(s) with the unperturbed ground state of the cylin-

drical harmonic oscillator:

ψ000(r) =
e−r2/4σ2

σ
√

2πL
. (14)

We have solved numerically the system (11), (12) by tentatively fixing one

of the two free parameters b and β, and then searching by an iterative trial

and error method a value of the other such that the solution shows, in a

given interval of values of s, the correct infinitesimal asymptotic behavior
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for large values of s. We have then normalized the solutions w(s) by cal-

culating numerically the value of B. It is clear from the definition of the

dimensionless parameters B, b and β (13) that the value of β is a sort of

reduced energy eigenvalue of the system, while the product

γ = Bb , (15)

which is by definition a non negative number, will play the role of the

interaction strength, since it depends on the space-charge density along the

linear extension of the beam. Reverting to dimensional quantities, since

α2/2mσ2 has the dimensions of an energy, the two relevant parameters are

E = β
α2

4mσ2
,

Nq2
0

2πε0L
= γ

α2

4mσ2
, (16)

which are respectively the energy of the individual particle embedded in

the beam, and the strength of the space-charge interaction.

In the following we will limit ourselves to discuss solutions of Eqns. (11),

and (12) without nodes (a sort of ground state for the system). It is possible

to see that no solution without nodes can be found for values of the space-

charge strength γ beyond about 22.5 and that for values of γ ranging from

0 to 22.5, the energy β decreases monotonically from 2.0000 to −0.0894. If

the unit of action α is fixed at a given value, it is apparent that the value of

γ is directly proportional to the charge per unit length Nq0/L of the beam:

a small value of γ means a rarefied beam; a large value of γ indicates that

the beam is intense. A halo is supposed to be present in intense beams,

while in rarefied beams the behavior of every single particle tends to be

affected only by the external harmonic potential.

It is useful to provide a numerical estimate (in MKS units) of the rele-

vant parameters. We are assuming a beam made of protons, so that m and

q0 are the proton mass and charge, while ε0 is the vacuum permittivity.

From empirical data, a reasonable estimate for σ yields σ ≈ 10−3 m, while

for N/L usually a value of 1011 particles per meter is considered realis-

tic. On the ground of accepted experimental values of the beam emittance

(usually measured in units of length) we can assume α/mc of the order

of 10−7m, and in particular from now on we will fix α at its approximate

central value α
mc ≈ 4.0 × 10−7 m . Finally, we note that by changing the

beam intensity (namelyN/L and γ) one correspondingly changes the energy

(namely E and β) of the individual particle embedded in the beam. The

quantities β and γ are dimensionless: the true physical quantities (energies)

are obtained by multiplicating them by the unit of energy α2

4mσ2 ≈ 37.5 eV .
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The overall effect of the space charge in this model is a conspicuous

spreading of the transverse distribution of the particles in the beam with

respect to the unperturbed ground state distribution (14)k32. When γ = 0

the potential due to space charge vanishes, and the solution exactly co-

incides with the ground state of the cylindrical harmonic oscillator with

variance σ2. When γ > 0 the transverse distribution begins to spread 32.

To give a more quantitative measure of the flattening and broadening of the

transverse distribution we compare numerically the probabilities of finding

a particle at a relatively large distance from the beam longitudinal axis

with and without space charge. The quantity

Pγ(c) =

∫

∞

c/
√

2

sw2(s) ds (17)

is the probability of finding a particle at a distance greater than cσ for

systems with a given strength γ of the space charge coupling. For instance,

considering the two different situations γ = 0 (no space charge) and γ =

22.5 (strong space charge) we have:

P0(10) ≈ 1.9 × 10−22 , P22.5(10) ≈ 1.7 × 10−6 . (18)

We see that the probability of finding particles at a distance larger than

10σ from the core of the beam is enhanced by space charge by many orders

of magnitude. This means, for example, that if in the beam there are 1011

particles per meter, while practically no one is found beyond 10σ in absence

of space charge, for very strong space-charge intensity we can find up to

105 particles per meter at that distance from the core.

The above analysis shows that in the hydrodynamic-stochastic theory of

charged beams, the space-charge potential induces a strong broadening of

the unperturbed transverse density distribution of the beam, thus yielding

a small, but finite probability of having particles at a distance well away

from the core of the beam.

The hydrodynamic-stochastic model allows also an estimate on the

growth of the emittance due to the presence of the space charge. The

emittance can be calculated by exploiting a structure of uncertainty prod-

ucts that is inherent to the SM. In particular, the transverse emittance can

be calculated as ∆x · ∆px, where we have:

∆x =
√

〈x2〉 − 〈x〉2 , ∆px =
√

〈p2
x〉 − 〈px〉2 . (19)

In our case, it is easy to show that the root mean square deviation for the
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position is:

∆x =
√

〈x2〉 = σ

√

∫

∞

0

s3w2(s) ds . (20)

As for the momentum p, it can be recovered from the velocity field which

is well defined in SM. Since we are considering a stationary state, only the

osmotic part of the velocity field is non zero, and the momentum field reads

p(r) = α
∇ρ(r)

ρ(r)
= 2α

∇u(r)

u(r)
. (21)

As a consequence, the root mean square deviation for the x–component of

the momentum is:

∆px =
√

〈p2
x〉 =

α

σ

√

∫

∞

0

w′2(s)s ds . (22)

We can then define the emittance E as the position-momentum uncer-

tainty product in phase space in the following way:

E = ∆x · ∆px = α

√

∫

∞

0

s3w2(s)ds ·

∫

∞

0

w′2(s)sds. (23)

The emittance (23) can be thus estimated from knowledge of the numerical

solutions w(s) and their first derivatives w′(s). It can be seen 32 that the

emittance is exactly α for γ = 0 (namely in absence of space charge), and

grows with γ to a value ≈ 1.2 × α for γ ≈ 22.5. This result is consistent

with the expected growth of emittance produced by space-charge effects,

and it provides evidence that in the model of SM of charged beams the

constant α plays the role of a lower bound for the phase-space emittance.

We have seen that in our scheme the space–charge density leads to an

enlargement of the particle density, that can be interpreted as a possible

halo effect. However, the space–charge is only one possible source of halo.

It has been also suggested that the halo distribution could be described,

in first approximation, as a Gaussian core distribution plus a small ring

of particles surrounding it and constituting the halo. Thus, we now will

follow a different route. In fact, since it is not clearly established that a

halo can be due only to space-charge effects, starting with a realistic ring

distribution and trying to understand the dynamics that can produce it

could be very useful in this respect. Then, we will simply assume a specific

form of a beam with a halo without deriving it as an effect of space charge

interactions, and resorting to the techniques introduced in Refs. 28,29,20
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we reverse the point of view: we insert into the equations (3) and (4) the

supposed distribution, and obtain the drift and the potential which realize

it. For a three-dimensional, cylindrically symmetric beam we introduce the

normalized radial density distribution

ρ(r) = A
e−r2/2σ2

σ2

+(1 −A)
e−r2/2p2σ2

p2σ2Γ(q + 1)

(

r2

2p2σ2

)q

(24)

which is composed of a Gaussian core with variance σ2 (the simple harmonic

oscillator ground state), plus a ring-like distribution whose size is fixed

through the two parameters p > 0 and q ≥ 0. The parameter 0 ≤ A ≤ 1

is the relative weight of the two parts. This density distribution has the

required form for suitable values of the parameters, but it has no nodes.

This is convenient for two main reasons: first because it is a rather general

requirement for a ground state to have no nodes (this fact is a rigorous

theorem for one-dimensional systems). Moreover, it has been shown in

Refs. 28,30,31 that stationary distributions without nodes are also attractors

for every other possible (non extremal) initial distribution: a property that

will be useful in a future discussion of the possible relaxation of the system

toward a stable beam halo.

Using, as usual, adimensional quantities, and using the methods of

Refs. 28,29,20, we can obtain the radial drift and the radial potential associ-

ated to the distribution (24). It results that the drift undergoes a sudden

jump if compared to the umperturbed drift associated to the pure Gaus-

sian, halo–free distribution (14). Correspondingly, the potential is deformed

with respect to the harmonic shape, and displays a narrow peak: this last

generates the escape of a fraction of the particles (for details, see 32).

In order to illustrate more explicitely the main effects involved, let us

give here the simpler formulae relative to the 1d case. We consider only 1d

processes denoting by x one of the transverse space coordinates. We assume

that the longitudinal and the transverse beam dynamics can be deemed

independent, with the further simplification of considering decoupled evo-

lutions along the transverse directions x and y. Under these conditions the
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density distribution with a halo ring now reads

ρ(x) = A
e−x2/2σ2

σ
√

2π

+(1 −A)
e−x2/2p2σ2

p σ
√

2Γ
(

q + 1

2

)

(

x2

2p2σ2

)q

. (25)

It is then straightforward to compute the corresponding velocities and po-

tential, obtaining 32

u(x) =
√

ρ(x) ,

v(+)(x) =
α

m

u′(x)

u(x)
,

V (x) =
α2

4mσ2
+
α2

2m

u′′(x)

u(x)
. (26)

Using these expressions, it can be verified a behavior similar to that of

the three–dimensional case: sudden jumps of the drift, with corresponding

narrow peaks in the potential.

In conclusion, we have presented a dynamical, stochastic approach to

the description of the beam transverse distribution in the particle accelera-

tors. We have shown that in this framework it is possible to have tranverse

distribution which show a broadening and an emittance growth, typical of

the halo formation. In forthcoming papers we plan to extend these tech-

niques to the problem of engineering suitable time–dependent potentials for

the control and the elimination of the beam halo.
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Remarkable developments in critical technologies including terawatt-class lasers using 
chirped-pulse amplification, high brightness photoinjectors, high-gradient accelerators, 
and superconducting linacs make it possible to design and operate compact, tunable, 
subpicosecond Compton scattering x-ray sources with a wide variety of applications. In 
such novel radiation sources, the collision between a femtosecond laser pulse and a low 
emittance relativistic electron bunch in a small (�m3) interaction volume produces 
Doppler-upshifted scattered photons with unique characteristics: the energy is tunable in 
the 5-500 keV range, the angular divergence of the beam is small (mrad), and the pulses 
are ultrashort (10 fs – 10 ps). Two main paths are currently being followed in 
laboratories worldwide: high peak brightness, using ultrahigh intensity femtosecond 
lasers at modest repetition rates, and high average brightness, using superconducting 
linac and high average power laser technology at MHz repetition rates. 
Targeted applications range from x-ray protein crystallography and high contrast medical 
imaging to femtosecond pump-probe and diffraction experiments. More exotic uses of 
such sources include the ��� collider, NIF backlighting, nonlinear Compton scattering, 
and high-field QED. Theoretical considerations and experimental results will be 
discussed within this context. 

1. Introduction  

Remarkable advances in ultrashort pulse laser technology based on chirped-
pulse amplification,1-4 and the recent development of high-brightness, relativistic 
electron sources5-7 allow for the design of novel, compact, monochromatic, 
tunable, femtosecond x-ray sources using Compton scattering.8-21 Such new light 
sources are expected to have a major impact in a number of important fields of 
research, including the study of fast structural dynamics,22-25 advanced 
biomedical imaging,26 and x-ray protein crystallography;27,28 however, the 
quality of both the electron and laser beams is of paramount importance in 

                                                           
* This work was performed under the auspices of the U.S. Department of Energy by the 
University of California, Lawrence Livermore National Laboratory under contract No. 
W-7405-Eng-48. 
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achieving the peak and average x-ray spectral brightness required for such 
applications. 

In this paper, we describe the first production of x-rays using Compton 
scattering at Lawrence Livermore National Laboratory (LLNL). A brief 
summary of our main results is given here, while a more detailed description is 
provided in the remainder of the text. In January 2003, the PLEIADES 
(Picosecond Laser-Electron Inter-Action for the Dynamical Evaluation of 
Structures) facility produced first light at 70 keV. This important milestone 
offers a new opportunity to develop laser-driven, compact, tunable x-ray sources 
for critical applications such as NIF diagnostics and time-resolved material 
studies. Initial x-rays were captured with a cooled CCD using a Cesium Iodide 
scintillator; the peak photon energy was approximately 70 keV, and the observed 
angular distribution was found to agree very well with three-dimensional codes. 
The electron beam was focused to 80 �m rms, at 54 MeV, with 250 pC of 
charge, a relative energy spread of 0.2%, and a normalized emittance of 10 
mm.mrad. Optimization of the x-ray dose is currently underway, with the goal of 
reaching 108 photons per shot and a peak brightness approaching 1020 
photons/mm2/mrad2/s/0.1%bandwidth, which would represent a world-record 
brightness at this x-ray energy and pulse duration. 

The aforementioned technical breakthroughs in the fields of solid-state 
lasers and high-brightness electron accelerators provide a unique opportunity to 
develop an entirely new class of advanced x-ray sources, with characteristics 
approaching those of third-generation light sources, 29 in a much more compact 
and inexpensive package. This, in turn, offers the possibility of an important 
spin-off of ultra-short pulse laser technology into the field of molecular biology, 
which is currently growing at an exponential rate: following the completion of 
the Human Genome Project, 30 the systematic study of protein structure and 
function 31,32 is expected to dominate biophysics in the first half of the 21st 
Century. In addition, a new paradigm for rational drug design has now emerged, 
using both recombinant DNA technology 33 and x-ray protein crystallography. 
New classes of drugs, 34 as recently exemplified by the development of HIV 
protease inhibitors, 35,36 successfully reduced the viral load of AIDS patients 
below the detection threshold of enzyme-linked immuno-sorbent assays. 37 

In protein crystallography, recombinant DNA technology is used to produce 
large quantities of a given protein by splicing the corresponding coding DNA 
sequence into the genetic material of a bacterium. The transfected bacteria are 
cultivated and upon induction overexpress large quantities of the selected 
protein, which is then isolated, purified, and crystallized. Diffraction data are 
routinely collected at LN2 temperature, and the experimental phase 
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measurements necessary for the reconstruction of the electron density are 
primarily determined by the multi-wavelength anomalous diffraction (MAD) 
method. 27,28,38 Finally, a molecular model of the structure is built into the 
reconstructed three-dimensional electron density map. 

The key characteristics of an x-ray source useful for protein crystallography 
are its small size, low angular divergence, good transverse coherence, and high 
average spectral brightness. In turn, these requirements determine the necessary 
electron and laser beam quality, as will be discussed extensively in this paper. 

2. Electron Beam Design 

 PLEIADES (Picosecond Laser Electron Inter-Action for Dynamic 
Evaluation of Structures) is a next generation Compton scattering x-ray source 
being developed at LLNL. Ultra-fast ps x-rays (10-200 keV) will be generated 
by colliding an energetic electron beam (20-100 MeV) with a high intensity, sub-
ps, 800 nm laser pulse.  Generation of sub-ps pulses of hard x-rays (30 keV) has 
previously been demonstrated at the LBNL Advanced Light Source injector 
linac, with x-ray beam fluxes of 105 photons per pulse. The LLNL source is 
expected to achieve fluxes between 107 – 108 photons for pulse durations of 100 
fs to 5 ps using interaction geometries ranging from 90� (side-on collision) to 
180� (head-on collision). 

 To achieve such a high x-ray flux, a very high brightness electron beam, 
capable of being focused to a 10-20 �m spot size at the interaction point, will be 
required. The PLEIADES beamline has been designed to meet these demands by 
producing a 1-2 ps, 500 pC bunch with a normalized emittance of less than 5 
�mm-mrad. 

2.1. Experimental Layout 

 The PLEIADES facility consists of a Ti-Sapphire laser system capable of 
producing bandwidth limited laser pulses of 50 fs with up to 1 joule of energy at 
800 nm, an S-band photo-cathode RF gun, and a 100 MeV linac consisting of 4, 
2.5-meter-long accelerator sections.  The RF gun is driven by a picosecond, 1 
mJ, UV laser that is synchronized to the interaction drive laser. 

 A schematic of the interaction region is shown in Figure 1. To maximize x-
ray flux while minimizing effects of timing jitter, the laser incidence angle is 
currently 180 degrees with respect to the electron beam direction, though a 90 
degree interaction geometry will also be possible. The focal length between the 
final focus quadrupole triplet and the interaction region is 10 cm to allow for 
maximum focus strength and minimum electron bunch spot size. A 30-degree 
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dipole magnet bends the electron bunch out of the x-ray beam path following the 
interaction. An off-axis, 1.5 m focal length parabolic mirror is used to focus the 
laser, which, assuming a diffraction limited spot, should reach a minimum spot 
size of about 15 �m FWHM at the interaction point. Currently, a fused-silica flat 
mirror is placed in the x-ray beam path to serve as the final steering optic for the 
laser, though there are plans to replace this with a beryllium flat, which will be 
more transparent to the x-ray beam. 

 

 
 

Figure 1.  Interaction geometry. 

2.2. Electron beam production 

The electron beamline has been fully modeled, from the S-band photo-
cathode RF gun to the interaction point using the Los Alamos particle dynamics 
code, PARMELA, and the electro-static and electromagnetic field solvers: 
POISSON and SUPERFISH. These include simulations of emittance 
compensation between the RF gun and the first linac section, velocity 
compression of the bunch through the first linac section, and subsequent 
acceleration and optimization of beam energy spread and emittance during 
transport through the subsequent accelerator sections. 

The two primary factors that determine the minimum electron bunch spot 
size at the interaction point are beam emittance and energy spread. In addition, 
the x-ray flux will also depend on electron bunch charge. However, optimizing 
emittance and energy spread places a practical limit on the amount of charge in 
the bunch. After finding optimized cases for several different bunch charges, 0.5 
nC was found to be a good compromise between high bunch charge and low 
emittance. 
   The RF gun is designed to accelerate an electron bunch to an initial energy of 5 
MeV, with a peak accelerating gradient of 110 MV/m. The beam is transported 
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to the first linac section, during which emittance compensation is performed by 
focusing the beam to a waist with a solenoid placed directly after the RF gun. 

   Two modes of linac operation have been investigated through simulation.  
The first case is when the electron beam is accelerated on crest through the 
accelerator. In this case, the minimum electron bunch length is about 6 ps 
FWHM. The second mode of operation employs velocity compression, in which 
the beam is injected near the zero crossing of the accelerating field in order to 
provide an energy chirp to the beam, resulting in compression of the accelerated 
bunch. The second accelerator section is then used to accelerate the beam from 
about 10 MeV to about 35 MeV. The third and fourth sections can then be used 
to either remove a large portion of the energy spread induced by the velocity 
compression process, or to simply accelerate the beam further, depending on the 
final beam energy desired. Throughout the acceleration process, the linac 
solenoids are carefully optimized to minimize emittance growth.  
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Figure 2. PARMELA simulation showing electron bunch parameters (energy, energy 
spread, and bunch length) versus longitudinal position in the beam line. The gun cathode 
position corresponds to z = 0 cm, while the interaction region is located at z = 1700 cm. 
 
Figure 3. PARMELA simulation showing electron bunch parameters (emittance, and spot 
size. versus longitudinal position in the beam line. The dotted line shows the solenoid 
magnetic field strength (in kG) for the gun solenoid and the four linac solenoids. 

 
 Figures 2 and 3 show the evolution of several of the beam characteristics 

during the acceleration process determined from PARMELA simulations, 
including emittance, energy spread, and bunch length. Velocity compression is 
used to reduce the rms bunch length from about 2.5 ps at the entrance of the 
accelerator to about 0.7 ps at its exit.  While it is possible to compress further, 
this bunch length was chosen to minimize emittance growth resulting from the 
compression process, while maximizing x-ray yield from the Compton scattering 
interaction. By not compressing fully, it is also possible to remove more of the 
energy spread in the bunch by accelerating off crest in subsequent accelerator 

 
 



 6

sections.  This is performed by accelerating the bunch at the opposite zero 
crossing (180 degree shift) of the zero crossing used in first accelerator section 
to compress the beam.  At the exit of the linac, the bunch energy spread has been 
reduced to 0.5 % rms, while the rms normalized emittance is 3.5 �mm-mrad. In 
this particular case, the final electron beam energy is 35 MeV, though it is 
possible to obtain larger beam energies (up to 100 MeV) with similar results. 

Final focus simulations were performed using PARMELA and Trace-3D. 
The electrons are transported 3 meters from the accelerator exit and focused with 
a quadrupole triplet. The triplet is about 50 cm long, and the focal length is 
about 10 cm. The maximum field gradient in the quadrupole magnets is 15 T/m.  
The rms convergence angle of the focus is about 3 mrad. In the simulation, the 
beam is initially defocused in y, leading to a larger size in this dimension going 
into the second quadrupole. This results in more significant chromatic 
aberrations in the y dimension than in x, and is manifested by a slightly larger 
emittance and spot size in y at the interaction point, as can be seen in 
PARMELA simulations of the final focus. Figure 4 shows the transverse profile 
of the electron bunch at the focus as determined by PARMELA. The electron 
beam focus parameters are summarized in Table 1. 
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           Figure 4. Profile of the electron beam at focus. 
                 

   TABLE 1.  Electron Beam Parameters at Focus. 
Parameter Value 
�xn (mm-mrad) 3.4 
�yn (mm-mrad) 5.0 
�x (�m) 12 
�y (�m) 20 
�t (ps) 0.74 
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3. Calculation of X-ray Production 

 The expected x-ray production was calculated and the effects of RF phase 
and timing jitter were determined by integrating the emission probability per unit 
time, dNx/dt, given by  

 

� � � � � � � �1 ,3x
γ e

dN t = σc n ,t n ,t
dt

� � ���v k x x d x                                  (1) 

 
where Nx is the total number of x-rays produced, n�(x,t) is the laser photon 
density, ne(x,t) is the electron density, � is total Compton cross section, v is the 
velocity of the electron beam, and k is the wave number of the laser pulse.  The 
calculations were performed for a 300 mJ, 300 fs laser pulse in conjunction with 
the PARMELA output in place of ne(x,t). In this case, n�(x,t) was assumed to 
have a Gaussian profile, given by   
 

� �
� � � �

2 2

2 22
0 0 0

/ 2
, , exp 2 exp

1 / 1 /
,�

�

� �
� � �

�� �

� �� � � �� �
� 	
 �� 

� �� �� � � �� �� �

t z c r
n r z t

tz z w z z
          (2) 

 
where z0 is the laser Rayleigh length, �t is the pulse duration, �� is the peak 
photon density, and w0 is the minimum laser spot size. ne(x,t) is replaced with a 
delta-function representing the position and charge of each PARMELA macro-
particle as a function of time. Figure 5 shows the calculated x-ray pulse profile in 
time. The average photon energy is 30 keV, and the peak x-ray flux is about 6 x 
1019 photons/s with an integrated photon yield of about 108.  A 3-D frequency 
domain calculation of the x-ray output has also been performed, showing the on 
axis spectral bandwidth to be about 10%. The peak spectral brightness is 
calculated to be 1020 photons/s/0.1% bandwidth/mm2/mrad2

. 
Effects of phase jitter were simulated by varying the relative phase of the 

linac sections with respect to the RF gun in the PARMELA simulations, and 
using the resulting electron beam parameters in the calculation of the x-ray 
production. Figure 6 shows the expected x-ray yield versus phase jitter for the 
cases where the electron beam is compressed in the first section (accelerated 
near the zero crossing), and not compressed (accelerated on crest). 
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Figure 5.  X-ray flux (photon/s) vs. time (ps). The total number of photons in the pulse is 
about 108, and the average photon energy is 30kV. 
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Figure 6. Simulated x-ray yield versus phase shift (Solid: compressed beam. Dotted: 
uncompressed). 
 

It is seen that the phase jitter requirement for the compressed beam is less 
than one degree (or about 1 ps). Thus, picosecond phase and timing control will 
be required to maintain stability of the x-ray source when velocity compression 
is implemented. 
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4. Electron Beam Characterization 

  To date, electron bunches with up to 700 pC of charge have been produced 
with up to 100 �J of UV laser energy incident on the gun photo-cathode. The 
beam has been transported through the linac and accelerated up to 60 MeV. 
Quad scan emittance measurements have been performed for 300 pC, 60 MeV 
bunches, yielding a normalized rms emittance of 9 mm-mrad (Figure 7). The rms 
energy spread has been measured to be 0.2%.  Improvements in emittance are 
expected with improvements in the UV drive laser uniformity and optimization 
of the electron beam transport. Additionally, an increased gradient in the RF gun 
will help improve the emittance.  A new cathode has been installed in hopes of 
alleviating breakdown problems that have limited the accelerating gradient to 
about 80 MV/m. 

 Phase jitter between the drive laser oscillator and the RF phase in the gun 
has been measured by mixing a 2.8 GHz signal generated by the laser oscillator 
with a signal produced by a probe inside the RF gun. This has shown short time 
scale (< 1 minute) phase stability of � 1 degree.  Longer term phase drifts are 
mitigated by a computer controlled feed back loop and voltage controlled phase 
shifter. Plans are also underway to implement a direct measurement of the UV 
drive laser arrival phase in the RF gun. The direct phase measurement will 
employ a 20 GHz bandwidth, 800 nm optical fiber switch modulated by 
microwaves sampled from the RF gun to provide a nonlinear correlation between 
the gun fields and the IR laser pulse used to produce the UV photocathode drive 
laser. 

  Both the electron beam and the interaction drive laser have been imaged by 
placing a metal cube in at the interaction point to send OTR light from the 
electron beam and laser light into the same camera. Using a CCD camera, the 
electron beam spot sized has been measured to be about 70 �m rms, while the 
laser spot size has been measured to be about 30 �m.  This is about twice the 
optimized spot sized determined from PARMELA simulations, based on the 
measured beam emittance.  Further optimization of the final focus quads should 
help reduce the spot size.   
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Figure 7. Quadrupole scan measurement of 60 MeV, 300 pC electron beam. �n = 9.3 
�mm-mrad. 
       

      The synchronization and timing overlap between the laser and electron 
bunches have been performed with a streak camera.  A schematic of the 
measurement, as well as the streak camera image is shown in Figure 8, indicating 
good temporal overlap of the two bunches.  The jitter has been measured to be 
within the resolution of the streak camera (about 2 ps).  Additionally, indirect 
timing jitter measurements performed by mixing wakefields produced by the 
electron bunch with a frequency multiplied photo-diode signal from the laser 
oscillator are consistent with the jitter results obtained by the streak camera 
measurements, indicating an rms timing jitter less than 2 ps. 
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Figure 8. E-beam to laser synchronization measurement. 
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5. X-Ray Production 

First light of the PLEIADES Thomson x-ray source has been achieved.  
Figure 9 shows the measured beam profile taken with the x-ray CCD camera.  
The electron beam energy in this case was 60 MeV, and the bunch charge was 
about 300 pC. Due to the optical misalignments, which have since been 
corrected, the, the laser energy delivered at the interaction was only about 40 mJ.  
The image is integrated over 1200 shots. The estimated average photon count 
per shot at the interaction point is about 5 x 104, and the peak photon energy is 
about 70 keV.  The theoretical intensity profile (shown on the right hand side of 
Figure 9) agrees well with the measured profile.  The theoretical curve includes 
the broadening effects of the measured beam emittance as well as the narrowing 
effect derived from the spectral dependence of the x-ray transmission coefficient 
through the laser turning mirror. 

 Dramatic improvements of the per shot x-ray dose are expected after 
improvement in the electron beam final focus, reduction of electron beam 
emittance through the optimization of the photocathode UV drive laser profile 
and electron beam transport optics, and the optimization of the IR drive laser 
energy delivered to the interaction region. This will allow for the realization of 
final focus spot sizes as small as 10 �m rms, enabling the production of up to 108 
x-ray photons per collision. 
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Figure 9. Measurement of X-ray beam profile. Left: CCD image. Right: Lineout intensity 
profile: measurement (dots), theory (line). 

6. Conclusions  

The PLEIADES Thomson X-ray source is a unique, high peak brightness x-
ray source that, when optimized, will be useful for ultra-fast imaging 
applications to temporally resolve material structural dynamics on atomic time 
scales.  Electron beam simulations and x-ray production codes have been 
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performed to completely model the theoretical source performance. To date, 0.3 
nC, 60 MeV bunch had been focused to 70 �m rms spot sized and collided with 
a 40 mJ, 30 �m laser pulse to produce 70 keV x-rays.  Optimization of the 
experiment will include increasing the laser energy delivered to the interaction 
region to about 300 mJ, and decreasing the electron beam emittance to less the 5 
mm-mrad rms.  This will enable the achievement of a 10 �m spot size at the 
interaction and the production of 108 x-ray photons per pulse. Once optimization 
is complete, PLEIADES should achieve a peak x-ray brightness approaching 
1020 photons/0.1% bandwidth/mm2/mrad2. 

 The PLEIADES Compton x-ray source facility will provide high brightness 
(> 107 x-rays/pulse), picosecond pulses for dynamic measurements in matter, 
including radiography, dynamic diffraction, and spectroscopy. The PLEIADES 
electron beamline will be capable of producing the high brightness electron 
beam needed to drive this source. Simulations have shown that a 1 ps, 500 pC 
bunch with an rms normalized emittance of less than 5 �mm-mrad should be 
achievable, and will allow for the attainment of a 10 �m rms spot size at the 
interaction point. Initial electron beam measurements have been performed, and 
expected performance parameters and planned jitter measurements and control 
methods have been presented. 
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Infrared synchrotron radiation in accelerator
experiments

A.A. Maltsev

Joint Institute for Nuclear Research, 141980 Dubna, Russia

The devises, researches and developments in the physicist and technology of physi-
cist accelerator experiments of infrared methods, measuring and information sys-
tems for passive, nondestructive diagnostics of the beams and bunches of charged-
particles and for nondestructive studies of fast radiation processes.

1. INTRODUCTION

Synchrotron radiation of relativistic charge-particles is a well-known effect

observed in electron-ring accelerators and storage systems and is widely

used in various experiments and investigations, in particular, for passive,

nondestructive diagnostics of electron bunches during formation and accel-

eration of the bunches [1]. Synchrotron radiation can be used to measure

the current, energy, and geometrical dimensions of electron and proton

beams and bunches without affecting the accelerated particles, as well as

for nondestructive studies of fast processes.

The objectives of this work are as follows - we present the methods and

systems of nondisruptive diagnostics and study of charged-particle (elec-

tron, electron-ion, and proton) bunches (beams) based on the use of their

magnetic-bremsstrahlung (synchrotron) radiation in a wide spectral range,

from the ultraviolet to the far long-wave infrared region.

In this paper, we describe the infrared one-element integration detec-

tors and position sensitive one-coordinate detectors (the sensitive elements

are arranged in line) and present the results of measurements with this

detectors.

The extension of the spectral range of positively diagnosed synchrotron

radiation opens up new possibilities and prospects for solving scientific and

applied problems.

2. INFRARED SOURCES

Synchrotron radiation is a well understood effect which is widely used at

electron ring accelerators and storage rings. All charged particles, including

protons, emit synchrotron radiation as they move along a curved trajectory

in a magnetic field. However, since the proton rest energy E0p (938 MeV) is
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larger than the electron rest energy E0e (0.511 MeV) by a factor of 1835.6,

the intensity of the synchrotron radiation for protons is lower by the same

factor for a given particle energy and curvature of the trajectory. Therefore,

for the energies available until recently at proton accelerators, synchrotron

radiation has hardly been used at all. This explains the limited number of

publications on this topic. Such publications have begun appearing only

since the late 1970s and deal with the production of synchrotron radiation

by the 400-GeV SPS proton synchrotron at CERN (synchrotron radiation

at the edges of the displacement magnets at wave-lengths ∼ 0.6 µ [2]).

The construction of accelerator-storage-ring complexes like UNK [3], SSC

[4] or LHC [5] for protons of energy 3-20 TeV may significantly effect the

monopoly of electron ring accelerators as the main producers of synchrotron

radiation.

Analysis of the synchrotron radiation spectra of proton ring accelerators

at the leading accelerator laboratories around the world shows that the bulk

of the spectral distribution of the radiation for protons of energy up to ∼

1 TeV lies in the infrared region [6].

Estimating the intensity of the proton radiation and comparing it with

that of the synchrotron radiation of low-energy electrons at, for example,

the JINR accelerator - compressor electron-ring bunch (see [6]), we find that

the techniques and systems of infrared synchrotron diagnostics developed

for the JINR accelerator [6] and later used in accelerator experiments may

also be useful for the diagnostics of proton beams with energies above 100

GeV. So far we know of no cases of diagnostics of proton beams with proton

energy above 400 GeV. The calculation of the characteristics of synchrotron

radiation and the choice of techniques and diagnostics systems have been

made and demonstrated for the example of the ring-shaped bunches during

bunch compression in the high-current low-energy accelerator - compressor

of ring-shaped electron (electron-ion) bunches are based on the measure-

ments of synchrotron radiation [1]. The spectrum of synchrotron radiation

from the compressor (electron energy 4 ∼ 2.5 ÷ 20 MeV, electron orbit

4R ∼ 40 ÷ 4 cm) corresponds largely to the far-infrared range.

An important feature of synchrotron radiation is the fact that its charac-

teristics can be predicted theoretically and an exact quantitative description

of it can be obtained. The spectral distribution of the instantaneous power

of synchrotron radiation emitted by an ultrarelativistic particle of energy

E moving along a circular orbit of radius R in the wavelength λ per unit
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wavelength interval is given by the expression [7]

w(λ) =
35/2

16π2
·
e2c

R3
· γ7 · y3

∫

∞

y

K5/3(η)dη, (1)

where e and m are the particle charge and mass; c is the speed of light;

γ = E/mc2 is the relativistic factor; y = λc/λ, where λc is the critical

wavelength

λc =
4πR

3
γ−3; (2)

K5/3 are the modified Bessel function.

The critical wavelength λc is related to the wavelength λm corresponding

to the maximum of the spectral distribution of the synchrotron radiation

as

λm = 0.42λc. (3)

Equation (1) involves the function

G(y) = y3

∫

∞

y

K5/3(η)dη.

This expression characterizes the universal curve of the spectral distribu-

tion (tabl. 1) of the intensity of synchrotron radiation of an ultrarelativistic

particle, which can be used to obtain the distribution at any energy, since

the shape of the curve is independent of the particle energy.

This Table has been used to construct the spectral distribution of the

power of the synchrotron radiation w(λ) of electrons and protons with dif-

ferent energies and orbit radii (see Ref. [1, 6]).

3. METHODS

Basing on these methods there were elaborated measurement systems for

the diagnostics of current and geometrical ring parameters [1,2].

3.1. Number of charge-partilens

The electron number measurement method is based on the direct depen-

dence of the synchrotron radiation intensity on the electrons number and

the synchrotron radiation registration is made in the spectral region λ � λc,

when the radiation intensity is independent of the energy of electrons.

If the total power W of the radiation of the e-bunch is proportional

to the number Ne of electrons in the ring bunch, for a given number of

electrons the total power of the radiation is W = Ne · w.
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y(n) G(y) y(n) G(y) y(n) G(y)

82.0000 0.0000E+0 1.1714 0.7920E+0 0.0205 0.2316E-03

41.0000 0.2146E-13 1.0250 0.6727E+0 0.0164 0.1389E-03

27.3333 0.6769E-08 0.9111 0.5741E+0 0.0137 0.9136E-04

20.5000 0.3086E-05 0.8200 0.4930E+0 0.0117 0.6408E-04

16.4000 0.1074E-03 0.4100 0.1512E+0 0.0103 0.4710E-04

13.6667 0.1056E-02 0.2733 0.6857E-01 0.0091 0.3590E-04

11.7143 0.5098E-02 0.2050 0.3804E-01 0.0082 0.2815E-04

10.2500 0.1590E-01 0.1640 0.2380E-01 0.0041 0.5658E-05

9.1111 0.3726E-01 0.1367 0.1612E-01 0.0027 0.2208E-05

8.2000 0.7169E-01 0.1171 0.1155E-01 0.0021 0.1132E-05

4.1000 0.8114E+0 0.1025 0.8636E-02 0.0016 0.6738E-06

2.7333 0.1211E+1 0.0911 0.6670E-02 0.0014 0.4409E-06

2.0500 0.1216E+1 0.0820 0.5287E-02 0.0012 0.3080E-06

1.6400 0.1086E+1 0.0410 0.1121E-02 0.0010 0.2257E-06

1.3667 0.9325E+0 0.0273 0.4468E-03 0.0009 0.1716E-06

The electrons number Ne in the ring bunch can be calculated if one-

electron synchrotron radiation power w is known and synchrotron radiation

total power W is measured:

Ne = W · w−1 = USRS−1f(E, R, G, λ). (4)

The power of the radiation of a single electron for γ � 1 is given by

w[W·e−1] =

∫

∞

0

w(λ)dλ = 4.6 · 10−16γ4R−2[m]. (5)

The total synchrotron radiation power can be determined if we know:

the signal on the radiation detector - USR; the calibration constant of the

detector - S; the energy electrons - E; the orbit radius - R; the coefficient of

synchrotron radiation flow using, from G - geometrical factor determined

by solid angle of the synchrotron radiation detector; relative spectral char-

acteristic ε(λ) of the detector; the coefficient of spectral passing τ(λ) of in-

terval pass limits environment (window, filters, optics) and the synchrotron

radiation polarization properties.
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In general case the signal on the radiation detector-receiver can be the

following:

USR = NeSG

∫

∞

0

w(λ)ε(λ)τ(λ)dλ, (6)

where S is the calibration constant of the detector (V/W ), measured with

the help of the known methods at the thermal source - tungsten filament

lamp.

There are two variants of synchrotron radiation intensity measurement:

the approximate one when the radiation is measured only in the median

plane of the electron ring with the detector, and the more precise one when

the detectors system involves the greater part of the solid angle, where the

most part of the synchrotron radiation is concentrated. The first method

is good by simplicity of the apparatus and bad by the absence of operative,

for every accelerator pulse, information about the angular distribution of

the synchrotron radiation.

3.2. Geometrical parameters

Since a bunch of the charged particles in an accelerator can be considered

as an ensemble of oscillators with three degrees of freedom (longitudinal

(synchrotron) and two transverse (betatron)—radial and axial ones), the

diagnostic set must provide the measurements of the corresponding geo-

metrical parameters of the bunch and possibility of observing the bunch

dynamics. The method of measuring the sizes of the bunch and its location

inside the accelerator, as well as studies of the bunch dynamics during the

compression involves the facilities for extraction of SR from the accelera-

tor chamber, its transportation, and detection. The appropriately reduced

image of the bunch cross section is focused on and recorded by a detector

unit with sensitive elements arranged in line.

3.3. Angular divergence

An important parameter for the diagnostics of a ring bunch in the is the

angular divergence of the synchrotron radiation in the direction perpendic-

ular to the median plane of the ring bunch. Measurement of this quantity

gives information about the electron energy and angular distribution (ax-

ial betatron oscillations). A method has been developed to measure the

divergence of the radiation beam and the characteristics related to this di-

vergence. This method is based on repeated (throughout the acceleration
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cycle) measurement of the intensity of the synchrotron radiation as it ex-

its the accelerator chamber by means of an infrared detector whose length

covers most of the synchrotron radiation flux in the direction perpendicular

to the plane of rotation of the charged particles. This technique makes it

possible to:

• Estimate the electron energy in the bunch.

• Measure the power of the synchrotron radiation, taking into ac-

count its actual angular distribution, thereby raising the accuracy

of absolute measurements of the number of electrons in the bunch.

• Use the nature of the broadening of the angular distribution of syn-

chrotron radiation to estimate the frequency of betatron oscillations

of electrons in the bunch and the intensity of the ion component of

the bunch loaded with ions.

4. EXPERIMENTAL APPARATUS

The diagnostics of the parameters of the ring bunch are performed simulta-

neously by several information-measuring systems [8] which realize the var-

ious methods listed in the preceding section. Synchrotron radiation from

the electron ring is extracted through an infrared window of the vacuum

chamber of the accelerator, then it is transported along the optical channel

over the given distance and is received by a detectors unit with a power

sources. The detector signals are registered and processed by an electronic

facility, and then transferred to a computer for the real-time processing. In

the immediate vicinity of the accelerator, there is only the detector units,

which includes a single-element and multielement coordinate infrared de-

tectors with a preamplifier in each of the recording channels, a cryogenic

system (in the case when the detector is cooled to the temperature of the

liquid nitrogen), and a power sources. The detectors unit can be moved

in the image plane by an electric motors, which is remotely controlled by

a unit. The processing facilities are outside the region of the radiation

damage.

The synchrotron light is extracted from the accelerator through win-

dows made of various optical materials. The optical channel designed for

the extraction and transportation of SR includes an output window and a

long-focus wide-band optical mirror channel; at the output of the channel,

radiation is focused on the sensitive surface of the coordinate detector.

The synchrotron radiation extracted from the accelerator is recorded by

three independent infrared detection systems forming a single information-
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measuring complex [8]. Each system performs a specific task, operating

synchronously on a common time scale.

The device with a single-element detector is designed for measuring the

absolute number of electrons. The geometrical parameters of the bunch are

measured using a system containing a multi-element coordinate detector

system located at the focus of the optical channel. The angular divergence

of the synchrotron radiation and its intensity are measured by an infrared

coordinate detector with linear arrangement of the elements.

The information obtained from the measuring systems is collected and

processed in the units, which incorporate a computer. This information

significantly raises the overall accuracy and information content of the mea-

surements.

The choice of detectors for the diagnostics systems is determined by the

intensity and spectral characteristics of the recorded synchrotron radiation,

and also by the conditions of operation of the accelerator.

The main requirements in choosing the detectors were the following:

(1) High spectral sensitivity in the wavelength range λ ' 0.4 ÷ 40 µ.

(2) Time resolution (speed of response) τ ≤ 0.1 ÷ 5 · 10−6 s.

(3) Simplicity of operation (absence of complicated cryogenic systems).

Various types of infrared collector were considered. Five types of pho-

tocollector sensitive to the given region of the infrared spectrum were pro-

posed to conform with the above requirements. The main characteristics

of these photocollectors are listed in Table 2.

With the exception of the standard GeAu photocollector mass-produced

industrially, all the detectors were either developed by other laboratories

collaborating with JINR, or were designed and built at JINR itself. The

detectors based on pyroelectrics were developed at the Dresden Technical

University (DTU) in Germany and used in the international collaboration

between DTU and JINR.

The synchrotron radiation of the electrons can be recorded either by all

the measuring systems simultaneously or by each separately. The radiation

intensity is recorded by detectors and output as an analog signal, which

is preamplified to the required amplitude and fed via a cable to the con-

trol panel of the accelerator, where it is transformed into digital from and

processed by computer. The measurement channels allow repeated (up to

10 times) recording of a ring compression cycle in the compressor of the

accelerator. The duration of the measurement date is 0.1 µs. The time

interval between successive measurements can be varied from 100 µs and
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ype of Working Working Integrated Dark Inertia Threshold

device tempera- spectral sensitivity resistence, τ , Pmin,

ture T, range 4λ, S,

K mkm V·W−1 Ω se W·Hz−1/2

Photodiode

Si 295 0.4 ÷ 1.1 – – 1 · 10−8 1 · 10−12

Photoresi-

stor PbSe 295 0.9 ÷ 4.6 1 · 103 1 · 104 2 · 10−6 3 · 10−9

Photoresi-

stor InSb 77 0.7 ÷ 5.9 3 · 104 2 · 105 1 · 10−6 3 · 10−11

Photoresi-

stor GeAu 77 1.8 ÷ 8.6 1.4 · 103 2 · 105 1 · 10−7 1 · 10−10

Pyroelectric

LiNbO3 295 0.6 ÷ 46 2 · 102 – 1 · 10−6 2 · 10−11

more for a total duration of the synchrotron radiation pulse of about one

millisecond.

5. CONCLUSION

Methods for measuring the current and geometrical parameters and es-

timating the energy parameters of bunch in ring accelerators using syn-

chrotron radiation in the infrared region are reviewed, together with the

information-measuring systems designed to detect synchrotron radiation

and realize these methods. The synchrotron radiation spectrum that is

used lies mainly in the infrared region. The detection systems incorporate

specially designed infrared-optical elements (a high-vacuum window of op-

tical ceramics and broad-band, long-focus optical channels). The radiation

is detected in the spectral region 4λ = 0.3 ÷ 45 µ by infrared detectors

operating at low temperature or room temperature.

It should be noted that the range of applicability of these results is
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fairly broad. Most of the techniques and information-measuring systems

described here can be used in the same or slightly altered form at other

electron and proton ring accelerators which generate synchrotron radiation,

for example, LHC - SPS, UNK, the synchrotron radiation spectrum at

which lies mainly in the infrared region. They are useful both for the

diagnostics of bunches and beams during their dynamical development,

and for carrying out various types of scientific research and solving applied

problems based on the use of infrared synchrotron radiation, including beam

diagnostics and research at electron-positron storage rings [6].

The objectives of this work are as follows:

• We present the methods and systems of nondisruptive diagnos-

tics and study of charged-particle (electron, electron-ion, and pro-

ton) bunches and beams based on the use of their magnetic-

bremsstrahlung (synchrotron) radiation in a wide spectral range,

from the ultraviolet to the far long-wave infrared region.

• We draw attention to the great diversity of problems, both in ac-

celerator experiments (for example, the study of the coherence of

synchrotron radiation or of the coherent processes at colliders) and

in other, sometimes quite unrelated fields, such as metrology, high-

temperature superconductivity, biology, etc., which might be solved

by means of infrared synchrotron diagnostics, covering the interval

of wavelengths 4λ = 0.3 ÷ 45 µ, which is much larger than the

spectral range that is widely used at present (basically, the range

4λ = 0.3 ÷ 1.1 µ) in various experiments and investigations.

The extension of the spectral range of positively diagnosed synchrotron

radiation opens up new possibilities and prospects for solving scientific and

applied problems.
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Infra-Red Coordinate Detector for the 

Measurement of Angular Divergence Synchrotron 

Radiation

A.A. Maltsev*, M.A. Maltsev, M.V. Maslova 

JINR 141980 Dubna Moscow reg., Russia 

The multi-channel detector system for measuring angular distribution of the synchrotron 

radiation intensity in compressor of electron rings of JINR is described. The detector 

consists of uncooled photoresistors made of PbSe with 120 mm long linear arrangement of 

elements with 0.2x1 mm area. The system is intended for measuring the absolute number 

of electrons and for investigation dynamics of electron (electron-ion) ring-shaped bunch.

1. Introduction

For electron-ring accelerators, such as the compressor of high-current 

ring-shaped bunches of low-energy electrons created in Joint Institute for Nuclear 

Research (JINR) in 70 years, synchrotron radiation is a unique source of the 

direct objective information about a compressed ring [1]. It allows to ensure 

uncontacted not destroying diagnostics of the basic parameters of the electron 

(electron-ion) ring-shaped bunch in process and on a final stage of its formation. 

The main purpose of the work, represented in this clause, is to raise 

accuracy of measuring the number of electrons in the ring-shaped bunch 

compressed in the compressor. For obtaining of information on absolute number 

of electrons (Ne) in the ring-shaped bunch and scope of their fluctuations along 

an axis of a ring (axial betatron of fluctuation) serves such characteristics of 

synchrotron radiation, as integral from his complete flow and angular dependence 

of distribution of its intensity. 

For realization this problem the coordinate detector was developed. The 

detector is intended for measuring the synchrotron-radiation intensity and for 

studying of angular distribution of this intensity depending on number of 

electrons in the bunch, their angular distribution, and also other factors (for 

example, cross size of the bunch, presence of ion component etc.) during 

compression of the ring. 

Generally number electrons Ne of proportionally complete the 

synchrotron-radiation intensity of a ring: 
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Fig. 1. Schematic image of installation for measuring angular distribution electrons on 

angular divergence of synchrotron radiation: 1 -  electron bunch; 2 - synchrotron 

radiation beam; 3 - vacuum chamber of accelerator; 4 - high-vacuum window; 5 - one-

coordinate detector; 6 - block preamplifiers; 7 - charge-digital converters; 8 - buffer

memory; 9 - management block; 10 - computer. 

where:

Usr – electrical signal on the detector synchrotron radiation proportional to 

radiation intensity, got on the detector and registered by it, V;

S – calibration  constant of the detector, its integrated sensitivity expressed in 

volts on unit of falling intensity and measured  in calibration experiments; 

Gsr- geometrical factor determined by geometry of experiments and angular 

distribution of synchrotron radiation intensity;

w  - radiation  intensity of one electron;  

 - relative spectral sensitivity of the detector;  

 - spectral transmission of intermediate optical environments. 

The constant S is defined on a thermal source, at which, as is known, 

spectral distribution of radiation intensity is close to distribution of synchrotron-

radiation intensity. As a reference source tungsten tape lamp calibrated on an 

absolutely black body was used. 

The geometrical factor is defined on measured angular divergence of 

flow synchrotron  

radiation rather median plane of the ring-shaped bunch: 

dw
w

Gsr
0

1
,   (2)



where

w(0) - intensity  of synchrotron radiation in a median plane of a bunch ;  

w(  )- measured experimentally distribution of a flow of radiation in function of 

a corner  between a direction of radiation and median  plane of the ring-shaped 

bunch (fig. 1). 

2. Experimental technique 

The feature of the compressor in JINR is owing to the low energy  (Ee

< 20 MeV) relativistic electrons the synchrotron radiation spectrum lies mainly 

in the infra-red region. During the compression the ring is compressed from 

initial radius 36 cm up to final 4 cm, and the electron energy is increased from 2

MeV up to 20 MeV. Finally the maximum of spectral distribution of 

synchrotron-radiation intensity gets to near infra-red region of the wavelengths 

( m 1.2 mkm) and the radiation becomes accessible to registration by usual, 

enough simple in operation (not requiring complex cryogenic engineering) 

detectors of infra-red radiation. 

Proceeding from this spectral feature of the accelerator and analysing 

existing detectors as detectors and registrars of infra-red synchrotron radiation 

intensity, the photoresistance of PbSe were chosen. At speed  1 3 mks

detectors are sensitive to radiation in spectral region  0.8 4.6 mkm, that 

corresponds to a working spectral range according to the experiment 

requirements. The characteristic of relative spectral sensitivity of detectors is 

shown in fig. 2. The important advantage of detectors of PbSe is high reliability 

and stability of their characteristics in time. 
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Fig. 2. Relative spectral sensitivity of the detector 



The detection block consists of six modules. Such detector design 

allows to operative replace one or several faulty sensitive elements, what is 

easier and cheaper, than to replace all the detection block. In turn, in a design of 

the module the opportunity of its repair is stipulated. There is an access to 

conclusions of each element, what allows, if it is necessary (at malfunction and 

depending on the linear sanction, required by experiment), to unite sensitive 

elements as several. 

In accelerator experiment, for which the detector was developed and 

was created, the linear sanction about 4 mm was required, therefore in each 

measuring channel till four photosensitive elements were used. 

The adjustment and calibration of the one-coordinate detector was 

carried out on the stand with a thermal source, as which the tungsten lamp 

(reference light-measurement) served [2]. The thermal radiation flow on the 

intensity and spectral structure corresponded to the researched synchrotron 

radiation flow. With the help of the mechanical disk modulator the radiation 

pulse close on the frequency and duration to the synchrotron radiation pulse of 

the accelerator was simulated. 

The control of serviceability of the detector and channels of 

information-measuring system is stipulated by submission to sensitive elements 

of infra-red radiation from light-diode, established in the case of the detection 

block under such corner to photdetectors to not shield a direct synchrotron-

radiation bunch. 

The process of diagnostics of the ring-shaped electron bunch, 

compressed in the compressor, through its synchrotron infra-red radiation, 

includes following operations: 

— Conclusion of radiation from the vacuum chamber of the 

compressor through special high-vacuum window of optical ceramics MgF2,

passing a wide spectrum of waves. If it is necessary for easing intensity and 

allocation of a range, required by experiment, of wavelengths, the neutral and 

threshold optical filters are stipulated. 

— Registration of synchrotron radiation in the given working spectral 

range by photosensors - measuring converters of intensity falling on a surface of 

sensitive elements of synchrotron radiation in an electrical signal. The sensors 

are established in a direct synchrotron-radiation bunch. 

— Allocation of a useful signal on a background of pulse 

electromagnetic and radiating high-power handicaps. Preliminary amplification 

of a signal and his transfer on a cable highway on electronic blocks of 

registration and accumulation of the information placed on the management 

board outside of radiation-dangerous zones. 

— Processing of results of measurements on the computer and their 

distribution in a required kind. 



The detection block of photosensitive elements is developed specially 

for increase of accuracy of measuring number of electrons in a bunch, 

proceeding from real conditions and requirements of accelerator experiment. 

The detector represents the not cooled multielement photodetector with 

elements located in a one number along direct line (photosensor-ruler). The area 

of one element - 0.2x1 mm2. Length of a ruler - L = 120 mm, and 

14srGL ,    (3) 

where:

 - distance from a plane of small cross section of the ring-shaped bunch up to 

the detector; 
2/ mcE - lorenc-factor of relativistic electron;  

E - energy of electron;

m - its  rest weight;  

c - speed of light. 

In fig. 1 the compressor of the ring-shaped electron bunches and the 

coordinate infra-red radiation detector are schematically shown, the function 

chart of information-measuring system with the set of electronics blocks and 

equipment used for measuring angular distribution of synchrotron-radiation 

intensity is submitted. 

From the vacuum chamber 1 of the compressor from the compressed 

ring-shaped electron bunch 2 synchrotron-radiation bunch 3 is deduced through 

high-vacuum window 4 and gets to the multielement one-coordinate detection 

block 5, focused perpendicularly of a median plane of the ring-shaped bunch. 

The electrical signals proportioned of synchrotron-radiation intensity on each 

sensitive element of the detector are transferred into the preamplifiers block 6. 

On the accelerator the detection block is established on distance  100 cm

from radiating cross section of the ring-shaped bunch, in immediate proximity 

(on distance 10 cm) from the window of radiation conclusion from the 

compressor vacuum chamber, in an operative range of pulse radiating and 

electromagnetic fields of the large intensity. With the purposes of effective 

suppression pulse electromagnetic noise, significant in the location of the 

detection block, the signals from sensitive elements of the detector move by the 

braided pairs to inputs of the preamplifiers block 6, referred from the detector 

on distance of 2 m. From the preamplifiers block 6 the amplified signals by the 

cable communication line of length 50 m act to inputs of charge-digital 

converters (CDC) 7. The duration strobe, during which the measurements are 

made, is equal 30 ns. The information of CDC collects in blocks of buffer 

memory 8 and in intervals between cycles of the accelerator is read out to the 

computer 10. Blocks 7 and 8 are operated by the computer through the 

management block 9. The file of the information acting on the computer is 

processed on the given algorithm with distribution of results on the screen of the 

monitor or on a seal. 



The electronic equipment is assembled under the block diagram 

described in [3] and submitted also in fig. 1. The most important part is 256-

channel charge-digital converters. In system, basically, the serial blocks CDC 

and buffer memory are used. The management block synchronizes work of all 

system of the information transfer from measuring channels to the computer. 

The management block allows to work independently without the computer (for 

testing the equipment) and to accept the information on change of synchrotron 

radiation pulse from 1 up to 15 times during 1 millisecond. The time between 

interrogations is established by a delay t (10n+21) mks, where n - number of 

CDC, 20 mks - time of CDC transformation, 1 mks - hardware delay. The 

quantity of cycles and blocks is set by toggle - switches on the forward panel of 

the menegement block. It is possible to set imitation of signals on an input CDC 

from the digital-to-analog converter. 

The software of information-measuring system consists of algorithms of 

definition of electron (electron-ion) of the ring-shaped bunch parameters, 

statistical correlation dependences between these parameters, statistical control 

of the various interconnected measuring devices used on the accelerator. The 

described system works in a complex with other systems of measuring ring-

shaped electron bunch parameters and various gauges of the control of 

operations accelerator modes.

3. Experimental result 

For the use illustration of the detection system in accelerator 

experiment the characteristic angular distribution of flow synchrotron radiation 

from the ring-shaped electron bunch in a working mode of the accelerator 

measured in one of ten moments of compression (time of compression 1 ms) is 

shown in fig. 3. The obtained result shows, that the structure of density of 

synchrotron-radiation intensity of a bunch essentially differs from typical 

angular distribution of synchrotron-radiation intensity of one electron. It is 

explained to  that the geometrical factor depends on some of parameters. 

Thus, the measurement of synchrotron-radiation intensity, in view of 

its angular distribution rather median plane of the ring-shaped bunch, and 

subsequent analysis of the distribution allows not only more precisely to 

estimate of synchrotron radiation intensity, but also gives the information about 

various bunch parameters: energy and number of accelerated particles, their 

angular distribution (axial betatron fluctuation), cross size of a bunch. 

,,,, eizsr NNZfG ,    (4) 



where:

z - root-mean-square axial size of small cross    section of a ring,  

Z and Ni  - charge and number of ions in a ring. 

             The geometrical factor Gsr , included in the formula (1), on which the 

number electrons in the ring-shaped bunch is calculated, is defined with an 
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Fig. 3. Characteristic angular distribution of flow synchrotron radiation measured on 

radius of the ring 4.2 cm. 

average quadratic error 1.8 % and is measured simultaneously with the 

registered synchrotron radiation intensity. The developed multichannel detection 

system allows to raise accuracy of measuring synchrotron radiation intensity and, 

thus, accuracy of estimation number of particles in a ring. 

4. Summary

The application of the infra-red coordinate detector of fast not cooled 

photoresistors with the temporary sanction 1÷3 mks, working on a line from the 

computer, allows to obtain operative information about the various 

characteristics both parameters of bunches and relativistic charged particles, the 

synchrotron radiation spectrum is in infra-red area: for example, about 

formation dynamics and charge of electron-ions of components Ne and Ni, in 

each operation cycle of the accelerator. It, in turn, enables to use the obtained 

information at physical experiments, and also adjustment of the accelerator, 

maintenance and control of an optimum mode of its work [1, 4]. 
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Compton scattering of laser and electron beams in a plasma channel can be 
utilized for high intensity X-ray source and polarized positron source for future 
linear colliders. Transportation of a CO2 laser beam by a 17mm plasma channel 
was observed. An X-ray generation experiment via laser Compton scattering in 
the plasma channel was attempted but the signal could not be separated from 
the background because of the electron beam modulation by the plasma. 
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1. Introduction  

We have been investigating relativistic Compton scattering via interaction 
between high-power pulsed laser and electron beams for production of high 
intensity X-rays and polarized positrons. 

We had made the first proof-of-principle experiment of X-ray production in 
1999 using a 600MW CO2 laser and a 60MeV electron beam provided at the 
Brookhaven Accelerator Test Facility (BNL-ATF) 1,2. After upgrade of the laser 
peak power to 14GW, we demonstrated production of X-ray 
photons/pulse with the pulse duration of 3.5psec in 2001

8107.1 ×
3. 

We had also proposed a new idea of polarized positron source for future 
linear colliders utilizing laser Compton scattering4,5. In this method, polarized 
positrons are produced via two fundamental processes, i.e. generation of 
polarized γ-rays by Compton scattering of a circularly polarized laser beam and 
successive electron-positron pair creation. 

Intensity of the X-rays (γ-rays) produced by the laser Compton scatterings 
can be increased by increasing power of the laser beam. However, high-power 
high-repetition CO2 laser is technically difficult. Moreover, high power density 
introduces the nonlinear process. Namely, an electron absorbs multiple laser 
photons before emitting a single photon of higher energy. If the nonlinear 
process is dominant, polarization of Compton γ-rays becomes smaller and thus it 
cannot be utilized for production of polarized positrons. 

An alternative way we have been investigating to obtain high intense X-
rays (γ-rays) is to utilize the plasma channeling of laser light. If Compton 
scattering of laser and electron beams occurs in free space, the interaction 
distance is limited by the Rayleigh length ( ) λωπ /2

0
2=RL , where 

0ω  is the spot 
size at the focal point and λ  is the wavelength of the laser beam. The Rayleigh 
length is about a millimeter when a CO2 laser beam is tightly focused and thus 
pulse duration of the laser must be picoseconds for efficient use of its energy. 

The plasma channel extends the interaction distance over several 
centimeters. This approach allows the use of nanosecond laser pulse instead of 
picosecond pulse to obtain the same X-ray intensity. Moreover, lower power 
density suppresses the nonlinear Compton process and polarization of produced 
γ-rays stays higher. Therefore, use of the plasma channel benefits both of the 
high intense X-ray source and polarized positron source. 
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2. Plasma Channeling of the CO2 laser  

We utilize a capillary discharge plasma channel6,7 to guide the CO2 laser beam. 
The schematic design of the plasma channel device is shown in Figure 1. A 
short capillary of 3 mm length (trigger capillary) and a long capillary of 17 mm 
length (main capillary) are placed between three electrodes connected to a high 
voltage pulse generator and a capacitor, to which a DC high voltage is applied. 
Both capillaries are made of polypropylene and have a 1 mm inner diameter. 
Formation of the plasma channel is in the following way. 

A high voltage pulse is applied to the trigger capillary and then the initial 
plasma is formed by ablation of the wall material due to the electrical discharge. 
A portion of the plasma expands into the main capillary and develops the second 
discharge when it reaches the external electrode charged up with the capacitor, 
then plasma in the main capillary is formed. A high voltage pulse synchronized 
with the trigger pulse is applied to a spark gap connected to the capacitor in 
series to reduce timing jitter of the plasma formation. Lower density of plasma 
in the center of the capillary leads to a higher index of refraction and thus laser 
beams are guided as in optical fibers. 
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Figure 1. A schematic design of the capillary discharge plasma channel. 

 
Using the capillary discharge plasma channel, transportation of a solid-state 

laser (λ=1µm) has been demonstrated7 with the plasma density of . The 
critical density of plasma is given as, 

31910 −cm
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22
0 / emn ecr ωε=  

where is the electron’s mass, em ω  angular frequency of the laser, e  the 
elementary charge. Thus, the critical density is proportional to  and 

 for the CO

2−λ
31910 −≈ cmncr 2 laser (λ=10.6µm), about 100 times smaller than that 

for the solid-state laser. For guiding the CO2 laser, lower density plasma of 
about  is required. Density of the plasma in the capillary is 

controlled by discharge current, which is monitored in situ. 

31710100/ −= cmncr

An experiment of plasma channeling was performed using the CO2 laser at 
BNL-ATF. The capillary with 17mm length, 1mm inner diameter was placed on 
a 3-axis manipulator with 2-axis tilt. The 180ps, 5J CO2 laser is focused with a 
copper parabolic mirror (focal length=25cm) at the entrance of the capillary and 
a portion of the laser transmitted through the capillary is imaged onto a 
pyroelectric IR camera with 7 times magnification. 

Figure 2 shows the images taken on the IR camera. Fig. 2(a) is the image at 
the focal point, while Figs. 2(b) and 2(c) are the images at 17mm downstream 
from the focal point corresponding to the capillary exit. Fig. 2(b) is obtained in 
free space (capillary retracted) and Fig. 2(c) is obtained with the capillary 
discharge. Note that Figs. 2(b) and 2(c) are taken with the same scale and 
optical attenuation. Thus, transportation of the CO2 laser beam with a small size 
comparable to the focal spot is verified. 
 

 
                  (a)                                     (b)                                    (c)  
Figure 2. The CO2 laser images at (a) the focal point, (b) 17mm downstream without the 
capillary (c) 17 mm downstream with the plasma discharge. 

3. Compton scattering experiment in the Plasma Channel  

We performed a Compton scattering experiment with the interaction chamber, 
in which the plasma capillary and the copper parabolic mirror are set, connected 
to a beam line of the BNL-ATF electron linac. 
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The principle setup of the experiment is shown in Figure 3. The 60MeV 
electron beam from the ATF linac is focused in the middle of the interaction 
chamber. Typical parameters of the electron beam are: bunch charge 0.5nc, 
normalized emittance 1mm mrad, and bunch duration 3.5ps. A mode-locked 
Nd:YAG laser is used for both production of electron bunches at the photo 
cathode RF gun and optical switching of the CO2 laser. This scheme allows us 
to adjust timing of the CO2 laser and electron pulses with smaller timing jitter 
compared with the electron bunch duration.  
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Figure 3.A schematic view of the Compton scattering experiment in the plasma channel. 

 
The CO2 laser pulse is focused at the entrance of the capillary with the off-

axis copper parabolic mirror, whose focal length is 25cm, and collides with the 
electron beam in the capillary. The mirror has a 5mm diameter hole drilled 
along the beam axis to transmit the electron beam and generated X-rays. The 
laser beam is reflected by another copper mirror after the interaction and 
extracted from the interaction chamber. The spent laser beam is supplied to the 
IR camera to monitor laser channeling. The 3-axis translation, 2-axis tilt 
manipulator allows us to align the capillary to both of the laser and electron 
beams. 

The X-rays generated from the interaction are transmitted through the 
mirror hole and extracted from the vacuum chamber through a beryllium (Be) 
window (250µm) placed for vacuum seal. The spent electron beam is separated 
from the X-rays with a dipole magnet and sent to a Faraday cup used for 
measurement of bunch charge. The X-rays propagate through the Be window 
and 20cm air are detected by a silicon diode (Canberra Alpha PIPS detector 
A300: active area 300mm2). 
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The capillary was retracted for the first set of experiments to confirm timing 
adjustment between the laser and electron beams and an X-ray signal 
comparable to the 2001 run was observed. Then the capillary was placed at the 
operating position and the plasma channel was generated by the high voltage 
discharge. A strong γ-ray background, whose energy was much higher than the 
kinematical Compton edge 6.5keV, was observed when the CO2 laser and 
electron beams are collided in the plasma channel. We concluded that the 
electron beam was modulated by the plasma and a portion of the electrons hit 
the capillary wall. Then γ-rays were produced by electron bremsstrahlung. 

We need further study to understand how the plasma affects the electron 
beam. An X-ray spectrometer may help us to distinguish the X-ray Compton 
signal from the γ-ray background8. 
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Boltzmann H-Theorem and irreversible process in a photon gas is considered in
the case, when a new physical phenomena of the ”Compton” scattering type is
salient. The relaxation time of the photon gas is determined.

1. Introduction

At present time many phenomena involving the interaction of relativisti-

cally intense electromagnetic (EM) radiation with plasmas have extensively

been investigated both theoretically and experimentally 1-7. In spite of the

abundance of publications in this field, a class of problems remains highly

complicated and speculative, particularly in the case when the intensity

of radiation increases. Thus the study of the property of such radiation

(strong and super-strong laser pulse, non-thermal equilibrium cosmic field

radiation, etc.) is of vital importance.

Recently a remarkable new aspect of dense photon gas has been ex-

plored by Tsintsadze 8-9. Namely, the Bose-Einstein condensation (BEC)

and evaporation of transverse photons from the Bose condensate, as well

as a new intermediate state of the photon gas were discussed. The gen-

1



2

eration of the longitudinal photons (photonikos) was demonstrated and a

Bogoliubov type energy spectrum was derived for them, thus revealing why

the initially coherent spectrum may eventually broaden, and concluding

that the natural state of the strong radiation of EM field in a plasma is

with a broad spectrum. In the above papers the intensity of radiation was

considered such that the photon-photon interaction is more likely than the

photon-plasma particle interaction. In Ref. 9 a new version of the Pauli

equation for the photon gas was derived from a general kinetic equation

for the EM spectral intensity 10-12, which is of the type of Wigner-Moyal

equation 13 and is written as

∂

∂t
N(~k, ω, ~r, t) +

c2

ω
(~k · ∇)N(~k, ω, ~r, t) −

ω2

psin
1

2

(

∇~r · ∇~k −
∂

∂t

∂

∂ω

)

· ρ
N(~k, ω, ~r, t)

ω
= 0 , (1)

where ωp =
√

4πe2n0e

m0e

, ρ = ne

n0e

1

γ , m0e is the electron rest mass, ne and n0e

are the non-equilibrium and equilibrium densities of the electrons, respec-

tively, and γ is the relativistic gamma factor of the electrons, which can be

expressed as

γ =
√

1 + Q =

√

1 + β

∫

d~k

(2π)3

∫

dω

2π

N(~k, ω, ~r, t)

ω
, (2)

where β =
2~ω2

p

m0en0ec2 and ~ is the Planck constant divided by 2π.

In the present paper, we shall consider Boltzmann’s H-theorem and

the relaxation time of the photon gas for the case, when a new physical

phenomenon of the ”Compton” scattering type 9 becomes essential. Here,

we discuss the situation, in which the density of plasma can hardly change.

In this case from Eq.(1) follows that photons with different frequencies and

wavevectors scatter on the photon bunch (wavepacket), and an equilibrium

state may be established. Note that the Wigner-Moyal equation (1) is

convenient for a study of non-linear processes in the photon gas in the case

of so-called weak turbulence states. Such states of the photon gas-plasma

imply that the energy of the quasi-particle (photoniko) is small compared

to the photon energies. In the case of weak-turbulence, we can define

the distribution function N(~k, ω, ~r, t) for the amplitude of perturbation by

iterating the Wigner-Moyal equation. Following the procedure described in

Ref. 9, we obtain from Eq.(1) an equation in the wavevector space in the

limit of the spatial homogeneity, which may be identified with the Pauli
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equation

∂N(~k, t)

∂t
=

∑

±

∫

d3k′

(2π)3
W±(~k′,~k)

[

ηN(~k′, t) − N(~k, t)
]

. (3)

Here W±(~k′,~k) is the scattering rate

W±(~k′,~k) =
π

4V

| U(q) |2

~2
δ(Ω − ~q · ~u±) , (4)

where V is the total volume of the photon gas, ~k′ = ~k + ~q, η = ω(~k)

ω(~k′)
,

~u± = (~k±~q/2)c2

ω(~k±~q/2)
, ω(~k), ~k and Ω, ~q are the frequencies, wavevectors of the

transverse and longitudinal photons respectively, and use was made of the

dispersion relations ω = ω(k), Ω = Ω(q), N(~k, t) is the distribution

function of photons normalized by

nγ = 2

∫

d3k

(2π)3
N(~k, t) , (5)

U(q) =
~ω2

p

ω δρ(q) represents the Fourier transform of the interaction poten-

tial U(~r) =
~ω2

p

ω δρ(~r) =
~ω2

p

ωγ0

(

δne

n0e

− δγ
γ2

0

)

, where δne and δγ are perturbations.

In Eq.(3) the delta function ensures the conservation of energy

~Ω = ~pq~u± = ±
{ (~p ± ~pq)

2

2meff
−

~p2

2meff

}

, (6)

where meff = ~ω
c2 , ~p = ~~k, ~pq = ~~q, and the expression on the right-hand

side (RHS) describes the change in the photon energy in this scattering.

Equation (3) is the basic kinetic equation of the first order for the system

with a weak interaction. Note that the type of Eq.(3) has been obtained

for the first time by Pauli for a quantum system and applied to study of

irreversible processes 14. Later Van Hove 15, Prigogine 16, and Chester 17

developed a general theory of irreversible processes. Namely, it was shown

by them that the statistical equilibrium of system is triggered by a small

perturbation in potential energy, and the probability of the transition (~k,~k′)

can be calculated by the first order approximation of the non-stationary

theory of perturbation. Note that in this case the unperturbed energy is

conserved.

Equation (3) indicates that the equilibrium of the photon gas is triggered

by the perturbation δρ = δ(ne/n0eγ), in particular by the perturbation in

the wavepacket. In Ref.9 a range of low frequencies was considered, for

which the inequalities Ω < qc < ωpe are fulfilled. In this case the photon
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flow can no longer excite the Langmiur plasma waves, and the contribution

of the perturbation of the electron density is rather small in comparison to

the perturbation of the photon density as

δne

n0e
= −

γ2
0

− 1

2γ2
0

c2q2

ω2
pe

δnγ

n0γ
. (7)

Therefore, in this case the density of the plasma particles remains almost

constant, i.e., the perturbation ρ = ne

n0e

1

γ is defined by the variation of the

relativistic γ factor alone, δρ = δ 1

γ = − 1

2γ3

0

δQ = − 1

2

γ2

0
−1

γ2

0

1

γ0

δnγ

n0γ

.

Note that Eq.(3) describes the three wave interaction, as illustrated in

Fig.1. First (a) diagram exhibits the absorption of a photoniko by the

photon, whereas the second (b) diagram shows the emission of a photoniko

by the photon. In other words, the photon passing through the photon

bunch (wavepacket) absorbs and emits photonikos, with frequencies Ω =

∓(ω − ω′) and wavevectors ~q = ∓(~k − ~k′).

2. Relaxation time of a photon gas

We specifically note here that an interesting implication of Eq.(3) is that

this equation exhibits the irreversible processes, and is the mathematical

basis for H-theorem. Namely, the relaxation process is accompanied by an

increase in the entropy of the photon gas, i.e., dS
dt ≥ 0, where

S = −KBV

∫

d3k

4π3
[N(~k, t)lnN(~k, t) − (N(~k, t) + 1)ln(1 + N)] ,

here KB is the Boltzmann’s constant. Note that the equality takes place at

equilibrium. It should be emphasized that the source of this irreversibility

is the collision integral in Eq.(3), which leads to an increase in entropy.

We now use Eq.(3) to determine the relaxation time of a photon gas.

As was demonstrated in Ref.9, the longitudinal photons (photonikos) have

a small decrement, so that at t → ∞ the photonikos vanish. Thus indepen-

dent of the initial value of the distribution function N(~k, t = 0), the solution

of Eq.(3) tends asymptotically as t → ∞ to the equilibrium distribution

limt→∞N(~k, t) = N0(~k) , (8)

which satisfies the relation N0(
~k′)

ω(~k′)
= N0(

~k)

ω(~k)
.

One can therefore say that the process of the approach of distribution

function to the equilibrium distribution occurs due to the perturbation of

the shape of wavepacket (excitement of photonikos), or the perturbation of

the density of plasmas (excitement of plasmons).
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We can easily estimate the order of magnitude of the relaxation time,

that is, the time after which the function N(~k, t) will differ little from the

equilibrium distribution function N0(~k). Hence, the distribution functions

N(~k, t) and N(~k′, t) can be expressed as

N(~k, t) = N0(~k) + δN(~k, t) ,

N(~k′, t) = N0(~k′) + µδN(~k′, t) , (9)

where N0(~k), N0(~k′) �| δN(~k, t) |, | δN(~k′, t) |, and µ is the cosine of the

angle between ~k and ~k′.

We now suppose that the frequency and wavevector of photons are much

larger than those of photonikos, i.e., ω(k) � Ω and k � q. In this limit,

we may further assume

N0(~k) ≈ N0(~k′) and δN(~k, t) ≈ δN(~k′, t) . (10)

With these conditions at hand, taking into account Eq.(9), we obtain a

simple expression for the integral of collision in Eq.(3). Finally, Eq.(3) has

the following form

∂

∂t
N(~k, t) = −

N(~k, t) − N0(~k)

τ
. (11)

The relaxation time is given by

1

τ
=

∑

±

∫

d~k′

(2π)3
W±(~k′,~k)(1 − µ) . (12)

The solution of Eq.(11) is

N(~k, t) = N0(~k) +
(

N(~k, t = 0) − N0(~k)
)

e−t/τ . (13)

We now derive the explicit expression for the relaxation time. To this

end, we first find µ = cosΘ. The magnitude of µ is related to the magnitude

of the vector ~q = ~k−~k′ by q2 = k2+k′2−2kk′cosΘ. Since our consideration

here is valid for k ∼ k′, we obtain

cosΘ = 1 − q2/2k2 . (14)

Next, in scattering rate we express the variation of ρ = ne

n0e

1

γ through a

distribution function of photonikos. Recalling Eq.(7), we neglect variation

of the plasma density and write the Fourier component of variation of the

shape of wavepacket as δρ(q) = δ
(

1

γ

)

= − 1

2γ3

0

δQ(q). Taking into account

the frozen-in condition 9 Q = Q0

nγ

n0γ

= (γ2
0

− 1)
nγ(~r,t)

n0γ

, we obtain

δQ(q) = (γ2

0
− 1)

δnγ(q)

n0γ
, (15)
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where

δnγ(q) =

∫

d~rδnγ(~r)e−ι~q~r =

∫

d~re−ι~q~r2

∫

d3k

(2π)3
δN(~k, ~r) . (16)

Because under the perturbation δN(~k, ~r) the appearance of photonikos

is understood, we can write it as δN(~k, ~r) = N0(~k)δN(~r). Substituting this

expression into Eq.(16), we obtain δnγ(q) = V n0γ n̄(q) or

δρ(q) = −
γ2
0

− 1

2γ3
0

V n̄(q) , (17)

where n̄(q) is the mean number of photonikos, which may be a Bose-Einstein

distribution

n̄(q) =
1

e~Ω(q)/Tγ − 1
. (18)

In Eq.(17) the frequency Ω is the Bogoliubov spectrum, which was predicted

and obtained in Ref. 9. Namely, it reads

Ω = q

√

C2
s + c2

q2c2

ω2(k)
, (19)

where

C2

s = c2
γ2
0

− 1

γ2
0

·
3σ2

kc2 − ω2

L/2

ω2(k)
> 0 , (20)

σk is the spectral width, ω2

L =
ω2

p

γ0

.

The dispersion relation (19) for small q is similar to the one for the sound

waves, so that we may say that Cs is the sound velocity in the photon gas

(Cs = Ω/q).

We now suppose that Tγ � ~Ω(q). In this case

n̄(q) =
Tγ

~Csq
. (21)

In Eq.(4) the delta function for the dispersion relation Ω = qCs is rewritten

as

δ(Ω − ~q~u±) = δ
(

qCs −
qkc2cosα

ω(k)
±

q2c2

2ω(k)

)

=
ω(k)

qkc2
δ
(

x −
Csω(k)

kc2
∓

q

2k

)

.(22)

Here we have denoted x = cosα = ~̂q~̂k.

Substituting now Eqs. (14) and (22) into Eq.(12), taking into account

Eq.(21) (with d~k′ = d~q), we obtain

1

τ
= A

∫

∞

0

qdq

∫

1

−1

dxδ
(

x −
Csω(k)

kc2
∓

q

2k

)

. (23)



7

Integration over x leads to bounds on dq integration. Also noting that

0 < q � k, Eq.(23) is reduced to

1

τ
= A

∫ q−

0

qdq = A
q2
−

2
, (24)

where q− = 2
(

k −
Csω(k)

c2

)

, and

A =
V

128π

( ωL

ω(k)

)2( ωL

k2c2

)2(γ2
0

− 1

γ2
0

)2( Tγ

~Csk

)2

kω(k) .

Finally we obtain the expression for the relaxation time

1

τ
=

V ω(k)

64π

( ωL

ω(k)

)2(ωL

kc

)2(γ2
0

− 1

γ2
0

)2( Tγ

~Csk

)2

k
(

k −
Csω(k)

c2

)2

. (25)

Supposing γ0 � 1 and C2
s = c2 3σ2

k
c2

ω2(k)
, we simplify Eq.(25) as

1

τ
=

V ω(k)

3 × 64πk

(ωL

c

)4( Tγ

~σkc

)2(

1 −
Csω(k)

kc2

)2

. (26)

Equations (25) and (26) show that the relaxation time is thus inversely

proportional to the square power of density and temperature, and propor-

tional to the square power of the spectral width σk as well. The relaxation

time as a function of the magnitude of wavevector for small k (ωL � kc)

increases as k. However in the case ωL ≤ kc, it is saturated, and for any

photons, which satisfy these conditions, τ does not depend on the magni-

tude of ~k.

Equations (25) and (26) demonstrate that the fine structure of the relax-

ation is reflected. In particular, according to these equations the relaxation

proceeds non-uniformly for k.

It is evident that the relaxation time is defined to be inversely propor-

tional to the damping rate of the photonikos. Physically, this damping

arises because the production of longitudinal photons slightly disturbs an

equilibrium state, where the average growth or evaporation of the conden-

sate is equal to zero 9.

3. SUMMARY AND DISCUSSIONS

We have investigated a class of problems involving the interaction of spec-

trally broad and relativistically intense EM radiation with a plasma in the

case when the photon-photon interaction dominates the photon-particle

interactions. We have discussed irreversible process and the Boltzmann H-

Theorem in a photon gas. The expression for relaxation time of the photon

gas is found explicitly.
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Figure 1. a) Absorption of a photoniko by the photon, b) Emission of a photoniko by
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We have been pursuing a basic study of a polarized positron source for a next
generation linear collider, JLC based on two fundamental processes, i.e. inverse
Compton scattering of circularly polarized laser-photons and pair-creation of a po-
larized γ-ray. Polarized γ-rays were produced at collisions of circularly polarized
laser-beams with a wave length of 532nm provided from a Nd:YAG with counter-
propagating electron beams of 1.28 GeV. Since a time-duration of produced γ-rays
is extremely short, i.e. 30 ps, we have developed a transmission method in which a
total flux of γ-rays passing through magnetized iron is measured resulting in asym-
metry determination. We will report technical details of a positron polarimetry,
which will be soon employed to substantiate our proposed view concerning a JLC
polarized positron source.

1. Introduction

In 1996, we proposed a new method of creating highly polarized positrons
1,2 for a future electron-positron linear collider JLC. This method is based

on two fundamental process, i.e. inverse Compton scattering of circularly

polarized laser-photons and successive pair creation from circularly polar-

ized γ-rays. A schematic illustration of the proposed method is shown in

Figure 1 for a right-handedly (R) polarized laser-photon of a wavelength

532 nm colliding with a counter propageting relativistic electron of 1.28

1



2

beame-

γ-ray

e-

e+

Tungsten

Spin

Pair creationCompton scattering

Polarized γ-ray

Circularly Polarized
Laser Light

beame-
1.28GeV

λ = 532nm

Figure 1. Schematic design for a polarized positron.

GeV. Figure 2(a) shows the energy dependence of the Compton scattering

cross section for a right-handed laser-photon. Note that a large production

cross section of left-handedly (L) polarized γ-rays is observed close to the

maximum energy, i.e. 56 MeV. When thus produced left-handed γ-rays are

injected on a tungsten (W) target of 1mm thickness, pair-created positrons

are again highly polarized in a high energy region as seen in Figure 2(b).

This paper describes recent results on a γ-ray polarimetry and a design of

a positron polarimetry.

(Incident photon with right handed)
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Figure 2. Differential cross section of the Compton scattering of a laser photon with a
wavelength of 532 nm on a 1.28 GeV electron as a function of the γ-ray energy and the
pair production caused by these γ-rays in the thin W-target.
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2. Transmission Method

In order to substantiate the proposed scheme as well as to accumulate tech-

nical information on various related processes, we have pursued proof-of-

principle studies in both experiments3 and theories based on Monte Carlo

simulation4. One of the important steps is to establish polarimetry for

short-bunch γ-rays and positrons with a time duration of a few tens pi-

cosecond (ps). Usually γ-ray polarization can be determined using spin-

dependent Compton scatterings of γ-rays on 3d electrons in magnetized

iron (called a magnet hereafter). The cross sections of the Compton scat-

tering are given in Figure 3 separately for the cases that a γ-ray spin and

an electron spin are parallel and anti-parallel to each other. An electron

and positron pair-creation causes considerably large background which be-

comes serious obstacle to measure the Compton process. Actually a γ-ray

bunch width required from a LC is too short to identify Compton scattering

processes from an overwhelming amount of pair-creations.

0 10 20 30 40 50 60

C
ro

ss
 s

ec
tio

n 
[m

b]

Energy of the incident γ-ray [MeV]

pair creation

Compton (para)

Compton (anti)

10

1

10
2

10
3

10
4

Figure 3. Total cross section of pair creation and Compton scattering for the cases in
which the spin of a γ-ray are parallel and anti-parallel to that of an electron. In the
pair-creation process, the screening is considered.

We therefore adopted a ”transmission method” in which only inten-

sity of transmitting γ-rays N+ for parallel cases and N− for anti-parallel

cases were measured at a downstream position of a magnet5. Thus we can

determine an asymmetry defined as A = (N+−N−)/(N++N−). The trans-

mission method can be applicable to polarization measurements of γ-rays

with any time structures and is influenced little by pair-creation because

transmitting γ-rays are collimated to a narrow forward-cone while Comp-

ton γ-rays and the pair created e−-e+ pairs are emitted over a wide angular
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region. This paper addresses a positron polarimetry by extending the γ-ray

polarimetry which we have established recently5.

3. Gamma-ray polarimetry

A series of experiment has been conducted at the KEK-ATF (Accelerator

Test Facility)6 which incorporates an S-band linac and a damping ring.

Table 1 puts together the parameters of the electron beam extracted from

the damping ring and laser beams provided from a Q-switch Nd:YAG laser.

The laser light is converted into a circularly polarized light while passing

through a quarter wave plate. Generated polarized γ-rays have a maximum

energy of 56 MeV and the time duration of 31 ps. It is remarked that γ-

rays are highly collimated and 97% of whole γ-rays are included within the

scattered angle of 3 mrad: This characteristic is beneficial to a design of a

transmission-type polarimeter.

Electron beam Laser beam

energy 1.28 GeV 2.33 eV (532nm)

Intensity 0.65 × 1010 e−/bunch 400 mJ/pulse

bunch length (rms) 31 ps 3.6 ns

σx 87 µm 154 µm

σy 72 µm 151 µm

εx 1.94 × 10−9 rad m 11.5 × 10−8 rad m

εy 2.36 × 10−11 rad m 12.9 × 10−8 rad m

βx 0.513 m 0.104 m

βy 52.859 m 0.058 m

Rep.Rate 3.12 Hz 1.56 Hz
σp

p 8.2 × 10−4 —

Figure 4 shows an apparatus called a Compton chamber, in which laser-

electron collisions take place, together with a laser beam optics and elements

of the polarimeter including a photodiode, an aerogel Cherenkov counter, a

magnet and an air Cherenkov counter. In order to achieve precise diagnos-

tics for both electron and laser beams, the Compton chamber, consisting

of three cells, contains screen monitors, a wire scanner and a knife edge

scanner. Using the screen monitors mounted in the central cell and in the

side cells placed at the distance of 265 mm from the collision point, we

can adjust the transverse position and angle of both beams. Furthermore,
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Figure 4. Experimental setup, including the Compton chamber with three cells, the
laser optics with three remotely controllable mirrors and the γ-ray polarimeter consisting
of Cherenkov counters and the magnetized iron. Laser-electron collision takes place at
the central cell of the Compton chamber and the transmitted γ-rays are measured with
the air Cherenkov counter.

the wire and knife edge scanners incorporated in the central cell allow to

measure the electron and laser beam sizes at the collision point. The laser

beam is transported to the collision point over a distance of about 10 m us-

ing six mirrors. The downstream three mirrors can be remotely controlled

to adjust the laser beam at the collision point.

Proper thickness of the magnet was determined to be 15 cm by consid-

ering relevant statistical accuracy for determination of the asymmetry and

background due to radiation near the magnet as well5. Gamma-rays leaving

the magnet were measured with an air Cherenkov counter with an air pres-

sure of 1 atm corresponding to the energy threshold of 21.4 MeV to select

only high-energy γ-rays. Background produced inside the magnet is domi-

nantly attributed to Compton-scattered γ-rays as well as pair-created elec-

trons and positrons. However, because their angular distributions spread

over relatively wide angular-region, we can suppress these backgrounds by

making the distance between the magnet and the air Cherenkov counter

sufficiently long, i.e. 4.4 m and therefore background can be suppressed

less than 0.1%.

Taking account of the whole elements of the polarimeter shown in Figure

4, we have made extensive simulations to estimate an expected asymmetry

with the help of following simulation-codes : CAIN7 for Compton scatter-

ing of electron and laser beams whose parameters are given in Table 1;

GEANT38 for electromagnetic interactions in material; GRACE9 partic-

ularly for the spin-dependent electron-gamma collisions ; POISSON10 for

iron magnetization. Eventually the expected asymmetry was obtained to

be 1.3% leading to the predicted magnitude of the polarization of 88%.

The polarization measurement of γ-rays was carried out at the five dif-

ferent values of the laser polarizations. At a laser polarization of 79%,
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Figure 5. Transmission of polarized γ-rays passing through the magnetized iron for
the cases that the γ-ray spin is parallel or anti-parallel to the magnetization. The
transmissions separately measured for the laser polarization of ±(79 ± 1)% are given in
Fig.a and Fig.b.

Figure 5(a) shows transmission of right-handed γ-rays through the magnet

with a magnetization being parallel and anti-parallel to the γ-ray spin. Fig-

ure 5(b) is the same as for Figure 5(a) except the left-handed γ-rays with

a polarization of −79%. The experimental values of the asymmetry are

pretty consistent with the simulated value. Technical details of the γ-ray

polarimetry is referred to Ref. 5.

4. Design of positron polarimeter

On the basis of the transmission method, we have designed a positron

polarimeter whose schematic diagram is depicted in Figure 6. Polarized γ-

rays of 107/bunch are incident on a W plate of 1 mm thickness resulting in

creation of 3 × 104 e+/bunch. As shown in Figure 6, a separation magnet

Pair production

γ-ray

γ-ray
CO
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counter

(5 atm, threshold: 7.6 MeV)

Pb
W- target

e+

e+

e-
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magnet
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Positron beam polarimeter

polarized

10  /bunch
7

γ-ray

Magnetized
iron

Magnetic field

Bremsstrahlung
Compton

2

Pair production

Figure 6. Schematic design for a positron beam polarimeter.
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Figure 7. The energy distributions of positrons before and after the separation magnet.
The capture efficiency(C.E.) is 4.1% and then the polarization of positrons(Pol.) is 77%.

consisting of a pair of a dipole magnet is installed after the W plate to

extract efficiently high energy positrons, which should have a high degree

of polarization. Figure 7(a) shows simulated results of polarized-positron

energy distributions before the separation magnet for left-handed and right-

handed polarized positrons. When these positrons are passing through the

separation magnet, the energy distribution is drastically modified as given

in Figure 7(b). Obviously we can obtain high energy positrons around

37 MeV, whose passing rate is 4.1%. It is remarked that we can achieve

a high degree of the polarization of 77%. Thus separated positrons are

injected on a Pb converter and circularly polarized γ-rays are generated

via bremsstrahlung process. On an assumption that left-handed positrons

injected on the Pb converter have an energy of 40 MeV, we obtain, as shown

in Figure 8, simulated results of energy distributions (a) for left-handed(L)

and right-handed(R) γ-rays and (b) for the polarization. The polarization

of generated γ-rays can be measured in the similar manner to the γ-ray

polarimetry except using a CO2 Cherenkov counter with a pressure of 5

atm so as to accept γ-rays whose energy is higher than 10 MeV (see Figure

6).

5. Conclusion

We have established a transmission method for measuring the polarization

of short bunch γ-rays5. Using the basic idea of the γ-ray polarimetry, we are

designing a positron polarimeter which will lead us to a final step in proof-

of-principle demonstrations of our proposed method. It is planned that the

polarization measurement will be performed before the 2003 summer.

As is well known, the JLC requires extraordinary high intensity positron

beams of 1010e+/bunch. Recently we have finished a conceptual design of
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Figure 8. The energy distribution and polarization of gamma-rays by bremsstrahlung
process in lead calculated by the GRACE. Here, it is assumed that the incident positron
is left-handed and the energy is 40 MeV.

the JLC polarized positron source4 and achieved a promising view that our

proposed scheme will be able to provide a positron beam required from the

JLC in terms of intensity and polarization.
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An x-ray spectrometer, which consists of a multilayer device and a two-dimensional
position sensitive detector, is designed for measurement of the x-ray energy spec-
trum and angular distribution from the nonlinear Compton scattering of 60 MeV
electron and high power CO2 laser beams provided by a user facility at Brookhaven
National Laboratory. A Prototype of the spectrometer has constructed and tested
using isotropic 8 keV (Cu Kα) x-rays from a sealed x-ray tube.
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1. Introduction

We have performed a series of laser-Compton experiments since 1998 us-

ing a high power CO2 laser and a 60 MeV electron beam provided at the

Brookhaven Accelerator Test Facility (BNL-ATF). We demonstrated pro-

duction of 2.8×107 x-ray photons/pulse with the pulse duration of 3.5 psec

for 600 MW CO2 power in 199912, and 1.7×108 x-ray photons/pulse for 14

GW CO2 power in 20013. In the near future, the CO2 laser system will be

upgraded to provide 1 TW peak power and observation of nonlinear Comp-

ton scattering is expected in that stage. We propose a new technique to

observe laser-Compton scattering in the nonlinear regime by measuring the

angular distribution and energy spectrum of the scattered photons simul-

taneously. In this report, we describe a simulation study of the nonlinear

Compton scattering and the detector system, and a result of a performance

test of the detector.

2. Experimental Setup

The setup of the experiment with the 1 TW laser is essentially the same

as that used in previous runs. The interaction chamber (Compton cell) is

located in the first extraction line of the BNL-ATF linac. Figure 1a shows

the top view of the chamber. The CO2 laser beam is focused onto the

center of the Compton cell with a parabolic copper mirror with 25 cm focal

length, which has a 5 mm diameter hole along the beam axis to allow the

electron beam and the generated x-ray beam to pass through. This design

of the Compton cell enables head-on collision of the CO2 laser and electron

beams, the most efficient collision in terms of intensity of produced x-rays

via Compton scattering. Typical parameters of the electron beam and the

CO2 laser are shown in Table 1. X-rays generated at the center of the

Compton cell are extracted to the air through a beryllium (Be) window

with 250 µm thickness placed 1 m downstream from the interaction point.

The new x-ray spectrometer described here will be installed immediately

following the Be window, and will permit the measurement of energy and

angular spectra of the x-rays in the next run.

The design of a spectrometer suitable for recording the x-ray emissions

from the Compton cell is constrained by the nature of the source. Tradi-

tional x-ray spectrometers rely either on energy-discriminating detectors in

single-photon counting mode, or on Bragg reflections from crystals. All of

these solutions are unsuitable for this experiment. Although the resolution

of a solid-state detector is adequate for our purpose, the burst of x-rays
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Table 1. Parameters of the electron beam and the
CO2 laser beam

Electron beam
Beam energy 60 MeV
Bunch charge 0.5 nC
Bunch length (FWHM) 3.5 ps
Beam size at focus point (σx/σy) 32/32 µm

CO2 laser (after upgrade)
Wavelength 10.6 µm
Pulse energy 3 J/pulse
Pulse length (FWHM) 3 ps
Beam size at focus point (σx/σy) 32/32 µm

Normalized Vector potential 0.77

y-axis z-axis

Y-axis:

(Scattered Angle)

X-axis: EX-ray

15keV

6keV

=1mrad

Collision Point

3.5cm

4.6cm

X-ray

Multilayer DeviceCO   laser2

e  beam-

e  beam-

2-axis tilt

with stepper moter

Palabolic Cu mirror

with 5mm hole. F = 2.5cm

X-rays

Retractable alignment target

(a) (b)

Figure 1. A schematic view of the interaction chamber(a) and the x-ray spectrome-
ter(b).

from a laser-electron interaction is of very short duration, providing many

photons within the resolving time of, say, a cryogenic germanium detector.

Thus, such a detector cannot acquire a spectrum from this source. The so-

lution is to use diffractive dispersion either to spread the spectrum in space

and record it using a position sensitive detector or to scan through the

x-ray wavelengths point by point using a single integrating detector. The

problem with point-by-point scanning is that the pulse repetition rate of

the Compton source is rather low. Thus, acquiring a full spectrum would

be slow. Further, the intensity stability of these sources is not high, so

intensity profiles would easily be distorted unless a reliable total intensity

monitor could be provided. We are therefore left with the option of dis-

persing the spectrum in space and recording the full spectrum of each pulse

in a single shot. Such a device is properly called a spectrograph.
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Conventional x-ray spectrographs make use of Bragg reflections from

crystals, typically silicon, quartz, mica or graphite. Such crystals have

Bragg-plane spacings generally less than 10 Å. This determines the disper-

sion, and hence energy resolution of the spectrograph. The spectrum we

wish to record does not have very sharp spectral features (such as those

typical of an elemental fluorescence spectrum), so high resolution serves

only to reduce our intensity. This leads us naturally to the use of a syn-

thetic multilayer which can have larger Bragg spacing, adequate resolution

and good efficiency. Although one can spoil the resolution of a crystal spec-

trometer by the use of mosaic crystals, x-ray absorption can lead to reduced

reflectivity at low energies, and the mosaic spread introduces out-of-plane

dispersion or smearing which we would rather avoid as explained below.

Another feature of the inverse-Compton radiation is its angular depen-

dence. The energy of the Compton peak depends on the observation angle,

and it is of interest to observe this dependence. Our design provides si-

multaneously the energy and angular variations of the source, since the

multilayer device behaves like a high-quality mirror, preserving the ray di-

rections in the non-dispersing plane.

The geometry we have chosen consists of a convex curved4 sili-

con/molybdenum (Si/Mo) multilayer device, and a two-dimensional po-

sition sensitive detector. This simple geometry is possible because the

source is essentially a point source, and so the resolution is determined

by the properties of the optic. The multilayer consists of 45 identical layer

pairs deposited on a superpolished silicon mirror substrate of thickness 1

mm. Each pair consists of 20 Å of molybdenum and 20 Å of silicon. This

structure constitutes a one-dimensional synthetic crystal, and shows Bragg

reflections similar to a natural crystal, with a Bragg-plane spacing of 40 Å

and a resolution of around 1 %.

Figure 1b shows schematically the arrangement. The radiation from

the Compton cell is collimated in the horizontal direction by a slit to 1

mrad, and in the vertical plane to 10 mrad. This allows us to observe the

angular dependence in one direction without the acceptance in the other

direction causing excessive smearing of the image. The multilayer is curved

to a radius of 4.8 m and the mean incidence angle is set to 17.5 mrad.

The curvature causes the incidence angle to vary from 25 mrad to 10 mrad

along the length of the optic. For the multilayer described above, this

corresponds to Bragg-reflected energies of 6 keV to 15 keV. The angular

divergence in the vertical plane causes a negligible change in the Bragg

angle, but allows us to record the source angular profile at each energy.
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The crystal is bent elastically by pressing it onto a shaped form. Since the

substrate is quite thick, local errors in the machined form are smoothed

out and the multilayer shape is close to being cylindrical. The bent optic

is mounted on a motorized stage which allows translation perpendicular to

the incident beam direction and rotation to adjust the mean Bragg angle.

A manual rotation permits the diffraction plane to be set horizontal. Since

the optic surface is optically polished, a laser directed collinear with the

x-ray beam can be used to preset the optic’s orientation and position.

The two-dimensional detector used is a CCD based x-ray detector (Mar-

CCD x-ray detector, Mar USA Inc.). It consists of a 162 mm diameter

scintillation screen coupled to a fiber optic taper which guides scintillation

light and reduces the size of the image, and a cooled CCD detector. The

CCD has 2k × 2k pixels and the detector can be read out with 16-bit res-

olution in about 1 second. The pixel size corresponds to a 79 µm × 79 µm

square on the scintillation screen.

3. Simulation Study

The magnitude of the nonlinear Compton scattering is characterized by the

normalized vector potential;

a =
e

mec2

√

− < AµAµ > (AµAµ
≡A2

0
−A2), (1)

where e is the charge of the electron, Aµ is the four-vector potential of the

laser, and mec
2 is the electron’s rest energy. It can be written in a more

convenient form as a function of wavelength λ and power density I of the

laser as follows;

a = 0.60× 10−9
· λ[µm] · I1/2[W/cm2]. (2)

Compton scattering occurs in the linear regime for a � 1, while the non-

linear Compton scattering is comparable to the linear process for a ' 1.

The normalized vector potential of the CO2 laser after the planned up-

grade is expected to be a = 0.77. To study the nonlinear Compton scatter-

ing in future runs, the energy spectrum and angular distribution of x-rays

have been simulated by an MC simulation code, CAIN5, which describe the

interactions between electrons, positrons, photons and high power electro-

magnetic field. Figure 2 shows the result of the simulation. The solid line of

Figure 2a shows the calculated energy spectrum of generated x-rays for the

upgraded laser (a = 0.77), while the dashed line shows that corresponding

to conditions in the previous run in 2001 (a = 0.04). In comparison with
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the dashed line, the solid line has a smooth shoulder due to an electron

mass shift in the laser field and higher energy photons are seen due to the

higher order interactions. Figure 2b shows the energy and angular distribu-
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Figure 2. (a) shows an energy spectra of Compton x-rays for circularly polarized laser
of the power at the present stage, a = 0.04 (dashed line) and after planned upgrade,
a = 0.77 (solid line). (b) is a scatter plot of energy and angular distributions of the
x-rays for a = 0.77. The bands appearing in the plot correspond to the 1st, 2nd, 3rd
harmonics from the lhs. They are simulated using CAIN with the parameters shown in
Table 1.

tion of the x-rays in the non-linear regime (a = 0.77). The bands appeared

in the plot correspond to the 1st harmonic, 2nd harmonic, 3rd harmonic

and so on, proceeding from the left hand side. The effect of the mass shift

is manifested as an increased width of each band in the plot. The order of

the interaction is identified by measuring the energy and scattered angle of

the x-ray photons simultaneously. Our x-ray spectrometer design resolves

the energy-angular range indicated by the square box in the figure.

A ray tracing simulation has been performed to obtain the calculated

x-ray image which would be observed on the two-dimensional detector. The

x-ray kinematics are generated by CAIN for a = 0.77 and the calculated

spectrum input to the spectrometer simulation code. The x-ray reflectivity

of the multilayer is taken from the CXRO database6 using parameters ap-

propriate to our multilayer. Figure 3 shows a simulated image obtained on

the detector. The two-dimensional image reproduces the energy spectrum

and the angular distribution of x-ray photons generated via Compton scat-

tering as shown in Figure 2b. Here, the square in Figure 3 corresponds to

the square in Figure 2b and the upper half of the square in Figure 1b.
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Figure 3. Simulated image of x-ray photons on the two-dimensional detector. Higher
energy photons appear at the left-hand in this image.

4. Test experiment of the spectrometer

The x-ray reflectivity of the multilayer was measured using a 10 keV x-

ray beam provided by the 2.8 GeV electron storage ring of the National

Synchrotron Light Source (NSLS) at BNL. It indicates that Bragg spacing

is 33.5±1.5 Å and reflectivity in the 1st order of the Bragg’s reflection is

several tens percents when the multilayer is flat. The spatial uniformity of

the multilayer is verified. The radius of curvature of the elastically bent

optic is determined to be 5.0±0.2 m as measured using a laser profilometer7.

The spectrometer was assembled using this multilayer and tested us-

ing a copper anode x-ray tube operating at 20 keV which provides 8 keV

Kα x-rays. The tube was arranged to present a line source of 0.1 mm ×

10 mm cross-section at 1.3 m from the spectrometer. Figure 4a shows a

schematic of the test experiment. The two-dimensional image produced

in this experiment is uniform in the Y-axis direction, since the source is

isotropic. Figure 4b shows one X-axis slice of the two-dimensional image

histogram which indicates the energy distribution. The peak at X = −5.9

cm is consistent with the calculated position of the 8 keV line of the x-ray

source. The systematic uncertainties in this preliminary measurement lead

to a band of positions as indicated in the figure 4b. The smaller peaks

at lower angle (higher energy) are not yet fully understood, but could be

spectral contamination or geometric artifacts. More extensive study of the

characteristics of the spectrometer is planned.

5. conclusion

We describe our studies of nonlinear Compton scattering using the com-

puter code, CAIN. Based on this study, we have designed a novel x-ray

spectrometer to record simultaneously the spectral and angular dependence
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Figure 4. (a) is a schematic of the test experiment for the x-ray spectrometer. (b)
is a X-axis slice of the two-dimensional image histogram which represents the energy
spectrum of the source. A band shows the expected region for an 8 keV peak.

of this phenomenon. We have made preliminary tests of the spectrometer

using 8 keV x-rays from an x-ray generator. The result are encouraging,

and we will continue to explore the potential of the x-ray spectrometer for

observation of nonlinear Compton scattering.
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