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ABSTRACT

This report explores the application of the infinite momentum limit to quantum
electrodynamics. Our major goal is the systematic development of an approximate
ultrarelativistic theory of QED which provides a simple description of extremely
high energy phenomena.

We interpret the infinite-momentum frame as a change of coordinate system
to a new "time" axis 7 = /% (t+z), and é new ""space! axis ¥ = ;—E_(t—z), leaving
the "transverse" variables x and y unchanged. Using this basis it is not difficult
to prove that there exists a subgroup of the full Poincare group which is isomorphic
to the Galilean group in two dimensions. Working with this isomorphism and tradi-
tional nonrelativistic quantum mechanics in two dimensions, the fully relativistic
theory of QED is developed from the infinite~-momentum péint of view. In order to
study high energy processes, we next include an external field in the formalism
and obtain the high energy limit of the scattering operator describing the scattering
of electrons and photons off the external field. A vivid physical picture emerges
for these processes which proves to be a realization of Feynman's parton ideas.

We apply our physical picture to electron scattering, bremsstrahlung, pair
production and Delbriick scattering. Eleé troproduction of y pairs and 7 pairs are
also discussed as potential models for scaling in the deep inelastic region. On a
more speculative level, we question whether the popular Regge-eikonal approximation
scheme presents a compelling picture of diffraction scattering. The investigation
leads to a negative conclusion and a detailed calculation is presented to substantiate

this point.
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FIGURE CAPTIONS

Vertices in the infinite momentum frame.

Electron scattering off an external field. (a) Zeroth order in electron
structure, (b) second order in electron structure.

Higher order contribution to electron scattering off an external field.
Bremsstrahlung off an external field.

Pair production on an external field.

Delbruck scattering.

Muon pair production off an external field.

O'S/O'T for high energy electroproduction of lepton pairs from a slowly
varying external field.

Dominant single loop diagrams.

One single loop diagram to represent the sum of diagrams in Fig. 2.
Single loop diagrams which a. contribute a leading logarithm, and b.
do not contribute a leading logarithm.

Convenient kinematics for the single loop graph.

Double loop graphs.

Single chain graph.

Simplest double chain graph.

Simplest double chain graph contributing to the physical electron state.
Numbers 1-4 label the vertices.

Dou.ble chain graph.

The class of double chain graphs.

Simplest 2 chain-1 chain interference diagram.

The class of 2 chain-1 chain interference diagrams.
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21. A simplified visualization of a 2 chain-1 chain interference diagram. The
labels 1-4 denote the photon legs. In passing from Fig. 13 to this diagram
we have untangled various photons for visual clarity.

22, Diagrammatic definition of the Reggeon appearing in Fig. 14.

23. A visualization of the function W and the integral equation it satisfies.

24. Iterations of Mandelstam cut diagrams.

25. A type of diagram with possible relevance to diffraction scattering.

TABLE CAPTION

1
Matrix Elements for Photon Emission P, = 272 (p1 + ipz), q=p-p'
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I. Introduction

The infinite-momentum frame has found application in several branches of
high energy physics. Perhaps its most famous contribution has appeared in current
algebra where Fubini1 and others used it as a tool to construct sum rules. How-
ever, it has become apparent in the intervening years that the limit itself is of
considerable importance and worth more atfention. Weinbergz, for example,
has pointed out that the infinite-momentum limit of old-fashioned perturbation
theory diagrams in A¢3 field theory exist and possess certain simple and interesting
features. Susskind3, and later Bardakei and Halpern4, have approached the problem
more systematically and discussed relativistic kinematics and equations of motion
from this new point of view. All of these workers have been impressed with the
fact that dynamics at infinite-momentum possesses a rigorous nonrelativistic
interpretation and is, in many ways, simpler and more familiar to deal with than
the traditional manifestly covariant presentation of relativistic dynamics.

In this thesis we shall explore these questions within the framework of quantum
electrodynamics. Our major goal will be to develop an approximate ultrarelativistic
theory of QED which provides a simple description of extremely high energy pheno-
mena. It is enlightening to contrast this approach to the more familiar non-
relativistic (low energy)limit of field theories. For example, the nonrelativistic
limit of quantum electrodynamics affords tremendous computational simplificatjons
and intuitive insights into low energy electrodynamic processes. We will argue
here that our ultrarelativistic theory also clarifies the structure and behavior of
quantum electrodynamics processes in the opposite limit of extreme energies.

In Chapter I we shall review the structure of the Poincare Group at infinite-

momentum. We will interpret the infinite-momentum frame as a change of



coordinate system to a new ' time" axis 7 =\/12 (t+2z), and new ''space' axis
F= \7}2- (t-z). Thus our approach will avoid limiting procedures and approximations.

We shall see that there exists a subgroup of the full Poincare Group which is iso-
morphic to the Galilean group in two dimensions. Working with this isomorphism
and traditional nonrelativistic quantum mechanics in two dimensions, we then develop
the fully relativistic theory of QED from the infinite-momentum point of view. Here
T = —}-:2- (t+z), a lightlike variable, is treated as the " time" axis, and # = :-/1_2— (t-2),
another lightlike variable, is treated as a "space' axis. In order to study high
energy scattering processes, we next include an external field in our formalism.
We then obtain the high energy limit of the scattering operator describing the scat-
tering of electrons and photons off the external field. A vivid physical picture
emerges for these processes which allows us to view the scattering event in two
stages. First, when two electromagnetic particles having large relative momenta
exchange a fixed amount of momentum, the interaction can be viewed as occurring
between the bare quanta which compose the incoming and outgoing scattering states.
Furthermore, the interaction between these constituents is simply a relativistic
generalization of the eikonal amplitude familiar from nonrelativistic scattering
processes. This physical picture is, of course, a particular realization of
Feynman's parton ideas. 5

In Chapter III we turn to a program of computing the high energy limits of
scattering amplitudes in QED. We will use perturbation theory to express the in~
coming and outgoing physical states in terms of bare constituents, but calculate
the interaction of the constituents with the external field to all orders in the bare
charge. We consider electron scattering, bremsstrahlung, pair production and
Delbriick scattering. All of these amplitudes prove to be simple because of the

two dimensional nonrelativistic structure of infinite-momentum dynamics.



Electroproduction of u pairs and 7 pairs are also discussed as potential models
for scaling in the deep inelastic region.

In Chapter IV we turn to a more speculative program of application. We inter-
pret QED as a model of strong interactions, i.e. the bare charge is no longer con-
sidered small and it is no longer sensible to work to low order in perturbation
theory. Our initial problem is to determine the most likely physical state of an
energetic electron incident on an external field. We argue, in fact, that fixing
the order of perturbation theory at 2n, the most probable physical state of the
electron consists of a bare electron and ne+- e pairs as presented in Figure 14.
This physical state develops as the electron approaches the external field. The
most likely interaction between the constituents and the external field is realized
when the slowest pair on the chain picks up eikonal phases. A striking dilemna
occurs now when one attempts to sum over n, the number of pairs in the physical
state: the resulting scattering amplitude leads to a cross~section which violates
the Froissart bound. It has been suggested that s-channel unitarity be restored by
iterating the single chain graphs. In our physical picture this means we should
include more than one chain of et-e” constituents in the physical electron state.

If we then treat these chains as independent entities and recalculate the scattering
amplitude we no longer violate the Froissart bound, but obtain a cross-section
which grows as the square of the logarithm of the incident energy. This is a popular
result often referred to as the Regge-eikonal approximation. 6 However, we will
argue on the basis of our physical picture that treating the chains as independent

is a poor approximation. We substantiate this claim with a detailed calculation and
are led to conclude that field theory's predictions for the high energy limits of

scattering amplitude in strongly interacting theories is more elaborate than the



Regge-eikonal formalism. We conclude with a discussion of the physical content

which should appear in a more realistic treatment of this ferocious problem.
II. Heuristic QED in the Infinite-Momentum Frame

A. A Short Review

The claim was presented in the Introduction that infinite~-momentum dynamics
possesses a deep nonrelativistic character. This point can be demonstrated by a
simple group theoretic analysis of the Poincare algebra. The question we wish to
address ourselves to in more detail, however, is whether this property of infinite-
momentum is actually useful, i.e. can one, guided just by experience with non-
relativistic quantum mechanics and the infinite-momentum presentation of the
Poincare group, develop a fully relativistic field theory such as QED in a trans-
parent fashion ?

To begin, we review our systematic treatment of relativistic kinematics in the
infinite-momentum frame. 7 We regard the infinite momentum frame as the
reference frame obtained by choosing new space-time coordinates (7,x,y, 5) related

to the usual coordinates (t,x,y, z) by -

1
T = —=(t+z)

‘/é (ILL)
7 = L (t-z)

Thus the 7- and # -axes of the new frame lie on the light cone. The infinite-
momentum frame is not a Lorentz frame, but is, in a certain sense, the limit of
a Lorentz reference frame moving in the - z direction with nearly the speed of

light. Let M = (&0,5‘(1, 3’{2,5‘:3) = (7,X,Y,z) be the coordinates of a space-time point



3
in the ordinary coordinate system, xH = (xo,xl,xz,x ) =(T,X%X,y,5) be the new

coordinates of the same point. Then

' =ch, ® , ‘ (I1-2)
-1 1
where 272 0 0 272
0 1 0 0
ct =
0 0 1 0 (I1.3)
-1 _1
22 0 0 -2"2
For the purposes of this review, we use careted symbols for vectors and
tensors in the ordinary coordinate system, uncareted symbols for vectors and
tensors in the new coordinate system. In particular, we shall use gIJV for the
metric tensor in the new coordinate system:
= (oA, % N
g, " (C N Byp (C Yy (I1.4)
. . ~ O - - _ X o
We take for the ordinary metric tensor @00 =1, 811 = 895 = B44 1. Then
0 0 0 1
0 -1 0 0
g8,, = : . (I1.5)

=
<
o
(=4
I
Pt
o

We use guv to lower indices, so that a0 = a3, a3 = aO ; this may seem confusing,
but it has important consequences. For instance, the wave operator

Ho_ _ _ . . . _
aua = 280 83 alal 39dq 18 only first order in 80 oT .

Let us consider the generators of the Poincaré group in the new notation.

Our conventions for the Poincaré algebra in the ordinary notation are



(IL. 6)
A A A A o A

M M =i M + M - M - M .

[ uv po] i€, M, * 8, My B My o 8y My

The generators of rotations and boosts are, respectively, ﬁij = eijk J Kk and

7\
Mjo

new notation, we obtain

= Ki . Using the matrix Cuv to transform from the usual notation to the

pH = (PO,Pl,Pz,P?’) - (P4, P4 B 1.7
and
0 -8; -8, K,
S 0 J B
1 3 1
M#V= S ’ (H'S)
2 93 0 By
Kg -B; -B, 0
where
n=--L (/150+§3)
V2
-1 @°-8%
J 2
B, = —~ (K, +J
1'\/? (Kl 2)
(IL, 9)
B, - —L J
2—\/5 (Kz' 1)
S, = —~ (K, -d
1'\/; (Kl 2)
S. = — K, +J
277, T2 1)



The commutation relations among these generators are, of course, given

by (2.6) without the hats. The commutation relations among the operators

1 .2
H, P°, P°, n, J3, Bl’ B2 are particularly interesting. They are the same as

the commutation relations among the symmetry operators of non-relativistic

quantum mechanics in two dimensions with

H — hamiltonian

?

T — momentum

b
n —» mass

J 3 — angular momentum |,
B, and B2 —» generators of (Galilean) boosts in the x and y

directions, respectively.

Indeed, we have

[8,F;]) = [H,n] = [Pp.n] = PgH]=[3g7] =[B.1] =0
(35,7 =1i¢, P!
k

(35,8 =1¢, B’ (IT . 10)

. oo
(B .H]=-iP (B P =-i6 7

’

where €9= €1 = L e,= €99 = 0 . The commutation relations (2. 10) are

the result of an isomorphism between the subgroup of the Poincdré group generated
by pH , J 3 and B and the Galilean symmetry group of non-relativistic quantum

mechanics in two dimensions. This isomorphism expresses the nonrelativistic

structure for quantum mechanics in the infinite momentum frame. 3,4
It is easy to verify that the subgroup of the Poincare group generated by Pl,

P, n, J3, Bl’ and B2 leaves the planes 7 = const. invariant. We can, therefore,

refer to these operators as "kinematic'" symmetry operators.



The operator K3 which generates z boosts will play an important role when
we discuss infinite-momentum QED in the presence of an external field. It is

easy to compute that our operators simple scale under Lorentz boosts in the z

direction: in3 —in3
e ne = e%n

_ .
e He e " H (I1.11)

These simple relations comprise one of the major practical advantages of the
infinite-momentum frame variables.

Consider now the operators S1 and 82 in connection with our non-relativistic
analogy. We find that S1 and S2 commute with each other and with the hamiltonian
H. Thus they play the role of the ""dynamical" symmetry operators sometimes
encountered in non-relativistic quantum mechanics.8 The operators Sl’ S,
form a vector S under rotations: [J 3 Sk] = i€k2 Sl . The commutation relations
of S'with7, ID.T’ and B are |

k [Sk,P2]= -6, H

[Sn)=-1P

(I . 12)

(S By)= i€y, I+ 16, ) Kg



B. Heuristic QED at Infinite Momentum

Armed with the nonrelativistic analogy expressed in (I1.10) we turn now to an
informal development of infinite~momentum QED. We begin with the mass shell
condition for a free electron, pup" = m2, or 2nH —32 = mz. If we make the usual
identification p“-‘ ia“ we arrive at the equation of motion for the free electron

field (the Klein-Gordon equation):

16, W(x) = E%—) (22 + m) P(x) (IL13)

where 1/7 is the integral operator

3o =5 S ¢ wirg o) (IL14)

and plays the role of (mass)_1 in the nonrelativistic analogy. As we will see, it
suffices to let Ys(x) have only two components. The two components are postulated

to satisfy the equal-7 anticommutation relations

1 = — ! 2 -t
{000, W)} = 000551 875D - (IL15)

Free photons are described by the two transverse components .é(x) of the
electromagnetic potential. As in the formal development7, we use the infinite-
momentum gauge, A°= A3 = 0. The equal-7 commutation relations satisfied by
ﬁ(x) are

. K .
(w9, a¥en], 0 =y ibte-x)
(I1.16)

1 2
S L GEALICSY
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The free photon Hamiltonian is
2
1 k 2 .k
H =3 1?—:1 fdzi dz A(x) p~ A(x) . (IL.17)

Using the commutation relations (I1.16), this Hamiltonian leads to the expected

equation of motion,

k . k 1 2,k
[A (%), ,H'Y:I: 19, A(x) = o b AT(x) . (I1.18)

The natural two component spinors w(s) and polarization vectors £(A) in this

description are

w(+1/2) = ((1)) w(-1/2) = (g)
(IL19)
sy =220y -1 =273, -,

where the arguments s, A refer to the infinite-momentum helicity discussed in the
formal development. Using these wave functions, the Fourier expansion of the

fields W, A take the form®

w(x) = (27m) f dpf V21 w(s) € X p, 5) + /27 w(-s) e P Xdl(p, s)} , (11.20)
S

Ax) = (2m)” f dp f Z e(x)e P Xap,2) + g)* " XaT(p,A)} . Ll

T

The operator b (p, s), d (p, s), and a' (p, s) are creation operators for electrons,

positrons, and photons respectively. They satisfy the commutation relations

e, 91, Be, 80} = 8, ,20° 20 807 -m) 6@ p)

1

{ae.9), dler, o0} = 5 em” 2 6 -m) 6%(p- p) (11.22)

[a(p,h), alT(p',k')] B2’ 20 8 -m) 82(3'2’.._')
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The electrodynamic interaction can be introduced into this formalism by
writing the free electron wave equation in the form 10
| i5¥ = (m- ig- P (m+ ig- v , (IL23)
then making the gauge-invariant substitution p — p“ - eA“. Then, using the
gauge choice A = 0, the wave equation with 1nteract10ns becomes
19,0 = eA W+ (m- ig- [E eé])—- (m+ig- [p- eAJ)lp (IL.24)
The dependent variable A0 is eliminated with the help of Maxwell's equations,

Clas J 8”6 A -9 O“A =J . Choosing v= 3 and recalling that A3 =0, we

Vi v (TR
find that -8 (a _‘_7 -A) = J3. From the formal development7, we find that
g = °=e IIITII/ . Therefore

L ouTy s ls.
Ao—nzeU/’J/+nB ﬁ, (II.25)»
where 1/172 is the integral operator
[ ¥]e= )= -1 facls-¢l wego. (1.26)
Ui

Now the equation of motion for Y reads
2
o =ps gl € 5. ~ig-[p- L io- [p-
16011/—!11 2llf v+ tlf,n P A+ (m-ig [E eé]) 5 (m+ig [B eé.])zp
K (1L.27)
Finally, from Egs. (IIL.5),(II.17), and the Heisenberg relation [iH,lJ/] = aollf, we

can conjecture that the Hamiltonian for the theory is

H fdxdg{ wiy = Loty +e wTw FPA (IL.28)
+ Wlm-ig-[p- eéb 3 (mtig- (- eAhw
. %él Akngk}
“ny b (IL29)

withh =H__, .
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The matrix elements of H are very simple when taken between the " infinite-
momentum helicity" states created by the operators bT(p, 8), dT(p, 8), aT(p, A).

The matrix elements are easily calculated using the expansions (IL.20) and (IL.21)

of the fields:

1) Single photon emission (Fig. 1a):

(o™ (0", 8" via, MIH| e (p, 8))

V20512 enlisn ot ) e W)

(I1.30)

3 2
= (2M)78(n 4~ M) (Pt - p. )2,

where
wl(sn i, p) - €40 w(s)
T4 1 1
- nn~ . ¥ —ge€e* -
- wenfnta e - g g p
oo -1 1. N -1 -1
-gp 0] " g-e*) - zim g e*M) ("= w(s) . (11.31)
In Table I, we list all of the possible matrix elements wTj . S*w.u
The matrix elements for other processes involving two fermions and one
photon can be obtained by the usual substitution rules. For instance, the matrix »
element for v — eelis
- +
{e"(p', s e (p, )| H| e, M)

- (2%)3 8(ﬂnout—nin) 62(Eout_£in) [277]1/.2 [27)'] 1/2‘

(1L32)
X e w(s) j(p' - )+ £X(-A) W(-5)
[ &>
2) Instantaneous electron exchange (Fig. 1b):
{e (0, 84) MPgsAg) [H € (P, 81) NPps 20D
PN 2 1/2 1/2
=M 5mou’c _'77in)8 (Rout B gin) [2774] [27)1} (IL.33)

2 -1
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The spinor product is very simple:
T, -1 . oK
wi(s,) g e(g) [2n) 7 o e*(Ag) w(sy)

if all the particles are right handed
1/m, or if all the particles are left handed

0 otherwise (IL34)

3) Instantaneous scalar photon exchange (Fig.lc):

{e"(py, 8) € (Py,S,) |Hl € (P:51) € (Py:55)

~ 3 _ 2 _ , 1/2 2 "2
= (2T) 3Gy = M) O (Bout Pin) (27’1 2g 21 21’4] ¢ Ss15388284

+ contribution from crossed diagram . (IL.35)
The veteran field theorist, armed with this information, will be able to con-
struct the rules for old-fashioned perturbation diagrams by whatever formal

methods suit his taste:
1) A factor (Hp- H + ie)"l for each intermediate state;
2) An overall factor -27mi <‘3(Hf - H)s
3) For each internal line, a sum ever spins and an integration
00
-3
@ fap [ an/ien);
()
4) For each vertex,
3
a) a factor (2m) a(nout - nin) S(Pout - Bin) ’

b) a factor [277]1/ 2 for each fermion line entering or leaving the vertex
(the factors [27)]1/ 2 associated with each internal fermion line have the
effect of removing the factor 1/(27) from the phase space integral),

¢) a simple matrix element (e.g., ewfrj < e*w) .

’.5’

5) These rules give the S-matrix element? <f|S|i> . One obtains the differential

cross section from the S-matrix in the conventional fashion.
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This '""derivation of infinite-momentum perwrbétion theory rules is not
meant to be a complete alternative to a more thorough and systematic discussion
of field theory. In fact, this discussion relies on certain guesses which are,
however, straightforwardly answered in the more conventional treatment of the
problem. The real motivation for the present discussion comes from strong
interactions. Here we do not know the equations of motion, so a conventional
approach is of no help. However, the infinite-momentum discussion here is so
transparent that it might be easier and more compelling to insert guesses con-
cerning strong interaction dynamics into its structure than into the conventional
formalism. This scheme has, in fact, been considered with some interesting

results.13
C. High-Energy Scattering from an External Potential

The reformulation of QED described above was motivated in part by a desire
to develop limiting theories to describe high-e nergy scattering. We next turn to
such a theory to describe the scattering of high~energy electrons and photons in a
prescribed external electromagnetic potential a#(x). The results of this section
can be derived using the full arsenal of canonical formalism with an external
potential included in the Lagrangian. However, the same results can be obtained
by extending the heuristic discussion above. I the spirit of our general approach
to these problems, we will consider the heuristic derivation here.

Begin by introducing the potential a“ into the electron wave equation (IL27)
according to the gauge~invariant substitution p, — p“ - eapl. Then the equation of

u
motion reads



-15-

. . 1 - .
(180— er- eao)w = [m - ig- (g- eé— e&)] —-—-——2(17_ ea3) [_m+ ig (R- eé— ea)_w. (IL.36)

Here [n- ea3]_1 is the integral operator

[n-tag If](x) =fd§ gli-e(s-'-§>exp<-i.4 dg' ag(f,x,f')> w(r, %, €) . (IL37)

Now, just as in Section B, we can eliminate the dependent variable Ao using
Maxwell's equations and find the Hamiltonian H which gives i[H,lIf] = 6ol[f .

The result is

2
H(r) = fdggda"'{eaolllnlf + &yl n—;- wlwrephn 2p-a

T . 1 A
+ ¢'[m - ig- (p-eA- ea)] - ead) 52y [m + igr (p-eA ea)|y (IL.38)
1 k 2 k
+ = ), Ap A
2 k=1 - }
It will be convenient to imagine writing H in the form H(r) = Hy(r) + V(r), where
H(7) is given by (11.38) with a“ = 0 and
V(T) = H(r) - Hy(r) . (11.39)
Thus Hy is the full Hamiltonian for quantdm electrodynamics with no external
potential, and V gives the additional effect of the potential.
Now let us look at the scattering matrix in the interaction picture with V as the

interaction Hamiltonian. Define the interaction picture fields by

Wr %, 5) = exp+H(0)7) W(0,%1,5) exp(-iH(0)7)
(IL40)

Bp(T.%,5) = exp(+1H(0)r) A(0,%,5) exp(-iH(0)7) ,
and let Vir) be given by (I1.38) and (11.39) with IIII(x) and él(x) substituted for yr(x)
and A(x). Then it is a familiar exercise to show that the scattering matrix can be

written in the form
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8, = <flT exp(—ifdr VI(‘T))Ii> , (IL41)
where T indicates T-ordering and |f> and |i> are appropriate eigenstates of

HO(O) (which may be evaluated in perturbation theory).

We are interested in the high energy limit of Sﬁ asm,, Ny —>=co. To study

'~ this limit we let |1, > and £, > be fixed states and calculate S

; between the high
-iwK

f
~iwK
. _ 3 :
0> and [f > =e [f0> , where K, is the generator

of Lorentz boosts in the z direction. Thus we want to calculate

WK -iwK
55 = fle 3 Tlexp(-ifd’r VI(T))}G OR3

energy states |i ) = e

0
(IL42)

= (gl fesn(-isar e B vy & O

in the limit w —oo.

We recall from the full canonical theory that theboost operator K3 is given by

K, = f dx d;,«;[qff 15 F W +(954) - (83§)] o’ (I1.43)

14
and that the fields transform very simply under boosts:

iwK -iwK 2
e 3 lIfI('r,gé,g) e 3 ew/

iwK
e 3

wfe T,%,€ 3)
I - (IL.44)

-iwK - w
&1(7.3.5) e 3 & e T.X € 5)

It is thus easy to calculate the effect of the boost operator on VI('r). The term

—‘-

eaOII’ Y remains finite in the limit @ — o and the rest of the terms are of order
e-w; we indeed find that

iwK -iwK T -w ) ) —w
e 3VI(’T) e 3= fd§d5 eweao('r,;g,;) lI/I(e T & ewg) wI(e T,.X, € 5)+0(e )

- T -w -® -0
=fd§d9*eao('r,>,g,e “5) we 1,55 We T,%5) 0 )

(IL.45)
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Upon going to the limit the operators are all evaluated at 1= 0, so the r-ordering
can be ignored. (This may be checked by examining the power series expansion.)

Thus we obtain as w —w

(IL.46)

where
. T
I = exp (-4 far dgds eag(r, x 0) U(0,%,5) W0,5.5)
. I1.4
= exp {-1fd§ X(gs),p(gg)} : .
and
X(x) =efdr ayr,x,0) (IL48)
= fdy { 0 0 ¥
p(X) =Sy u X 5) W0, % 5) . (I1.49)
This (formally) closed expression for the limiting form of the scattering
15
operator is in fact the eikonal approximation, and also establishes a connection
with parton ideas. The initial state |1> is an eigenstate of H, the Hamiltonian
for quantum electrodynamics with no external field. Thus it is a ""dressed"
zlectron, photon, or whatever. Imagine expanding |1> in terms of the "bare"

quanta associated with the fields 11/(0,35‘,;), A(0,%,5) at time 7= 0:

i) = +fd2_f(; %; g (p,7,2) aT(g,n,x)|o>+

+fd jeo~d—ﬁ_/-dr>fmil—nE Y. h(p;,7m4,81:Pgs"9,Sy)
'.210 2nyJ 2y 2, &3, s107110 717020 1120 P2 (IL50)

U T
X b(pysmq581) d(Pgimgs ) [0+ ...
Here, for example, h(Bl,nl, 1Ry g s2) is the amplitude for the state |1> to
contain a bare electron with momentum Pim and spin S1s and a bare positron

with momentum p,,n, and spin s,.
wl’'2 2
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We also imagine the finai scaitering state |f > to be expanded in terms of
bare quanta ("'partons’) in the same way. If we know all the amplitudes g, h, etc.,
we can then evaluate Sfi by moving [F to the right past all of the parton creation
operators until [F acts on the vacuum state |0). That is, we write
Fbleeealo) = mblF T oo malEt Flo) . (1151)
We note that I is invariant under 5-translations, and thus commutes with the
momentum operator 7. Since |0> is the only state with T) = 0, we conclude that
]F|0> = |0> (This result can be formally assured by considering the operators
in p(x) to be normal-ordered.) The effect of [F on‘the creation operators bT, dT,
aT is easily calculated using the equal-r comrﬁutation relations (11,15. We find
first that
F wT(o,§,g.)lF"1 - X WT(0,§,3’) . (I1.52)

Upon Fourier-transforming this relation we obtain the convolution integral

[FbT(R’";S) F - (—zd% bT(g' ,m;8) F(p'-p) , (IL.53)
i
where
F(q) = fdgé o TIX XD (IL54)

Thus when a high energy bare electron passes through the potential at position
X the only effect of the potential is to multiply Ithe electron wave function by an
eikonal phase factor exp(-i X (3‘()). (Note that the phase X(g_g) is simply the integral
of the potential along the trajectory of the electron.) The momentum component
7 of the bare electron and its infinite monientum helicity s are conserved in the
process, and no pairs are created.

The effect of F on the positron creation operators is equally simple. In

passing through the potential each bare positron receives the opposite phase:

T(}3,7;;5) Ft = (?d‘:"g- dT(g',n;s) F.e'-p, (IL.55)
T

Fd
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where
F (q) = Jd}é e 1L SMXG (IL.56)
Finally, we find that the bare photons are unaffected by the potential:
i3 aT(Bm;M Fl- aT(y,n;K) . TLAT)
After we have moved F to the right past all of the pai'ton creation operators,
we are left with an expansion of the state [F|i> in terms of parton states (similar
to the expansion ( IL.50) of |i > ). Assuming that the expansion of the final state
| > is also known, it is then a simple matter to compute the overlap Sfi of |f>
with [F]i).
Of course we do not in fact know the amplitudes involved in the expansions
of the states |1> and |f> in terms of bare particle states. In the examples treated
in the next section we are forced to use approximate amplitudes calculated from
perturbation theory. What we wish to emphasize here is the physical picture
that emerges from the present discussion:
1) The scattering of high energy physical particles from the external potential
is not simple. For example, it is not described by a single eikonal phase.
2) The physical particles can be viewed as being composed of certain con-
stituent particles (called partons in the language of Feynman). In the
present case the partons are the "pare' quanta created by the fields ¥
and A at 7= 0.
3) The scattering of high energy partons from the potential is simple.
4) The interaction of the partons among themselves is complicated, but
at high energies these interactions are slowed down by relativistic time
dilation. Therefore no parton-parton interactions take place during the
finite time interval during which the partons interact with the external

field.
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Thus the scattering of high energy particles from the external field occurs
in three steps. First the partons in the initial state interact among themselves

during the infinite time interval o<t < 0. Then each individual parton scatters

in a simple way from the external potential. Finally, the partons again interact

among themselves during the infinite time interval 0 <7< oo.
III. Applications

In this chapter we calculate the high energy limits of the cross sections for
several interesting scattering processes. As we have seen, the contribution to
the high energy limit of the S-matrix from the scattering of the individual partons
off the external field can be calculated exactly. However, the interactions among
the partons in the initial and final states do not simplify in the high energy limit.

Thus we include these interactions only to a finite order in perturbation theory.

Nevertheless, the required calculations in perturbation theory are quite easy
because of the simple form of the matrix elements of the Hamiltonian in the
infinite momentum frame.

We begin with a short discussion of the methods involved in the calculations,
then proceed to the calculation of cross sections for electron scattering with
second order vertex correctidns, bremsstrahlung, pair production, Delbruck

scattering, and electroproduction of u-pairs in an external field.

A. Calculational Methods

In all of our applications we must compute the amplitudes involved in the
expansions (IL.50 ) of the initial and final states in terms of bare particle states.
To do this, we recall the definition of the unitary evolution operator U(r',7) =
exp(ih ") exp(—i[ho + hI][T' - 7)) exp(-ih ), where h, is the free particle

Hamiltonian and hO + hI is the full Haiailtonain for quantum electrodynamics
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with no external potential. The final physical scattering state ]f(b)) consisting
of outgoing particles with momenta and helicities labeled by 'b' is related to the
corresponding bare particle state |b> by f(b)|= <b|U(<=o, 0). Similarly, the
physical initial state |i(a)> is related to the corresponding bare particle state
|a> by |i(a)> = U(O0, —ao)|a> . Thus the high energy limit of the scattering matrix,
Eq. (II.46 ), can be written as
Cblslad = Eb)|F|ia)y = bjU(w, 0) IF U0, -=)ja . (IIL1)

We need the expansion (IL50 ) of |f(b)> in terms of bare particle states
ln>: {ib)| = }:<bIU(w, 0){n {n|. The amplitudes b|U(x, 0)|n>) can be
calculated to a firrllite order in perturbation theory using the familiar perturbation
expansion of U(e, 0):

. 1
<ty = b+ E<b|h1|n> ——————-—Hf_H ep <n|
n n

1 , 1 (1IL 2)
+ 3 <olnglm)y e <mivyn> g <ol
m,n f "m f "n

where Hf is the energy of the final state and h0| m> = Hm|m> .

Similarly, the initial state can be written as

li(a), = Zn:[n><n\U(0, -w)|ay = |2 +§|n>-HlTH—1-ﬁ€-— <n‘h1|a>+ -

However, since the initial state in our examples is always a one particle state,
it is convenient to factor the wave function renormalization constant ,/Za out of

this expansionm:
i 1
|1(a)> = \/Za{|a>+ 21|n> T8 <n|hI|a>
n i n
1 1 3
+ Y I g <elbim> TR mfhgfad + } (L3
n m » i n i m

It |a> is, say, a one electron state then the sums Z' exclude one electron

states; the ie terms in the energy denominators are then irrelevant. Since U(O. ~)



is unitary, the renormalization constant ‘/Za can be determined from the require-

ment
i@li(ahy = afa> . (IIL4)
Let us return now to the formula (IIL1 ) for <biSia>. It will prove convenient
to explicitly separate the uninteresting ''no scattering' term <b|a> from <b|S|a>
before doing any calculations. This can be accomplished by noting that
<{blu(w, 0y 1 U(O, -@)|a> = {b|U(e, -w)|a ) is the S-matrix for quantum electro-
dynamics with no external potential, which is simply <{b|U(ew, -w)]a> = (bla> if|a is

a (stable) one particle state. Thus

(blsfad = {bla) + {blU(w, 0) [IF - 1]U(0, -=)[a> . (I1L.5)

It is, of course, only the second term in (IIL.5) which is related to cross
sections. With the normalization conventions used in this paper, the exact re-

lationship is

d dp._ dn N
1 dgl '7]1 RN N N 5
do= (2m) S - n. \[Kb|7a

where the transition amplitude {b}7 |a> is defined by

{blu(e, 0) [IF - 1] U(0, -w)[ad = (2m) 6, - M) CEADEE (IIL7)

B. Electron Scattering

We wish to calculate the amplitude
Sgi = 8 = {e"(p', Y| U(w, 0) [IF - 1] U(0,- )|e™(p, s)) (TIL8)

for high energy electron scattering off an external field. We will calculate the
amplitude to second order in the structure of the physical electron. Using the
expansion ( IIL3) for (e |U(w, 0) and U(0,-=)|e” » and keeping terms to order &2

we find with the help of (11.53 ) that
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St~ 85, = (27 801-7") 202y [Fg' - p) - 2n)” 8%p' -p)]
2f g I

xls +em[a f 1 e (111 9)

{ SSs -l A 2172 sl’)‘z

wi(sh) (0!, D' - By) - €AIW(S]) Wi(S) (B~ Py D) - €X05) W(S)

[H(p") - Hp' - py) - w(py)] [H(P) - H(P - P,) - w(P,)]
Here H(p) = (Bz + mz)/2n is the free electron Hamiltonian, w(p) = 22/27) is the
free photon Hamiltonian, and Zz is the electrdn wave function renormalization
constant (to be calculated to order e2). The two terms in Eq. (1I1.9) are
represented by r-ordered diagrams in Fig. 2a and 2b. The figures also clarify
the kinematic notation chosen here. The black dots in the diagrams refer to the
eikonal factor [F(E’ -B) - (21r)2.82(2' —B)].
In order to discuss the general form of the scattering amplitude, let us
write (IIL9) in the abbreviated form
Sgi- 8 = @M 3(n-m") 2n[F(@) - 2m)?8%(@)]  wi(s) M pm) wis) (111.10)
where q“ = p'“ - p‘i . One important result which we notice immediately is that
the second order vertex cqrrection does not destroy the proportionality betweer:
the scattering amplitude and the eikonal factor that one finds if the electron
structure is neglected altogether.l HoweVer, it should be pointed out that if the
scattering amplitude were calculated to fourth order in the structure of the
electron, a diagram like Fig. 3 would appear and this proportionality would be
lost.'lz
The effects of the electron structure are contained in the factor wTMw. It

will come as no surprise that the four matrix elements of M are simply related

to two invariant form factors Fl Z(qz). It is instructive to derive this relation
?
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using the invariance principles which appear naturally in the infinite momentum
frame. Using Eq. (IIL.10 ) and the table of matrix elements, Table I, then we
T

can easily verify that w' Mw is invariant under the following symmetry operations:

1) Lorentz z~boosts: momenta transform according to (7, B) —(e%n, B),
helicities remain unchanged.
2) "Galilean boosts': momenta transform according to (7, B) —(M,p +Nu),
, helicities remain unchanged.
3) Rotations in the (xl, x2)—p1ane.
4) ”Parity”: momenta transform according to (n,pl, pz)—-(n,pl, - p2),

helicities are reversed.

2 1

. 1
For q # 0, the four matrices 1, q9-g, Eng q 0'2 -qo’, o are linearly independent.

Thus M can be written in the form

M(p',p)=a 1 +bq.a.:+ cqgxo+ da'Z . (ITL.11)
L% » [ d

The coefficients a, b, ¢, d will then be functions of p' and p, or, equivalently, of
n=n"), .,P' +B’ @q = tan_l(qz/ql), and 22. But the invariance of wTMw under
Lorentz z-boosts implies that the coefficients are independent of 7; invariance
under ""Galilean boosts'" implies that they are independent of B‘ + P and rotational
invariance implies that they are independent of Gq. Thus each coefficient is a
function of 22 only. Finally, invariance of wTMw under the "parity" operation
implies that c(32)= —c((f) and d(gz) = -d(gz); hence ¢ = d = 0. The remaining

form factors a and b are functions of qz; but since nq = 0,
2 [T _ 2 _ 2
O=q"q,=2mH, -9 =-¢ (IIL12)

Therefore the expansion of M takes the form

M(p',p) = a(q) 1 + ba) - (IIL13)

| 3
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This analysis can be compared to the general analysis of electron scattering
from a weak external field which concludes that the S-matrix, calculated to first
order in the external potential and all orders in the structure of the electron,

‘takes the form

. 4 iq -
Sﬁ—Bﬁ=—1fd xea.M(x)eq X

0 , 0 (I11.14)
37 1
x T, ) {7* Fya) + g ot a, Fyla) U, 9).
In the high energy limit, Eq. (IIL14) becomes
_ . -ig- x
Sfi - Sﬁ = =271 6M'-M) [fdg e o -fdr ea(7,%, 0)]
- 0 2 i o 2
T', 3 {1° F (@) + i 0% a4, By} UE, ).
When this result is converted to the notation used in this paper, it reads
Sg; = 84 = (2M) 8(n' - m) 27 [-1/dx X(g) exp(~ig - X))
(IIL.15)

xwls {F@) 1+ 5 Fo(d) g gwis).

Comparison of this result with (111,10 ) and (111.13 ) shows that the form factor
2 . . . 2
a(q ) can be identified with Fl(q ) and b(q2) can be identified with [i/(2m)] F2(q2).
Thus our result is

_ 2 .2
Sg; = 85 = (2M 8(' -m) 2m [F(g) - (2m)” 8%(g))
. 1IL16)
i 2 i 2, (
Xw' (s') {Fl(q ) 1+ 5= Fo(q )2'3}‘”(5)'
Apparently the amplitude for scattering with no change in helicity is proportional

2
to F,(q), whereas the helicity flip amplitudes are proportional to Fz(qz). For

instance
11
Sﬁ<s'=§, s=-2-> = Sﬁ +(2m)o(M' - M) Zn[F(g) - (27T)2 82(2)] Fl(qz) (ITL17)
L1 1 , 2 .2 iq 2
Sfi<s-—-2-,5—-2~>— (2md(n'-m) 2n[F(g) - 2m)” 8%()] —\/2:“;; Fy(a%), (IL.18)

where q, = 2-1/2(ql + iqz).
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We are now in a position to return to Eq. (IIL9) in order to calculate the
electron form factors. We begine with the helicity flip amplitude and the form

factor F,,. It is convenient to choose a coordinate system (by transforming the

5"

coordinates with a ""Galilean boost'" if necessary) so that |

Fom, ~p L ' B '
(m,-p"H), P .p"H),  a"=(0,2p',0).

Then the energy denominators in (I11,9 ) become

L [(py- 8007 +6%m’
HP') - Hp'-Py)-w(Py) = - 37 | =2

L [@yre)” 16w
H(D) - H(p-P,)-@(Py) = - 37 T :

(ITL19)

where
The numerator factor in the helicity flip amplitude is trivially calculated with

the aid of Table I:

Z WT(—l,/Z) J Ew wTj . f.* w(+1/2)
Sl’ 7\2
im 7, <p2+ p', <p2+ p'+> -im 7,
= - + -
VZnm-mg) \M2 7 Mo /] J2nm-no)

—aﬁimi%a' P (T11.20)

1}

If we insert these results (IIL19) and (IIL.20) back into (II1.9) and use (11118 )

to identify F (qz) we f.ind19

F2(22) N 4:am f dﬁﬁ (1- [3)j.dp2 [( + B [4q +m2]>2 _ﬁZ(Bz,gf]—l

(27T)

(ITL.21)
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The integrals are elementary and we find without.difficulty

2 2 2,1/2
2 a 2m g +4m*) +lgl >
F(@d7)= &= log < . (11.22)
2> am [lgl (%2+4m2)1/2 (<.12+4m2)]‘/2 - |gj /

We recognize this equation as a familiar expression for the second order con-
tribution ot Fz(qz).zo Letting 22 — 0, we obtain
Fo(0) = % (1IL.23)

which is the famous anomalous magnetic moment of the electron.

Before turning to consider the form factor Fl(qz), we shall point out the
calculational advantages that the formulation of infinite momentum perturbation
theory used here has over others that have appeared in the lil:erature.21 First,
no high energy approximation has to be used to extract the important pieces of

the energy denominators and vertices. This occurs because of the simple scaling

behavior our kinematic variables have under boosts in the z-direction. Secondly,

the electrodynamic vertices between infinite momentum helicity states are su
simple that traces can be altogether avoided.

We now turn our attention to the helicity nonflip amplitude and the form
factor F,. Using Table I, we calculate the numerator factor in the amplitude

(111.9):

2 wT(+1/2) jrew wTj cex w(+1/2).
S, A - > - -

ri2
Po+ P -Py, Py_ . P_+P,_
P,  P'_\ /P p' i 2
T 2o, ) (2 (IIL.24)
Ny M My M V2 1m-m,)

2 2 .21-1(2 .2 2 a2 2.4
(e 6%0-071 (g2 - %) s -1 + s

i

it

- 2i(p'x py) 626 - A},
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where we have used the fact that 2k+p_ = B-B —ilé x p-
If we substitute the expressions ( 111.24) and (111.19 ) for the numerator and
energy denominators in (II1.9) and use (IIL.17 ) to identify Fl(qz), we find

Fi(a) = Zy(1 + 1)), (111.25)

where

1
1g) = (;‘;‘2 fo a8 [ap, 671 [(05 - 26%%) (11 -6P) + m26*]

y [(Bé 4 2 [mz L1 22) )2 ) 52(?,2' 9')2] -1

In ( IT1.26) we have used the fact that the term in the numerator proportional to

(111.26)

Pyx g will not contribute to the integral.
The integral defining I(qz) diverges as f—0 and as pg -—ow. However
L 2
these divergences are cancelled by corresponding divergences in ZZ’ just as in

conventional treatments of the second order vertex. If we calculate 22 to order

a using

2, (0% 51U, 0 (O, -#)fe”(p,-3)>= (2m)” 2ndn’ -m) 6°(g' - . (m.27)

we find easily that

Z,=(1 +1(0))"l . (I11.28)

Thus Fl(qz), calculated to order «, is
E

2, -1 2
Fi(g) = (1 +1(0) " (1+XKg))
2 (I11.29)
= 1+(Kg") - K0))
The integral defining I(gz)renormalized = I(gz) - I(0) is now better defined: the

B-integral converges for fixed Ry and the p2~integral converges for fixed 5. How-
ever, the integral still has the familiar infrared divergence coming from the
region near 8= 0, P 0. In an explicit evaluation of Fl(qz), this infrared divergence

could be eliminated by inserting a small photon mass in the energy denominators.
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Before proceeding to the next example, we should point out that the use of
the eikonal approximation in (III.8 ) is self-consistent, even though Fig. 2b
includes a loop. This is true because the loop integrals are well behaved in the
region 8 = 1, where the electron in the intermediate state is no longer a ''right
fnover. " If the integrals had diverged at the endpoint 8 = 1, the claim that
Eq. (IIL.8) closely approximates the effect of external field on the physical

particle would have been unjustified.

C. Bremsstrahlung

In this section we shall calculate the helicity amplitudes for the experimentally
interesting process of bremsstrahlung off an external field. The matrix element

of interest is then,

S = < e 8)y(A) | U, O(IF-1) UO, -e0) | e(p,5) ) (IIL.30)

If we insert our expression for the physical states from Section III.A accurate

to terms of order e, we readily find

i 2
S¢; = (27r)6(n—n'—nk)2[nn']2 [F(g'”;-g)—(Zvr) 52(?"“3_9)]

. (IIL.31)
oW EniEL B FawE) | wEie ko) awe) |
HE)+ @ - Hp' + K) i) - o) - Ap- 1)

The terms in this expression can be visualized with the aid of Fig. 4a and b

respectively.
In order to discuss bremsstrahlung conveniently we choose a coordinate
system with its z-axis along the direction of the outgoing photon. The energy

denominators in Eq. (II11.31) become,
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n 2
Hp) + o) - Hp' +K) = 5o @ +m?)
.Mk 2 2
Hp) -wk) - Hp-k) ==507 @ +m) .

Finally, if we choose definite helicities for the incoming and outgoing particles
we obtain, with the aid of Table 1, the infinite momentum helicity amplitudes

for bremsstrahlung,

Sg; = @mMo(m=-n'-my) 2[nn ]2 [F(g'—g) - (27r)262(g'—g)] e M(s — s', 1)

p' p
1,1 _ 27 - -
ME—3,1) = T T3 5t 5 5 (1I1.32)
k pY +m p +m
p! p
M(Z—3z,-1) = 27! {_ + + = + 21
Tk p' +m p +m ;
e ™
1 1 . 1 1
MGE—-%,1) =2 im - + 3
p" +m p +m
v ”~

These results should prove useful in detailed calculations with specified external
fields. For cases in which the external field can be treated perturbatively, one
can easily show that Egs. (111.32)lead to the high energy limit of the Bethe-Heitler

formula.

D. Pair Production

We wish to calculate the scattering amplitude
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Sfi = ( e— (p].’ S].) e+(p2, 32) l U(°° s 0) []F'l]] U(O, - ) l ‘yﬂ% )\) ) . (111.33)

Proceeding along familiar lines, we insert perturbation expansions of the physical

states accurate to first order in e and find

., o (9B WEiep-k et w-sy)
Sg; = G 0lM=My= 1) [’71’72} ej'(zm2 &) - HE) - Ak -P)

‘s ) (II1.34)
X [F(EI—B) Fog+P-k) - @m) 0 (p-p)6 (b, *E‘lﬁ)} ,
which can be visualized with the aid of Fig. 5.
If we now choose the z-axis along the direction of the photon and calculate
helicity amplitudes, we find
} o2
Sfi = (27!')5 (nk"nl"nz) 2 [7717)2} e (2”) J'dB M()\—' Sl’ 82)
(I11.35)
x [Fp-p) F (0, + ) - @m)*6% (0-p)6% (0, + D) |
-ns'«l ey sz e ,,wl e ,,“-.2 ¥ _1 ’
where
-2n P
1 +
M(l_'%_ » < % ) = ( )
My p2+m2
-
M . (2112) P,
T2s2
M p2 + m2

It

M(1—3,3 (\/‘Z im) Tl——z

M(l""%’ "%)

I
(o=

It is interesting to convert the momentum integration in (I11.35) to an inte-

gration in coordinate space in order to appreciate the two-dimensional Galilean
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invariance group which manifests itself in the infinite momentum frame. To
begin, we drop the special requirement that the transverse momentum k of the

photon be zero and return to the energy denominator in (111.34):

- - _ A
w(k,ny ) -Hp,n,)-HK-p,1n,) = 2n_) 1p+(1g.—p,) %_@n.) 1132+m2 - @n,) 7 k=p)® +m”
k i 11 w12 k7 [ e 1[5 2

m v Wy

This is a rather messy function of the momentum P of the electron and the
momentum gf _E) of the positron in the intermediate state. As is usual with two
body problems in '"non-relativistic' quantum mechanics, it pays to change vari-
ables to the total momentum, ,,lf’ of the two particles and their relative momentum.

Since 1 plays the role of particle mass in the nonrelativistic analogy, the rela-

tive momentum is

_{p k-p
a=n i— i ’ (111.36)

where

n o= mny/ (My+1,)

is the ""reduced mass" of the pair. When written as a function of k and g, the
”mr o

energy denominator is independent of k:
=2 2
w(k’nk)_H(Q’nl)'H(}f"B’nz) =~ (27) {& +m } (IIL.37)

(In non~-relativistic terms, this is minus the " internal energy' of the pair.)

T

Similarly, the vertex matrix element w'j€+ w in (II1.34) is a function of the rela-

tive momentum q only. After a little algebra we obtain the explicit form,
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eWT(Sl)j‘ @,np -k, -1,) € A) w(-5,) B

w{k, 7, V- Hp, n))-HE-D,7,) = Wis) G@ns M) W(=89) €(A)

A (IIL.38)
No—T1

~ 2 1 s s -

G@:ny,Mg) = e{( ) q-i(@ X Z) o, +img (22+m2) 1 ,

where q x 2 = (o, ).
Using these results, we can write (II1.34) as a coordinate- space integral.
Let X X9 be the coordinates of the electron and positron respectively in the

Fourier expansions (I1.54 ) and (I1.55 ) of the eikonal factors, and define

7;1_{1 My% + My%) = coordinate of the center of '"mass'" of
the pair

j
Il

(ITL.39)

r = x-X = relative coordinate.
o W W

Then we find
1 -ip;- % -ipy- X -ix(“) +iX(§2)
Sfi = (277)5(771("711—772) z[nlnz}zjdﬁldﬁz e 1 xl e 2 2 [e x]. e _1}
i ' (IIL.40)
X WT(SI) Gy, Ny) W(-8,) - S(A)eﬂé-li ,

where

. _ -2 iqQrea,

It is interesting to interpret the various factors in ([11.40). First,
€ (A) exp (ilfm'li) is the wave function of the initial bare photon. Multiplying this
by G(z) tells us the composition of the physical photon in terms of its consti-

22
tuents, which, to first order, are an electron and a positron. Hence we might



refer to Q(E)' € (A)exp (ik-R) as the first order approximation to the wave function
of the physical photon. The "internal' wave function G(r) satisfies a two-

dimensional Schroedinger equation with a point source,

2 Ny=T7
(_ 1 22 + _In_)g(rl':) =& %—i( 2 l)V- (VX%UZ+imgﬁ} (32(1').

2n 27 o e | = - -~

The solution of this equation which vanishes as | r| — « is simply related to the

modified Bessel function KO :

G I = . (n2— n]. _ /Z\ o +i K I |
m(){:) X gy N nk Y (Zx ) 7 Img O(m };)'
The next factor in Eq. (III.40), the eikonal phase factor, tells us how the
constituents of the physical photon interact with the external field. Finally, the
¥ . s .

factors w (Sl) exp(- ip fil) and w(- sz) exp(- ipy &) are the wave functions of the
final electron and positron (calculated to zeroth order). Evaluation of the S-
matrix is completed by integrating over the coordinates X and p.%) of the electron
and positron and multiplying by (2 7 ) times an 7-conserving delta function and by

1
@ng)% .

D

a fermion normalization factor (2171)

E. Delbruck Scattering

Let us turn our attention now to the problem of photon scattering off an external
field. We shall see that our scattering theory gives a clear and concise derivation
of the amplitude for this process.

The matrix element we wish to calculate is

8¢ 0y = <y ®,AN | UE, 0)[F-1] U, -0) | y @, 2) > -

(IIL41)
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If we insert the expansion of the physical photon state into (II.41) and calculate

to order e2, we find

7

2. 4 f
S~ 0 = € @M~ d(n'-m) A d"lfd,?ld&' 2.
Sl,Sz

X [F(pj-py) F,5-py) - 216" (- p) 6% o3y |

(ITL42)
x w1 (s 0 Py)* € () wi-59) w' (- 8) 1 (-4, B})- € *(Awisy)
x |w®) - Hiey) - HEp)| o)~ 1Y) - Hepy)| ™!

where

Py = ®: 71y P = (P{:7y

I

p2 = @'Blan"nl) pé (B"’Bi,n—nl)

This formula is visualized, and its kinematics are defined, in the 7-ordered
diagram Fig. 6.
We are now faced with two related problems. First, the integrand in (IIL.42)
is a very messy function of the independent momenta Dy and gi Second, the
momentum integration is divergent: if the integrals are cut off in an arbitrary
non-covariant fashion, the result will depend on the cutoff parameter. The remedy
is simple. Since Sfi is invariant under the Galilean symmetry group discussed in Section
IL.A and Section IIL.B, it will be to our advantage to use integration variables which

are invariant under this group.
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We choose to make use of four Galilean-invariant momenta r, q, ¢ and Q
The momenta r and q are defined so that the momentum transfer from the external
potential to the electron in the intermediate state is r + g and the momentum

transfer to the positron is r-q

(IIL43)
! - = —
Pp=Pp=1r-4
The momenta { and Q are defined so that the '"relative momentum' of the electron-
positron pair is £-Q before the interaction with the external field, and 2+ Q after
the interaction:
o[ Bl
-a=7 |55
N | 1 2]
(111.44)
_ —p' pY h
2 -+ Q = 'n 1}. - ”.:g .
o 2 Lnl T]2 ]
where 1 = nlnz/n is the "reduced mass'" of the pair. We will use q and 2 as
integration variables instead of P and pi- The momentum r is, of course, fixed
by the external momenta: 2r =p' -p. We find with a little algebra that “3 is given
in terms of r and q by
Q=z(+q- ar, (I11.45)

where we have defined

a = ny/n . (II1.46)
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When this change of variables has been made, the scattering matrix takes

the form

S~ O = < @m ™ on'-m) g [Fe+q) B, - 9)- @m*o+ 9ot -9 My 1A )

(I11.47)
where

1 A
M, (@, I5A, M) = _{daf dg Z

5189

wl(8))1 (g, ~Dp) € M) W(=55) W' (=55)] (-P}, D)) €*AIW(S)  (IL48)

) - Hy - Beoy)| ™ [wie) - Heo) - Hpy)]

Eq. (IIL.47 has the attractive property that the integrand of the g—integrétion
decomposes into two factors: one describing the interaction with the external
field, and a second, called the photon impact factor by Cheng and Wu23, describing
the composition of the physical photon as a bare pair.

A technical complication arises because the impact- factor M depends on
a cutoff A in the £— integration. However, we will see that the cutoff does not
affect the scattering amplitude, and therefore has no physical significance.

It is quite easy to write down the explicit form of M, using the variables
fand Q = 3 (r +q) - ar. The energy denominators are

wE) - Hpp - By = -7 - +m?] = -[2nan-a) ¢+ ]

W) -BEp -HEy) = - (@@’ en’] = -[rat-a]” [er@+m®] .
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By making use of the Galilean invariance of the numerator factors wTj w, we can

write them in terms of £ and 9 immediately:

WT(SI).i(pl’- pz) W(— Sz) = WT(SI)'J'. (g_ g’ 1719£ - 9: - 772) W(— sz)

Wl sp)i oy P wisp = w-8) @@ -1y 0@, 1wy

Thus M A takes the form

A
M,(@, ik, AY) = fdafdn [Znaa—a)]zn(z, QiAaAY) [(z—Q>2+ mz}'l [<2+Q>2+ mz]'l,
Ay 0N 0 i P o e M

(I11.49)
where
n, QA A" w (SI)J @-Qn;8-Qs - M5) € ANW(-8y)
Slsz
(II1.50)
X wH(-80)] @+ Q- gik + Q1 AW -
Let us consider the helicity flip case first. Reading from Table I, we find
n@,Q;l,-1) = -2 -+ = -2n72aq 1,0 -q.q 11151
(",w’ =1y = - (771772 (+ +) + + n a( _a) +o4 FRLFE ( . )

Thus

1 A
My@, T, + 1,-1) = -8 _{da a(l—a)fd£[2+lz+— Q+Q_€\[(£_Q)2+m2}—l {('%+9)2+ mZ]-l .

(IT1.52)
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The helicity non-flip amplitude is also quite simple. Reading from

Table I, we find

2-—-2

n(L,Q+1,+1) = [n1"2+ nz‘z} (€,-Q)@_+Q_)+3m' 7’

(I11.53)
=3 [n a(l- a)]—z {[a2+ a- a)zJ g?-gz—zigx@ + mz} .

The term proportional to£ X g can be dropped since it will not contribute to MA .

Thus we obtain
1 A
M (g,£;+ I, +1) = 2 [da_[d& [(oz2+[l _ 0‘]2)(,@_2'9,2) + m2} [(£_9)2+ mZJ-l [(£+g)2+ m2]—1 .
(I11.54)
As mentioned earlier, the impact factors M A &iven in (IIL.52) and (IIL.54)
depend on the cutoff parameter A used to avoid the logarithmic divergence in the
!Z— integration. However, we can verify that the cutoff does not affect the scattering

amplitude in the limit A—>o0by writing MA in the form

My @ x5 2541 = My (@, T34, A1) + Mu(r, 15440 (I11.55)

The term MA defined by (IIL.55) is evidently finite in the limit A—>00, If we use

the simple observation that
42 2 _
Jaa [Fera v c-g-en*Parodfa-a] - o,

we see that the cutoff dependent part of MA (d,T;A,A", namely MA(£’ T\ ,A"), does
“n n¥eu
not contribute to the scattering amplitude (II1.47) and therefore has no special

significance.
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In addition, we may note that because of its definition MA(Q,E;A,A’) is zero
at q=r. It is also zero atg =-r. (Indeed, it is an even function of g, as can
be verified by making the change of variables @ — (1~ ) in (II.52) and (IIL.54).)
Thus the scattering amplitude (I11.47) remains finite even if the eikonal factors
are singular at& = % r, as they are in the case that AN(X) is a static Coulomb
potential. The renormalized impact factors 1\7[00(3:,5\;7\,)\') are identical (aside
from a factor - e4(2 7r)—3) to the impact factors for the photon found by other

techniques by Cheng and Wu.23

F. Electroproduction of u Pairs; Scaling

We wish to discuss here a ""model" calculation which, hopefully, has im-
portant features in common with electron-nucleon inelastic scattering. We
imagine the process pictured in Figs. 7a and 7b: a virtual photon, produced by
the scattered electron, creates a pair of muons which diffract through an external
field (e.g. a nucleus). In the spirit of inelastic electron-nucleon scattering we put
eikonal phases only on the members of the pair and treat all particles as distin-
guishable.

One purpose of the model is to investigate the scaling property recently dis-
covered in electron-nucleon scattering.24 To do this, we assume that only the
final electron is observed and construct the cross section dcr/szdv , wWhere Q2
is the four-momentum transfer from the electron line and v is the energy transfer.
We then ask whether the diffractive mechanism envisioned here leads to scale

25

2
invariant expressions for the form factors O and og in the limit Q — o
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To begin, we construct the scattering amplitude corresponding to Figs. 7a

and 7Tb:

2 19y
Se; = € @MOM=n"-ny=1n,) [ZnZn'ZnIan}z —
' 2m)

2w (50 (0 9) € wis) wlis)] @], Py £ N W-s,)

-2
x @ny) (HE) -HE') - «@)) Ty 65',5651:-82

-1 2
x [H) - Ho") - B, 6) - B,0)] ™ [Fop-pp Py py-pa) - @m*e - 0y-p3)]

(1IL.56)
where
= -Dn! = -n!
q=p-p s Mg =N
PRIt W T mamgeay

The first term in braces in (I11.56) corresponds to exchange of transverse photons
(Fig. 7a); the second term corresponds fo the exchange of a ""scalar photon"
(Fig. 7b). The function H“(p) refers to the free muon Hamiltonian (Bz+ uz)/Zn,
where 1 is the muon mass.

Before proceeding further, it is convenient (as usual) to change variables in

the momentum integration from pl' to .15 » where }( is the "relative momentum' of
» wph

the virtual u-pair:

™Ne [Py P |
- 12 (""_1_ “_‘g) = i_aq , (IIL.57)
where
a = m/n, (ITL58)
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It is also convenient to let - Q2 stand for the square of the 4-momentum trans-

ferred from the electron line:

Q% = - (- (11L.59)

U

In terms of these variables, the energy denominators in (IIL.56) have the simple

forms

H(p) - Hp') - 0(@) = -Q2/<2nq> ,
(ITL.60)

2 ]
- " _ 1y _ ' - _ Q _ q 2 2
H(p) - Hp") - H,(0]) - H (o)) Zn, Ty & )

T

j ew canbe read from Table I, and are
” i 4

. . %
The numerator functions WT]. eww

»r

also simple functions of k.

We are now prepared to write out Sfi in a form suitable for calculating the
cross section. Let us choose the z-axis in the direction of the beam, sop =0,
~_—

and consider Sfi for the choice of spins s =s' = s1 =3, 8o = -4 . Then when we

substitute the expressions from Table I and Eq. (II1.60) into (I[1.56) we obtain

-2e2

1 ~
Sfi = 2moé(Mm-n'- u 772) |:2'r, 27 '217127)2j|2 (_Q_nr) M(BI’BZ) s (IIL.61)
q

where

~ -2 ~
figpy) = @0 [T
4.2 2
[Py e, 0, - (-eg +9-m 6 oy~ 0g- e - (-eg+ |

bl

(IIL.62)
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and

]

fr&) 100 1k

?QE)

(IIL63)

{(;;l-,- p'_) ok, -p} [l-afk_+al-a) Qz} [1;2+ all- @+ uz} T

The three terms in f(lg) arise from exchange of a right handed photon, a left handed
photon, and a '"scalar photon" respectively.

The physics of the amplitude l\~/1(p1,p2) is more apparent if we write it as a
Fourier transform by inserting the expansions of the eikonal factors into (IIL62).
The resulting structure of 1\~/I(21, 32), and its physical interpretation will be familiar

from the discussion of pair production by real photons in Section III.D. We find

> -ipE -iByE
M(p;,pg) = fd§1d§2 e “Lile F272 M(x;» Xo)
| (I1L.64)
-ip;r&) - 1py-X R
= J'dg'gldxz 2R e 252 [exp <— iXQSl)) exp (+iX(§2)) -.1:\ f(fl—t}v{Z) 14

| ) . ~ o
where R = nq n 1% + 7723—‘2) and f(nr") is the Fourier transferm of f(}g). Explicit
evaluation gives the wave function of the virtual muon pair, f(r), in terms of

modified Bessel functions KO and Klz

~

- - -
1% o) +1p & +igl) = fp@ +i @ + i@ (1116 5)

i

f(x) = (2n)'2'[d}§e
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. 1 ¢t » 1
0 - ) o bo-o A 5t
. [ _l. I‘_ . _l_
) = -gepld-a) [oz(l - Q2+ ,F]z <K <[a(1 - 2)Q%+ /42} 2 r) (IIL66)
1
fS(,I;) = -2177 a(l - oz)Q2 K0 ([a(l - a)Q2+ ;.Lz]z r) .

We will see in the sequel that, for our purposes, this expression for f(};) is not
as formidable as it seems.

With a useable expression for Sfi now at hand, we are ready to construct
the cross section do integrated over the unobserved momenta of the muon pair.
Using (I11.61) in Eq. (III.6) we obtain

4 1

4e f -4 f ~ 2 ‘
2 d , .
de 2m) ° [ dp; dpy | M(p},Py) | (IIL6T)

do = dp'dn'{ ———
k (27r)4Q4nq 0

Since M(§1,§2) is simpler than ﬁ(pl,gz), we write the Py Po- integral as

(27r)—4fdgl dp,, | M(BI’R2) 12 = fdxl dx,, ! M(.xl,.g'gz) I2
- [ax sy - 2,) 1 [z-z cos (X(x) - X(g{z)ﬂ (TIL68)

= fd‘r,l f(r) szd!g [2 -2 cos (X(19+%}‘,) - X(l?-%;r)ﬂ

Assuming that the potential has cylindrical symmetry about the z-axis, we can
replace | f(r) 12 by | fR(}f) I2 +1 fL<f) 12 + | fs(r”) I2 in (II1.68), since the various
cross terms will vanish when the integration over the angle of r is performed.

Thus the cross section separates into a part due to the exchange of a "transverse
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photon™, d(rT = doR + doL, and a part due to the exchange of a '"scalar photon",
2 2
1=, |1 fL I

from (II1.66) into (I11.68) and (IIL67) and interchange the roles of @ and (1 - @) in

dcrs. If we substitute the expressions for | fR , and | fs I2 obtained

doL, we obtain

do = dO’T + dch

1
dp'dn‘(4e4(2n)-6Q_4n_l) f da f dr
- q 0 ip

{% [(;7"—.)2+ 1] 2'2 o’ [oz(l - Q7+ #2] [Kl([a(l - )@+ uz]% r)]z (I11.69)
+ ozz (1- a)2Q4[KO <[oz(1 - a)Q2+ yz}% r)]z}

Jarz-zeos (xt+n - x@-1p)] -

This expression gives the cross section in the high energy limit discussed

1l

in Section II i.e. in the limit n,7n'—sc0owith n/n' and Q2 fixed. It remains now
to evaluate do in the limit Qg——* o0. To take this limit we have only to note that the
modified Bessel functions appearing in (I11.69) are large only for small values of
their arguments, so that the main contribution to the L-integral comes from the
region £2 < [a(l - a)Q2+ #2]—1-

Physically, this means that for large Q2 the transverse separation r between
the muons as they pass through the external potential is small. If the separation
were zero the two muons would receive exactly opposite eikonal phases; thus for
small r the net phase received by the muon pair is proportional not to X but to VX .

Mathematically, this means that the Q2—=co limit of do can be obtained by
substituting for the p-integral in (IIL.69) its limiting form as r—>0.26 This

limiting form is easily evaluated:
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~ fap [‘;;-Vx(g)]z (IIL70)
2 2
= 1" fap [gxgg)]
(In the last step we have used the assumed cylindrical symmetry of X(}’)‘).)

Once the limiting form (1I1.70) of the ‘lg-integral has been substituted into

(I111.69), the &—integral can be evaluated using the formula®’

.[lex [KJ(X)}2 ST 28—3[1"(% S)]Z I'gs + g;l{;)(%s_ J)

This leads to

4 -5, -4

do = dp'dn’ (%e 2m) "Q "n 1)fd.9 [gx(?)]2

X %[( ) ] fda j [ (1 a)sz]z : (LIL71)

0 al- cv)Q o 0 (- @+ p

Evaluating the a-integrals in the limit Q2—>co, we find

4
~ dp'dn' Se— de{Yx(B)]z (ITL72)
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We recall that this is the cross section for the choice of spins s =s' =1,

o = -4 . 1t is not difficult to see that the choice s =s' = 3, 8 = -3

s S 3

(S

8 =
8y = +% leads to the same cross section. Each of the other six possible choices

for the spins of the final particles gives a cross section do. = 0 and a cross

S

D) 020
section do,, which is small compared to the cross section in (IIL72) as Q“— 00.%°
Thus the limiting cross section for s = 3 (or s = -1 ), summed over final spins,
is two times the cross section in (IIL72).

In order to make contact with standard notation and identify the form factors

UT(QZ, V), os(Qz, v), let us define

-1
E = lab energy of the incident electron = 2" 2[n+ H(p)]
1
E' = lab energy of the scattered electron = 2—2[17' + H(;f)] (IIL73)
v = E- E'
Apparently in the high energy limit
1 1 1
n=22E, n'=22E", Ty =22y , (I11.74)
We recall also the definition of Q2:
"72
2—;__1”_1:-2 - |+|2:_ﬂ_qz _j.z
Q"= - - e-p), = —2n (HE) -HEY) +p° = T pT e hm” (I1L.75)

Thus in the high energy limit, and neglecting m2 compared to Qz, we can replace

p' by

p” = T Q. (ITL.76)
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When we make these replacements we find for the cross section summed

over final spins,

do do
do - T + S

dQ%dv  d@dr  dQZdv

(AL77)
2 2 2 2
~ 20" 1 E')E +E' Q ) J [ ]z
= log|—5] +1; {db|V X(b)
o2yl B | ZEE (u2 ANR
Using (III.77) we can extract the form factors Og and 0T29:
2 2. ~2a 1 2
5@ Y/Q) T g ngdl?[ﬂ"@}
. (I11.78)
2 2.~ 2a 1 Q [ 2
O"T(Q , v/Q) T -C-Q-é log <—#—2-> J'dgr XX(R)}

It is interesting to compare the behavior of og and Orp in the present model

with the famous scaling behavior of the same form factors for deep inelastic

electron-nucleon scattering.30 In this model, US(QZ, v/Qz) is scale invariant:

is a function of (V/Qz) only. However, the factor
31

for large v and Qz, ons
log(Qz/uz) spoils the scaling behavior of e
In the somewhat hypothetical limif of an external field which varies in space
‘slowly compared the lepton Compton-wavelength (1/X |V X|<< u _1), the formula
(III.71 ) for (TS/O'T is wvalid for all Qz. The direct evaluation is shown
in Fig. 8; we see that O'S/O'T is never larger than 0.26,
It is not clear what direct connection these calculations have with respect to
hadron electroproduction. While there appears to be a diffractive mechanism32
operating in both cases, the details (e.g. , the scaling behavior of o’T) are different.

However it may be that some features of the process, such as the importance of

2 -~
small transverse distances (Ax) £ Q 2 at large Q2 are common to both.
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G. Electroproduction of 7 Pairs

While the calculation discussed in the previous section did not yield scaling,
it has the attractive property of predicting a small number (< 0.26) for the ratio
oS/GT. This result can be traced to the fact that the constituents of the photon
(muons) has spin . To display this fact explicitly we consider the process of
electroproduction of 7's (spin zero) off an external field.

Our first task is to develop the infinite-momentum version of QED for spin
zero bosons. By arguments analogous to those of Chapter II, it is easy to obtain

the Hamiltonian which governs such a physical system:

H = ¢’ +mP)p+ JAp A-eo B-D)0-a + Pa6To + eg )9S pa +

3|0

(111.79)
O v - 1 -
+t3e [¢T(n- n)¢] 3 [¢T(n- n)¢]
n
We are interested, in particular, in the two graphs shown in Figure (7). The upper
line in the graphs is familiar since we know how the electron couples to both the
transverse and scalar photons. We can read off from (IIL. 79) the matrix elements

for the pair production of spin zero bosons from a transverse photon:

3 2 My=mj
-1 - 1 -Dl=-D! D! - —— .
2) (@m)0(n =1y="15)0 (4 ~Pj~Py)| Py~ Py R q] X (IIL.80)

and the matrix element for an electron to create a pair of spin zero bosons through

instantaneous photon exchange:
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'

® @6 m-n'- n'-nz)é ®-p'-p %)e S V2n2n! _(_77_2_7% (IIL 81)
(Mg +m')

The final ingredient in the calculation is the limiting form of the S-matrix describing
the scattering of the energetic constituents (7r+1r') off the external field. The details
of the argument follow those of Chapter II, and one can easily find that the same
answer emerges: each m receives an eikonal phase exp(-ie fao('r, X, 7 )d7) as it
passes through the external field. This result is very plausible since the eikonal
formula depends only on the charge density of the constituents and not on their more
deta iled properties.

With these preliminaries done we can record the S-matrix element for Figure (7):

2
Sg; = € @mo(M-n'=-1y-15) V227!

1

A +
(2")2 an(H(p)-H(p')—w(q))

2 s's
n

t 27,
j dp] 2w ENi@hP) € " (s) (pz -p{- Ty g) £0 (ng=1y)
q

[ .1 N-H -1 v ' 2 46 1Y) 1 (II1.82)
|HE)-HE")-H, )~ 7r(p2)] [F(,Bl'El)Fc(l’,z'Bz)'( ™ o ®-py) (22‘132)]

where the kinematics are defined as in Section (F). The pion current term can be

written much more simply in terms of k, the "relative momentum' of the pair,

My =1
Pt 21 -2 Tl T1. 83
Pe~Ry ~ 7, ®*pp = M+ 1) [’7122 ’7221] 2K (I 83)
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If we choose s=s' = 1 the numerator in the term corresponding to Figure (7a)

can be worked out with the help of Table I,

2 Z QJT(%H (n'sn\-g*()_,w(-é—,__-e(}\.) = - —-2—77-——- nk - 2 -n'k (IM.84)
A \élfi’r ) o PSRN ~ n!(n_ln!) FoT s n_nll’+ - AN
Furthermore, if we define the variable
(1L 85)

a = 171/77q

and do the manipulations which led from (IIL.58) to (III.62) in Section (F) we obtain,

2
4nym, ) J dp; |7 plk, +plk_+ (3-a)Q

Sfi = 62(217)6(71—17'-7)1-772) va2nan! 2 2 ~7 2 2 2
Qg /J@m7| K'+al-a)Q +m,

(II1.86)

« [Py 0a-10F @ -0 410 - @6 (o~ aq -196 (py- A-c g +10)|

It will prove convenient to write this expression in the form appearing in Section (F).

We have
’ 262 ~
Sfi = (21r)6(n-n'-7)1-772)W ) m. (21’22) (ITL 87)
Q"
where
- dlg - 4
m, ©):Bp) = j @ T &) [F(Rl’ 0-B)F @y - (-)q +K) - @T) "0 (p)=ag=k)0 (R, (l-a)g+§)]
’ (T11.88)
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and

Lk, +pyk_+(3-a)Q’)

'fw k) = %er)(}}) +¥§TL)(1§) +“f'7(rs)('15) \/oz(l-a)( 5
[k +a(- a)Q +m ]

(ILL 89)

The interpretation of the various terms is the same as in Section (F). We observe

that the f7r 's differ from the f#'s of Section (F) only in their o« dependence. In fact,

FR) - [lma 3R ¥, o wL),  wS), . _ _(G-@) ~(S)
PONT LR rh e e 22 (ILL.90)
Analogous steps which led from (OL67) to (IIL72) in Section (F) give the transverse

and scalar differential cross~section,

4 1

e
2 a(l—cy
do dpidnt | ———nr I abl[vxm]? 2 y*+1] [ da

coj o

Il

(I11.91)

wn\-a

2 4
1-a)(3 -04) Q

do, = dpidn' | —S—— jdb VX(b fd a(

5o (2705 ‘ [ref [20-0)Q” + m3)?

We can identify the form factors o (Qz, —Ii) and o (Qz, d ) from these expressions
, S Q2 T -z

in the usual way

1

2 v 2a 2 ajl-a)
ch,——)———fdexb) da
7! Q2 3m N[ ® '{ [a(l-a)Q +m2

(I11.92)
1

2
2 v 20 2 1 al-o)(G - a)

0g @ Ly = 22 fapfvxe do

577 q 37 [ ] Q° '{ [et-0)Q” + w2
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Taking the ratio of these quantities and letting Q2 >> mi we have

= - —— (IIL.93)
T )

og log (Qz/mﬁ)
O
In this model Orp scales, but Og Brows logarithmically with Qz. This is just the
opposite behavior of the u electroproduction model. It is clear from (II1.92) that
this difference stems from the different longitudinal momentum distributions of
the constituents (u's or 7n's) in the physical electron. Although neither model
scales, the first (spin % constituents) is more appealing since the ratio O'S/O‘T
was, atleast, a small number.
IV. Applications in Strong Interactions

A. Description of the Approach

We now turn to a more speculative program of applications. We are interested,
in particular, in attempting to obtain predictions relevant to strong interaction
phenomena from our field theory model. The motivation for using field theory as
a framework for such a discussion is the fact that, unlike other available theories,
it respects the basic principles of unitarity, analyticity and crossing which one
would like a '"'solution" of strong interactions to possess. However, since per-
turbation theory is the only calculational technique at ones disp.osal, it is difficult
to see how one can obtain predictions from field theory which do not rely on the
unrealistic assumption of weak coupling. One particular way out has been, of course,
to sum infinite sets of Feynman diagrams. This procedure is, in general, difficult
to defend for two reasons. First, one can question whether one possesses the
physically most important set of diagrams; and second, a mathematical justifi-
cation for the summing procedures (which are usually approximate in nature) is

lacking.
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Regardless of the difficulties inherent in this program, it is certainly a
worthwhile task, in light of the absence of a competing fundamental theory of strong
interactions, to attempt to obtain some insights from field theory. Whether one
can obtain detailed and reliable predictions is another much more difficult question
we will be addressing in the subsequent chapters. Many of the processes we will
consider have been discussed in a different light by H. Cheng and T. T. Wu. 32
We will obtain several of their results in a more understandable and physical con-
text; but, more importantly, we will also argue that some of their recent pre-
dictions concerning total cross-sections at asymptotic energies are based on an
unrealistic set of approximations which omit many crucial characteristics of strong
interactions.

Since the calculations to be presented are rather technical and tedious, it
behooves us to dwell at some length on their physical features before proceeding
further. We consider an energetic electron scattering off an external field. We
relax our calculational procedure of working only to finite order in the number of
bare constituents that make up the physical electron and ask for that set of graphs
which give the dominant contribution to the scattering amplitude. It should come as
no surprise that the graphs are similar in general structure to those considered in
multiperipheral models. In fact, we argue that, fixing the order of perturbation
theory at 2n, the most probable physicai state of the electron consists of a bare
electronand n e+- e pairs as presented in Figure (14). This diagram is a slight
variation on the more familiar t-channel ladder graphs in ¢3 models of Regge poles.
A distinctive kinematic feature of these graphs is the longitudinal momentum dis-

tribution of the pairs down the chain: each pair on the chain has (on the average)
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a fixed fraction r of the longirudinal momentum of the pair just above it. Thus,
as is common in multiperipheral models, the longitudinal momentum distribution
of the e -~ pairs is a constant function of logn (x rapidity).

This physical state develops as the electron approaches the external field.
The most likely interaction between the constituents and the external field is realized
when the slowest pair on the chain picks up eikonal phases. The last step in the
elastic scattering process is the reconstruction of the outgoing electron. This,
naturally, occurs through the same machinery that developed the initial physical
state. Thus, the entire scattering process can be diagrammed as in Figure (14).

A striking dilemna occurs now when one attempts to sum over n, the number
of pairs in the physical state: the resulting scattering amplitude leads to a cross-
section which violates the Froissart bound. The physics responsible for such an
effect is actually very simple. Consider Figure (14) again and view it from the
t-channel. If the e -e” pairs were absent and the two photons coming off the
electron belonged to the external field, the scattering amplitude would be negative
and proportional to the c.m. energy of the collision. In the usual way, this leads to
a constant cross-section. New imagine putting the e+- e  pairs back into the diagram.
They provide a mechanism whereby the 2 photons can attract one another and tend
to bind. Invoking the familiar Regge argument, this binding in the t-channel implies
a stronger energy dependence of the scattering amplitude in the s-channel. In more

detail, we will find that the scattering amplitude, as represented in the complex

IUr 2
33 & -

It has been suggested that s-channel unitarity be restored by iterating the single

angular momentum plane, possesses a cut which extends to J =1 +

chain graphs. The motivation for such a suggestion comes from the eikonal formula

(IL.47). This simplest eikonal formula occurs from the iteration of single photons
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in the s-channel. One might guess (and we will prove. this in detail) that if a more
complicated t-channel structure is iterated in the s-channel, a similar eikonal
scattering amplitudes emerges. However, now the eikonal phase X is associated
with the single chain diagrams instead of single photon exchange. Since the scat-
tering amplitude for single chain exchange is purely absorptive, the associated
phase X is negative and could serve to damp out the absurdly large single chain
amplitude. This is indeed what happens: the result of the s-channel iteration
procedure is a scattering amplitude which saturates but does not violate the
Froissart bound.

Our physical picture sheds considerable light on the implicit assumptions con-
tained in this procedure. First, we will see that these unitarity corrections occur
when more than one chain of e - e pairs occur in the physical electron state. So,
a typical contribution to the scattering might be a diagram as shown in Figure (18).
A Suspicious assumption of the iteration scheme is that the various multiperipheral
chains do not communicate with one another during the scattering process. However,
according to our physical picture, the chains scatter simultaneously off the external
field, and hence are nearby in real space-time. There is also considerable overlap
between the various chains in momentum space, i.e. electrons and positrons from
different chains often occur with small relétifie subenergies. Hence., it would be
very odd to suppose that they would not interact and link up their respective chains.
Naive considerations such as these lead us to suspect that it is unrealistic to treat
the chains as independent.

A detailed calculation to confirm this belief is carried out in Section E. There

we consider, in a somewhat simpler model than QED, a set of graphs which lie
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outside the proposed iteration scheme. We find that these graphs as depicted in
Figure (20) grow even faster with energy than the single chain amplitude. On the
basis of this work we are led to conclude that the popular Regge-eikonal formalisms
are too naive to be considered indicative of field theory's predictions for diffraction
scattering. We conjecture that more effort is needed to sift out the general features
a more reasonable and physically appealing picture of diffraction scattering should

possess before attempting more detailed perturbation theory calculations.
B. Single Chain

In this section we wish to emphasize some of the physical features and important
formulas for the multiperipheral process shown in Figures (9-14). These processes
have been considered in the literature, so we relegate our explicit and lengthy cal-
culations of the associated scattering amplitudes to the Appendices. The reader
is, however, advised to familiarize himself with somé of the main features of these
calculations‘_before venturing on.

Wé will also find it slightly more convenient for these applications to modify
our perturbation theory rules somewhat. These rules are, aside from certain
normalization changes, simply those which follow from the formal field theoretic
development. We shall associate the follovﬁng factors with the parts of a certain
T-ordered diagram:

(i) wave functions u(p, s), W(p, s), ﬁc(p, s), uc(p, 8), and‘e)\(p) for the ex-

ternal lines;

(ii) (B + m) = ZS: u(p, s) U(p, s) for electron propagators;

(-p + m) = —Zs: uc(p, 8) ﬁc(p, s) for positron propagators;

Zx e (m* ex(p)” for photon propagators;
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(iii) e'yu for each vertex in Fig. la.

2ok v L h vertex in Fig. 1b, where 7
e 53 53 o ...’)’u...'}’v ... for each vertex in Fig , o
0
is the total n transferred across the vertex
e2 Y yo y L for each vertex in Fig. lc;
v o, ]

(iv) a factor (217)'j 5( Nout™ Tin) o(p "By for each vertex;

out

(v) a factor (Hf-H+ ie)-l for each intermediate state;
ool

(vi) an integration (27r)"3 f dp —(213 and a sum over spins for each interna:

line;
(vii) an eikonal phase factor for a chosen intermediate state.

Let us now return to the multiperipheral diagrams of Figure 14, Our physical
picture sllows us to look at these scattering processes in three parts. First,
the incoming physical electron dissociates into a state of bare constituents
which in this case are e - e~ pairs. The scattering ampilitude receives itg
vdominant (leading logarithm of energy) contribution from multiperipheral
chains which are stronglv ordered. i.e. the ratios of the longitudinal
momenta of successive virtual photons down the chain are small. So, to good ap-
proximation the physical electron consists of a chain of e+-e_ pairs whose longi-
tudinal momentum decreases the further down the chain we move. The chain of
constituents next scatters off the external field when the slowest e e pair picks
up eikonal phases (Fig. 14). Finally, the scattered state of constituents recombines
into the outgoing physical electron.

According to (C.10) of Appendix C, the scattering amplitude (forward direction)

for this process reads,

s(t ehain) oy _om2ny s(n-n" [M(Tl/n min) -1] (Iv.1)
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where 5

M( 7/ =L (9B g1y £(B,1) (=2 —7?)6(;5?9 n
(”min_)\zf(z,,)z (8, 1) (,),’ - 1)(1v.2)

min 77min

and 7 refers to the incident electron and the functions f and C are derived in
Appendix D. The minus sign in (IV.l) indicates that the scattering is pure
absorption. The scattering amplitude can be undérstood more clearly by trans-
forming it to the complex angular momentum plane. As discussed in Appendix

C, the Mellin transform of (IV.2) reads,

1 ds 1
Jy = — —E_ X8, (8,
M(J) 32 /(zﬂ)z (B, 1) 1(B, 1) [J _(2a)2 é(ﬂ)] (IV.3)

ES
2a 2
which possesses a cut over that range of J where the denominator, J- —7T—> CH,
can vanish. That range is, in fact, from J=0to J =11 7ra2/32. As derived in

Appendix C this implies that the energy dependence of the S matrix element reads,

, lird®
53—

n
Viog 1

1

gli-ehain) ), (IV.4)
This result has been obtained by Frolov et al., 5 and disagrees slightly with the
cut claimed by Cheng and Wu. 4 We see that (IV.4) violates the Froissart bound
no matter how small ¢ is. In effect, the multiperipheral chain has provided a
mechanism whereby the two photons coming off the through-going electron line tend
to attract one another. This effect elevates the energy dependence of the S matrix
from n, characteristic of spin one photons, to '71 +(11noz2/ 32).

It is this violation of the Froissart bound which has caused several aufhors
to consider diagrams of iterations of the multiperipheral chains as a possible

mechanism for softening the energy dependence of (IV.4). The success of this

scheme relies upon the observation that such diagrams have alternating signs
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and hence tend to cancel when summed. This behavior is similar in character
to the simpler and more familiar s -channel iteration procedures used in eikonal
approximations. We will see in the next section that such $-channel iterations

can be easily computed and understood from our infinite momentum point of view.

C . TWO-CHAIN DIAGRAMS

In this section we will look in detail at the diagram in Fig.15. The incident
electron emits two photons which break up into two pairs which scatter simul-
taneously in the external field before they each coalesce back into photons which
subsequently land on the outgoing electron. In addition to the particular 7T-
ordered graph drawn in Fig.15 there is a graph for each other allowable T-ordering
of the vertices. The crucial point, however, is that although a particular 7-ordered
graph is complicated, the sum of all the graphs is simple.

To see this consider Fig.16 which shows a particular T-ordered diagram which
contributes to the incident physicai electron state. Each vertical line in the figure
denotes a certain intermediate state and energy denominator. In addition to just
this T-ordered diagram, there are diagrams for each of the 5 other permutations
of the vertices (1234). There are two points concerning these diagrams we must
make. First, to leading order in TIP, the vertices on the through-going electron
line do not distinguish between the order of emission of the various photons. This
is so because the 7's of all the photons are predominantly small compared to UP’

and the photons couple to the electron line through ¥© which behaves like

i(p,s) ¥° w(P,8) = 250 s 27p Sgg (IV. 5)
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Secondly, the infinite momentum energy of the through-going electron can be
ignored in the energy denominators for each diagram. Using this simplifica-

tion we will write down the energy denominator factors for each diagram.

(1288 {9 [HEy+HP,)] [0@+HEy+HE,H] [H(p,)+H(p,)+H(py)+H(p )]} 2

(1324) {w(k) [ok)+(@] [w@+H(py)+Hp ] [H(pl)+H(p2)+H(p3)+H(p4>]}'1
(3124) {w(q) [w(@+e()] [(@+H(pg)+H(p)] [H(p1>+H(p2>+H(p3)+H(p4>]} -1
(IV.6)
(1349w [0 +o@] [o®+HE,) Hpy] [Hp)Hp,)+HpyHE,] 7
(3142) {w(q) [a) (q)+w(k)J [w(k)+H(p1)+H(p2)] [H(p1)+H(p2)+H(p3)+H(p4)]}'1
(3412) {w(q) [H(p,)+H(py)] [@(k)+H(p))+(p,)] [H(p1)+H(p2)+H(p3)+H(p4)]}-1
The sum is computed efficiently if we combine the first three terms, then the
second three terms and sum the results to obtain,
-1 -1
{w (k) [H(py)+H(p,)] } {w(q) [H(p,)+H(p,)] } (IV.7)

This important factorization property means that the two bare pairs in the
physical state are independent of one another (in the region of phase space which
gives the dominant contribution to the scattering amplitude). Using the ideas in
this example, it is not difficult to construct an inductive proof of the factorization
property for any strongly-ordered multi-chain graph.24 In fact, QED experts will
recognize this factorization property as simply a slight variation on an argument

familiar from bremsstrahlung and infrared problems.
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We now return to Fig. 15, and write the scattering amplitude,

4
e

_ 1 (1) 1
S =5 §(n,-n s)/M (®'-p;n) 2n5(N'-M)
20 (gm? U0

-2 -2 -2 -2
dB'dlsldEldB4dnk1dnldU' (2m) <2nkl) (2n;) " 21y

[w<k1)]'lEu(kz)]‘l[H(pl)ﬂpZ)]‘1[H<p3)+H(p4)]']z GPSYu (p's)T ('S u(P,S )

S, S
tr [(151+m) Y ()Y (-Bgrm) y°(—152+m)y3] [F(g (PPF (3P ~(2m 5(p 4—31)5(133—;32)]

(IV. 8)

where

and where we have identified the scattering amplitude for the "inner" loop and
have used (A.13). The factor of E],’— occurs because when we sum over the
permutations of the vertices we effectively double count individual diagrams.
We can further simplify (IV. 8) by noting that the' n' integration is done by the

0 function coming from the inner loop. Finally, identifying the scattering

amplitude for the "outer" loop,

S = (2m 20 5(n ~n) 5 ?z(%z uD @opiny MY (@-Pppin)  @v9)

This convolution integral can be factored by transforming to x -space. Define,

M(l)(g;np) :/d§ JRULD.¢ M(l)(§;np) (IV .10)
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Then,

s =27 (21 8(7 - n) f ax BT XL [M‘l’ec,np)]z (IV.11)

which shows the beginnings of the expected "eikonalization."
Using the same techniques we can obtain the scattering amplitude for the

diagrams indicated in Fig. 17. The result is, using the notation of Appendix A

and B,
- - _dp' (1, ... ()
5 =2n,(2m &(n, np')f(zﬂ)z M(p'-psn ) M(R'-P-pltpin )

(IV .12)
s =20 (21) 8(n-n ) / ax RV 2 Wy M

In this case, when summing over the permutations of the vertices, there is no

overcounting of diagrams.
Continuing the argument to contain all two chain diagrams, as indicated in

Fig. 18, we conclude that the scattering amplitude for this class of diagrams

reads,

(2chain) _ i i(P'-P)-x
s 20 (2m) 8(n, np.fdzc_e

T?.-l'.- [M(l)(§, ng + M2 0+ - ] [M(l) & )t - ]

(IV.13)

Identifying M(lcham) (X,

. i L. . i 2
S(Z chain) _ an_(zﬂ,) 5( - Upv)‘/.dl‘ oHUE-B)-x ?%_ [M(lcham)(g, ,,p)]

(IV. 14)

np) as in Appendix C, we have
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D. THE REGGE-EIKONAL FORMULA - A CRITICISM

The arguments presented in the previous section generalize straight-
forwardly to diagrams which contain N chains scattering off an external field.
Again, after summing over all T-ordered diagrams, the chains become in-
dependent (in that region of phase space which contributes the leading log to the

scattering amplitude), and the amplitude reads,

—— . N
sMp'-p = 2np(2M8 (Np- npy)‘/dﬁ HE D x f\% [M(lcham) (%, np)]

(IV.15)

Summing over N, we find

(1chainy
SPU_T . M (X%, 1p)
S(P'-P) = -215(2M 8(71 1) / ax T D EL o P (Iv.16)

which is the Regge-eikonal form for the scattering amplitude.

(IV.16) has been investigated in detail for QED and /\¢3 field theories.35

The calculation for A ¢>3 is particularly simple, and using the techniques of this

paper or otherwise, it is easy to find that,

2
X

a(®-1 -
UP( ) 2|a'(0)|log p
e

(1chain) -
M (X, UP) log UP

(IV.17)

where a(0) and «'(0) are, respectively, the intercept and slope of the leading
Regge trajectory. In the forward direction then, (IV.17) receives significant con-

tributions only from |x | <0 (log 7 and leads to an elastic cross section which

p>

saturates, but does not violate, the Froissart bound. In QED one finds that

M(lcham) (x, r)P) possesses a fixed cut at J =1 + 131; az which is modulated
by a complicated function of x which behaves like e Al&' for \z(_\ > %\ . So, as

in the case of ,\qb3, although M(lcham) taken alone violates the Froissart bound,
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the Pogge-eikonal formula leads to a cross section which increases only as
log2 Mo Itis this phenomena which has led several authors to take the Regge-
eikonal formula very seriously.

However, from the point of view of the physical picture developed in this
paper it is not even clear that the Regge-eikonal scheme is at all reasonable.
In particular, (IV.17)assumes that the chains never interact among themselves.

However, we have seen that the chains all scatter simultaneously off the external

field, so they are really overlapping and crowded together in real space-time.

So, even if the photons linking the pairs together were given a large mass

(short range), such photons could easily propagate between two chains and link
them up. The simplest example of such a process is shown in Fig. 19 . This

is an interference effect between a two-chain and a one-chain diagram. These will

be studied in considerable detail in the next section.
E. INTERFERENCE EFFECTS

We wish to consider the simplest type of interference graphs in some detail.
These are the 2 chain-~1 chain graphs, an example of which is drawn in Fig. 20.
As in previous sections we are content to calculate only the leading logarithms
of each diagram. In this approximation the photons forming the right hand chain
in Fig. 20 are strongly ordered in the usual sense. This fact then allows us to
formally sum over the subsections indicated by letters A, B, and C in Fig. 20
and replace them by their Regge form. This fact is stated pictorially in Fig. 21
where we have a Reggeon, defined diagrammatically in Fig. 22, interacting with
an elementary particle (massive photon) through the exchange of another elementary
particle. Just as in the calculation of the single chain, this exchange gives rise to

an attractive potential between the particle and the Reggeon. Figure 21 has the
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advantage of showing that this class of interference terms reduces to a quasi-
two body calculation, and should, in principle, be solvable.

Although the single chain gives a fixed Regge cut in QED, there is no
reason to restrict our considerations to just this case. We will, in fact, de-~
velop a formalism in which we can insert an input Reggeon (pole or cut) into
Fig.21 , and then deduce some characteristics (energy dependence, at least)
of the output Reggeon. In particular we will see cases in which Fig. 21 generates
a scattering amplitude which grows faster with energy than the scattering ampli-
tude corresponding to a single Regge exchange. Our method of analysis consists
of several steps: first, write an integral equation which sums up diagrams of
Fig. 21 ; second, specialize to the forward direction and obtain a simpler
(Fredholm) integral equation; third, use variational principles to obtain lower
bounds on the highest eigenvalue of the kernel; finally, relate the bound on the
eigenvalue to a lower bound on the energy dependence of the scattering amplitude.

We begin the analysis by writing the'S-matrix in a more convenient form.
We define a function W which is related to the S-matrix by the removal of the

photon legs 1,2,3, and 4 shown in Fig. 21. So,

s =(2m(2n) 8(1-n") [ dp,d2,dg; S(A~p,4,- ql) 5o dpdedgS(A-p-L-g)

. 1 1 o
W(!Z +q,,P ,!2+q ) )
(( ﬁj+ Az) (quf /\2) > < (&2+ /\2) (q~2+ )\2)> \ S R Umm

(IV.18)
do

1
e
%2 9P 3 22 2)
1 2a <[(é-21-1~1) + X[+ A7)

s = (2m (27 8(7-7") [ dp,at

1 o
W(A-p,,P;; AP, D; )
<[(A‘R“Q + A ][£2+ /\2]> ( R ~ s~ Tmin
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The £ and L integrals can be done, giving

1
S =(2m(2m) 5(n-n") [Jdp, dp dor (1 A-p,|) k(|a-p|) W(A-p,,p,;A-p, p; 70—
1 o 1 IP=20
nmin

min
(IV.19)
where
B 1 ~ ~i(A-p) X 2
k(;é—2|)=/dg 3 —/dﬁe = Ky (k[%])
[a-py £+ X*] 5+ X ’
(IV.20)

The function W now represents the propagation and interaction of the
Reggeon and elementary particle in the t-channel. We can write an integral
equation for W in terms of the Reggeon, the photon propagator and the inter-
action between them. The integral equation is represented pictorially in Fig. 23.
If we represent the Reggeon by the function R(k, 1/ nmin) , the integral equation

becomes,

n 1
wW{A-p,P,; A-P,D; 1 =6(p-p,) R{A-p;; +
1=1 n . 1 ' n_. 2,2
min min (El+)\)

n
4 dh 1
=3 f (cix—a / 55 —5 5 F(h-D;,A-h) R(A-py, 1/@)F(py,h-py) x
22m° J [(p; ™ X] @1+ X)
min

(Iv.21)

where the function F describes the possible momentum dependence in the coupling
between the Reggeon and photon. By iterating (IV.21) one can verify that it indeed

sums the diagrams of Fig. 20. Instead of discussing this integral equation in its



-68-

full generality we will specialize to a rather naive model in which F is momentum
independent and R is a simple pole. The real situation in QED will be discussed
at the end of this section.

With these simplifications the integral equation now reads,

B(A~P1) .
.M - Sio- 1 " -
W(é"Bl »P13AD P > =06(p-py) —3 ( me) 9(7; T )

min P+ Az) min
A-
et d da dh A2 n AeRy !
* 3/?{ RN VELC] W(E’é‘h?éB’E;_‘n )
2(2m) [, B+ x7] [p3*+X7] min
Tmin
(Iv.22)

where 3 is the trajectory function of the input Reggeon. W is, of course, different
from zero only for 7/ min > 1. It will suffice for the purposes at hand to consider

the somewhat simpler integral equation for the function,

) o
T(é—gl,gl;n—mi;) :fdg k(|é-g|) W(é—pl,gl;é-p,g; Tﬁ;;) (IV.23)

T satisfies the integral equation,
B(é_g 1)

" 1 1 U
T{A-p,:P; ——-——)=k(lé—2 ) ( ) 9( -)
( U= Min il (g?+ ¥y \"min 7 min

(IV.24)

A2 B(a-py)
/ da/ ( ) P1 (f.l A-h: na )
2(2‘n’) (pl-g) +t\ (pl+ )\ ) min

Care must be taken in writing the order of the first two arguments in T, because

this ordering reflects the exchange character of the interaction between the Reggeon
and elementary particle. This integral equation becomes much simpler if we introduce

Mellin transforms. Recall the definition of the transform,

T(4-p,p;J) /T(APPY)Y
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and its inverse,
1 J
T(A-p, P3Y) =§—f A-p,p;d) y© dJ
C

where the contour is chosen to the right of all the singularities of T(A-p, p;J).

It is an easy exercise to obtain the integral equation for the transforms,

1
T(A-py»Pqid) = k(]é'gﬂ) +

[3-84-p,i] [p2+A7]

oA dh A2
) e T 4
2(2m° 7 [(p;-B ™+ X"] [p1+ A7) [3-Aa-py)

Consider this equation in the forward (A=0) direction. The driving term
then depends only upon Ei' T will inherit this symmetry, so the angular integral

in the homogeneous term can be done. If we carry out this integral and define,

2

t=p t' =

I4=x

2
1

the integral equation becomes,

o0

T[] [0 4(2702 b\ <t+t'+>~> Lt [6+07) [3-me]

(IV.26)
This one dimensional integral equation can be written with a symmetric kernel

if we simply define,

2
W(t:d) = \/J-ﬁ(t) \/t“ T(t;d) (IV.27)
and note that

4

. k(t) e f (v
w(t;d) = Kq(t,t") W(t';J) d (IV.28)
VIBH VA2 4(277)2 ! S <)*2>
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where
1 S 1
Va-py Jea® J\feeend s \f-pey eea®

Kg(t,t') =

Since KS(t,t') is a symmetric, real, square-integrable kernel, it must have a
discrete spectrum of real eigenvalues. It will become evident shortly that if

we can obtain the highest eigenvalue of K, then we will have foynd the leading

S!
anergy dependence of the set of graphs of interest. Actually, we will be content

to obtain a rather weak lower bound on the highest eigenvalue of K and thereby

S
obtain a lower bound on the energy dependence of the amplitude.
In order to see explicitly the connection between the eigenvalue problem and

the energy dependence of the scattering amplitude we go back to (IV.19) and write

it in terms of W(t;J). From (IV.19) and (IV.20)we have

n
S = (2ﬂ')(2n)8(ﬂ—nv)/dgl / .d—:— k(|a=p4]) T(Q-El,gl; —nt) (IV.30)
Tmin

Then, introducing Mellin transforms and specializing to the forward direction,

we have using (IV.27)

S = (2m(27) 8(n -n") M(—n—ﬂ—) (IV.31)
min
where, for large 7/7 min’
00

J
7 \oq W(t;) 7
M =7 [ at ke / ( ) dJ Iv.32
< ”min) f 338V t+A% \ Tmin (v-5%)

0 C

where the contour C lies to the right of all the singularities of the integrand.
Consider the integral equation for W and write it schematically,

W=B+gKW (IV.33)
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4
where g = € 5 - (VI. 16) has the formal solution
4(2m)

W = (l-gKS)—l B (IV.34)

which may be written under appropriate circumstances as a series,

- -] o0
W) =L W mn= L €K B (IV.35)

n=

The nth approximate of W(t:J) is given by

w0 = gnf. fitl. At K(t,t) K(t) to) Kot . tyB(t)
(IV.36)

Since KS is a Fredholm kernel it has a discrete spectral decomposi‘cion,36

00

KS(t,t') = :él unfn(t)fn(t') (IV.37)

where y and fn(t) are respectively the nth eigenvalue and eigenfunction of KS'
If we then approximate W(n)(t;J) by withholding only the highest eigenvalue (u 1)

of Kg» (IV.36) becomes,

Wi <~ Wl @ £, f dt' £4(t';9) B(t") (IV.38)

where we have indicated explicitly that the eigenvalues and eigenfunctions can

depend upon J. If we now introduce the Mellin transform of M(—I’——) ,

© min

=7 W(t:J)
M(J) = ﬂ/ dt k(t) : .
A IVI-BHY t+A° (IV.39)

we have from (IV.38) that its nth approximate is,

0

w .
M)~ @ f at — 1 at' £t MBY|  (1v.40)
0 J\/J—B(t)\/t+/\2
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Therefore, summing over n,

Mo - 3 M) ‘( 1 f gt 12 P s (t"J)B(t")
= 1-gp4(d) A J\/J-,B(t)\/t; \2 [ 14

(Iv.41)

So, it is clear that M(J) will develop a pole at J=JO where

1-gpy(dy =0 (IV.42)

By doing a simple variational calculation to obtain a lower bound on “l(J o2 We can
obtain estimates of the location of the solution 95 of (Iv.42).
Recall the Rayleigh-Reitz variational principle which states that the largest

eigenvalue of KS is given-by

m

(f(t) Kyt t) f(t')) (IV.43)
= sup N

' ofer, (f(t) , f(t))

where {(t) is any square integrable function. So, if we choose f(t) at random,we

can be sure that (IV.43) will give a lower bound on .- We choose,

() = & V3B Jera? o (IV.44)

where ''a" is a parameter which must be chosen such that f(t) is normalized to
unity. From (IV.29) and (Iv.44), we compute

- 1
o2t

1
(f,Kf) = —- [dtdt’ 1v.45
57X / (trt'+ A% 2 gt (Iv.45)

By changing the integration variables to t +=t+t' and t_=t-t', it is not difficult to

reduce (IV.45) to a one dimensional integral,

(£, K =;,—iz— e f ) eV yhay (IV.46)
aa
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The relation between "a' and J is given in this approach by the normalization

condition, " .
1 2+ -2at
(H=1 =F/[J-B(t)] [t+A7] " at (IV.47)
We suppose for illustration that the trajectory is linear, p(t) = BO—,Blt . Then,
1 | 2 2 2 6
(£,) =(J-By) —5— +(J-By+ BA") — =55 + B, N\ — IV.48
0 (23)\2) 0 "1 (23)\2)2 1 (2”2)3 ( )

Two extreme cases of (IV.46) and (IV.48) are quite simple and illustrate cleai'ly

the mechanism at work. First consider (a)\z)»l. Then

(£, Kgf) ~ —1-—2~ (£, 5~ —EZQ— =1 (IV.49)
(a AZ) 2(a X))

[ 2
(D > 57
1 VJBO

Inserting this inequality into (IV.42), we find that M(J) develops a pole at

Thus,

Jg >BO + 2g2 (Iv.50)
which is further to the right on the complex J-plane than the input Reggeon pole
which is located at J = ,80. We cannot take this example too seriously, however,
because it corresponds to strong coupling. . However, we can consider another

case which is closer to QED. Imagine that (a )\2) is small and Bl=0. Then,

1 [ 2 >> 1 2(J-By)

(£, K = log , (£,f) =——5= (IV.51)
87 A2 \a)\z 2 22

So,
1

p Ay > ——
1 V2(3-8,)

which means, according to (IV.42) , that
2

Iy > By %— (IV.53)

in this weak coupling case.
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These two very crude examples serve to illustrate the point that it is not
difficult to find t channel exchanges which lead to stronger energy dependences_,
than simple chains. The relation, however, of these model calculations to
QED is more delicate. As we saw in Section B, the chain diagrams in QED
generate a Regge cut, which we have written as a linear superposition of poles.
In principle, we can treat this case because our integral equation is also linear.
Another difference between QED and the model calculation is that the coupling
between the Regge cut and the photon is actually momentum dependent. This
fact could change the character of the integral equation, but it does not change
the fact that the exchanged photons in Fig. 21 tend to bind the t-channel system.
So, although the spectrum of KS(t, t') may no longer be discrete, diagrams like
Fig. 21 could still possess a stonger energy dependence than the simple chain.

Potentially more interesting than the 2 chain-1 chain diagrams considered
here are the 2 chain-2 chain diagrams. We can give these a pictorial repre-
sentation shown in Fig. 24, and recognize that they are iterated Mandelstam
cut diagrams. Such diagrams have been considered in the literature and it

has been conjectured that they generate Regge poles, although this point has not

been verified. 37

F. CONCLUSIONS AND DISCUSSION

Guided by a clear physical picture, we have accumulated evidence that
graphs more complicated than simple multiperipheral chains might play a
substantial role in diffraction scattering. One might now take the diagrams of
Fig. 20 and use them as the input of the s-channel iteration procedure described
in Section D. Since these diagrams have a stronger energy dependence than the

single multiperipheral chains, they certainly give a significant contribution to
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the S-matrix. We cannot, however, claim that they contribute significantly to
the total cross section since this quantity depends upon the range of the graphs
in the transverse |§ | plane (which we have not determined) as well as their
energy dependence. More importantly, however, we have argued that the
s-channel iteration scheme is not a physically convincing procedure. So, we
do not take this proposal seriously. It appears that present field theoretic
approaches to diffraction scattering lack a compelling mechanism to enforce
s-channel unitarity. Until this deep problem is understood more clearly,
detailed perturbation theory calculations will not resolve additional really
interesting and important questions in this field.

The results of this investigation suffer from the technical limitation in any leading
logarithm calculation. It has been argued'38 that leading logarithm calculations
are only accurate when the couplings of the particles are small enough. However,
the spirit of this investigation is to obtain results which do not rely upon the size
of coupling constants. It is the unspoken hope of this investigation that although
the leading logarithm approach is not perfectly accurate, it remains indicative
of the truth if the coupling constants become fairly large. One might argue, for
example, that it would certainly be bizarre if the energy dependence of the in-
terference terms decreased relative to the single multiperipheral chain as the
coupling constant increased! One might aiso question the usefulness of perturba-
tion theory in this entire program. We saw in Section B that the single multi-
peripheral chain violates the Froissart bound by a power of the energy. The
s-channel iteration procedure then reduced the energy dependence of the scatter-
ing amplitude until it just saturated the bound. However, the success of this
procedure relied upon the detailed cancellation among graphs, each of which was
absurdly large. One might now ask whether this feat was profound or accidental.

For example, are there other graphs which further reduce the energy dependence
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of the final result ?

We have emphasized our space-time picture of high energy scattering
throughout this paper. In particular we have argued in Section E that it is not
unlikely for two particles in the physical state of the projectile to possess small
relative subenergy and to propagate near one another. These conditions are,
however, the ideal ones in which the particles are likely to interact significantly
(e.g., resonant). This is a problem which exists (and is often ignored) even
in multiperipheral models in which only one chain of constituents is allowed.
However, this effect can reach extreme proportions for physical particle
states consisting of more than one chain of constituents. For example, ete”
pairs on different chains are likely to overlap in both momentum and configuration
space. These pairs will certainly interact and their respective chains might
often be linked up in the process. A simple example of such a possibility is
shown in Fig. 25. Unfortunately, perturbation theory is not an efficient tool
for computing these effects., Perhaps the effective field technique from
statistical physics provides a better calculational and conceptual framework for
this problem. Anyway, in light of the complexity of Section E, more
theoretical effort is needed in deciding questions of this general nature than
in the calculations of minute details of diagrains which just happen to be exactly

computable.
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APPENDIX A. SINGLE LOOP

In this Appendix we will illustrate our calculational methods by extracting
the leading energy dependence of the simplest graph in the class to be considered.
According to our perturbation theory there are four diagrams (Fig. 9). However,

if we recall that the infinite momentum polarization vectors satisfy

v
g = 3 e”}fp) e;’\(p) +-$§(277H-E?‘)8§ 84 (A.1)

it is easy to see that the four diagrams can be combined into one (Fig. 10). Now,
however, instead of associating a factor Z)\e A(p)" e)\(p)v with each internal
photon we make the association with -g” V. Throughout this paper this
simplification of our perturbation theory rules will be tacitly understood.

Now it is straightforward to write down the amplitude for this diagram.
Since this diagram has been studied previously in the literature by Cheng and
WuB? and others3? we will try to use notation as similar to theirs as possible.

Using the kinematics indicated in Fig. 12,

4 -2 -2 -2 -2
5 S(UP-UP.)fdgdlsldgldg4dnkldnl(2n) (2nk1) (2ny) “(2ny)

s _e
(2

[H(P)-H(p) -wk,) 17 [HE)-HE) -Hep,)-Hp) ] ™ [HED-HE ) -ok,y) ]
[P Y)-HE" -Heg-Hey] ™ 24, 5@'s) ¥7ue', s) 56", 5) 7 u (e, 9
i@, 97 u(®,9 tr[@rmr @ omy_(Bm ° ,rmy, ]

6 1
[FQ"DF@P)F @38 -(21" Q"D 824721} 8(R37R) ] (A.2)
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where
®m = (7% TpT ) )= @)
©9:79)= (7R Ty =) ’ ®3:73) = (B"R'"Bys Tp = 71'- 7y

Since we are involved in a leading log calculation, we should treat the external
field perturbatively. Through fourth order the possible diagrams are listed in
Fig.llaand b. However, the diagrams in Fig.llaprove to be larger than those in
Fig.1lb by a factor of log T]p, so we will limit our attention to them. Now

expanding the eikonal factor in (A. 2) and withholding only the appropriate terms,

[FE'-D)FR,P)F B3Ry -0’ 5'-p) 8(®4-P;) 5(P3~Py)]

1 1

2 4 1
(2n~s(p'-pe | -5~ 0(P,P )ﬁg . 5

1
1
-5 5@y [ (A.9
2 W3R )R T 22 2. .2
(o™ X leypy-07 N
Substituting this into (A.2) we have,

g0 _ &’

-2 -2 -2 -2

- - -1
(HE®)-HE) -w(k) ] [HE)-H (@) -H(py) -Hey 1 [HE)-HEY)-w(k,) ]

[P - () -Hpy -HE) 17 Z,Tershy Tuget, ) Tps) Y e, 980, 97 0@, 9

2
2 29
[(p4pp ™ ) [Rgpy) *+ 1]

tr (B myy* @yrm)y Bty (B, )
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' 1 ' 1
5(,-p,) |dq - 8(p,-p,) ) dg '

It is not difficult to infer from (A.4) that the region 77k1< < TYP of phase space
gives the dominant contribution to the scattering amplitude. Furthermore, in
this region of phase space the sum over the indices o-and ureceive their dominant
contributions from the values o= = 0 (upper indices!). This fact can be
checked in detail, and can be understood fron the observation that 70 scales
like M under z boosts (favoring large 7 in the through-going electron line), and
');)’ scales like H under z bousts (favoring small n for the virtual photons). And

lastly we can neglect H(P) and H(p') in all the energy denominators since they

are 0(-—nl—~). These observations lead to simplifications of many factorsin §

p fir

— 0
up, 9 Y u®, 9 =2/Mpm  Bgg N 27, 5

N
HP)-Hp) - ok,) = -wk,) = - ———2—,&-— (A.5)
1
le+m2 pgﬂnz
H(P)-H(p)-H(p) -H(py) = - H(py)-H(p,) = - 57 -"27’2
1

It will prove convenient to scale the n dependence out of the integrand, so

introduce the dimensionless variables o and ﬁ ,

T, "% N7 ATy T AT

where

(A. 4
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Now,

8

-1 -1
e d a 2 .2 2,2
- Tp 5(7’P‘"Pf)5ss'f‘“51d‘r31d£’4 L ap [k, \°] [y %) |

s@ =

tr [(p{1+m) yo(pf4+m) ‘)/3(—p’3+m) 70(—¢2+m) }/3]

((1-B) (Ef+m2)+ B(E§+mz)] [@-B) (Ei+m2‘)+ ,3(2§+m?‘) ]

1 f 1
] 28(2421) : Q+A][L3£23) 2]—

[@4'1’1) A ] [P "\

1

(12 \%] [ 2,0 *A"] |

2 53R ~2f

(A.6)

This expression becomes considerably more transparent if we change integration

variables, First choose a frame such that

p' = -P

and define new integration variables q and q',

kj=E+g » By=EWp -

Furthermore, if we introduce a function

b [ o) Y0 (B~ o) 3 el +m) B )y )
[(1-B) giw“B(E' -q+p,) 2+m2] [@-B)(®'-q'+p,) %ﬂ(g' -q-py) %+m?]

K(P"q, ')" 4fdp d

+(g| = E|)+(gt = _Ev) (A_ '7')
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the scattering amplitude can be written in the form,

W _ o, 4 g g da B B

@en® @n? o

[(2,_3)2”\2] [(,13'+g)2+)\2:'

@ 2] [ @ray?er® ]_l K(P'q, Q) (.8

We see from this expression that the function K describes the composition of the
virtual photon as a bare pair, and predicts how effectively such a system scatters
off an external field. This function has been obtained and simplified previously

3

by Frolov et, 2_11:3, and Cheng and Wu.32 Our analysis agrees with theirs, and

after a lengthy Feynman parameter calculation we find,

8 o2 1 1 [x(Lxy(ip) ] 2 ,2_2x<1_x) (1-y) [2 242, o ')2]
K(O;g,Q')=( ) ax [ay xiomyaon 1o’y 2xanyey) [2gg g
~ m 0 0 x(]__x)g +y(1_y)'(lt +m

(A.9)

in the forward direction.

We want only to observe at this time that K does not depend upon «.
Hence, the scattering amplitude apparently diverges logarithmically. However,
an improved analysis of this process (our method, for instance, interchanges
limits and integrations freely) shows that the o integral should be cutoff at
the point where the virtual photon is becoming "wee." Such a procedure is
physically sensible since the pair intermediate state is no longer long-lived

once the photon's longitudinal momentum falls to order unity. Thus,

1
f da f da <”P )
—_— > = log
a , « nmin (A. 10)
min

Tp

The scattering amplitude depends logarithmically on the energy of the incident

electron,
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dg dq' -1 -1
s - - (87re4) nplognpa(np—pp,) SSS,f—:“—g ~2 [(g'—g)2+/\2] [(E‘+g).2+ )\2]
2n (27
2 27t 2 277!
[(B'-g') tA ] ‘ [(13'+g‘) +A ] K®';q,9" (A.11)

For later analysis it will prove useful to define

m® = ot rog 5, [ %_2 (—zc-li—z @0 AZ]_I [@ra® o [ew2]”

-1
[<2‘+g') % 7\2] K(P';q,9" (A.12)

and write,

Al
s = 2m 20 5 (np-npam®D A-19
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APPENDIX B. SINGLE CHAIN

We wish to study the multiperipheral diagrams in Fig. 13 and indicate the
arguments necessary to obtain the amplitude for a chain of N e+e- pairs in
Fig. 14. In placing the eikonal vertices on just the second pair in Fig. 13 we have
anticipated the fact that the external field will be treated perturbatively as in
the previous section, and only the leading behavior of the diagram will be
found. According to our perturbation theory rules the amplitude for Fig. 13a reads,

(2 o8

-2 -2 -2, -2
5, = _(-2—71)_1? 6(7'13"T'P')/dkvl%d’lkldnl(z"’kl) @y —@ny M

[H(P)-H(p)-w(kl)]_l 1) -1 —Hcpl)—Hcpz)]_l[H(P') —H(p)-w(kz)]_l[ﬂw') -H(p)-H(py)-HE) |

-1

s,zs. TP, 97 u 0, 970, 57 (P, Hr+m)y *(d rm) 7, (B gm) YTy, ]

-1
- - -2
dls3%5d28dnk3,dn5(2nl%)' 2(2 M5) 2(2 ) [H®P) -H(p) ~H(py) -H(p ) -wlky) ]

-1 -1
[H(P)-HE)-H(p ) -Hp,) -Hipg) -Hipg) ] [HPY-HE)-Hy) -HE ) -wik,) ]

-1
0
(1P -HE) - ) -HEp,) -Hog -Hep) ] tr [@+m) ¥ Ggrmyy, (B m)y° (Hgrm), ]
[FQS_Bs) Fc(£7_£6)'(27’)2 8(0g~Ps) 6(P7Pg)] | (B.1)

The overall minus sign occurs because photon 3 attaches to an electron line

while photon 4 attaches to a positron. Clearly S(z) is in general untractable.

However,  as we expect on the basis of the analysis of the previous Appendix,
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S(z) receives its dominantndependence from that region of phase space where
M. << ’ N, <<?M
ky P k3 2

This means, in the language of multiperipheral models, that only strongly-
ordered diagrams contribute to the calculation. Furthermore, in this region

of phase space we can set

U=v=p=0=90 ( upper indices!)

and approximate the energy denominators,
H(P) _H(p)—“’(kl) ~ _“-’(kl)
H(P) -H(p) -H{p ) -H(p ) -H(p;) -H(pg) =~ -H(p;)-H(pg) ,etc.

The amplitude simplifies to read,

8
@ _ e 2 -2 -2 -2
SO - - S 6077 [ deytyom, am,@me ) emy ey e

~1 -1

[w(kz)] B [H@1)+H(p2)] [H(P3)+H(P4) ]—1

o]

3
2 @517 ’u 0, 956,97 u @ 9tr [ 4m)y ¢ rm) ¥ (pgrm) Y gy ]

-1 -1 -1
-2, -2 -2
disydp; gy T (2 ) (279 (27 [wicg] [wk)] [HEg+HEE) ]

-1 3
(10 )19 | tr [grm) ¥ gy 7 (e v gy ¥ ]

2
[F(pg 25) F o (o7Re) -2 6 @5 R5) 6(2;Re)] (8.2
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Treating the eikonal perturbatively and introducing integration variables for

the "lower" loop as we did for Fig.5,
= +q! = t el Al
ky=P+q Pg = B4p;-¢!

n -y ) )
3 P S 6nk3— 6(¥Mp)

b

we can identify a factor of -K coming from the lower loop

8
e - -2 -2 -2
5= 26(n,- nP,)fdlgldgldnkldnl e(n-nkl) 6(n 1—nk3) (2"k1) 2ny) (21,

<@ _
(21

- 1. 1 - -1 . .
e [l 17 k)] HE ) +HE)) T [He +He,)] T 22, 5@, ) u @, 93 0, 57 @, 9

-1
tr [(p!1+m) ¥° (¢4+m)y3(-p{3+m) yo(-p{2+m) 73] d_yy_ dq'dq'! [®r-q1 222 ]

-1 -1 -1
[P ZA2] [@-a%AZ]  [(PreqmZea?] K(P"q',q") (B. 3)

where the 6 functions enforce the fact that all the 7's in the diagram must be

positive, If we now change variables in the "upper' loop in the usual way,

.lf,l = B+q E‘l = E‘+B4'g'

n

= an _ -

and add in Figs.13b, ¢, d and compare to Fig, lla, we can recognize a factor

K(P';q,q") emerging for the "upper" loop. Finally,
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dq dq' dq" da dY
2

S(2)=~(417e4)77P5(7)P—7)P,)BS,Sf(zﬂ) - (21r)zf = - 0(1-a) 8(@-7)

-1 -1 -1 -1 -1 -1
[0 o -0 o™ g ] [eman®]
K(P'q,9) K(E"q'.q") (B.4)
The integrations over the 7 -fractions of the photons must be cutoff from below
in the same way as done in the single loop diagram,
1 da “da L o P
f — = il ]og (B. 5)
; a A 21 nnnn
min Tmin
n
P nP
We have done enough analysis now to see that the scattering amplitude with
Ne'e loops must be given by,
N7
N _ ; 1 (_P_ ) (N+D) .
™ = _@reyn s(mp-mp) g 7 108 (7 ) IV @) (B.6)
min
where
(N) "N — dflsl d}\{'N 1 c— -
V@) =) =5 2 7 To s Bl ok te 2
" en? [ ey ] - g e 47 ]

K(E';gl!koz) K(,E';]'\{;zsk3) e K(E';gN_l’kN) QB'7)

The crucial factors of logNnP and N! arise as they did for the 2-loop diagram.
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In particular, the amplitude receives a factor from the N strongly-ordered

photons of,
1 ax "1 dx XN-1 dx N/, 7
1 2 ... ~ 1 P
= = log (B.8)
x1 xz xN N. .
nmin min
nP

In the next Appendix we will see that we can sum all the S(N) in the forward direction.
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APPENDIX C. BRANCH CUT (m=\=0)

We wish to study s™ in the forward direction. For P'=p=0, we have

5™ (=)= (are’) n, 5 (7~ 1 log™ (71D (=0) .1
where

dk dk
I(N) (0) = _:L ¢t N 1

KUk K VK (s, Ko+ - KoK
02 2’ 05?”\2)2“.@12\1“2)2 18 Ko Xg N-1° AN

and we have defined,
= 1=0-
K, Ky y) = RE=03ky, Ky )

We can solve for I(N) explicitly, and sum the amplitudes S(N) in the case
m=)\=0. (However, A must be held non-zero in the first and last propagators
on the chain in order to avoid a spurious infra-red divergence.) We might argue,
instead of setting m=)\=0, that we are integrating only over that part of phase
space for which §2>> mz, )\2. In that case we will obtain here at least a lower
bound on the "real" scattering amplitude.

Recall from Appendix B that when m=0,

2
8o 2, 2
Kk, k,) =(————W )lslkz B, Gk, k) (.2
where
B(k X(].—X)-l-y (1_Y) "5X(1‘X)Y(1‘X)

1 1
0 0 X(l "X)B 1+Y(1 -Y)léz

and we have averaged over the free angle 151',132 already. Substituting this
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into (C.1), we have,

5\ N-1 2
I(N)=(8a 1

) :
T (zﬂ)ZN/~1dK'N

2

k

dl'{z‘.'di'{N—l (C'3)
It will prove convenient to scale the (momentum -2 dimension out of B. To do
this we change variables,

§ ' fN
i) e ] = ke
and note that,
'3 3 5 &, €
B(ke ke 2) = K “B(e l,e 2)
then,
N-1 &
N (80 . e4($1+ 5N)
I - T N 2 dé.1d€N 2 9 2
@ (1, 2 J(2tw, 22)
k2 %

2UEgrEgr vy B(eel’ eéz)g(fz, g ?”). . ‘B(ef N-1 e€ N)

(C.4)
Notice that,

€ +¢ £ ¢ X(1-X)+y(1-y) -5x(1-X) y(1-y)
e( 1 Z)B(e 1,e2)=/dXdy (1-x)+y(1-y)

X(1-x)exp ["'(fl— fz)] +y(1-y)exp[-(§1-§2)] EC(§1_§2)

is a function only of the difference (§ 1—6 2). We should, therefore, change
integration variables,

(1521+A2)2 @12\1*1:2)2 B@MB(kz’Kg)mB@SN_l}L%,) .
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So,
N-1 3(MN.+M.)
2 Y 1 'N .
1™ (80! ) 1N 12 an,...dn e C.5)
T 2n K N 9 9 \2 9 \2
(e nl_[_..é_ ) (ean+ _))_._ )
KZ K2
C(TIZ)C(U3)---C(UN_l)C(Ul-Uz-US'o SR/

The resulting convolution integral is factored upon introducing Fourier transforms,

d inR ~
cm = [<E- ¢BE (p)
@

Then,
N-1 3(n,+71.)
2 .
(N)_ga” 1 dg . i(n,-nJR e ™ N
' i N2(27')81N277 2\2(2n. ,2)°
22 22
[E(@]N'l dn dn (C.6)
Introducing the function
. 3n
£8,7) =/dne‘"’ﬂ = €.7
2732

We can write finally,

N-1 1

2 N-
) _(8c 1 g A -
{_(827 i3, Ayiga, Ay [C C.8)

(7r ) P /(zn) (8, 2. [C@]
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The properties of the functions f and C are derived in Appendix D. From

(D.4,6,10), we have

t(g.y)= ¥ (B gg 1)

f(B,l)=;—l"(-2]l+1B)r(§_i.§_ B( l,ia :;’__i%)

2t >
3 2
G() = 1;3} , C'©0) =0, C"(0)= - 1;; ( = - 414 ) (C.9)

Havmg calculated I(N) we can return to the scattermg amplitude and note

that 2: S(N) is just an exponential series,
N._

S(1 chain) =

T s™_ ~(meyn_s(n,-n ,)[i-/—dﬂ—f*( SN R
N1 PPPAZ(zmzﬁﬁ

2
20\ ~

-] C )logT]

i ”) @ P—l] (C. 10)

If we imagine letting n—e we can evaluate the leading part of the integral

straightforwardly,

9 2
S(1 chain) 4 <T) ¢ lognP

~meyn 61 )e ——é AUTRNTRU.

2
2] [e@-co]gn,

e (C.11)
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2
22 ) &oogn,

S(l cham) (47ze)Tl 6(71 UP,)e .

2
20! ~
- ) ICn (0)

Nlr—\

2
log T)P - B
%
f (0, 1Hf(0, 1) /dﬁ o

@nZr

g(1 chain) _ _(47Te4) !f(O, | 2 o (Mp)

8(Mp=150)

2 | -
2n?)? (%0—') GRIO) | Viogn,,

pol+

The factor log TTP is indicative of the square root character of the branch

cut responsible for s(1 chain). We see also that the branch cut extends to
J=1+( &.-')ZC(O) 1+ 131; 012, which shows that the single chain multiperipheral
diagrams summed alone violate the Froissart bound.

In preparation for a subsequent discussion, consider in more detail the

structure of this cut singularity in the J-plane. Rewrite (C.10),

min

. r’ |
S(l chain) _ -(27) (2 UP) &( T]P"'li)) [M <_n—P—) _1:l
where
2a 2~

(=) CP
Tp 1 a8 ( "p ) (
M( T >: Azf@mz *@ i |\~ v

min

(C.13)

P 1)
nmin

(C. 14)
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The O-function simply states the trivial fact that the S-matrix is different

from unity only when UP > Um. .

in To discuss the behavior of the scattering

amplitude from the complex angular momentum point of view, we turn to the

Mellin transform of M(J). We easily compute from (C. 13) that

ME) = — f 48 (8,118, 1 ! o (C. 15)
AT J@n 2a. 2~

I-(=) C(p)
Therefore, M(J) possesses a cut over that range of J for which there is

a solution to the equation

J= @%Hzéw) (C.16)

We recall from Appendix D that c (B) is an even, positive function with a

maximum at S=0, and decreases monotonically to zero as 8 increases.

Therefore, the cut extends from J__. =0 to J ___(_295_) 2(~3(0)= U o 2.
min max s

32
The discontinuity of M(J) acrossthe cut is,
Dise M@) = - T ﬂ ;%;Lf*w, nig, 16 [1- 2 %) (.17

Since the high energy behavior of the scattering amplitude is controlled
by the behavior of Disc M{J) near J max® V€ shall obtain the right hand side
of (b. 17) explicitly in this region. To do this it suffices to solve (C.16) for 8

in terms of J near the endpoint 8=0. (C.16) reads, to second order in B,
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5= 2252 [Gon LEros?

So,

I max™d
B =
D
where 9
_.l2a 2 —M(_L_L 2
D=-3 () C'O =15 |13 44)“
Finally, for J less than but near Jmax’
g -J
3(6- L )
Disc M) = - T f 4B (g, 1i(B, 1 D -
ATJ (2 2/D@_-9)
[ T ] 1
. - C.18
Disc M@) = | ;7,2 /p \/3;_3" ( )

where we have substituted the numerical value £(0, 1)= —% . (C.18) shows the
square root character of the cut. Furthermore, it is easy to take (C.18) and

invert the Mellin transform

1 Imax 3
M(y) = — f y" Disc M(J)dJ

0

and rederive (C.12).



-95-

APPENDIX D PROPERTIES OF f AND C

In order to complete the discussion of the branch cut we should simplify

the functions

[v @]
y 37
i(a,8) = / dp ™77 —E— (D. 1)
4 2" +B272

Cé) = / dxdy X(l-X)+y(1-32-5><(1—X)y(;-yL (D. 2

x(1-%) e +y(l-y)e~

which were introduced in Appendix C.
Consider the function f(e,8) first. It is easy to see that the function's

dependence on 3 can be scaled out. If we define a new integration variable y,

en=y

W

we can rewrite (D. 1) as,

fag) = B 1M, 1)

% 2-ia
fa, )= | &y Ty
0 (' +1

Furthermore, f(a, 1) can be identified as Beta function if we change variables

in the integrand to,

then, 1
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which is just,

1 1 ix
f(a, l) = EB(E"F -—2-—',

loe | _ 1
" )T Mg

nojco

3
2 g -5 (D-3)

Our determination of the character of the branch cut relied upon the

nonvanishing of £(0,1). In fact,

1 3
£0,1) = r(3) r(5) =1 (D. 5)

Now we turn to the function C(£). We wish to compute its Fourier

transform,
c@) =/d«fe'iﬁ§ C(#) (D. 6)

Using the transform,

1.8 -
a -iB§( 1 _ a LML
/fe X(l—x)e€+y(1-y)e—€ 2 cosh (-;EB) [X( X)] [Y( y)]

[ ST
[}
-
NI

(D-7)

we have,

(B ——I— / axcy)[x(1-x
2 cosh(—zrz-—B)

LB 1_.8 1.8 1
[x(l—x)] 22 [y(l—y)] 37 -5 [x(l—x)] o [y(l—y):] 2" % (D.8)

e

which we recognize as the sum of products of Beta functions. So,
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2

Doj Lo

(B8]

Ce-= — at]

[F(-;-'fi%] 2 .

2 cosh( gﬁ) I(3+i8) r(1-ig) r(3-ipyr(1+ip)

-5

i 8] il

r(3+ig) r'(3-iB)

Furthermore, if we use various gamma function identities such as the

"Reflection formula", (D.9) can be written in the final form,

us
Sa - T (114387 sinh (2P
B =153 2 "
“+B cosh_(%ﬁ)

(D.9)

(D. 10)
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APPENDIX E: EIKONAL APPROXIMATION

It is the purpose of this short appendix to shed more light on the limiting form
of the S-matrix derived in the text. We consider the simpler problem of the high
energy scattering of a bare Dirac particle off an external field. We will see that
the eikonal approximation emerges again, but we will also withhold the correction
terms to this leading approximation. These corrections, which are of kinematic
origin, are at most proportional to the reciprocal of the incident particle's energy.

Consider a bare Dirac particle in an external field a“ (x):

(i8y-eap)y = [m- io-(p-ea)] '2_(77_}?33;) [m+ig-(2—eg.)] v (E.])
where

[n = ¢](x) - jds 3 €(-be

Let us assume that the incoming electron is very energetic, so that we can write,

i

i f

gd&'at3('r,g5,-‘§ "

U (1, X%, §) (E.2)

U(T, X, 5) = e~ INF 1 (T, %, %) (E.3)

where 7 is very large and ' varies slowly with ¥ . Then the integral in (E.2)

receives its leading contribution from the neighborhood 5 ~ £. To see this write

(E.2) in the form

[n —lea ‘ﬁ] x) = Idi e M ¢ (5-8) F(rx, 53) (E.4)
3
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where

g
1S g (7, 5, £t

F(T,%5;:¢) = 2—11 e Y7, X, £) (E.5)

Expansing F(7,X, 5 ;¢) ina Taylor series around 5= &,

0 n
1 {9°F
Fng,s8) = 2, o [—'g (T,g,y;a] @-&)" (E.6)
n=0 "~ L&¢
and substituting this expansion into (E.4), we find that [77 lea q/;:] (x) can be written
e
as a power series in the factor n—l,
1 i 1 iny| 8"F
1M
;b](x) = —5x] © — (7,5,3’;3’):‘ (E.7)
[n— eag =0 innn+l 8£n
where we have used the identity
w *
2in! f e(nsteMay = — 11+1 (E.8)
-0 im

to extract powers of 7. For the purposes of illustration let us restrict our con-

siderations to the first term in (E.7). Then (E.l) becomes,

i9)Y = eag + [m-w' ®- e'%)] [mﬂg' e eij G + (E.9)
, 5

where 7 is now just a kinematic (¢ number) variable. Some additional spinology

allows us to write,

iaolﬁ = {ea0 + an [(p-e:‘:l)z -eo B + mz] +.. } Y (E.10)

~
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where

We recognize (E.10) as the Pauli-Schrodinger equation in 2 dimensions for a spin %

particle of mass 1 and gyromagnetic ratio 2.
This final equation of motion also motivates the appearance of the eikonal phase

found more formally in the text. Simply letting n — «, (E.9) becomes,

180111 = eaol/l (E.11)
which admits the eikonal solution

T
-ie an(7!, x, y)dT1!
__{; 0( X, 5)

V(r%5) = e b (%, 5) (E.12)

One might also withhold the leading corrections to the eikonal formula in order to

study the range of validity of this popular approximation.



10.

11.

-101 -

References and Footnotes

S. Fubini and G. Furlan, Physics1, 229 (1965).

S. Weinberg, Phys. Rev. 150, 1313 (1966).

L. Susskind, Phys. Rev. 165, 1535 (1968). L. Susskind, " Lectures given at
the 1968 Summer Institute for Theoretical Physics at the University of Colorado'",
unpublished.

K. Bardakci and M. B. Halpern, Phys. Rev. 176, 1686 (1968).

R. P. Feynman, invited paper at the Third Topical Conference on High Energy
Collisions of Hadrons, Stony Brook, New York, September 1969; Phys. Rev.
Letters 23, 1415 (1969).

H. Cheng and T. T. Wu, Phys. Rev. Letters 24, 1456 (1970).

J. B. Kogut and D. E. Soper, Phys. Rev. DI, 2901 (1970).

Cf. L. I Schiff, Quantum Mechanics (McGraw Hill, Inc., New York, 1968);

p. 234 ff, Third Edition.

Note that dpdn/27 is the Lorentz-invariant surface element dpxdpydpz/ZE
on the mass shell. The 7~ integration runs from 0 to «, thus covering the

forward mass shell.

Recall that the nonrelativistic equation of motion is written id Ollf = 21— o'po-
m w yam

pys
[
before introducing the minimal substitution in order to obtain the correct
o+ B term.
L
The reader will note that such combinations in Table I as (q/ nq)-— /1)
- “
transform under this subgroup like (momentum/mass)-(momentum/mass) and

are therefore invariant under ' Galilean boosts'. This invariance can often

be used to practical advantage in calculations.



12,

13.

14.

15.
16.

17.

18.

19.

20.

-102 -

With the present normalization conventions, < f| S| i > = (27r)464(pf-pi)M,
where M is the invariant amplitude calculated with the conventions of Bjorken
and Dress using Dirac spinors normalized to uu = 2m. See J. D. Bjorken

and S. D. Drell, Relativistic Quantum Fields, (McGraw-Hill, New York, 1965);

Appendix B.

J. D. Bjorken, SLAC-PUB-905 (" Partons'").

These relations are physically rather obvious. Since ¢/Tl// represents a current
density it must scale like (vol. )_1 under boosts. Hence the multiplicative

factor exp(w/2). But the combination | A ALY dx dz enters the Hamiltonian

which must be invariant under boosts. So, A should not change scale under

boosts.

A short discussion of the eikonal approximation in contained in Appendix E.
We also use this formula for a one particle final state.

This relationship can be obtained by using a wave packet for the initial state

(cf., M. L. Goldberger and K. M. Watson, Collision Theory (John Wiley,

New York, 1964); Section 3.3)). In the high energy limit in which 7 ~+/2 E
this reduces to the more familiar result with 77 replaced everywhere by E
in Eqs. (3.6) and (3.7).

Cf., H. Cheng and T. T. Wu, Phys. Rev. 184, 1868 (196 9).

To calculate F2 to order e2, we can use the value Zz= 1, which is correct to
order eO.

S. J. Chang and S. K. Ma have used different infinite momentum techniques

to obtain this result, Phys. Rev. 180, 1506 (1969).



21.

22.

23.

24,

25.

26.

27.

28,

29.

30.

3L

-103 -

S. D. Drell, D. J. Levy, T. M. Yan, Phys. Rev. Letters 22, 744 (1969);
H. Cheng and T. T. Wu, Phys. Rev. DI, 1069 (1970); S. J. Chang and

S. K. Ma, op. cit.

The ampl itudeﬁ:; for a physical photon to be a bare photon is 1 to lowest
order, but does not, of course, contribute to pair production.

H. Cheng and T. T. Wy, Phys. Rev. 182, 1852 (1969).

E. Bloom et al., SLAC-PUB-642.

Note that the limit v -~ « is already implicit in our formalism.

More precisely: let do' be the limiting form of do-so obtained. Then it is
not difficult to prove that do = do! [1+ 0(1/Q2)], dory, = daf, [1+ 0(1/log Qz)]
as Qz——»co, assuming that the potential is sufficiently well behaved.

A. Erdelyi, ed., Tables of Integral Transforms, (McGraw-Hill, New York,
1954); Vol. 1, pg. 334.

If the helicity is flipped on the electron line daT is suppressed by a factor
(mz/Qz) as Qz — . If the helicity is flipped on the muon line, doT is sup-
pressed by a factor [1/1og(Q2/p.2)] .

J. D. Bjorken, Phys. Rev. DI, 1376 (1970). The relevant formula reads,

do_ 1.2 ] E'[E2+E'2 . +0]
_y - E
- T L,f EL zEE T8

J. D. Bjorken, Phys. Rev. 179, 1547 (1969).

Strictly speaking, scale invariance for o means that on-T approaches a

. . 2 .
finite limit as Q"— o with (v/Qz) held constant. However, we have evaluated
. . . - 2
O'T in this model in the limit (v/Q )= with Q2 held constant, and then we
2 . .
have let Q" —e . It is not impossible for O to exhibit scale invariance

. . 2 2
in the limit Q" —, (1/Q") = const. , but not in the reversed limit used here.



32.
33.

34.

35.

36.

317.

38.

-104 -

H. Cheng and T. T. Wu, Phys. Rev. 186, 1611 (1969), Phys. Rev. DI, 2775 (1970).
G. V. Frolov, V. N. Gribov, L. N. Lipatov, Phys. Letters 31B, 34 (1970).

A somewhat simpler proof can be given by appealing to Feynman diagrams
instead of the old-fashioned diagrams considered here (cf. S. J. Chang and

P. M. Fishbane, Phys. Rev. D2, 1104 (1970)). However, in so doing one loses
the space-~time picture which will prove important later in the paper.

S. J. Chang and T. M. Yan, Phys. Rev. Letters 25, 1586 (1970). Unfortunately
the model considered in this paper is not indicative of the true behavior of A ¢3
field theory (cf. references in footnote 10). In fact, the single ladder graph of
structureless, spin zero mesons violates the Froissart bound only when the
coupling A is large. Then the leading logarithm technique becomes unreliable.
Nevertheless, some features of these author's calculation (such as the strong
absorption which saturates the Froissart bound) should survive a better treat-
ment of the problem, and so we discuss their result briefly.

F. Smithies, Integral Equations (Cambridge University Press, Cambridge,

1962).
P. V. Landshoff and J. C. Polkinghorne, Phys. Rev. 18], 1989 (1969).
I J. Musinich, G. Tiktopoulos and S. B. Treiman, Phys. Rev. D3, 1041 (1971).

H. Cheng and T. T. Wu, DESY Preprint, December and March, 1971,



-105 -

TABLE I

MATRIX ELEMENTS FOR PHOTON EMISSION
1/2, 1

p, =2 %0+ Y, q=p-p’
5 s A ws) (01, p) - ) w(s)
1/2 1/2 1 (q_/nq) - (p' /1"
1/2 /2 -1 (a,/mg) = (p,/n)
12 -1z 1 -2 i S
1/2 -1/2 -1 0
-1/2 1/2 1 0
-1/2 1/2 -1 272 i g’ M)
-1/2 -1/2 1 (Q_/nq) - (p_/)

-1/2 -1/2 -1 (a,/mg) - (L/n")
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