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ABSTRACT

Rlectron-proton scattering cross sections have been
measured at electron scattering angles of 189, 260, and 3490
for incident electron energies upr to 18 GeV. This data
extends 1in four mormentum transfer squared {g?) freom 1 GeV?2
fo 20 GeV2 and in missing rass sguared (¥2) up to 25 GevVZz,
Using previously reported data at 69 and 100, a separation
of the two inelastic fcrm factors has been made in the deerp
inelastic region (42 > 4 GeV2) for gZ from 1.5 to 8 GevVZ2,
The transverse form factor is found to dominate in agreement
with the expectations of various "parton® theories (for spin
1/2 partons). TLeterminaticn of the inelastic fcrnm factor Hz
allowed an investigaticn cf the gquestion of "scaling” i.e.

that yW = F(v,s/¢2) in the deep inelastic large q2 region.

- ii -



ACKF¥CWLEDGMNENTS

Credit for the success of this experiment goes to the
physicists of the SLAC-MIT «ccllaboration, «consisting of
£lliott Bloom, David <Ccward, Herbert DeStaetler, Jurgen
Drees, Charles Jordan, Luke Mo and Richard Taylor from SLAC
Group A and Jerome Friedman, George Hartmann and Henry
Kendall from MIT. Martin Breidenbach and Leslie Cottrell
made many useful contributions of their expertise. I would
like to thank Frofessor W. K. H. Panofsky for secrving as
my thesis adviser and spcnscr in Group A and enabling me to
participate in this endeavor. Of course the SLAC electron
scattering experimants really began with the gplanning and
construction cf the accelerator and the gspectronmeter
facility itself. The existence of SLAC 1is due to the
efforts of a great many people, but especially to Professor
Panofsky. Despite his role as laboratory director, to me
Pief remains first an exemplary experimental physicist.
I've benefited greatly as a physicist from close association
with various nmembers «c¢f the group, in particular Elliott
Bloom, during the initial stages of the experiment and
Charles Jordan during the asalysis.

Thanks are due to Richard Early for many well-designed
computer programs, especially for his numerical solution of
the diffusion equation {at the instigation of Hobey
DeStaebler) which injected a healthy dose of fact into an
increasingly philosophical debate over radiative éorrections

which was raging at the time. Thanks alsoc to Sunny Sund for

- iii -



ACKECWLELCGMENTS

help with programning. Finally, I would like tc¢ thank Anna

Laura Berg for hter typing of the manuscript.

- iv -



TABLE OF CCHTENTS

Chapter 1 INtT03UCEION saneeesseonsscananmsanessnessal

Chapter 2 Description cof the Experiment .ceacsveseeed

Chapter 3 Apparatus
3.7 BEAD sneevsessssssonnansssssansenssmscnsans {2
3.2 TATGEt sanemsssssncsanncsconcssansssnsnrnnald
3.3 Material in the Beal PAth eceececonnssoaseeel8
3.4 SPECLIOMELEY wneseecnscanacsnsssnssssnosanadll
3.5 Particle D2tE€CLOLS wemssensesosscnsasscsnsell
3.5 ElOCELONICS ccasesenscssseannssnsennasennansib
3.7 Data ReCOCrdINg eeeeceosenvessnencanncnssansall

Chapter 4 Analysis Of LAt3 ceeevnesnnsscsnconsnssnaneld?

Chapter 5 ROSULES saeesssnssccsnsassnsssnsosnnnesennedl
Appendix A Radiative Correcticns
ALY Radiation c¢f scft PholtonS ceasveecnaena??
A.II Quantum ¥echanical

Radiative COIreCLiONS .ceeusnane2.85
A.TIII Energy Straggiing in the Target ......35
A.TIV Multiple Photon Badiation ecee-eseeeeasss 108
A.V Radiative Correcticn Formulas ........115
A.VI Elastic Feak Radiative Correcticns ...127
Appendix B Electron Scattering
Cross Section FOrmulas ceesecesscesess133

ROfOTrONCOS seanvevnnsonsmoosenssonensmanenosnnnsnasnsssneas B0



CHAFTER 1 --- IKTROBDUCTICN

Scattering experiments invclving a weakly interacting
probe particle are extremely fruitful because of the ease
with which the experimental results can be interpreted.
#hen the bombarding particle scatters bacause of a single
interaction process the experiment directly measures the
probability of transferring a guantum of energy and momentun
to the target material. Constituent particles in the target
are revealed 1in the data Lty causing the energy transfer to
be a function ¢f the magritude cf the momentum transfer.

In the scattering of high energy electrons from target
nuclei with <c¢harge 7, the interaction streagth is of the
order Za, with a= "1/137"., The electron in addition 1is
interacting with the cmnipresent photon f£ield and produces
radiated photons with a vprckability on the order of
2a/7log {g2/m2y, where g2 1is the four momentum transfer
sgquared and m 1is the electrcn mass. For high energy
electron scattering fror hydrogen the measured cross section
can be corrected for the effects of 1its «coupling to the
radiation field and otherwise the parameter o appears to be
sufficiently small so that the dominant process 1is the
axchange of a single photer.

The process of elastic electron - protor scattering is
studied by examining the Telastic ©peak" in the electron
scattering cross section that cccurs for the enerqgy transfer
vy egqual to g?,(2M), whers M is the proton masé. Elastic

scattering can te parameterized by two form factors which
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are functions cf the momentum transfer g2. Measurements of
elastic electron - proton scattering for high energies begun
by Hofstadter and collabcrators at Stanford! and continued
up to momentum transfers of 25 GeV2 at SLAC!! have shown
that the form factors of the proton's <charge andg
electromagnetic currents are rapidly and smoothly falling
with increasing momentum transfer. If we interpret the form
factor as the fcurier transform of a spacial density of
charge or current, this means the proton's charge is not
concentrated at a point tut rather evenly extended over a
small region (radius of the order of 10713 cn).

This picture of the proton as an extended structure is
in keeping with hasic noticns of its composite nature -- for
example of it being composed o¢f a cloud of interacting
"bare" protons and pions. However it may be advantageous to
think of the prcton as beirg ccmposed of cther constituents
{quarks perhaps) in the same way that low temperature He* 1is
best thought of as a system of weakly interacting phonons
and rotons, rather than as a system of rather strongly
interacting Helium atcms. However in the case of 1liquid
Yelium the phonons and rotens are plainly evident when slow
neﬁtrons are scattered frcm the 1liquid. The neutron -
Helium atonm interacticn is effectively weak so the
excitation spectrum can be directly measured. An exarple of
the actual experimental data2 1is shown in Fighze 1. The

excitation of phonons is characterized by the linear
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CHAETFR 1 --- INTRODUCTION

depandence of v on g, v = gc where ¢ 1is the velccity of
sonnd {240 m/secC). Fcr higher g, rotons are excited with
v= A+ {g-q,) 2/ (20) .

From the data presznted here on inelastic electron
proton scattering no such clear cut evidence for gquark -
like constituents of the protcn is present. That is, there
is ao definite gquasi - elastic peak (or 1ine) in the
inelastic cross section data as a functicen of g and v.
Howerever certain aspects ¢f the data are very suggestive of
some sort of interpretaticn in terms of <constituents which
seer to be pointlike. This is called "scaling" and refers
to the fact that for larce g2 and v, the inelastic fornm
factors vwzﬂand 2MH1 are a tunpction only of the ratio of g2
to v. Scaling comes about naturally if the crroton were
composed of pcintlike ccnstituents with mass m, since the
cross section would be ccncentrated along a line with
gq2/mw = 2m , being spread out somewhat by internal wotion
within the protcn.

The possibility exists that diffraction processes are
masking a <gquasi =~ =elastic reak. The guesticn can really
only be resolved experimentally either by nmeasurements of
electron - neutron 1inelastic scattering or by direct
measurement of the diffractive channels in electron - proton
inelastic scattering.

This is a rTeport of ipelastic electron scattering

measurements ccnducted at SLAC in November 1%68 using the
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SLAC 8 GeV spectrometer at angles of 18, 26, and 34 degrees.
Previously, measurements were pade at 50 and 100 3,4 yhere
scaling was first observed. Measurements alsc have beenp
previously repcrted frcm 1.%50 135, TIn all cases the data
covars a range of energies with the initial energy lipited
by the maximur accelerator energy and the seccndary epergy
down to about 2C% of its maximum {elastic peak) value.

The discovery of scaljné has prcmpted a large number of
interesting theoretical works toc numerous to attempt to
list here. One may optimistically hope that someone may
gain some insight freom this to a soluble thecry of strong

interactionse.



CHAPTER 2 ——- DESCRIPTICN OF THE EXPERIMENT

The experiment consisted of the scattering of electrons
of energy B from target prctoss into the small solid angle
and momentum range accepted by the spectrometer, which is
set at an angle 6 and energy F'. The measured cross
section, which will be dencted by doRAI/deE’ tc distinguish
it frem the radiatively ccrrected cross secticn is defined

by the following formula.

dopap
d0dE"

N
N nAQAEY (h
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(E,E',6) =

where ¥ 1is the nurber c¢f scattered electrcns f£or L
incident electrons, n 1is the number of target prctons per
cm? and {[AJNAE') is the spectrcaeter acceptance.

The radiatively corrected CLoss section is by
definition the cross secticn for the scattering process
calculated to lowest «crder in «. This quantity is
proportional tc¢ the electrcmagnetic current tenscr of the
proton %“V {see arpendix B), where %MV surpmarizes the
electromagnetic structure cf the proton. The tensor H”V can
be reduced to two scalar cuantities ({forn factcrs) Wy and
Wz, which are functions c¢f twe variables usually taken to be
g2 = q“\u and v :-%Lg“/ﬂ, where gu is the four momentuwm
transfer, ﬁf is the four mcmentum of the target proton, and
M is the proton mass, .9383 GeV. Other important kinematic

parameters are the nmissing mass2 ¥2 =-(P”+g“)2 which is

slightly more convenient thanyp , and the quantities x and w.
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These are expressed in terss of E, E', and 6§ as follows:
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The exp%riment was designed to allow the separate
determination of the two fcrm factors over a large kineratic
range. This is accomplished by measuring the cross section
at two or more angles at the sawme values of g2 and W2. The
position of a measured pcint can be conveniently plotted on
the W®W?, g2 plane as shown in Fig. 2. 211 the measurements
at one angle span a triangular region in g2, ¥2 space. Eack
neasured line with E and 6 constant would be a straight 1line
on such a plot. The intercepts of this line with the g2 = 0

axis and the lipe ¥ = M are given by

Wg ==NE~+2ME
max

Umax ™ 2E 2
1+=57 sin 8/2
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CHAPTER 2 ---~ DESCEIPTICN OF THE EXPERIMNENT

The curve x = ccnstant wculd te a straight 1line passing
through the point g2 = 0, W2 = M2,

For the three lcowest energy 18-degree lines the data
points are clcsely sraced. In the kxinematic region ¥ < 2
GeV, the cross section schows resonant structure as a
function of missing rass, so for +these 1lines the
spectrometer settings were c¢verlapped and events withim the
spectrometer acceptance were binned in missing mass in order
to obtain a continuous missing mass spectrum of the cross
section. Dutside of the rescnance region the variation of
the cross section over the spectrometer acceptance 1is not
significant and the entixe acceptance was used, yielding a
single cross section for each setting.

The cross section was measured for the three angles --
18, 26, and 34 degrees -- fcr ¥ and F' values throughout the
range shown in Fig. 3. This is due to the necessity for
making radiative corrections, which require knowledge of the
entire behavior of the measured cross section as a function
of E and E' for a given angle. The radiative correction
procedure yields the corrected cross section for all the
measured E, E? points at that argle.

The measured cross secticn, in addition toc being a
function of E, E', and 6, depends somewhat on the nature and
amount of material before and after the point of scattering.
Efforts were made to minimize the total radiation lengths of

material in the path of the incident arnd scattered
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CHAPTER 2 -—-—- DESCRIPTICN OF THE EXPERIMENT

electrons; in fact, most cf the material «consisted of the
small amount o¢f target hydrogen 1itself. Because of the
electron’s small mass it can radiate a considerable fraction
of 1its total energy during c¢cllisions with the atoms in a
material.

Background electrons were detected that iwere not the
result of scattering frcz the liguid hydrogen. These were
due to scattering in the walls of the target cell or in the
window on the scattering chanmbter (the only material besides
the target hydrcgen within view of the spectrcmeter), and
also due to processes creating electron-positron pairs. The
former is taken into acccurt by measuring the cross section
for scattering from an empty target cell {dummy target
measurement) and subtracting it. Pair creation processes,
mainly WO——*Ve+e_, were taken into account by measuoring the
cross section fcr detecting pcsitrons in the spectrometer,
subtracting the durmy target Dbackground frem this, and
subtracting the result which wvwas assumed egual +to the
electron background origirating from such charge-symmetric
processes. The positrcn tackground was only significant for
' smpall compared to F. However, dummy target runs were
usually made for each spectrcometer settinga. were usually

made for each specticmeter setting.



CHAFTEE 3 --- APPARATUS

3.1 Bean

The Stanferd linear Accelerator 1is a 2-mile-long
assembly of disk-l1lcaded copper waveguides.® Disk locading
destrovs the symmetry c¢f the waveguide structure to
translation alcng its axis and allouws transmission of waves
with axial electric field taving a phase velocity near the
velocity of 1light. Flectrons are injected at one end in
short bunches, cccupying 50 of phase dinterval relative to
the traveling rf wave and are accelerated by microwave power
{2856 MHz) supplied bty 245 Xklystron anplifier tubes
positioned along the accelerator at 40-foot intervals. The
klystrons are operated ir two modes, "accelerate”™ and
"standby", +to achieve energy control, with each klystron
capable of contributing rcughly 90 MeV to the electron bear
enerqgy. In this experirent the accelerator beam energies
ranged from 4.5 GeV to 18 GeV.

A high-power modulator supplies each klystron with 2.5-
microsecond long 250-kV gfulses with a maximum current of 260
Aa The repetition is 3€0 rpulses/sec. Electrons are
accelerated for only 1.6 micrcseconds daring each pulse. A
phencmenon known as team treakup® limited the peak bean
current in the accelerator to 55 mA.

The beam pulses frcr the accelerator structure are
channeled into the varicus experimental areas in the bean
switchyard. The bear into the spectrometer area is first

deflected a small amount (0.59) bty pulsed magnets, then bent
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126 in a series of bending magrets and passed through a set
of high-power wmomentum-defining slits. The slits vwere
typically set to prass a 1% range 1in momentunm. The mean
momentum of the beam is defined bty the beam switchyard to an
accuracy of +0.2%. The switchyard beam-transport systemr 1is
made achromatic by a second 120 bend with a guadrupole
placed midway between. The gquadrupole focuses the dispersed
momenta which are +then reccesmbined in  the second set of
bending magnets.

Quadrupoles and steering magnets allowed focusing and
alignrning the beam on the target. This was done with the aigd
of 3 fluorescent ZnS screens, two mounted at distances of 53
fret and 10 feet 1in frecnt of the target, and the third a
distance of 5 feet behind the target. The screens in front
of the target were retractably mounted inside the bean
vacuum system and were ncrsally ocut of the beam path except
for alignment checks. Tke third screen behind the target
was permanently mounted in the air. Typically the beam was
focused to have the shape of an ellipse with height 0.3 cop
and width 0.6 cw. The last quadrupole had an aperture of 3
in. and was located a distance c¢f 332 £t before the target.
This limited the angular divergence of the beam to less thar
+0.4 mr. The directicn of the team was known to #0.3 mr by
reading the position of the keam spot on +the fluorescent

SCreel.
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The maximunm current through the switchyard energy slits
was about 30 mA, or roughly 3 x 1011 electrons per pulse.
This maximum-intensity heam was required only for runs at
high secondary energy and large g2, where the cross section
was very small. Otherwise, the beam current had to be
decreased to 1imit the <counting rates in the fastest
counting electrcnics circuits.

A lucite block mounted on the end of a phctcmultiplier
tube was placed in the vicinity of the target. This served
as a Cerenkov detector respcnding to the instantanecus flux
of beam-produced particles and was used tc monitor the
relative constancy of the heam current. The accelerator was
"tuned” to prcvide a flat top current pulse as much as
possible, in order to ririmize the instantanecusg particle
rates.

The primary incident team—charge monitors were a pair
of toroidal transformers (tcroids) with the electron bean
forming the primary winding.? These devices were internally
calibrated by a single turn cof wire carrying a precisely
determined charge to csisulate the beanm. Previous
experiments have involved extensive checking ¢f one of the
toroids used with a Faraday cup, which has shown no
disagreement at the 1% level. Several comparisons of the
toroids with the Faraday cup were made during the experirent
as <hecks. Tte incident bheam charge measured by the twe

toroids always agreed tc within 0.5%.
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3.2 Target

The electrons were scattered from 1liquid hydrogen
contained in a 7.026-cr diareter circular-cylindrical cell
with 0.003-inch aluminum walls. The cylinder axis was
vertical and the ‘bteam rassed through the cell along a
diameter. An identical empty target cell was mcunted telow
the £full target and used tb measure the scattering coming
from the target walls (durny target measurement).

The beam deposited roughly 2 MeV per incident electron
in +*he target hydrcgen. At maximum current and repetition
rate this is an average gpcwer of 36 watts. In earlier
electron-scattering experiments at SLAC this had caused a
reduction of the target density, either due to Loiling of
the thydrogen around the beam path or tc fcrrmation of a
cylindrical shock wave alorg the beam path during the 1.5
tsec duration of the pulse. To prevent the former, the
hydrogen in the target was forced to circulate arcurd a ring
by a small motor-driven fan. The target hydrogen,
maintained at akout 1 atm cverrressure, was driven through
the scattering c¢ell and up through a heat exchanger. A
large reservoir of ligquid bydrcgen aksorbed the heat from
the heat exchange and gave the system thermal stability.

Before the data takinc began the circulating target was

tested to see if the target density was reduced at high bean
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intensities. It was checked that the <calculated cross
section was independent cf fbeam current, spot size, and bean
pulse length. As an additional check on the target density
the SLAC 1.6-GeV spectrcreter was used to measure the cross
section for detecting prctcns freom elastic scattering at
fixed proton womentum and angle. The only variation
expected in this cross section after correction fer counting
rate effects is due tc a reduction in the target density
caused by beam heating. The éross section was measured at
low current for every inpitial enerqgy te  provide
normalization. Mo significant target density reduction was
observed with the 1.6 GeV spectrometer used in this way and
no target density correcticn was made.

The hydrogen was in a two-phase system, 1liguid 1in
equilibrium with vapor sc tke hydrogen density is determined
by temperature. The temperature was measured Ly measuring
fhe hydrogen vapor pressure in a small bulb placed in good
thernal contact with the target hydrogen. The average
temperature was 20.60K. However, deposition of energy by
the beam and refilling <c¢f the hydrogen reserveir caused
short-term temperature variaticns on the order of 19K. This

causes a 1.7% uncertainty in the liquid hydrogen density.

3.3 Material in the Beam Fath
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Recause of the electror's small mass, the acceleration
caused by collisions with the atoms of a material can cause
the electron to radiate a large fraction of its total
energy. The probability cf an energy loss occurring by this
process (bremsstrahlung) depends on the amount of material
measured in radiation lengths. The radiation length is
defined by Fqu. A.IIT.7. Fnergy degeneration can alsao be
caused hy radiation «cccurring during the Jlarge-angle
scattering. The details <¢f the radiation problem are
discussed in the appendix. However, in an approximate
sense, a scattering with w=cmentum transfer g2 from the
electron 1s equivalent as far as radiation is concerned to
passage of the electron through t/2 radiation length of
material before the scattering, which takes rlace with ne
radiation, and passage through a further t,2 radiation
length. t is called the ecuivalent radiator and is given by
formula A.¥.16. This eguivalence 1is exact only for the
iimiting case of soft phctens.

For g2 = 1 GeV2, the equivalent radiator is 0.066. The
total radiation 1length «<¢f @material in the team path was
small compared with this nunber. Assuming the scattering
takes place at the center cf the target in an average sense,
that is, including half the target hydrogen befcre and half
after, the total radiatcr before was 0.0052 r.l. and the
radiator after was 0.0126 r.l. For the target hyﬁrcgen the

radiation length was taken tc be 847 cn.
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The biggest contributers to -the total radiator were
first 0.0102 r.1. frcr the target hydrogen and alupinum
target <cell windows, 0.0C078 «r.l. from the alusinurm
spectrometer stpectrcmeter entrance window, and 0.0018 r.l.
from 21 inches of air alcrg the gpath of the scattered

electron.

3.4 Spectrometer

The SLAC 8-GaV spectrcreter as shown schematically in
Fig. 7 consists of two bending magnets and three quadrupole
magnets. The spectrcmeter #as designed to allow
determination c¢f the pcmentur of particles coming frowm the
target from a krowledge cof the vertical position at a rplane
of the particle's trajectcry after passage through the
spectrometer's magnetic elenments. An array of narrow,
horizontally oriented =scintillation detectors {hodoscope)
covered the mcmentum nreasuring plane. Similarly, the
spectropeter allowed determiration of the horizontal
scattering angle of a particle from the target with the use
of a single array of vertically oriented hodoscore counters
at the horizontal angle-gzeasuring plane. The mcmentur
hodoscope was 11.938 c¢cm across in the vertical direction
divided into 40 bins by the counters. The momentum
hodoscope plane was tilted at an angle of 14.79 with respect

to the spectrometer horizcntal plane. Variations in the
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vertical angle at the target had no effect on the particle’s
vertical ©position at the mcrentum hodoscope (¢Ofccus). The
theta hodoscope was 68.5 cp wide in the horizontal direction
and was divided into 54 bins. Variaticns in a particle'é
horizontal coordinate at the target were focused out at the
theta hodoscope.

Both bending magnets bent vertically (each 150). The
entire spectrometer, including the shielding around the
particle detectcr area, scre 750 tons total weight, was
mounted on TrTails and pivoted arcund the positicn of the
target. There was a syster of taut wire position sensors
that allowed monitoring the position of each of the magnetic
elements. An online computer prcgram converted the measured
yire displacenents to relative rovenments of the magnets, and
cempared with toleramnces established for the 8-GeV
spectrometer.® This <check was done after every rovement of
the spectrometer to a different angle and the displacements
of the magnets chserved vwere always within tolerance.

The current versus field curve of each magnet had been
measured using NMB, varying the <currents in a standard
degaussing cycle. Only the bending ragnets showed
appreciable saturation. The central mementum of the
spectrometer was set by setting the currents in the magnets
using the standard degaussing cycle. The magnet currents
were monitored ty reading the vcltage across precision shunt

resistors 1in =series with the magnets. The actual task of
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adjusting the power surplies was handled by an online
computer program that ccntinucusly mopitored the shunt
voltages and changed the pcwer supply output currents until
the desired shunt voltages were obtained.

The spectrcmeter was designed assuming ideal magnetic
elements and calculating thke transformaticn of particle rays
by the spectrometer to seccnd crder in the deviation frer
the central ray. In the standard central- ray coordinate
sfstem notation 9 XO’YO'90'¢O'8O are the coordinates of the
ray at the target and %x,y,0,¢,86 are the coordinates at a
definite z position fellewing ihe last magnetic element, for
instance, at the mcmentur  h'odoscope position. The
transformation cf the initial ray at the target to the final
ray was calculated to seccnd order in the small quantities
X gr¥y 10y 197 D e

The actual perfcrmance of the spectrometer was measured
in a series <¢f optics tests conducted in November, 1967.
This resulted in very small correcticn factors to ke applied
to the magnet current settings to achieve the desired
central ray and the desired quadrupocle focusing. The
transport coefficients Were determined from these
reasurements, and it was fcund necessary to change the
effective field strengths cf the three ideal guadrupoles in
the first- and second-order model in order to reproduce
exactly the measured results for the ccefficients (x1x0),

(xlOO), and (y}SO)al0 Also, these coefficients were found to
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be slightly enerqgy dependent. The measured theta dispersion
{xiOO) changed ry 1.2% frcer 3 GeV to 8 GeV. The measured
nomentum dispersion (yzso) changed by ~-1.8% frcm 3 GeV to 8
GeVv. '

For the calculation c¢f the acceptance, a first- and
second-order model was assured that reproduced identically
the measurad values cf (x}xo), (xleo), and (y]SO) at 8 GeV.
The parameters of the model are given in Table 1, and the
resulting transrort coefficients in Table 2.

The 8-GeV spectrceeter was used in the elastic
electron~-proton scattering experiment of Kirk et al.l?
However, the spectrometer was modified afterwards by the
installation of 1lead apertures to more sharply define the
acceptance and to simplify the acceptance gélculations,
Thus, as far as the acceptance is concerned, the earlier
elastic measurements were independent. Elastic CTOSS
sections were measured tc ccmpare with previous measurenments
as a check against a normalizaticn error.

The acceptance was calculated in two different ways to
check the program mechanics 1using the same mcdel of the
spectrometer as a starting gcint in each case. In one
method rays vere randcmly generated with a uniforr
distribution in x0,00,¢0,60 space and tramsported through
the spectrometer. A check was pade at each of the limiting
apertures to see that the ray could successfully pass.

Successful events were placed in hodoscope counter hins,
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TABLE 1

Model of 8 GeV Spectrometer, P = 8. 008 GeV

+ drift from target 1m
+ spectrometer entrance window
« drift 1,2995 m

- quadrupole Q81 (1.026 m, a =13.97cm, 7,551 kg, vertically defocusing)

- drift .352 m

- aperture 1 (circular, \/xz +(y + ..24:)2 < 13. 02)

+ drift .6165 m

- quadrupole Q82 (1.336 m, a = 19.3675 cm, -10.823 kg, vertically focusing)
- drift .9610 m

- 1/2 bending magnet B81 (1.8135 m, 7.50, 19.267 kg, vertical bend)

- aperture (-19.21 cm < y < 34.47 cm)

- 1/2 bending magnet B81

- drift .3863 m

- aperture 2 (octogon, Iyl <16.5 cm, |x <14.5cm, |_yl<24.6 cm (l - TS—%L&E»
- drift .5387 m

- bending magnet B82 (3.627 m, 7.5°, 19.267 kg, vertical bend)

« drift 1.003 m

. quadrupole Q83 (1.336 m, a = 19,3675 cm, -7.319 kg, vertically focusing)
« drift 4.197 m

. theta hodoscope (-34.29 cm  x < 34.29 cm, 54 bins)

+ drift .5556 m

. p hodoscope (-5.969 cm <y < 5.969 cm, 40 bins, tilted 14.70)



TABLE 2

8 GeV Spectrometer Transport Coefficients

x at theta hodoscope
¥, ¢ at momentum hodoscope

X 90, qbo, 90 at target

Yo =0
%9 % o % Xg %%  %o%o %% eg %% %9 ¢(2> ¢090 6%
,0383 | 4.3060 .0001 | .0393 ~,0009 |-,0163 |.0001 | -.0016 | .0039
-~ .0139 | -2.9070 -, 0002 ~,0003 | .0003 | .0001 | .0009 .0127 | .0020
~1.090 .2034 .0002 | -,0004 |-.0001 |-.0008 | .0012 ~.0026 |-.0506

Lg
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which resulted in a distrituticn of events proportional tc
the acceptance of each tin. The total acceptance of the
spectrometer was limited by lead masks bcunpding the
hodoscopes.

The second method of calculating the acceptance wcerked
with individual p,# hodcscere bins, where such a bin is a
small region in the S-dimenrsicnal ray space with the x
coordinate at tte theta hodcsccpe in the range Ax, and the y
coordinate at the momentum hcdoscope in the range Ay. Yowas
taken as =zero andgd X, was given a fixed value which was
averaged over in the final step. Thus, rays in a particular
p, 8 hodoscope bin have essentially one degree of freedorn
which can be taken as b= The situwation is illustrated in
Fiqg. 2. The limiting values cf ¢O for the bin were found
by a trial-and~-error procedure, where ¢0 was varied while
checking the 1ray at all the 1limiting apertures. The

accertance of the bin was calculated using the formula

1
2y 9X _ By X
5. A 868 86



Xo=0

Yo =0
RAYS INTERSECTING ¢0 RAYS INTERSECTING
MOMENTUM HODOSCOPE- MOMENTUM HODESCOPE -
BIN 40 AND THETA BIN | AND THETA
HODOSCOPE BIN 27 HODOSCOPE — BIN 27

ﬁ

1568A21

Fig. 8

6¢



30
CHAPTERE 3 --- APPARATUS

where the derivatives are <calculated wusing first- and
second~order transport ccefficients.

The second method of calculating acceptances had the
advantage over the Mcrte Carle method for accurate
calculation of the very small acceptance of a hodoscope bin,
since to achieve the necessary large number of Monte Carle
successes in each bin was wvery time consuring. The two

methods agreed to 0.6% fcr the total acceptance with no bin-

by-bin deviaticn discernitle within the Monte Carlc
3%. The result for the total

statistical eTror of
accepfance of the spectromreter was {Ap/p)AQ = 2T5.40%X10-% sr,
and for the acceptance of the restricted hodosccpe, p bins 5
through 36 and - bias 4 thrcugh 51, the result was
{Ap/p)Av. = 21.64 x 10-% sr. The momentum range accepted by
the restricted hodoscope was rcughly Ap/p = #*1.57% and the
theta range was roughly AGO = +6.88 mr. The momentur
fesolution of the hodoscope was Ap/p = +.05% and the theta

~

resclution was A6 = £,.15 or.

3.5 Particle Detectors

The primary task of the particle detection system was
to detect electrons with high efficiency and to discriminate
with a large rejecticn factor the non-electron btackgrcund,
consisting mnmostly of picns. 7This was accomplished using a

total absorption shower ccunter (TA counter), a threshold



Fig. 9
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gas Cerenkov counter, and a system of three =scintillation
counters used tc count the pumber of particles rroduced in a
1-r. 1. 1lead sheet (the dE/dx counter).

Two large multi-segmented scintillaticn counters
covering the entire acceptance {front and rear trigger
counters) were used for tising purposes. The trigger
counter signals, when in ccincidence with the Cerenkov
signal in the fast lcgic circuitry, was one definition of a
likely electron event.

The two arrays of hodcscope scintiliaticen counters (55
theta and 41 nmomentnm <counters) provided rmcmventum and
angular resoluticn. For most of the experiment this
resolution was not used except to define the spectrometer
acceptance. Normally, all events with p bkin in the range 5
to 36 and @ bin in the range 4 to 51 were added together tco
yield a single number for the crcss section. The hodoscope
counters and the trigger ccunters wWere the same as used in
the elastic electron scattering experiment of Kirk et al.11l

The TA counter consisted cf 16 one-r.l. sheets of lead
interleaved with 16 1-inch +thick slabs of Plexiglas in a
sandwich arrangement. An incident high-enerqgy electron
produced a cascade electrcmagnetic shower in the lead
containing many fast electrens and positrons which make
Cerenkov 1light in the Flexiglas. Fach sheet of Flexiglas
was viewed by four RCA 63462 photomultiplier tukes, which

had their high voltages set for egual output from each tube
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for a standard light source placed in good optical contact
with the center of the Plexiglas sheet.

The anode signals frcms all the photomultiplier tubes
were linearly added. This ccmbined TA output produced an
approximately Gaussian pulse-height distribution for
electrons. The rost rrotatle TA pulse beight was
proportional to the energy cf the incident electron. At 2
Gev, the most probable pulse beight for an electron was 85
channels above fedestal (zexo) and the Gaussian sigma was
approximately 10 chaspels. Pions produced a reak about 186
channels above pedestal correspcnding to the pion wmaking
light along a single fast particle track in each sheet of
Plexiglas. An exponential tail extended to higher <channel
numbers and ccrresponds to the pion interacting in the
material of tte counter, producing additional fast
particles. A+ a rmcmentum of 2 GeV about 3% of all rpions
produced TA pulse-heights greater than 55 <chanpels above
pedestal.,

The Cerenkcv counter ccntained Freon gas (CClez) at anm
absolute pressure of U45¢ pp Hg. Bigh-enerqgy electrons
produce Cerenkcv light in a narrow cone about their
direction of moticn. This light was collected and focused
onto the face of a photorultirlier tube by a large low-mass
parabolic mirrer (made of aluminum-coated rfolyethylene)
covering the rear aperture of the counter. The

photcmultiplier tube(RCA C7C133) had a high photocathode
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quantum efficiency cof apprcximately 30%.
The number of Cerenkecv 1light photons prcduced is a

function of the velocity cf the particle,

nzv2 -1

N=N
max (n2 -1 V2

where Nnmx is the number ¢f photens prodoced when v —1 and
n is the index of refraction of the medium. Assusing 100%
light collection, and a 45-inch path length, a high-energy
electron was calculated tc prcduce an average of 100 photons
at the photomultiplier tuke face and an average of 30
photoelectrons., There 1is a threshold for production of
Cerenkov light at v = 1/n. For pions this was calculated tc
be a momentum cf 3.7 GeV. The Cerenkov threshcld for rions
was measured to be 3.3 GeV.

At a spectrometer nmcrentur of 2 GeV, the Cerenkov

" gcounter efficiency for detecting pions was found to be

roughly 1%, while its electron detection efficiency was

close to 100%. Tt aprears that the mechanism responsible
for pion detection Ltelow Cerenkov threshold is the
production of a fast secondary electron which then
accompanies the pion thrcughk the Cerenkov counter. This

occurs in material somewhere 1in front of the counter,
probably in the lead aperture-defining masks.
The dE/dx counter system discriminated against pions by

requiring initiation of an electron shower in a one-r.l.
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thick lead sheet. Particles produced at small angles in the
initial radiatcr acccmpasied the incident particle through
three scintillators rakinc 1light —pulses proportional tc
ionization energy loss (dEsdx). A high-energy rparticle that
#id4 not interact in the initial radiator made a light pulse
distribution in each scintillator corresponding to the
Landau distribution1?2 of dF/dx 1lcsses for a single winimuw
ionizing fast particle. An electron with rather high
probability (0.7 to 0.9) prcduced additicnal particles in
the initial radiator and caused larger-thap-minimum ionizing
pulse heights in each o¢f the three scintillators. An
electron event was required to bave a large pulse height in
all three scintillators. 1Inasruch as the Landau tails of
the pulse height distributions produced by 2 pion in the
three scintillators were ccppletely independent, having
three scintillators instead o¢f one would «cube the pion
rejection of the system.

The df/dx systenm was placed in front of the TA counter.
There was some correlation TbTetween signals 1in the two
counters for piocns, since if a pion interacted in the
initial radiator it had a greater probability of prcducing a
large TA pulse height. For example, a sample of 11300 rions

at 2 GeV momentum were detected in the TA with probability

i

P, 0.03 and in the JdE/4x systen with rrobability
P, ¥ 0.03. Twenty pions, c¢r €.2% had both the TA and dE/dx

requirements, which implies a correlation C = 5%, where C is
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defined by the egquation,

Pig = PyPo(l - C) +p,C

The electron detecticn efficiency of the dE/dx was not
correlated witk that <c¢f the TA, since whether or not the
electron interacted in the initial radiator its tctal energy
ended wup in the shower cocunter and hence it produced the

same TA pulse height.

3.6 FElectronics

The primary fast detector signals were phototube anode
pulses coming from the TA ccunter, the Cerenkov counter, and
the front and rear trigger counters. The TA counter
contained 64 rchotcmultiplier tubes, the Cerenkov counter a
single tube, and the trigger counters each contained 5
tubes. The ancde pulses were carried separately cn low-loss
coaxial cables from the spectrcmeter to the experimenters’
control room {(counting hcuse) which contained all the
counting electrcnics and the crline computer.

The 64 TA counter photcmultiplier tube signal pulses
were linearly added to produce a single signal pulse, fed
into discriminator D14, as shown in Fig. 10. The pulses
from the five-segmented trigger counters were separately
channeled into discriminatcrs {(L1-10) and the outpat pulses

combined in logical 0F circuits to produce a single front
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trigger pnlse (CR1) and a =ingle rear trigger pulse {0R2).
The discriminators D14, D28 {(Cerenkov counter), and D1-10
had 12-nsec output pulse lergths.

A likely electron event {event) was defined on the
basis of fast logic performed on the output from the
discriminators L4, D28, OF1 and OR2. An event gate pulse
resulted if there cccurred either a D14 pulse or a
coincidence between D28 and (OF1 and OR2) == (C5). This
event gate rulse was fanned out to discrisinator
coincidence~-discriminator {(DCD) units receiving input from
the hodoscope ccunters. The evesnt gate pulse acted as a
strobe to interrogate the state of the hodoscope <counter
discriminators and varicus discriminators in the fast
electronics {electrodnics flags) . Other important
information about the event was the digitized pulse height
of the signals from the T2 ccunter, the <Cerenkov counter,
and the three di/dx scintillaticn counters. A 50-nsec pulse
¥as generated by an event and served as a coincidence gate
for the signal pulses ccuing from these counters in linear
gate and stretcher units {1€S) that preceded the analog-to-
digital converters.

A latch~type flip-ficp (rapid kill flip-flcp) was set
by the event pulse and reset immediately before the next
beam pulse was due to arrive. The event pulse also set an
interrupt flag in the ccmputer which caused the computer tc

read-in the evert informaticn waiting in the ©buffers. The
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total event information was stored in 12 24-bit words, and
it included the follcwing: £5 theta-hodoscope counter tbits,
41 momentum ccunter hcdoscope bits, pulse-height channel
numbers for the TA, Cererkcv, and three d4E/dx counters, and
various electronics flag kits. The total number of events
was recorded on a scaler. However, not all of these events
triggersd a readout if mcre than one event occurred per beawn
pulse.

The fastest counting rate was 1im the frent trigger
counter discririnater and was norwally kept telow about 2
MHz by limiting the incident beam <current. High counting
rates, <correspcending tc large cross sections were obtained
at lcw E'. Hsare, typically, the Cerenkov counter (D28) rate
was a factor of 10 less than the front trigger and the
shower «counter {D14) rate was less than the Cerenkov rate.

The event rate was kert telcw abtout 0.3 per cpulse by
limiting the ‘team <currert. At this average rate, roughly
85% of the events trigger a ccmputer readout of all event
information.

The pulse beight frem the TA counter for an incident
electron is propcrticnal toc the energy of the electron. The

D14 discriminator threshcld was set high enough to avoid

R

triggers from very srall TA pulses which were probably
pions. At E' = 1 GeV, scwe electrons prcduced pulses less
than this threshold. However, these wounld <cause a C&o

coincidence and not be lcst. The event logic was chosen tc
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avoid a large number cf event triggers caused ky the piorn

background at lcw E'.

3.7 Data Recording

A1l the information necessary tc analyze the data was
written on magnetic ‘targe. This included the status of
individual counters and pulse height infoeormatiorn for each
event trigger, the energy, spectremeter momentum and angle
for the run, the target tyre, the scaler and beam nmonitor
readings before and after the run, the spectrcmeter magnet
shunt voltages, and tyred-in conpents akout the ran.
Essentially all -the infcrmation content of the experiment
vas reéorded on the data tape and the experiment yas "played
hack®” many times in the course of the offline analysis.

An online SDS-9300 ccrputer performed the data-logging
function as its highest-pricority task. An event trigger set
a high-priority interrupt flag in the computer «causing the
program to branch to a subroutine that read the buffered
event information into the <ccmputer core. The event
information was placed in 12 24-bit words which were
combined into blocks of 36C words to be written on magnetic
tape. The event-logging cperation was done rapidly enough
to be completed in the time available between machine pulses
{3 =@msec). For the remainder of the time the computer

program was in a loop, servicing lower-priority interrupts



41
CHAFTER 3 -—-- APPARATUS

as time allowed.

The event trigger alsc set an interraupt to branch to an
analysis program. This prcgram was guite sophisticated but
the samplirg fraction was cnly 25% for the highest event
rates. Cross secticns Were calculated for various
definitions of a good electron event and histograms were
built up, showing distritutions of +the TA, Cerenkov and
dF/Ax counter pulse heights for varicus samples of events,
and particle distributicp across the hodoscope counters. &
scope unit and line printer allowed display of selected
program information during the run and at the end of the run
a large amount ¢f informaticn abcut the run was dumped out
in a fixed format on the lire printer.

Most of the contrecl c¢f the experiment was channeled
through the conrputer, for examgle, starting and stopping of
runs and setting the spectrcpeter magnets. The scope
display system allowed the experimenter to immediately
inform himself of the =status of any of the computer-

controlled functions.
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The data tapes were read and analyzed on an IBM-360-91
computer. The analyses consisted of two stages; in the
first, the <c¢ross secticn for scattering from hydrogen
defined by formula 2.1 (radiated cross section) was cocmputed
from the information on thke tapes. This c¢ross section
includes effects of higker-order electromagnetic processes,
€. g., photon radiatiocn. The second stage is the radiative
correction which is done, angle by angle, using all the
reasured cross sections at a particular angle.

A& run is defined as an accumulation of event data
caused by passage of an ircident beanm electrons through the
target, for a particular inpitial beam energy E, spectroneter
central angle , =pectrcuweter energy E', and target type.
The yield of electrons for a <run was obtained fronm the
number of events satisfying certain requirements ({good
electrons) based on the electron-discriminating properties
of the counters. Three definiticns ¢f a good electron event
were used with successively greater rejection of non-
electron particles but alsc with successively decreasing

electron detection efficiency.

Definitioa a: The TA counter pulse height, that is, the ADC
channel number, was reguired to be greater than a certain
value {TA cut). For a pure =sawmple of electrcns, the TA
pulse-height distributics was Gaussian with mean and

variance (02) proporticnal to the electron enerqgy. The TA
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cut was placed 2.80 below the position of the mean {peak)
of the electron distributiocr, sc approximately 99% of the
electrons produced a pulse in the TA larger than the cut.
The number of pions contamirating the yield was estiwmated
from the number of events kaving TA pulse height in a small
window 10 wide immediately relow the positicn of the TA cut.
Approximately 1% of the total number of electrons were
expected to have pulse heights in this range, and the rest
were assumed to be picns. ‘The number of piors with pulse
height greater than the TA cut was calculated from the
number of pions observed in the 10 wiandow by assuming the
pion pulse height had a falling exponential form.

Calculation of the pion contamination in this way
mainly served as a quartitative check that the pion
contamination was small. 7Thke correction was gemnerally less
than 1%, and the largest full target correction was 4%.

A correction was made for the imefficiency introduced
by the TA cut whkich was rpcminally 1%. This was done for all
runs with good statistics (greater than 100 gcod electron
events) by fitting the observed electron peak in the TA
pulse-height distributicn with a Gaussian and using this
analytic form to calculate the number of electrons falling
below the TA cut. It was fcund possible to make fits to a
Gaussian that were satisfactecry 1in a chi-squared sense.
Also, it was checked that the calculated yield was quite

independent of the TA cut, even for inefficiency corrections
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as large as 30%.

Definition b: In additicr to the TA cut, events were
regquired to have Cererkcy counter pulses larger than a
ninimum level {(Cerenkov cut). The cut was such that 97% of
a pure electrcn sanmrle prcduced pulse heights greater than
the cut. The yield was ccrrected for the 3% 1inefficiency

introduced.

Definition c: In addition tc¢ tte reguirements of b, the
minimum pulse height frcr the dE/dx scintillaticn counters
had to be larger than a certain valune {dE/4dx cut). The
distribution of minimuwm dF/dx pulse height for an electron
sample showed a prominent peak corresponding to a single
fast electron passing thricugh the three scintillators, and
less distinct seccondary peaks at approximately 2,3,4 times
the pulse height of the first peak, evidently corresponding
to the creation in the initial radiator of additional
particles. The dB/dx cut was rlaced in the first valley of
the minimum dE/dx pulse teight distribution. The efficiency
of the dF/dx system used in this way, for a rure electron

sample was 0.60&, 0.741 and ¢.799 at secondary electron

&

energies of 1, 2, and 3 €eV. It was found possible tc fit
the d4E/dx efficiency as a functicn of E' by a pclynomrial of
order 2 in 1/E7%. The three parameters of the fit can be

taken as the values of the efficiency at 1, 2, and 3 GeV as
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given.

The AE/dx efficiency was ccnsidered uncertain by 1.5%,
so yields calculated on the tasis of Definitior c have this
additional error added linearly.

A1l good electron events were required to have the
front-rear tricger cournter ccincidence circuit {C1) flag
set. Also the event was recuired to show a hcdoscope bit
pattern <correspording tc the particle passing unambiguocusly
through the range of momentum‘counters 5-36 and the range of
theta counters 4-51. Corrections were made for C1
inefficiency {typically 1 to 2%, and for ambiguous ot
undecipherable hodoscope patterns {(typically 7%).

The total =spectrometer acceptance defined by the
hodoscope was (Ap/pyLli z1.64 x 10-% sr. The crecss section
was also calculated for each rupm, ignoring the hodoscope
information and using the calculated total accertance ot the
trigger counters, 25.40 x 10-% sr. The yield for this cross
section did not require am anmbiguous code correction and for
¥inematic regions where the crcss section was slowly varying
over the spectrometer accertance, which was the usual case,
these two cross sections were found to agree typically to
1%

The yield was corrected for computer deadtime, that is,
events not logged on tape, by multiplying by the ratio of
the number of events recorded cn a scaler to the number of

events actually fcund on the data tape. This ccrrection was
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less than 20% and is considered well known since 1t Just
‘represents an unbaised sarpling fraction.

For each line the defirniticn of a good electron a, b,
or ¢ was chosen on the kasis cf agreement between the three
yields. The least restrictive requirement was preferred in
order to mraximize the nusber of good events and hence the
statistical accuracy. However, the point on a 1line where
two vyields began to disagree kecause of pion contamination
was the point where the mcre restrictive requirenment Legan
to be used.

For each rum a cross secticn was calculated wusing the
formula,

d- N
dOdE' N, n(ApAQ)

where § 1is the «cocrrected electron yvield, ApAQ is the
acceptance, n 1is the —npunrber of protons/cm? in the target
hydrogen, and an is the nurter of incident electrons for
the run.

For the three lcwest erergy 180 lines only, the data
were taken with spectrcmneter settings overlapped tec produce
a continuous crcss secticn spectrum in the resonance region.
In this <case the specticmeter acceptance was divided into
missing mass bins using the p and 6 hodoscopes,and the cross
section was calculated for each bin. The bins were set up

with an E' width at the central angle of 0.002 times the
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secondary elastic scattering energy at that angle. This bip
width is larger than the resclution of the spectrometer and
was selected 1in order tc decrease the statistical errors
while still adequately resclving the rescnance pissing mass
structure. The wissing energy bins were constructed to be
syermetrical in 6 abcout the spectrometer central angle.

For some of the runs an acceptance correction was
necessary because 2 aluripum NME probes in the spectrometer
bending magnets were accidentally left projecting into the
active aperture of the spectrcmeter. The effect of these
probes was measured and found to be small Ptut energy
dependent. This energy dependence was fit bty a forre
a + b/Ev2, The 1/F'2 term 1is attributed to multiple
scattering of electrons outside the angular acceptance in

the aluminum of the prchbes. This correction was H#.5% at

=

1 = 2 GeV and 3.3% at E' = 4 GeV. For cross sections with
a probe correction the errcr 1is Jincreased by 1.5% added
linearly.

The final measured crcss section for scattering fronm
hydrogen was calculated frcm the full target cross section,
subtracting the dummy target cross section and the reversed
spectrometer rolarity CIOSE section {positron <cross
section), and adding ttke positron dummy <cross section.
Generally, the Jdummy <crecss section was measured at every
setting, but the positron apnd positron dummy cross sections

were 1insignificant excert at the lowest R' pcints. The
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largest positron tackground occurred for the highest energy
180 line. For this line (E = 18 GeV) at E' = 2 GeV, the
reversed polarity cross section was 27% of the full target
cross section, at F?' = 2.5 GeV this percentage was 11% and
at E' = 3 GeV it was 6F%.

The ratio ¢t dummy tc full target «cross section was
usually in the range 10 tc 20%. This roughly agrees with
what we would expect if the high g2 virtual rhotons were
atsorbed independently by the nucleons in the aluwinum and
Mylar that constituted the dummy target and if the neutrorn
cross section were scme fraction of the ypreton cross
section. The ratio of protcns/cre? along the beam path of
the dunmmy target to that fcr the full target was 0.09 while
the ratio of nucleons/cm2 was 0.17. Thus we would expect a
dummy to full ratio in the range 0.09 to 0.17.

The final measured crcss section is the <cross section
for scattering frowm a prctcn allowing radiation of photons,
and it depends szomewhat on the radiation 1length of the
target and other material before and after the pcint of
scattering. The seccnd stage of the data analysis required
all the measured cross sections at a single angle as input
and yielded radiatively ccrrected cross sections, wﬁich are
the (theoretical) cross sections for the electrcn scattering
process calculated to first order in «, that 1is, corrected.
for the known effect cof higher crder in a processes. These

include radiative prccesses occurring before and after ‘the
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scattering as well as radiation during the scattering and
electrodynamic correcticns to the electron-photcn vertex and
the rhoton propagatcr.

The radiative correction formulas are discussed in
detail 1in the Appendix. The relation of the radiatively
corrected cross secticn tc the measured cross section is
given by formula A.V.Z cf the Appendix. The integrals in
this formula tequire kncwledge of the corrected cross
section along a line of constant E and a line of constant E!
in the E,E' rlane (fcr fixed 6 ) so values tor the
integration must be suprplied by interpolating and
extrapolating the already corrected cross section from the
E,E' points where the crcss secticn is actually measured.
The corrected cross secticr values when interpolated and
extrapolated throughont the triangle according to the
particular schere chesen, have the property ot satisfying
Eq. A.V.5 for the E,E' values of every measured point.

There were two main difficulties in making the
radiative correction. Cne is that the cross sections were
not determined at a sufficiently dense set of E,E’ pcints
particularly in the rescpnance region, sSo that different
reasonable methcds cf interpclation or extrapolation of the
cross section within thke triangle could procduce at some
points a considerable wvariaticn in the result. The
sensitivity to the method cf interpolation-extrapolation was

investigated and only thcse data points for which the
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corrected c¢ross section was independent of the method to
within one-half of the errcr bar were iancluded in the final
results.

The second difficulty is due to the approximate nature
of Fqa. A.V.5 in the first place. The radiative tail fronm
inelastic hadronic transiticns is only approximated in terms
of +the two one-dimensional integrals over the corrected
cross section. More accurately it is expressed as a two-
dimensional integral irvelving the twc form factors
wl(q2,ﬁ2) and wz(qz,wf) ipr a different combination fronm
o+ 2 tan2(9/2)wl in which they appear 1in the cross
section. The peaking arpproxisaticn reduces the two-
dimensional integral to two c¢ne-dimensional integrals and
what can be called the factorization approximation allows
the integrand in these irntegrals to bte expressed in terms of
the cross section. The validity of tte peaking-
factorization approximaticn has been tested for different
models of wl and L and cn this basis the particular forr
for the equivalent radiators used ({(formula A.V.7) was
selected. The peaking-factorization approximation 1s only
valid to the order of 10%, so ¥q. A.V.5 can be used only as
long as the errcr introduced in this way is tolerable.

There are also theoretical uncertainties atout the
effect of pultiple fphcton radiation. However, these

uncertainties are parameterized bty the limiting soft-photon

enerqgy kl appearing in A.V.5 and defined by formula A.V.9.
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For photon energy below ¥k multiple photon effects are

1'

taken 1into account, assuring the photons are soft and have

no effect on the electron frcm which they are eritted. For
photon energies above kl all rpultiple processes are
neglected and orly single photcn radiaticn is allowed. Ry
varying kl by replacing the 1,3 appearing in forpula A.V.9

by other fracticns frem 0.2 toc 0.8 the sensitivity tc
multiple photon effects was tested. The corrected cross
sections generally changed veiy little and at mcost by 2 tc
3%.

There are also theoretical uncertainties about the
effect of radiation frcrm the rroton and the final hadronic
state. For the case of radiaticn frem elastic scattering,
this effect can be estimated apd it results in about a 15%
increase in the radiative tail at the pcints with highest
mcraentum transter +to the proton. However, most of the
radiative tail comes frcr hadricnic trapsitions with 1low
momentum transfer so this uncertainty is thought to bhe
smaller than <o¢r <ccmparatle to that introduced by the
peaking-factorizaticn approximation.

The radiative correcticn increased the error of +the
measured CTOSS secticn due to uncertainties in the

subtracted radiative tails. Fcrmula A.V.5 can te written as

fellous:

) d.
d c [ RAD

= dCdE’

& i i It
aan’ ELASTIC TAIL-INEALSTIC TAILS _| (N
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The error'was calculated using the fcrmula,

52 >2= C2|g/dO-RAD>2

2 2
045 o\ @, +8(ELASTIC TAIL)“ + §(INELASTIC TAILS) ] (2)

The elastic tail was assigned a 3% uncertainty and the
inelastic tails given Ly the two integrals in A.V.5 a 10%
uncertainty. The formula 2 for Athe error reglects the
correlation between the first +terms 1in Eg. {1} and the
subtracted integrals, so it is correct only for large values
of the parameter AE' in A.V.5. TFor the purpocses of error
propagation AE' was taken to be the interval ©Lbetween
measured points along a lire. For 18¢ this is tasically 0.5
Gev, except for the three ccntinuous sSpectra where 1t 1is
0.002 x E? - For 260 apd 349 it is D.2% GeV. The

ELASTIC
actual radiatively corrected cross section was not dependent
on the choicae of AE' for sufficiently small Ag'. For
example, the last pcint cn the 269, 18 GeV line <changed by
0.2% as AE' was changed bty a factor of 4 from 1.1 MeV tc 4.5
MeV.

For 1larger angles tie rTadiative correction became
slightly smaller. For 189, the largest radiative correction
occurred for E = 17 GeV, E' = 2 GeV. At this pcint the
elastic tail was 18% of the measured cross section and the
total radiative correction factor was 0.54. The error bar

was increased by a factor 1.21 ty the radiative corrections.
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At 260 the largest radiative ccrrection, at I = 18 Ge¥,
E1 = 1,75 GeV was (.7C with the elastic tail 11% of the
neasured cross section. The error was amplified ty a factor
1.23. At 349 the largest ccrrection was 0.78 at E = 15 GeV,
F' = 1.5 GeV with the error asplified by a factcr 1.15. At

that point the =elastic tail was 11% of the measured cross

section.
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The inelastic electrcr-protcn cross section data have
certain qnalitative features that allow the definition of
three separate kinematic regimes in the g2- W2 plane. These
regimes are characterized by three types cf behavior that
can bhe thought ¢f as analogous tc the behavior ¢f the cross
section for electron scattering fror an atcem. First, there
are resonance bumps in thre cross section at fixed values of
missing mass ¥ which seer tc be the result of trapsitions of
the proton to grasi-discrete ﬁigher energy excited states.
These bumps are evident cply for ¥ < 2 GeV. The forrm
factors for these transiticrs are decreasing rapidly with g2
like the elastic form factors.13 Second, for large g2 and
# > 2 GeV there is a smooth continuum cross section which is
analcgous tc¢ the cross secticn for the precess cof knocking
out orbital electrons frcr an atecm. If effects caused by
the 1identity c¢f the incident electrons with the atcmic
electrons are ignored, the continunm cross section from the
single ionization greocess would ke given bty a sum of

contributions from the individwal electrons ir the atom,

each wWith %1 and wz given by F.17. Since the electron is
pcintlike, GEZ ZGNE = 1a Gcing over to the variables
x = g2/ (2My) and v, where M 1is the mass of the atom, we

would have

1
‘N1=5353550<'IH/N0
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2=ZX/V 8(x - m/M) (N

wvhere m is the =electren mass and 2 1is the number of
electrons in the aton.

The electrcn-proton ccntinuum cross section for g2 51
GeV2 has this type of Lhehavior in that v, and gz/vﬁl appear
to be the same function ¢f a single wvariable ¢2/y, albeit
not a delta functicn. This is the principal result ot the
SLAC inelastic election =scattering experirents and is
referred to as scaling.

The third type c¢f behavicr occurs for high energies
v> 5 GeV and srall ¢=2 < 1 Gev2, that 1is, mnear the
photoproduction region. There diffraction production
processes seer to dominate. The term diffraction here is
used to describe processes analcgous to the pair production
processes that dominate phctoprcduction from an ator at high
energies. In the case of electrcn scattering from an ator
for g2—0, single electrcr icnization is not pessibkle since
the' energy transfer +to the atomic electron, given by
v = g2/2m, must be zerc. As g2 increases, the probability
of diffraction-type processes raridly decreases relative tc
icnization processes, and the atcm begins tc look like a
ccllection of independent electrons. The diffractive
character of +the data ir the photoproduction region is

evidenced by the apparent agpprcach ot 0& to a constant for
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large v.
Diffraction behavicr of T disagrees with scaling

behavior, i.e., if Viig is a fanction of g2/v, then o is
falling like 1/v for swall g2, so the two regimes cabp
logically be =separated. Ssimilarly, resonance tehavior is
not a special case cf scaling tebavior, that 1is, Tresonance
pumps do not occur at a fixed valne cf g2/v.

The large angle data exist principally in the deerp
inelastic regicn, namely, w'> 2 GeV and g2 > 1 GeV2, where
the scaling behavior first observed at smaller angles2 would
be expected. The structure functions o&‘and Tq defined by
B.10 were separately determined at cross-cover pceints in this
region where cross secticn cdata existed from 3 or more
angles at the same values of g2 and %2. The <cross section
divided by T as a function of is fit to Op * €0
11 shows rlots cf do/dQdE*',/T versus € for the 3 cross-over

Figure

points. The dctted straight linres correspond to 1 standard

deviation changes of o, and Og UE and down from the best fit

T
values. The best fit to the data in each case is a straight
line centered between the two dotted lines. The solid curve
iz a global fit to all the large angle data that will be
discussed in detail later. It corresponds to a constant
ratio of os/oi.=R = 0.15. The data indicate that E is small

in the deep inelastic regicn and consistent with the value

0.15.



10.0

[,u borns]

5.0

10.0

[p, borns}

5.0

—

——
-—
—
—
———
—
e ——
-

—

o —

- ——
e ——
-
——
——

b o= —

Fig. 11

W=2GeV W=3GeV

| | J
O 0.5 1.0 O 0.5 1.0

€ €

CROSS OVER POINTS

q2=4GeV?
x | O°
o | 8°
A 26°
o 34°

1630C7

57



5¢&
CHAETER 5 --- RESULTS

We expect c¢n very general grounds that scaling holds in
the 1limit g2, W-—o, Assuring a small value cf R, the
guantity »#, extracted frcm the large—-angle data for % > 1.8
GeV was found to 7rToughly fall on a universal curve as a
function of a single variatle x = q2/{2%). It was found

that the universality of i, cculd be improved, particularly

2

for smaller W values, &ty anctker «choice of the scaling

variable than the guantity x. This new variabkle 1is
X1 = g2/ (g2+W2+a-M2) with a T M2, The guantity a was
allowed +to wvary and it was fcund that sziR; 15 for the

large-angle data with W > 1.8 GeV was most uriversal for
a = D.96 Gev2, Linearizing thte derendence of sz on a for
small variations in a, the chi-squared error matrix gave the
error in a to ke ¢+ 0.08 GeVa.

Plots of all the large-angle data for ® > 1.8 GeV

versus x!' are shown in Fig. 12, The solid curve is a fit to

the data for the case B = (.15 and for conpariscn the same

"

curve is plctted for 8 0 and R = 0.3 as well.
Statistically the v% data for R = 0.15 1is perfectly
consistent witk a single universal curve depending on x'.
The chi-squared for the fit was 119 for three parameters andgd
186 data points. Orly 7 ct the 186 points were more than Z
standard deviations from the fit. Since uwz seems to have a
simple +threshcld behavior at x' = 1, the fitting function

was chosen to te a pclyncmial in {1-x') with as few terms as

possible. The fit shown was obtained with three terwms, a
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cubic term, a fcurth-ordsr term, and a fifth-order term, as

follows:

| 3 4 5
pW, = P(1-x') = Cg(1-x")" +Cy(1-x")" +Cg(1-x")

C, = .557
C,= 2.1978
C, = -2.5954 (2)

5

The cross secticn is given Ly

do 042 cos2 0/2( 1+ 2 tan” 0/2(1+V2/q2) )P(l—x') (3)
' - -
dQdE 4E2 s.in4 6/2 1.15 v

This fit obtained from the large-angle data alsc
represents very well the 60 and 10° cross section data in
the deep inelastic region g2 > 1 GeV2, W >1.8 GeV over the
range of +the fit 0.8 > x' > 0.1. For the 114 6° points in
this kinematic region the tctal chi-sgnared was 114, For
the 132 100 points the chi-squared was 91.

Figure 13 chows the dependence cf ¥, on ¥ for constant
w= (2M) /q2. The sclid curve is the fit to the universal
curve P{1-x'). The point g2 = 1 GeV2 is indicated on each
graph. The main difference tetveen the contours
x = constant and x' = ccrnstant ccmes in the region of lcow ¥,
where there are resonances. Aleng an x' contour the
resonances appear to average out, while along ar x contour
the Tresonances are corpsistently high. For high W the

difference between x and x' disappears. Scaling in the
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variable x holds only for ¥ > 2 GeV; for lower W the tails
from the rescnance regicn seem to make the data high
relative to the W— o limit. For g2 < 1 GevZ2, vi, seems te
fall belowy the asymptctic 1limit. To the accuracy of the
present data, the asymptctic scaling limit seemes to be
reached for W > 3 GeV and g2 > 1 Gev?2,

If we evaluate the uriversal curve fit given by P({1-x")
in the resonance region we cktain the interesting result
shown in Fig. 14. The univeréal curve seems to go through
the average value of the rescnances and the elastic peak,
although the elastic peak is nct shown on these graphs.
Comparison witk the 6 and 10 degree data shows the sanme
striking behavior, that the universal curve as a function of
x! =seems to pass in an average sense through the resonances
and the =elastic peak. Blccr and Gilmant!* discuss the
significance of this.

From an enmnpirical standpoint the x? ccntour is
significant in that it allows a tetter determimnaticn of the

q2 —oo pW_  scaling functicn frcm the data at finite gq2. VW

2 2
can be fit as a universal function of x only fcor ¥ > 3 GeV.
The universal curve is tten cbtained only in the range of x
from 0.1 to 0.€. This curve is shown in Fig. 15 along w%ith
the universal curve obtained bty fitting &, to 2 functicn of

x' for W > 1.& GeV. The universal curve obtained from the

¥!' fit extends over the range cf x' from 0.1 to 0.8.
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A method was used tc interpolate the crocss sections
from each angle withip the g2 - W2 triangle that depends on
the universal {x') behavicr of yﬁz

refion and sutstantially reduced the error bars, refining

in the deep inelastic

the determinaticn of R. Essentially vwz wvas averaged for
constant x'. To cbtain the cross section at a particular
pcint g2,x?' first interpclated cross sections were obtained
for +that same value c¢f x' along each 1line. A 1line
corresponds to c¢ne of the iritial energies for a particular
angle. Then, assuming a spall value of &, vﬁz was
calculated from the interpclated cross sections from each
line, and these values were averaged. Finally, using the

assumed value of R, the average vW, was used to <calculate

2
the interpolated cross <sgection. only data 1in the deep
inelastic region W > 1.8 GeV and q2 > 1 GeV2 were used in
this procedure. Statistically 1&2 arpeared to bhe
fluctuating as expected about 1its mean value in the
averaginyg process.

Typical rlots using interpolated data are shown in
Fig. 16. Again, the =clid curve represents the global
universal curve fit given ty Eq. (3). The errcr bars are
greatly reduced but the chi-squared distribution for the
straight-line fits was quite gccd, which indicates that the
arror bars of the interprclated cross sections are not toc
small. Twenty separaticns of o and o0, were pade using

T S
interpolated data. For these twenty fits the guantity
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{X2—nD)/M§ﬂD was always less than 0.7. n_ is the number of
degrees of freedom of the fit and a standard chi-squared
distribution has mean ED and variancse 2nIf

This interpclation prccedure depends on ar assumed R

value, but investigation showed this to have a small effect

on the outcome for an assumed B in the range 0 to 0.5.

The ratio cf oy to o is always swrall. Taking into
account systematic errors it is felt that B = oé/o&‘is in

the range .05 tc 0.3 in the deep inelastic regicn. The data
are not accurate enough tc indicate any kinematic dependence

and an adequate fit is tc a constant value of R near 0.15.

The separated values ci GT and g are sumparized irn
Figs. 17 and 18, Figure 17 shows Cp and US for constant
g2 = 1.5, 4, and 8 GeV2 as a function of 2 c¢r yp. | At
g2 = 0, i.e., photogroduction, Oé is zero and oa?falls from

about 140 ub at W = 2 GeV tc abcut 120 ub at W = 4 GeV. The
colid curve is fror universal curve fit given by formula 2
of this chapter, which assumes E = 0.15.

These measurements shcw UTand Usdo not ccnform to the
usual behavior cf strong interaction total cross sections as
functions of energy. At g2 = 8 GeV? Gﬁvis increasing with
enerqgy guite far outside of the resonance region. These
conclusions are not affected bty other definitions of the
virtual photon total absorption cross sections, for exarple,

by using the definitions given in formula B.12.
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Pigure 18 chows the dependence cf T and og on g2 for
constant W, The low @2 points represent measurements at
1.50 done earlier by the SLAC-MIT collaboration.!S HNo
separation was possible, but at this srall angle € is near
1, so the cross section is propoertional to Tp ¥ Og- Again,
the s011d curve is from the glckal universal curve fit which
assumes R = 0D.15. On such a lcg-log plot the slope of the
opcurve indicates that it is falling 1like 1/g9% at the
highest g2, g2 = 10 GevV2,

The most interesting result of the large angle
measurements is the deterrination of the universal curve

over the region 0.7 < x < 0.8. Figure 19 shows log(vwz)

plotted against 1log{(1-x') under assumption of different

values of R. VWZ is «consistent with a sigple {1-x")3
threshold dependence near x?' = 1. On the basis of a field

theoretic partoen model, Yan and Crelll® predicted that the
universal curve would have a threshold dependence given by
(1-xf), where p + 1 is the inverse power c¢f q characterizing
the g2 — e belkavior of the elastic form factor, i.=.,
GM——>11/q)P+1.

This type cf behavior ¢f the deep inelastic continuum
has very interesting ccnsequences. If we assume that the

elastic scattering is given by the usual dipcle form, then

as qZ—»oo’

V“@

IELASTIC

4: .
—(2.793)° ¢ (—?) 5(W - M)

q
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It appears that tte resonances show a sigilar g2
dependence to that of the elastic peak, so that
W2‘ ~ % 3w - M2>
RESONANCE J
If we assugme a {1-x)3 threshold dependence of the

universal curve, we have in addition

3
vW

\
2 —Cs ( 2 >
CONTINUUM q
Thus, the elastic ©peak, rescpances, and the inelastic
continuur may all Dbe asymptctically falling with the sanme

power of g2 and the continuum background seems rot to have a

1
\

much slower falloff with g2 than either the resonances or
the elastic peak.

From a thecretical stardgcint, certain moments of the
universal curve are particunlarly interesting. 1In the parton

theories!? the following integrals appear:

1 .2
f F(x) dx =Z?\ixi
0 i

1 i~
f Fx) E= Y Aiz 3)

where F{x) is the asymptctic W, curve, Ai is the charge of

2

the 1-th partcn, and %, i its fractional longitudinal
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mcmentum in the infinite mcrmenturm frame. If orly integral
charges are allowed, the second integral represents the
average nurber cf charged partcns and hence must be greater
than 1.

Figure 20 shows the bebavior of v¥ 2 at constant g2 for

2
g2 = 1.5, 4, and 8 GeV2. The =o0lid curve is F{1-x') given
by formula 2. The data fcr g2 = 1.5 GeV2 was used to

evaluate numerically the integrals ({3) over the partial

range x = 0.1 to 1. The results were

1 .
szdXI 0 = .156 = 2%
1 L1=1 5
1 .
er % = .563 + 2%
1 2 X;z ]
g =1.5

The errors reflect crly the variation in yﬁz caused by
varying R fror O tc C.3. The statistical error is quite
small and the overall systematic error of * 5% is not
included. Fxtending the range of the data by means of the
fit to the cress secticn given by formula ({3), *these
integrals were evaluated at g2 = 4 GeV2Z and g2 = B GeV2,
The results are summarized in the fcllowing table. Again

the errors show only the variation in p%, caused by varying

2
B frem O to 0.3.
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q? - 1.5 .qz = 14 q? = 8
1 1 T i I
vazdx] L156 % 29 ] L1471 + 6% | .130 & 10% |
1__ . I_ 1 [
dxc | ! | 1
va2¥; .563 £ 2% | %30 %+ 7% |  .509 + 10% |
~ 1 | i

|

The small value of the guantity Z:Af coming from x in
the rTange 0.1 to 1 does rct necessa;ily imply existence of
fractional charges since it is not at all clear that the
ccntribution ccming from x = € to 0.1 is even finite. This
will be finite if, and crply if, vﬂz ~ xa, as x—0, with
o > 0. The whole matter is obscured by the possibility of a
substantial contribution frer diffractive processes in  the
small x region, which shculd not be included in the parton
sum rule. There is certainly a diffractive ccumponent at
small g2, and how much cf this remains at higher g2 to mask
a rossible quasi-elastic peak is perhaps the most
interesting gquestion at this time.

In Table 3 are 1listed all the large angle cross
sections with % > 1.8 GeV. The data are listed line by
line, starting with 180, then 26° and 340, The dispositior
of the data points in the kinematic g2-%¥2 plane is clarified

~

by referring to Fig. 2.



TABLE 3
6 E B d%o/a0dE’ o E E' a2o/a0dE" 0 E E' a%o/andE"
@eg) | @en) | on) [(107%8 em®/er-gev) | (deg) | (Gew) | (Gen) | (107 emPar-cev) | ey | (cev) | ew (10735 cm?/sr-gev)
18 4.501 | 2.250 | 7600, =430, 26 | 6.700 | 2.940 | 212.6 + 7.8 26 | 18.030 | 8.750 12,9 + L2
2,000 T000. = 450, 2,750 283.1 =+ 10, 3.500 15.3 = 1.7
6.503 3.500 1879, + 54, 2.500 340, * 14, 3.250 21.5 + 1.7
3.000 2413, + 75. 2,250 407. = 19, 3.000 25,7 = 2.5
2.500 2593, = 93, 2.000 504. * 25, 2,750 32,9 £ 4.1
2,000 | 2510, =120, 1750 | 585, 51 2.500 30.4 2 5.2
8.598 | 4.780 | 460. = 15. 8.696 | 3.750 | 32.2 % 2.0 2.250 4.7 + 7.3
4,500 572, = 17. 3,500 57.2 == 3,0 2.000 56. + 10,
4,000 779, + 44, 3.250 91.7 = 3.7 1.750 81, =16,
3,500 957. + 36. 3.000 119.9 =% 5,0 34 4,501 1. 600 404, + 22,
3.000 1036. + 50, 2,750 154.9 * 6.8 1,400 533. + 31,
2,500 | 1229. ¢ 65, 2,500 | 195.5 = 9.7 1.200 652, 41,
2.000 | 1330, = 130. 2.270 | 298, s12.. 5.795 | 2.020 108.0 £ 7.6
10.404 | 5.500 | 180.6 = 6.3 2,000 | 275,  £17. 1.750 175.3 + 9.6
5,000 284, + 10. 1,750 317. + 20, 1.500 252. + 21,
4,500 409, %= 16. 11.905 4.500 4,70 £ ,48 1.250 356. + 33.
3.940 512, * 23, 4,250 9,34 £ ,99 7.899 2,500 24.8 = 1.6
3.500 | 604, = 32. 4000 | 177 & Lo 2.250 38.2 + 3.3
3.000 | 630. = 4o. 3.750 | 259 & L 2.000 62.4 = 5.1
2,500 751. + 47, 3.500 35.1 x 2,2 1.750 90.4 + 8.0
2.000 801, £ 99. 3.250 47,0 * 4.5 1.480 125, * 12,
13,299 7.000 19.88 = .90 3.000 63.4 =+ 6.2 1.260 153. £ 21,
6.500 49.2 * 1.9 2.750 76.9 = 7.7 9,999 3.000 3.02+ .35
6.000 | 93.0 + 3.6 2.500 | 912 » 9.9 2.750 B.60: .57
5.500 135.8 = 5,6 2,250 113. + 12, 2.500 15.03+ .86
5.000 | 178.2 = 7.7 2,000 | 121 %17, 2,250 26.1 & 1.2
4.500 | 208. = 1. 1.670 | 161, 23 2,000 36.4 £ 2,9
4,000 263, = 21, 15.006 5.000 1.34 = .17 1.750 47.2 = 4.4
3.500 306, + 28. 4.750 2.87 .26 1.500 70.3 = 7.4
3.090 315. + 23. 4,500 5.55 % .39 1.250 104, =+ 13,
2.500 | 417, * 49, 4.250 8.07 & .50 12.500 | 3.250 nLez: .19
2.000 5338. *= 74, 4,000 13.83 + .91 3.000 3.52+ .40
17.000 8.000 7.08 & .35 3.950 18,4 = 1.5 2.750 7.87+ .55
7.500 15.17 £ .56 3.500 23.3 =z 1.3 2.500 10,32+ .64
7.000 29.9 £ 1.1 3.250 31.6 = 1.8 2.250 17,1 = 1.7
8.500 44,8 = 1,7 3,000 39.6 = 2.3 2,000 21.9 = 2.4
6.000 | 64.3 = 2.6 2,950 |  45.9 s 4.3 1.750 32.1 £ 4.0
5,500 86,9 * 3.4 2,500 52.0 * 5.4 1.500 47,8 + 6.6
5.000 1011 £ 7.4 2,250 62.7 == 7.8 1.250 61. & 13,
4.500 | 122.8 + 9.4 2,000 | 76, 10, 12,996 | 3.250 0.851 .25
4,000 145, + 12, 1.750 9. + 15, 3.000 2.29+ .38
3.500 173. %+ 16. 18.030 5.500 500,090 2.750 4,30 ,53
3.000 | 191, = 20, 5.250 109 & .15 2.500 7.20% .99
2.500 | 239, = 31, 5.000 .31 &+ .20 2.250 1.8 & 1.8
2,000 271, + 54, 4,750 2,76 = .29 2.000 16.7 = 2,0
26 4,494 2.000 1410, * 67, 4,500 4,78 =+ .39 1.750 19.8 £ 3.0
1.800 1518. + 81, 4,250 7.66 % .55 1.500 32,6 = 5.4
4,000 10.14 = .99

1887444
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Since photons have zero mass, the total energy of a
photon can be arbitrarly small. As the photor energy goes
to zero the effect cf the radiation process on the source
currents also goes to zero. That is, the motion of the
charged particles involved is independent of the process of
rhoten radiaticn 1if the photcns are sufficiently soft. 1In
that case the probability to radiate a photon with nmomentun

ki and polarization € v to first order in o, is given by,

_ ikix 4 2
n, = i-[j“(x) € © d’x (M

Jhere ju(x) is the current represented by all +the charged
particles, and it is assumed to Ee a fixed function of x,
not affected by the radiaticn process. For exarple consider
an electron undergoing a cecllision which occurs in a very
short time interval 7 arcend t=0. Then for times large

cempared to T,

e(y, i) d(r-yt), t<O
J'“.(X) =
e(v', ) d(z - y't), t >0
(2)

Neglecting the contributicn to the integral frcm times on

the crder of 7, we get,

ik.x p p' |
. it 4 _ . g [
/JH(X) ei“e d*x = -ie <(pki) (plki)> €5 {3
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and

{4

LAY AT W
(pk)  (P'k) /\(PK) (P'k)/ iuiv

The sum over polarizaticns <can be done using the

following TrTule. We imagine taking the limit k2—0 later on.

kk,
§:EAMGKV B SW ) kz ()

Thus we arrive at the fcllowing well known expression for

the probability of radiating a soft photon with momentum k.

2
bp pl !
. = & N — (6)
A F A
In fact always more than cne photon is radiated. The

problem of photon radiaticn from a fixed source can be
solved exactly '8 ., The result 1is the familiar Poisson
distribution foecrrula. The vprobability to emit nl photons
into mode 1, n, photons intc mcde 2,... ni rhotons into

mode 1 is found to te,

— ni
_ (ny)
P‘n.2—<exp-2ni> I == (7N
171 i i i
Notica that P, is correctly normalized.

0y
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—_—
=3 = (n.)
Z P =eXp<->:'ﬁ.> Z - :
n,,n =0 $ni% i Y'n,n =0 i
11 l i
=exp<—ZEi>HexpEi
i i
= exp <—Z?1. exp( n,
i 1> i )
=1 (8)

de are interested in the ©probabkility that the total
energy of all rhotons emitted is in the interval o tow +dw.

First define a gquantity r(w) by the equation

fﬁ(w)dw= Zﬁi (9)
=

That is, n{w)dw is Fust Ei summed over all wmodes having
energy in the interval du.

The sum of the protakilities ?(n_l for all {ni gives 1
as has been shown. t

1= exp <— Z?li> exp(Z: ?11>
1 1
:exp<_;ijai)[1+§ﬁi+%§jﬁiﬁj+...] (10)

A general term cf this series is of the form

— 1 - = — ‘
exp(-Eni) o Z n,mo...n a1
i '11,12...1 1 2 n
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This is the protabkility to radiate n photoms. If we require

that the total energqgy radiated be w we must evaluate

L > anE .. (12)
n' . .o i, 1 i

i,1,...1 1 72 n

1’72 n

such that w, tw. +...w, Tw.
i i i
1 2 n

In terms of W{w) this is given by

1Y - W-wy W=Wy=e e =Wy o _ _

F'{)‘ duw ; D(w 1)£ duwg Tifewy) - « J(; dr.on_ln(wn_l) D(w-wy =+ =0 1) (13)
So tha problem is solved cnce we determine the form of E(w)
and do the integrals {13}. 3

In the case of an electron scattering from momentum p

to mcmentum p', we have ty definition, /

2

3 p p'
— ST dk 2‘ g B 14
fn(w)dw %ni f(zﬁ)3zw o8~ @] (1)
Therefore
2

kdQ p P
E(m=-0£/~ k' S (15)

T 4t | (pk)  (P'K)

|

This integration can be dome exactly giving,

n(w) = t/w
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g= 22 -(PPY [log <~(pp') + 2(pp‘)z— m* > i} 1] (16)
m

t will be referred to frcm ncw on as the equivalent radiator
associated with the scattering process.

In the mwmcre general case where several charged
particles are involved in a collision process, with particle
i having charge 7 and directicn Oi {(+ fcr incoming, - for

outgoing), t is given by

t= 3, gf " 7.7 0 iy 17
“HT) T AL R e ¢

The assumption is implicitly made that the collision
time T 1is short ccrpared with a éharacteristic time of the
radiation process 1/ w. This is pecessary so tha£ the simple
form of %L(x) used will te valid.

Using the ceneral fcrm cf n{w) we <can proceed *to
evaluate the integral (13). It is necessary to introduce a

limiting soft phboton energy € to obtain ccnvergence.

dw dw dew

= f—L ¢ 2, g—ot b
'w>w?€ “1 o “n-1 “n
_Ltn—l/' axy dx, dx .
= r -
w - 1>xi>€/w X1 %2 -1 *n
where
w:=w1-+w2-+...-kwn

1=X1+%4m..+%1
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There are n main contributicns to this integral, when one
dencminator Xi is almost 1 and all the other x's are small.

Each of the n ccntrilkuticns is approximately egual to

w X T now  (n-1)! '

Thus the probability for radiating a total energy w is,

P(w) = exp(— Z:ﬁi) (1 +t log w/e + 51—, (t log w/e)> + ... )t/@
1

= exp (—Zﬁi>exp(t log w/<) t/w (20)
1

This probatbility muost ke ncrmalized j.e.

“max
Plw) dw =1 ' (21
0

Strictly speaking there is pno reascn why Wmax should be
anything but e« , However we will take it to be some finite
quantity to obtain a finite result. The normalization

condition determines exp({iﬁi) in terms of the auxillary
i

gquantities €, andcﬂnax.
- “max
exp(—zi: ni>:exp<—t log — ) | (22)

So that we have,
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w w
max max ¢ © t
Pw)de = —< >aw=1
0 0 W \w

The result for P (w) is now independent of € so we can
imagine taking the limit -0, at this point. ©F now depends

only on what we choose w to tea
max

¢ b t-1
P(w)=—-(w‘° >= < (23)
Y \*max w
max
Since w is pocrly defined 1in this theoretical

max

framework where the currents are imagined to be independent
fixed functions, certain dcubts are cast on the solution,

particularly since if“ﬁnax"' F{w)=0. However the effect of

aﬁnaxis just a normalizaticn factor and the sharge of P{w) is
t-1

determined to be w independently of the choice of w -

max
This is what is probably correctly calculated here, namely
the shape of the functicn F{w) for small w.

To check the approximation involved in evaluating the

integral

_}_fdxl =, =1 1.1 (1ogw/e)n’1 (28)
n' X X X1 X (n-1) '

we can do the integration exactly for small values of n.
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The result of the gprevicus section 1is that any
scattering process invclving charged particles causes the
radiation of photons. For small radiation energy 1loses w,

the cross secticn is

t
do= ol i( = )dw &)
“ \¥max
where oj)is the cross section for the process without

radiation, t is given bty fcrmula 1I.17, and wnwxvis the
maximum photon energy, introduced as a cutoff in the
probability normalizaticn integral I.21. The justification
for a finite Qﬁnaxis that tecause of the guantus nature of
the scattering particles, +the maximum photon energy is
limited to be on the crder of the energies of these
particles, and <c¢learly cannot be infinite Lecause of
conservation of energy.

The probler remaining is to calculate W ax and to find
the electrodynamic correcticns to the cross sectiocn. That
is, if the cross SeCtiOﬁ(%) were calculable frorm a conplete
theory, certain correcticns due to higher crder qguantum
electrodynamics would have to be made, and it is custcmary
to remove these "radiative" effects before presenting the
data for the crcss section %" 06 is the «cross section
calculated to higher order than first in g.

From (1), the «c¢ress section allowing radiation of

photons with any tctal energy less than kl, which is small
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compared with the energies of the particles, is

kl do k1 t k1
= ———— = ! = !
o-(kl) . | dw 5 oy 1+tlog +> {2)

If we make a calculaticn of this guantity takiang into

account higher order electrodynamic processes, wWe canl
identify W ax and find the radiative corrections by
comparing lowest crder térms in a.

Consider electron scattering. There are three types of
radiative <corrections. Ccrrections to the photcn-electron
(or target particle) vertex, corrections +to the photon
propagator, and correcticns due to the exchange cf more than
cne photon. We will discuss cnly the first +twe, beginning

with the photon propagator.

For the photon propagator the result ist®, 20,

1 2
= - ba)
q - i€
o0
=i s [ af MWD
; q -ie 4m2 q +M -ie

with

o555 V0B (3F)

#hen q2>>m2, D(g2?) takes the fariliar form
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: 2
1 1
D(q)~ <1+—<3 log-q—z—g» (
q m

So the photon propagator contributes the following

correcticn to tike cross secticn at high g2,

2
2 (1, .94 _ 35
1+ = <3 log 2 9> (5)

The electron-photon vertex for p2=-m2 and p*'2=-m2, 1is

summarized by an electric and magnetic form factor, Fl and
F 19,20,
2
- iL
Y, Fl(q)v + 3= 2(q> % (6)
Yhere

T AM ¢ (M)
2 2 1
F(q)=1—q/ e ...
1 2 0P - e

2m ¢

2 2 2
1 -
on =2 & )[@-zmz)logMz g2 ey’

2m M A
1-("ﬁ
o - / dquz(M)
q
*2 Eol e
_ (2m) 1
¢ZUW)~ M \/ﬁ anz
1- ()
1 = O
b= o

A is a small "photon mass" which must be introduced to
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prevent an infared divergence.

For gq2>>m2 the nagnetic fcrm factor is negligible and

the non-logarithmic correction terms in Fy give

2
w -2+(2) 2
a 2 dM 1 2 \'M zoz31 q 1 7
i ™ [ z T2 ST\ 8T n
2m 1_-(39» q + m
M

In the log term it is ccnvient to go over to a new

integration varible x, defiped by (M/2m)2=1/{1-%x2).

Zmz

1 - S
_g_quwg_n_/[ 1 s M - dm®
T

om M 1_(2_>Z q2+M2'10g A2

o ! dx l-fxz x2 {8)
=TT 5 T log 2 2
o 2 4m (?\ (1-x)
- X e Zm

The A dependent part can be separated giving,

2
o 1 dx 1+x2 4rnzx2 a 2 1 dx 1+x
-2 5 —5— log 5+ log A : 3\ 2
mJo 2 4m 1-x 0 2 4 ,
1-x2 420

5 1-x +—5—

Phe first term can be further reduced to,

2 1 2 2 1 2
el 1+Z%_/ ____ﬁ..._i1og%-lrn—xg-+-29;—rlogm2+—zoiTr dx log 4X2
T q /7o 2 4m 1-% “Jo 1-x(10)
1-x +——-§—

q

The last integral is zerc.

1 02
f dx log —=— =0 (11)
: ,
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Thus we are left with the following expression for F

1 14
© 2
2 a 2 dM 1 3 2m
F@)ﬂ~—q/~ (—+__)
1 T om M(q2+M2) \/ 2 2 < M)

2m
141ﬂ
-1
o ZHF dx 4n9x2 o 2 o 2 1 ax 1+x2
-=[1+ log + 5=logm™ +—log A
T 2 2 2 27 T 2 4 2 2
q q (12)

In calculating correcticns to the electron-photon
vertex we cannot ignore radiation of soft photons from the
external electron lines. The probability of radiation of a
soft photon of energy k is t, sk dk with t given by I.17. 1If
soft photons of any energy ug to kl are allowed we npust
integrate this probability frem O to kl. An infared
" divergence occurs at k=0 unless the photon is giver a small
mass M. <onsidering only radiaticn from the electron lines,

and not from the target particle, or 1interference the one

with the other, we have 21

2
t
o 1 kd(),k pM i pu _
), A& |®R T ®'H
o 1 dx k? | ki ‘
== (pp")| —5 |log —5 - 2G(x)| - log g5t G(1) + G(-1)
0 P E
X X
1 2 rl
dx 2 2 2 dx 2
+ (ppr)f ——Zlog(-PX) -log m~ + log A %— —5 (1+x )1 (13)
0 P 0 P, J

with
P —3l1+ +311- !
=51+ ®p+5(1-xp

Pi = -m? - /41 - £%)
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E - E + E +
(o] Eg - IRyl 2E
X X X
Yoy

t is defined by eguation I.16, but it can also te written as

t_-—Zzzea(pp)f (14)
i ' 0 (Px)”
p; = P,p’

Thus the probability to radiate a photon with energy

less than kl is
t log k1 + TERMS INDEPENDENT OF k1 (1%

At high energies, the terwms invclving G are negligibkle and

o ! dx 2
T (pp") —5 qu Ex - log EE'|{ = t log /EE'
X

20 q2
gT(].Og-—z-—l) (16)

Now we combine the prckability of photon radiation with
the form factcr «correcticns. In the cross section the
electric form factor corrections given in (12) are dounbled
since the amptitude is squared. The total correcticn to the

cross section ccming from tke electron-photon vertex can be

written as
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202" au L (E-(?E)Z)
. 2mM(q2+M2)\[_<g_>z 2 \M

m
M

+t logk - % (pp' J log E +2 G(X)] - G(1) - G(-1) - log EE'

1 2 1 2.2
dx 2 2 2m 2 dx 4
+ % (pp')/ —5 log (-Pg) - log m™ - (1+ 5 >/ 5 log . Xz
0 PX q 0 2 4m 1-x
2 1 ax 2
+ log m + log 7\ g-—- (1 +X )+10g?\ — (1+x") (17)
0
x

The log A terms cancel exactly. The first integral 1in the

last bracket can ke uwrittern as

2 2 prl 2
:g___—é_g__n_l_ [ 5 dx 1og<%—(1—x2) +m2)
-—g-(l-xz)—m
: 2
= (1+—————[ 1og[%:—(l-xz)+m2]
\ 1- X + ____4m2 '
q

This when combined with the second integral in the 1last

bracket gives /.2
1 i 2 -1 5’ m a_ + ])
5 .
! -—q—i(l—x )+1 2 log >
2nt 2 dx Am 2( 2nt dM M - 4m
I+—5 2log 5 =2q 1+
q 1_X2+ 4m 4x q M\/_@___m) q + MZ
2 2 ! J
J q _ 1-% i M. (18)
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As g2/ (4m2)— o this integral—0, alsc when g2—0. At this
pcint it is «convient tc call the corrections that depend
only on g2, correcticas tc the electron's form factor. They
represent the increase in the electron's effective
interaction at small distances. The remaining terms of (17)

go into w ,,-as defined ty (2). The result is,

ax
w ol
§-<22¥f-<1+2n1 log W’ - an® |
2 M 2 2
a m2<—1q-\;1—2-+1>
2, 2 20 2 dM
Fi(@) =145 d 2 7
- M%—<@> o} +M2
2m M/ L -
k1
t log 5 =t log k1
max
1 -
2 2 E_- +
_ad +2m dx 10gE2+ X ‘pg‘{‘ll EX |p‘a$”|+210 EX+|p§‘|
T 2 X

2 D, | E_-p. g ToE
%—(l—xz)+m2 3 xR X

0 + lo E'+D*
p B3R T 2p BEL-D

- 1I_Pp!? 1
+%[Eplog§i‘£+1 E+P  E-P +log£32-'f§—+logEE'] (19)

where t is given by egquaticn I.18 and

1 1
E_=5(1+XE+ 5(1- )E'

When g2/ (4m2)>>1 this greatly simplifies, giving
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2
2 2 2a(3 q
Fi(q) = 1+ —,Ir—<zlog—n-;§ —1>

k 2 k
1 . 20 q 1
U o T <1°g 2 1> 8 e (20

Formula {19) is an exact result, with no assumptions about
the magnitude of the energies or neglect of the electron
mass.

Using (5) arnd {20) for the radiative corrections coming
from the photcn propagator and the electron-photon vertex,
we have the following result fcr high g2 electron scattering
allowing for radiation of scft rhotons with energy less than

kl' inclnding only the correcticns to lowest order in <,

2 2
2a /1 5\ . 2af3 .
0'(k1)= % <l+—-7—TO£ \—élog—q-z——§>+ —;%(Zlog—q—z - 1>>
S m

20 q2 k1
X 1+———<log——1) log (21
< T mz /EEI

The first correcticn factor, which depends only on g2

and not on the frame in which epergies are measured is
lumped  together with Ty to give 0'6; The second
factor when compared with equation  (2) allows the
identification of JEE'  with 0.

Wow using the results of I With°ﬁnax: EE' we obtain the

»

following expression for the cross section for high g2

elactron scattering (frcr a heavy target particle so that
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radiation 1involving the target particle is negligible,i.e.

q2<<Mt2, with a total small amcunt of energy w radiated,

Integrating this frcm 0 to kl we obtain

~lg kl t/2 kl t/2
ok, = do = o'\ = —
1 /0 0( E) (E )

(22)

{23}
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As the incident and scattered electrons travel through
the material «c¢f the target, they 1lcse energy by the
processes of breasstralung and ionization. There 1s alsc
the possibility of a <change in +the directicn of the
electrons momemtum, but at high energies this is small. The
deflection is mainly cavsed by elastic scattering from the
atoms of the material. The mean sgquare angle o¢f elastic
scattering after a particle passes +through 1 radiation

length of material is apprcximately given by,

-2 21 m (N

- N
« N

Neglecting this small change in angle, the- electron’s

kinetic equation is the fcllowing,

-]

—"”lrg—’t)- = - W(E,t)fE w(E,E")dE' +f 7(E',t) w(E', E)dE' (2)
0 E
where q(E,t)dE is the prctability that the =lectron has
energy in dF at thickmess t and w{E,E'}dt is the grobability
that the electron loses energy ¥-E' in thickness dt.
Bremsstralung is the pain cause of large energy loses.
Using the Thomas-Fermi model for the elastic form factor of

the atcom, under the conditicns,

EE' -1/3
Hﬂfffﬁ > 137 Z

E > 137 mz'l/?’
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the c¢ross section is 22,
2
4?2 B (EY 2E -1/ 2\ 1E
dopras= %% T EE {<1+<E> E E)(log(lglz Y-1.202) >+9 E} (3)

In energy units, Q):aym with m the electron mass. The cross

section for bremsstralung alcng with inelastic excitation of

the atom is,

Wi

2
_ 2 dE! E! E! -2/3 1E
do-INELAS— 4o ZrOE———_E, {<1+<_E> - ——E>log(144:OZ )+ 3 & {4)

Thus the total irohahility ,for energy loss E-E' due to

bremsstralung in a thickpess 4t radiation lengths is given

by
, dt ENZ  E'(2

w(E, Bt = 5 <1+<E> -EG-9) )

with
a=_1._Z+1 1
9 ZHL 1oe1917 V3 - 1.2(az)?
log (1440 772/ 3)
¢ = (6)

log(191 Z—1/3)— 1.2(cu’z)2

The radiation length is defined by
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;}6: INarh L(Z+]) [1og(1912'1/3) - 1.2(aZ)2] N
N is the number of atoms per cm3.

Energy loss can alsc cccur because of ionization of the
target atonms. For large epnergy 1loses, the process of
ionization is the same as elastic scattering from the
electrons of the atcm, since the atomic binding energy of
the electrons can be neglected. The <¢ross section for

electron-electron scattering with energy loss F-F' is given

2 2

2T r 2
- - 2
do= 0 9B {1 (3-(-’%) )A(l-A)+(§—X—1) APa-m2t (s
vix-1) A(1-A)
1 :
where
_ E-E
A= Fm
E
X ==
m
For high energy E and small energy loss,
2
do= 2Ta_ de (9)

2

with

e=E-E
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So for € much greater than the binding energy of an
electron in the atom, the prctability of an energy loss E-E!

in thickness 4t radiation lengths due to iomization is,

w(E, E")dt = w(e)dt = -éth (10}
€
with
P
2TNZ T
g=R4e « - ,
m 0 20z + ) [log191 2 173) 1.2(a2)?]

bt

n order tc solve eguation (2) at high' energies
ccnpared with the energies of atomic binding, it is not
necessary to kncw the exact form of w{e) for small €. It
turns out that it is sufficient to know the following

integral relaticn t2.

)
fw(e)e de = £ fn §/€! (11
0
with
IZ
e'=2.718rn-—7?
2E

and I a certain ionizaticn potential of the atom, here taken

to he

I1=13.5eV X Z
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The complete expressicn for the energy loss probability

including bremsstralung apd ionization is the following,

2
dt E! E'/2 £ dt
w(E,E')dt=—:——;|i1+—-—- —-———-—a]+——:—-——- {12)
E-E <E> E(B > (E—sz
and the knowledge of w fer small values of the argument

necassary to sclve the eguaticn (2) is summarized by,

fE(E- E") w(E,E")dE' = £log 8/€' + (4/3 + 2)8 {13)
E-3
A solution of (2) for the initial condition that at
t=0, 7ﬂE)=8(EO-E) , and w{E,E') given by (12) and (13) has
been obtained by R. Farly wusing numerical methods23, 24,
For thicknesses up to .1 radiation length, energies in the
range 1 to 20 Gev and Z up tc 30, the numerical sclution can

be adequately represented by the following analytical form.

E, bt
log Ec Eo,~ E
TE, E, t) = W(E, E)t IR 1+btP ——E—();- (1)
Where,
Eoe = Eo %0

(o2
It
H>
o~
o
+
o
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P(x) = x(. 53875 + x(-2.1938 + .9634 x))

The first factor 1is the «correct single scattering
prohability. As t+0 the straggling probability must be just
w(E,E"Yt. The cther factors are <corrections for nmultiple
PLOCESSes. The 1log ard garma functions are suggested by
analogy with the case when w(E,E')=b/(Elog{(E/E*})), which 1is

exactly soluble. 1In this case the solution is

bt-1
bt E0 1 5
M(Eg E,t) = E, \log /) T(+mh t15)
So the effect <¢f multiple ©processes is the factor

{lgq(F.O,/'Tfi})bt /T{1+bt). Thke last factor of (14) 1is the
additional multirple process correction necessary when ({12)
is used for the single scattering energy lcss probability.

Part of the effect cf icnization energy losses is Jjust

to shift down the energy ar amount
A0=§t(log E/et +.37) {16)
This is a well known expression for the most probable

ionization energy loss 12, This energy shift 1is not

particunlarly important experimentally since the absolate
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energy 1is usually not kpcwn that precisely. The important
quantity, Ebgs is what is normally best kncowp in‘ an
axperimental situation. Sc henceforth the subscript c will
be dropped.

Disregarding icnizaticr, this sclution is accurate to a
fraction of a percent for t vp to .1, Z up to 30 and EO-E as

small as .2 percent of E For energies in the Gev range,

0"
the effect of ionizaticp loss is mostly small except for E
near EO’ The iocnization lcss correction is c¢f order §/be.
When this guantity is less than 10 percent the apalytic forrm
given by (14) is accurate to 1 or 2 percent. Fcr smaller
thicknesses than .1 the accuracy is better. When the energy
loss is small, rut not tco small, so +that the 1ionization

effects can be neglected, a useful approximate fcrpm of is

the following,

bt
WE,,E,{) = = Fo ® L (1N
0 ® 9% E CE\TE, ) T+

This is also the limit of (15) for E»EO.

Energy losses 1in the target  material produce a
"radiative tail®™ to a scattering process. Cocnsider the
pPLOC €SS eP’er where the firal proton state % has mass Mj,
with only the scattered electron detected in sclid angle dQ
and enerqgy interval dE'. Because of target energy loses,

the c¢ross section as a functiocn of E' has a tail extending

down from the "Melastic peak?® ,
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E- <MJZ - 1\/[2>/2M

1] —
Egras~ m (18)
where
g4 2E g2
M=1+ 3 Sin e/2
The radiative tail is givemn by
do E dob
—— —_ —— 1
J0dE (E, E', 6) —4; T(E, El,tb) dQ(El,()) m(E ,E"l:a)dE1 (19
min
with dq{dﬂ the tasic scattering cross section, and
E, - '\M? - 1\/12>/2M
E! = 1 1]
1 4
E_. - <M?— M2>/2M
E! = min ] {20)
77min
et us introduce the notaticn
AE=E - E_,
min
E- (MJz - M2>/2M AE
| - - ! = e 21
AE 7 E P (21
with
1

2 . 2
1-—ﬁ-sm 8/2

N
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Substituting into the integral the approximate form of 7 for

small bremsstralung energy locses given by (17), and assuming
{

that the basic cross secticn dcesn't vary appreciably over

the range of the integration, we get the following

expression for the radiative tail.

bt bt
ao__ %% / E‘l(so_ b1 (<) R SR
gag - J @ =) T(I+ht) o \E T(L+BE)
AE Y AR
bt bt
_ doy bt +Ey) (AE) b(AE') 2 1 (22)
dQ AFE' E E' I‘(1+b(tb+ta))

If we integrate this frcm the "elastic peak® E' down a

small AE' we obtain,

~ bt bt
R (ﬂ) b<AE') * 1 (23)
gt d0dE' © A0 \E B/ T+Ht,+E)
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Consider the process eP*er where the final proton
state J has rmass Ej ard pay ccnsist of several particles.
Actually this process with rc phctons radiated pever occurs.
The cross section for the same process but with an arbitrary
nuepber of photons radiated and only the scattered electrorn
detected 1is what 1is meant by the radiative tail . The
measured cross section is the sum of radiative tails for all
possible final proton states J.

Say the scattered electron is detected in sclid angle

d and energy dE'. The missing wass W is defined by

W = ~(P+p - p')’ a

where P is the four-mcmentum o0f the target proton, p the
four momentum of the inccming electron, and p' the four
mementun of the scattered electron. The wmissing mass 1s
always greater than the mass of the proton final state % v
the difference hbeing made up by +the epnergy of all the
radiated photons. For a given inelastic process involving
the proton, say M*ﬂj, the nissing nass W deterpines the
total energy of all radiated photons.

The cross section for the process without radiation can

be written as

2 3 2 ,
| d p’ 27r8.<(P +p - p‘)2+'M‘j2) = (A7 E' 4O

dot, = 14" 72 o )
(2m~ 2E' 7 7

0 Jd

8
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where {A'{2 is the probability and J the flux. AS usual the
prime indicates that higher order g2 dependent
electrodynamic correcticns to the probability are made.

With radiation cf n scft photons the cross section is

3 3
d k1 d'k

2 3
doo AL dp

D5 ..h 2md((Pip-p' -k M) (3)
@m 28 (21) 20 ky nkn < 3>

e 3
1 (ZW)an

In the special Lorentz frame denoted by subkscript s,
where P-p+p' thas zero space components, the delta function

argument is

-“2-+2“m%-%N§-+k2 (4)
vherse
w. =w.  + w
s sq s
2
k =(k1+ k&

Assuring most of the energy-momentum is <concentrated in a
single photon we <can nreglect k2, Then, working in the
special frame, the delta furcticn restricts only +the total

energy of all the radiated photons, and this energy must be

v

5
s 2W (=)
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Repeating the arguments of I, we sum the cross sections
(3) integrated over the mcmenta of all undetected photons
for n=0,1,2,... and arrive at the fcllowing result for the

cross section with an arbitrary number of photons radiated

_la? & b (% N
do= 3 (27r)32E' " \/E—ng 2w8<-VVZ+2WwS+M?)de (6)

S

To get this resuvlt, thew . of I is taken to bevE;?s by the

argurents of II.
Doing the integraticn, and expressing the result in

terms of the crcss secticn for scattering without radiation,

(2},

) 2 w ¢
4-- AY" EdE'dL __g_( s)
w

J 16 T2W s WEgEg
© t
tMn ( s >
do=dr. dE' (7
0 wSW /ESE'S

Txpressing energies ip the special frame 1in terms of

lab frame guantities, we bave,

L M | Mo

s w W
_ ME

Eg = Wn'

_ MnE!
Eg- W (8
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where
_ 2E _. 2
n= 1+ 2 Sio 6/2
n = L
- 2E' ., 2
1- i Sin 0/2

€
Il

E- (MJZ k-.M?‘)/zM ]

E - (E' + (MJZ - M2> /2M)‘r;'

E! 9
7 (9)

So in the lab frame, the <cross section for electron

scattering eP*e% , allcwing arbitrary radiation, but with

w2=Mj2 s0 the photons are scft is given by,

dor do

t/2

H
d0dE" - d&g % (5 (%) (10)

If the target has a finite thickness we must take into

account energy loss processes cccuring in the target before

and after the scattering.
probability T{E,RE',t) we

convolution integral.

do

r
J TE Bt gaa By

Using the known straggling

must evaluate the following

E}, ) W(E}, E', t )dE, dE} (1n

The cross sectiocn doy/dQdE' is given by formula (10).
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The region of integration is the shaded triamgular area
shown in the diagraw. It is bounded atove by the contour

w2=mj2 which is the dotted line in the figure.

E'+ o% ' 1 ;
/'? 'é
4 -~ : B

EE(D E] ;E

The integral (11) can te dcne exactly 1if we wuse the

:
5
‘
‘
§
:

soft photon fcre of the straggling function , given by

TITI.15. The result for the soft photon radiative tail from

the process eP*er is then,

1
do- do, t+bty +bt, 9_t/z +bty, o' t/2+bty T(1+8)

0dE - 4@ & (% E' T(L+ bt +bt_+) (12)

Tt is interesting tc compare this result with a
calculation tc lowest crder in @, that is, allowing only a

single radiated photon. The one photon radiative tail for
small photon energy is

1
do dcr0 t+btb+bta

dndET ~ 40 o (13)
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So the effect of &rultifle photon radiation 1is to

multiply the <o¢one rphotcr result by a factor approximately

equal to

w t/2 +bty, o' t/2 +bt, 1

E E' T(1+Dbt

(1)
b + bta)

We can apply the foregcing arguments to the case where
the ©basic process itself inveclves the radiation of a single
photon, i.e. we imagine ?hev final state % includes a
single photon. The «cross section for scattering with one
hard photon radiated, allcwing arbitrary soft radiation 1is
the following, where k 1is the total energy cf the soft

photons and is small.

do! Ak t do! t/2 . t/2
d(;idol'ax = de]igrjO %(\/;)ﬁr) do = a—ﬁ—(i—lﬁ7<_§) <—11%'> (13)

ﬂal/deE’is the <¢ross secticn for the process eP—e%y
calculated to 1lowest c¢rder in @, but with higher order in g
small distance correctiors to the photen prepagator and
vertex functions.

As long as Xk 1is sufficiently small =0 that the
secondary photcns are actually soft, {(15) 1is a correct
calculation of a part of the reasured radiative tail, namely
the cross secticn for all the times when the total radiation

consists of only 1 hard photon and the remainder soft, with

total energy less than k. Including energy straggling ir
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the target, the result for this part of the radiative tail

is,

do do; d”B 2
T0a57 (B EY 0) = \qager (B> EL0) + W(E, E-0)t,—g (E-w, 0)7'
dof, | /24Dty g (B2 4Dty 1
— ! = i
+ gy (E:6) W'+ Bty () (&) F+be Fbey Y

Where w(E,R')t is the prcktability for energy straggling in
the target calculated tec lcwest crder in @, given by formula
I11.12, and daa/dﬂ is the cross section for the process eP—
er without radiation.

In order tc rigorously calculate the radiative tail
including multiple pheotcr effects 1is 1is necessary to go
further and, using the well defined vrules o©f quanturp
electrodynanics, attempt to <alculate the precesses where
two or more hard photons are radiated. It doesn?'t seern
likely that ttese protabilities can be estimated by simple
arguments since the photcns, being hard, have an important
effect on the electrcn and the situation is complicated.

Hovever it dces seem likely that multiple hard photon
processes are not very prcbable, this for the simple reason
that is small and the rhcton energy cannot tecome small
since we are exclnding soft photons which can be taken into
account. We might expect tte radiation of an additional
hard photon to be of order t*btb+bta less probable than the

cne photon process.
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If we neglect entirely all multiple bhard photon
radiation we get the fcrmula (16) for the radiative tail
froz the process e?*er. The quantity k is arbitrary, bkeing
the 1limiting soft rhotcn energy. When all the photons are
soft the result (12) can be put into the form of (16) if Xk
is replaced by its maxigur pcssible value for radiation in
the initial direction in thke first factor and its maxinmuno
possible value for radiaticn in the final direction in the
second factor. All the rhctons are soft when #2 is npear
sz, Dtherwise we expect kX shcoculd be a smpall fraction of E,
E' in order for the soft phcteon arguments to hold. As Kk
goes to zero, the cross secticn given by (16) alsc goes to
zero, which means physically that soft photen radiation
always occurs.,

The result (16) is unsatisfactory in that it depends on
k¥ which is not determined. Hcwever this dependence on k is
quite small. ¥We expect that the correct answer can be put
in the form (16) with sore ¥ that a fairly swmall fracticn of
the energies E and E'. A reascnable guess for the actual
t/2+bty ,, t/2+Dbty

radiative tail would be formula {16) with<%> G%a _
t/2 + bty q.0,t/2 + bty

& &

k= min(%E,w}

k'zmin(—%E‘,w') ' (1
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The fracticn 1,3 is gquite arbitrary and the variation
of the result with this fraction 1s a measure of our
ignorance of the actual size of wmultiple hard photon
etfects.

It is interesting tc consider the case of target energy
losses only, that is, t<<tb,ta. The radiative tail is then
known exactly wusing the kncwn form of the straggling

function m(E,E',t) given bty III.14.

dor /' dO‘b
4o _Y v
o = J TEELt) =g (E;,0) (B}, ELt )dE, (18)

We choose tb:ta' If we ccrrare this with the radiative tail
calculated by formula {16), we can find the effective soft
photon 1limiting energy in this case. The effective soft
photon energy k is defined sc that the result of formula
(16) agrees with the Tesult of the integration (18) with

w{E,E') given by IIT.5.

/ dO-O K bty + bty 1
/‘F(E, E;t) gn (B, 0) M(EL B t)dE, = (\/ﬁ,‘) T(1+bt

9 dGO dob

X ; t, W(E, E-o)'” —- (B-w,0) + t, W(E'+0", E") 55-(E, 6) (19)

b + bta)

The effective kX defined in this way is found to be
quite independent cf t and t, as Figure A. 1 shcws. The
Figure is a plot of %/ JEE' versus Jowo'//JEE!'! for various

checices of tb:ta' The <cross section 1s fcr elastic
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scattering, eP-eP. However, as Figure A.1 shows, k derpends
on how rapidly the «c¢rcss section is varying. The graphs
cempare the k cktained whern the cross section is given by
the Rosenbluth formula, with the usual dipole fcrr factcrs ,
and with the form factors taken to be GE{qZ}=1, and

Gyfld2)=2.793.
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The measured cross section for the scattering of
electrons of <¢nergy F frcm target protons intc solid angle
A} and sprergy dE* will te denoted by dqRAD/anE’. The
corrected cross section is by definition the cross section
for the hadronic process calculated to lowest c¢rder 1in «,
that 1is, assuring the exchange of a single phcton with the
lowest order expressicns fcr the photen prcecpagator and
electron—-photon vertex 1used. The corrected cress section
will be denoted by doy/dddE'.

Part of the rmeasured <c1oss section consists of
radiative tail frcm elastic eP scattering. The fcrrula used

for the elastic radiative tail was the following.

dar do!
ELAS RAD 1 t
anag' (B E ‘>={m<E’E"-‘> t
EL
i o do-b < kE t+btb+bta
0 JEE
+t, W(E, E-om" o (E-w, 0) +t, w(E'+w', E) dQ(E’e)} T(1+bt, +bt)) ()

dai/dddﬁ' is the <cross secticn for Dbremsstralung during
‘elastic scattering, calculateé to lowest order in «, but
with higher order in « correcticns tc the photon propagator
and electron-photon vertex. It is given by the formula B.5
of Mo and Tsai, reference 24, with the modified proton

elastic form factors F and &, of B.5 as follows.

2
2 2 q 2,2
) 4<GE(q)+4———2 Gp(d) )
F(a) = 5 (1+8%a)

1+_g_

s’
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2 2 2 2
G(q) = 4;GM(q ) {1 + 8'(q )} {2)
2 , . e
6'(d' ) represents the g2 dependent electrodynamic correction.
2 2a 13 q2 14
1 — . —_ —_—— e
S(Q)‘w< 121°gm2 9>

GE and QM were determined by a fit tc all availiable SLAC
elastic P data, taken with both the 8 and 20 Gev
spectroneters and analyzed vassuming the scaling law,
GNFZ'7§3GE‘ Figure A.Z is a graph of GE obtained from the
six ;arqmeter fit, which summarizes the cross =section data
over the range cof g frem 0 tc 5 GeV.

dcb/&ﬂ,is the corrected electrcn proton elastic cross

section given by the wusval Rosenbluth formula, but with

electrodynamic correcticns.

0
1 —_—
C_k_’_Q(E 0) = a® % 3 M
df 4E2 sin4 —g- 1+ qz/élM2
2 0 2 9 2 2
+2tan” 5 505 Gl | 535 {1+5'(q )} ()
t is the equivalent radiator for radiation ccnming

EL
from the electron lines alcne, as given by I.16. t is the
total equivalent radiator defined by 1.17 with the
integration preformed as 1in IT. 4. Both tEL and t are

calculated at E-,,E',0 irstead of E,E',0 since this gives

the g2 which is mest impcrtant in the large angle
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bremsstralung process. That is, this is the mcst protable
momentum transfer to the precten. This factor t/tEI‘iS an
attempt to estirmate the extra hard radiation coring from the
proton., wi{E,E?)t 1is the first order probability to lose
energy F-E?! in target thickress t radiation lengths as given
in III. As usual b=4/3+a with a given by III.¢t. AR and t,
are the thicknesses c©f material fbefore aﬁd after the point
of scattering, reasured ip radiation lengths. k is the soft

photon limiting enerqy as defined by equation (19) of TIV.

Other kinematic quantities are defined as follows.

=1+ 25 gin® /2

M
n' = -
- 2E' . 2
1——M—'Sln 8/2
w=E-7nE
w'= 4 - E ()

It is possible to check fcrrula (1) experimentally to
some +2xtent. This is dcpe in the most straightforward way
in the Tegion atove pion tkreshold, that is for the @pmissing
mass ¥ less than the prctonm rass plus one pior mass. In
that kinematic region the entire measured cross section
consists of elastic radiative tail. Also all the photons

are soft so the theoretical upcertainties about the soft
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photon limiting energy k are not important. <Cross sections
of this kXind with fairly sgall errors were measured at 6 and
10 degrees . Figure A.3 shows a comparison of the cross
section predicted by fermula (1), averaged over the
spectrometer acceptance, with the observed cross section.
The observed crcss section for scattering frem hydrogen 1is
the full target minus the erpty target background.

The Figure shows several different types of data pcints
since ©points above and teléw the elastic peak are plotted
together, that is, the atsissca is actually lw'l. As can be
seen there is a wing c¢n the distribution extending a
considerable distance abcve the elastic peak. In 1lieu of
having a detailed model of the spectrometer and initial bearn
that would allow calculation cf the complete shape of the
elastic peak including this high energy wing it was decided
that the most <correct expediency would be to assume a
symmetrical lcw energy wing and to subtract it from the
measured cross secticn. The difference ©tetween the s0l1id
dots and the x's is the effect of this subtraction.

Two spectrcmeter settings with half overlagpping energy
acceptance where wused toc obtain the full target cross
section. The empty target cross section apounts tc
approximately ten per cent of the full, and it is obtained
from a single spectrometer setting. In additicn a smooth

pclyncmial fit is made tc tle empty target cross section.
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An important source cf errcr in this comparison is the
uncertainty in the missirg energy w'. This is a small error
as long as the elastic peak 1is centered arcund w'=0.
Finally there is always the errcr caused by igncrance of the
elastic cross section itself, which amounts to several per
cent.

In the deep inelastic, which is the region of wmain
interest, it «as rpossitle to place an upper limit on the
elastic radiative tail ty experimental measurement. For
small E' (W large), the radiative tail from elastic
scattering predcminates, the remainder of the cross section
being non-radiative (cnly <soft radiation) and the sum of
radiative tails from inelastic transistions eP»e% with Mj
less than #W. Figure A.4 shows the elastic tail from formula
{1) (averaged over spectrcmeter acceptance) compared to the
measured inelastic cross secticn spectrum for E=#4.5 Gev and
6=56 degrees. The x's are the elastic tail plus the
inelastic cross section do/daQd4E*' (E,E',0) obtained from a fit
given in reference 15. 1The circles are the wmeasured Cross
sections which have negligible statistical error bars.
However there may be guite large systematic errcrs at sgall
E' as indicated. The difference between the circles and the
x's 1is the sum of radiative tails from inelastic
transistions.

Unfortunately with the limited accuracy of the

availiable data, it is impcssible tc experimentally justify
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formula (1) or more generally the treatment of higher crder
effects given here, These ccmpariscns are meant as rough
checks that the results are reasonable.

The formula used to radiatively «correct the measured

inelastic cross section was the following.

do 1
———(E,E"0) =
dOdE <_A_E>t/2+btb<_A__>t/2+bt 14 5%
E E' T(1+bt, +bt)
do do
RAD ELAS RAD
Xsanapt (B-EY0) - —5aqmr (B EL0)
E-
AE d t/24bt,  t/2+bt, 0
_ Yo e wen) <80 ,‘ (kl) /k') 1+ 5'(dp)
EN\T-E, " B qndE (B B> \E \E" F(L+ B, B )
E_.
min
E!
max
v, 3/2+btbk'1 t/2+bty 1, 8,((@,)
1 —— — P oy
dE( S5t W(E"E')> F0aETE: B0 E’) T(aobt by ()
E'+AE’

The two integrals invclve the already corrected cross

section and represent the radiative tails from inelastic

production of higher mass states of the proton. Eznax and
Enﬂn are the energies at rion threshold along the path of

integration.
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E = (E' +m_+ m2/2M>77'
min T T
E! = (E -m_ - mz/ZM)/'f)
max ™ T
AE = ! AE! (6)

It is only an approxigmaticn that the radiative tail car
be expressed only in terms cf the corrected cross section at
two roints E-w,E',0 and E,F'+w',f instead of as an integral
involving the two inpelastic form factors individually.
However this so called "peaking-factorization" approximation
causes an errcr o¢f order tep per cent in the calculated
radiative tail, which is tcleratble in this case. vy and v,
play the role c¢f eguivalent radiators for the hard phcton
bremsstralung [process. They are not well defined
theoretically ard the peakiﬁg-factorization approximaticon is
valid by virtue of being tested numerically by ccmparing it
to formula B.5 of Mo-Tsai. Of course to do this one must
know the inelastic form factors beforehand - so at best one
can find egquivalent radiators vp and v, that work well for
Yreasonable” tebhavior cf the form factors, but
mathematically the peaking-factorization approximation is by
usual standards, guite tad.

The follcwing peaking-factorization aprroximation

equivalent radiators were used.
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5
E E EN]
t171 1 1
Vb“E[E"2<1'—E>+'7( " ®/ |
E' 2<l El) 71 E ’
v 1 - s (" r) (7)
a Z[E1 E1 E1

The eguivalent radiator ¢t in the expcnent of the soft photon

factor and above in Equ. 7 is taken to be,

2
t—-gg éog-—— —]> (8)
m

The soft photon limiting energies are defined as

follows
= min(L \
kl = m1n<3E, wq
1

! — 3 — ! 1

kl—-nnn(SE ,wl) (9)
For the ¥ integral w, = E-B, ] =w'/mn'. For the E?
integral wi = E f—E', wy= nm'w'. The resulting corrected

cross section must not be sensitive to the choice 1,3 above
since this fraction is uncertain in the range say .2 to .8.
The g2's in formula (5) are defined as follows.

q‘2 = 4EE' sinz 6/2

q‘f = 4EE' sin® 6/2

g7 = 4EE! sin 6/2 (10)
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AE' is arbitrary as lcng as it is sufficiently small sc
that the <cross secticn do/d(}dE' does not vary appreciably
over this range of energies. Mcre precisely do/dQ4F' is
defined as the limit of the abcve expressicn {5) for AE-O.

Assuming the crcss secticn is mwmeasured only for a
certain number of 1lines ¢t spectra ({E, 6 constant, E?
varying) , the corrected crcss section must bte interpolated
and extrapolated frcm the measured lines in order to do the
first integraticn in formula (5). The precise relationshirg
of the corrected cross secticr tc the measured cross section
is that the «ccrrected cicss section when interpolated-
extrapolated according to the scheme chosen, satisfies
equation (5) alcng the measured lines. The final amswer can
be quite sensitive tc the method of interpolation-

extrapolation used.
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The technique of radiatively correcting the measured
elastic electrcn-prcton crcss section is rather different
than in the inelastic <case¢ althougk the ©physics o¢f the
higher order electroragnetic processes is entirely the sanme.
The peasured cross secticn dqRAD/deE’ is obtained 1in the

~

regicn of the elastic tpeak, that 1is, ¥® M. Fronm the
measured cross section it 1is desired to obtain the
radiatively corrected «crcss secticn dob/dQ, that is, the
cross section fcr the prccess eP ~-eP calculated to 1lowest
order in .- In this kiperatic regicn no radiated photon carn
have a 1atge energy so tte theoretical uncertainties about
multiple hard photon radiaticn are absent. If R is less
than the proton mass plus o¢pe picn mass, no 1inelastic
rrocesses are pcssible except photon radiation.

The situation is complicated because the resolution of
the spectrometer measuring E' and 6, and the initial beanm
definition in energy and spacial and angular extent have an
inportant effect <¢n the nmeasured cross section. The

radiated elastic electron-prctcen cross section is given by

E ¢ t/2 + bty
dop .50 - 5+ bt ((E—El)/E1>
dade' o H> E-E,  T(L+bi)
n'E'
do Lypt K(E /n )—E')/E'}t/2+bt3-
x —Q(E.,0)(1+8") e 11 dE
o e’ (E{/m)-E" = T(1%bt)
(1)

wvhere t is the total equivalent radiator, tb and t, are the

radiation lengths of rpaterial before and after the point of

1
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scattering, b is 4,3 + a, with a defined by Eg. A.IITI.$6 and
8' is the correction due to guantum mechanical effects not
involving radiation. As usuval, the kinpematic guantities

n,m' are defined as fcllows:

_ 2E _. 2 '
7)—1+——M sin” 6/2
2E 9
My = 1+ - Sin 6/2
1
'nl._
2E' . 2
1- =1 sin 8/2

When E' is sufficiently near the elastic peak E/m so that
the cross section d ,/d) dces nct vary appreciably over the

range of integration, Fg. 1 reduces to

2
dos Ay N -i(_r_() E g 145 bbb bt <£1:/2+b1:b<91>t/ +bt, 2
anag' (E: B, 0)= g (E, )I‘(1+btb+bta) Y E B
where w = E -'EY, ' = E/m - E'.
Tsai has calculated the radiative corrections to

elastic welectrcn scatterirg to lowest order in o including
corrections to the protor (or charge Z)-photon vértex, tvo
photon exchange and radiation involving the proton (or
charge Z). This correction 1is defined by +the follewing

equation:
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E/f
do do
RAD 0
f W(E,E',O)dE' =30 (E. 01 +38(w')) (3)
E/m-w!

Tsai's expression for § is given by Eg. I7.6 of Ref. 24.
Substituting expressicn (2) for dGRAI/anE" in the
case when tb = ta = 0 apnd drepping higher order terms in «,

we fipnd that

5=8"+tlog VT % (4

¥e use Eg. U4 tc define 8'. In the case when radiation frorm
the target particle is nct significant, that is, when Z and
2

7" terms in Mo-1sai, II.& <can bhe dropped, wse have the

apprcximate result that

2
20 (13 ¢ 14
t . = e L ——
5‘«\121°gm2 9>

also, it is seen that the dependence of & on the energy

interval w! is determined Lty the total equivalent radiator %t

o)

t
iy
In practice this allows t tc be obtained from Mo-Tsai
formula II.6.

Given the physics of the ideal process sumparized by
formula 1, there Temains the problem of extracting the

corrected cross sectior frcm the data. There are Rrany

schemes for dcing this, the most straightforward forward



130
APPENDIX A.VI --- ELASTIC PEAK RADIATIVE COFRECTIONS

heing to calculate the expected yields om a counter-by-
counter {or counter bin) tasis from a detailed mcdel of the
initial beam and the sgectrcmeter using formnla 1, and
compare with the measurement. 7This method has the advantage
that it does not confuse the real apparatus-related problenms
involved in the measurement. The disadvantage is that the
Monte Carlo computer calculaticns are rather tire consuming.

Figure A.5 shows a ccmparison of the <calculated with
the observed elastic crcss section spectrum in missing
energvye. Events within +tlte <spectrometer acceptance are
pinned according to their w®issing energy o?'. The data
points (with error tars) represent the cross section for
each bin, that 1is, N/(Afmhln), where N is the numrber of
electrons scattered frem hydrcgen into the tkin for %n
incident =electrons, A0 is the s0l1id angle of the kin and n
is the number of target prctcns per cm2, The sclid curve is
that same quantity, calcﬁlated using formula 1 fer the cross
section.

Formula 1 involves folding the elastic cross section
with a proﬁability distrikuticn for radiaticn before and
after. This was accomplisted in the Monte Carlc program by
generating soft photon radiation energy Jlosses with the
proper distribution, and icrization losses as well. ’

If R is uniformly distributed ina (0,1), then the
quantity ¢ = pgl/(t/2+btp) will be distributed like

(t/2+bt. ) /¢ (e/Ef/2+bq> , which is the distribution of soft
b
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photon energy losses btefcre scattering for an eguivalent
radiator t and a real radiator ty-
The distribution of enerqgy losses due to ionization has

0’
ITI.16 and ¢ by TII.10. 1Ttis is sipulated by A

the approximate fors gtb/e for € >A where AO is given by

0 + E/{(E-

§tb)/§tb B+1) for B a rardcr number uniformly distributed 1in

0,1
For the example shcwn in Figure A.5, E = 9.999 GeV,
0= 12.5° (g2 = 3.784 GeV2 ). The generated spectrun

assumed the elastic form factors were given a fit to SILAC
data shown in Figure A.2. The ratio of the sum of all bins

from experiment to that of theory is 1.037 + 0.032.
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The radiatively corrected cross section for a proton at
rest to scatter a high-energy electron from initial momentunm

pu to final momentun %; in the range d3p!' can te written as

follows:
j 47T2a W 3
1]
do= £ 1 pr d p3 (1
q (2m)
where = - * and 7 and 4ma2au are the averaged
?u PM PM Juv Ly g

electromagnetic currents represented by the electron and

hadronic system, for examrle,

E .
arow =R L1 % J<PIT (%) 3 (0)1 P> !X g¢
My M 2 spin 13 v

In the laboratory syster :%V takes the follcwing form:

- -

2 .
2 2
2¢ X 0 0 —2-5%- q +v
2 .
q - !

2 2 0 1+e€ 0 i/2€(1+¢€)
e )

Juvz 2EE'(1-¢)

q2 a

L 4

: 2
2iey q2+V2 i2€e(1+€) 0 —26'-<1+-V—-2—> (2)

where the momentum transfer is along the 1-axis and the



134
APEENDIY B--— ELECTRCN SCATIERING CR(CSS SECTION FCRMULAS

scattering takes place in the 1-2 plane.

[NSJS)

2 _ ¢ sl
q ._qﬂqu 4EE' sin

v :qO:E-—E'

€ = ; 2\ (3)‘
0 v
1+ 2 tan zé'l' 2)
q
The guantity € lies in the range 0 to 1 and is the

lengitudinal-transverse gpclarization ratio of the source of
virtual photons provided ky the scattering electrcn.

szawuv is the electrcragnetic current tenscr of the
proton éystem. wpv is a functicn of the proton romentum P
and q“ and satisfies the gauge ccnditions %v q = q ¥ = 0.

v v VK

W can be written in the general form.2°%
[13%

: q.d W. :

- _ k), 2 (p _Pg _Pg

Wuv - Wl<auv 2 )+ 2 (Pu 2 qu) (Pv 29, ()
o M

where wl and HZ are functicns of the invariants g2 and p.

In the labcratory system the proton electromagnetic

current ¥ looks as follcws:
13
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2 . ] 2
Y w 0 0 EK_JliJ?VV
2L 2 L
q q
0
0 VWT 0
W =
py
0
0 0 VWT
. /2 2 2
yvq +y v

where,

w L oy -
Wy =W, \1+q2) W, Wo=W,

The differential cross section for detecting the scattered
electron in sclid angle d0 and energy range dE' is the

following:

2
do a E' 2
AaE - 2 1-e (WpteWwp) (6)

This is commonly vwritten as

do aZ cos

-
dQdE' g2 4

2
(Wz + 2 tan —W1> {7

[\NJISY NT
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The guantity R is defined as the ratio of the fprcbability
for lomgitudinal photen absorption to that fer transverse

photons,

re L _ g Wi
VWT v2 VV22 (8)

where the second eguality refers to the tensor ?HV' given
above. As q2—0, H11/W22 has a finite limit, since it is
the ratio of current ccmpeonents for a static groten; thus
R 0 as gq2— 0.

 In the limit of g2-—¢C, uﬂzaﬂweuﬂ)/(Zv} iz the «cross
section for abscrting a real photon with polarization e“ and

energy v. The total photo-abscrption cross secticn is

2
4% W,
c = — T
Yp v
(%)

Hand26 expresses the cross section in terms of total
absorption cross secticns for transverse and scalar virtual

photons,

do
=== = I'(0,, +t€0)

where
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47" o
g_= 11
S 7 W, (1

I'is the flux of virtual fhotons and K their effective

momentun

a 2E'K
P=—g —
41" Eq (1-¢)
K= o (12)

Another pnatural definition of these cross sections 1is

the following:

L
ol = _ {13)
S, :/q +v2

with the virtual photon flux given by,

(6] 2E'Vq2+1}2 {14)

47r'2 E qz(l- €)

r'=

For convenience in the description of resonance
production, Bjcrken and Walecka have introduced the form
factors £, £ and g} for the electroproduction of a final

'+I“‘_ I

state with definite mass Mj .27 The electrcn scattering
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cross section is given by
4 2
do az cos2 6/2 | q 2 / q Egi L2
J0aET = ~ 3 7 4|f0| +\ 5 + tan~ 0/2

4E™ sin” 6/2 \q* _\2g* Dﬂz

x (|sz + !f_|2> 2M 8(W” - MJZ> (15)
where ¥ is the mass of the final state W2 = M2 +2My -g2 and

4+ 1is the momentum of the photon in the isobar rest frame.

2 2 <M?‘M2“q2)2

g* =q + {16)

The transfermaticn Lbetween these Jdifferent structure

functions is given by the fcllcwing:

g_+0.

K t+% 1 W 2. .22W 1 2\ s 12

W, = = ([t | +f |+ ——lf |T}S(W - M, ) (17)
2" il 1l 1irt/E MQ+| NI ( 3>

2 2 2 '
477 o v\, 4m onz ZVS; 1 2
%S TR <(1+“2">W2'W1>= MK 2 7 || 5<W2'M?> (e
1455
q
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In the special case of elastic scattering
(1 = v2/q9? = q2/(4n2)),

(|

W, = 2Mr Gi/l S(W> - M%)

2 2

G +7TG

~ E M
WZ—ZM——I?-—S(WZ—MZ)
G—47T20‘2M G2 WP - M2
T K T Gy o(W - M)

2
4 @ 2 2
os==—jz——2N[GE8( -NF)

2 2
IfC —(1+'T)GE

(19)

(20)

(21)
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