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I. INTRODUCTION

Previous reports have dealt with the optical propertiesl’2 and with

the effects of misalignments and quadrupole errors 324

in possible fo-
cusing systems for the accelerator. The present note is concerned with
the effects of stray magnetic fields and rf coupler asymmetries in the
focused accelerator.

It is assumed that sector focusing will be used; that is, a quadru-
pole multiplet lens for each 333-1/3 foot accelerator sector. The stray
forces considered here act predominantly over the space between multi-
plets, and the detailed structure of the multiplet is not important; con-

sequently it is sufficient to treat the limiting case of thin circularly

symmetric converging lenses (the "Singlet" approximatioh).g

IT. FORMULATION

A. Periodic Focusing System

It will be assumed that the accelerator transport system consists of
a number of thin lenses (quadrupocle multiplets) spaced along the machine
at regular intervals. For the present calculations it will be convenient
to consider a basic section of the system as consisting of a thin lens
of focal length F followed by a length A of unfocused accelerator;
see Fig. 1.
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PIG. 1--Basic focusing section



The transformation over one

section, from

Z to =z ., is given for
n-1 n i
an unperturbed system by
<)
X = i :AX (1)
n ] n-1
P

where x and p are a

transverse coordinate-momentum pair and A is the

transformation matrix. 1In the present system,

1 AN/ oy 1 ==L
Al (T

>

(2)

0 1 -y/F 1/ ey/E

where is the energy in units of me?2 (or total momentum in units of
O,

me, presuming y >> 1), and
n .
dz
A= ST2) (3)
. r\Z
2
n-1
For negligible energy change from 21 to s
. A )
}\ = v (3@);
?
for constant acceleration,
1 Y
n .
A= — log (3v)
B
"n-1

where E = %% is the eqguivalent accelerating field in units of mcﬂ/o/cm
(me®/e = 0.511 Mv).

Tt is shown in Ref. (2) that in the case where energy is nearly



constant over a section, a suitable approximation for the focal length

of a guadrupole multiplet is expressed by

y 2
—- —C ()
F Ay

wvhere 7a is the low-energy cut-off for the periodic transport system.
It is assumed implicitly that Yo A, and vy may vary slowly (adia-

batically) as functions of n.

B. Effect of Stray Magnetic Field

In the absence of other forces, the effect of a magnetic field on

the x~-component of motion is given to first order by

where B 1is the y-component of magnetic field, in units of mca/e/cm
(mc®/e = 1703 gauss-cm). The effect of longitudinal field is reduced by
a Tactor of dy/dz and is therefore negligible for weak field and small
angular divergence.

On the assumption that B and 1y are essentially constant over a

section of the focusing system, one can integrate Eq. (5) to obtain the

orbit perturbation from 21 to C the result is
'BX\‘. %é‘
OX = '! ~ =7 BA (Ld)
8p/
P L

where ©®x, ©0p are the .perturbations of x and p, and the remaining
notation is the same as 1s used previously. t is assumed implicitly
that the parameters A, y, B, etc., may vary adiabatically with n.

If the energy gain is not negligible,but B i1s still essentially



constant, the expression is

n-1/  BA (6b)

with A  given by Eq. (2) and SXIl given by Eq. (6a) or (6b).
Solutions of such Jlinear inhomogeneous equations in periodic or al-
o

most periodic systems are discussed, e.g., in Refs. (3) and (4).

X
A useful function is the complex perturbation vector defined by~

o= W, ox (8)
where
L : ; 2 <a11 h aae)
wE“‘: j—- Z—:—;——Q—l , (9)
o/ a_
12
cos 0 =35 (a,, + a,,) (10)

and aij are the elements of the matrix A. The cumulative perturba-

tion of the orbits after n sections then is given by3

1 L
. .
CH L2 /sin @\2 i( )
Vp T A E }j el %n® T (11)
| . : T
.sin 6/ L ]
N nom=1 N 12
m

T



where

and Axr = Re(vq) 1s the final cdeflection of the beam.
L i
If the stray fTield Br varies randomly along the machine with no

correlation between different secticns, then the mean square deflection

of the beam is given by~

— T e
R E | 5 (12)

n : i \sin 6 = m

v 'n m=
where
X al2 /m {omi
ITI. TYPICAL CALCULATIONS

A, Magnetic Field Constant Over Length of Machine

the length of the

A component of field essentially constant over
machine might arise from fluctuations in the earth's field or from power

lines paralleling the machine.

1. Moderate Focusing, Constant Beam Energy
The term moderate focusing will be used to denote the condition under

which the lenses at sector intervals are all at essentially equal strength

corresponding to a nominal low energy cut-off of perhaps one or two BeV,
The formulation of Section II (using the approximation of Eq. (6a)

for the perturbation for one sector) gives the complex perturbation vec-

tor; this turns out to be
(13a)

o ~BAlE (1
n o\
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with

122 (14a)

M=

=8 '

The characteristic form of the focal length of a quadrupcle multi-

plet, Eq. (&), gives

BAZy .
o =~ | {l - ele>’ (13b)
n 1&2 K
L 7o 1
- 'n
2
Yo
cos 6 =1 -2(— (1kp)
7" n

Since all the parameters are assumed constant in the prescnt case,

Eq. (11) becomes

RAZy &
v w1 16) }ﬁ el(n~m)9
Ly2 iJ
c
(15)
2
~ _}?/__\_z (/l B ein@)
L2 \ y
#/C

Hence the maximum deflection of the beam, on the assumption that né > 7,

is

R (16 )

l = |v
max | r|max

| Ax

Magnetic field tolerance is given by transposing (16) and converting

to conventional units;

‘B(gauss)' < : (17)



where V and Vc are encrgy and cutoff energy in BeV; lengths are in
cm.

Az a numerical example, take VC = 1.4 Bev, Vv = 3 Bev, {Ax?may = 0.1
and A = 10% cm (one sector). Then the tolerance on stray field is

B | < bk % 1077 gauss.

2. Moderate Focusing, Constant Acceleration

Note that in the preceding case the amplitude of the deflection in-
creases with energy. Hence to set the ficld tolerance we need to con-
sider the case of constant acceleration.

Equations (13b) and (1kb) still apply, with A, y_, and B assumed

constant; but now

Yy =7yt nEA ; (18)

Furthermore, over most of the machine we will have

o >>
N 7 e
whence the approximation
2y
6~ sin 0 ~ o <] (19)
"n
will be valid. Also
alg \ A/’)’n A
‘ | ~ = constant
"sin 8/ e 2y
n n o
Equation (11) now gives
BAZ &
v oA e i e }ﬁ el(“n'“m) (20)
1 2y -
¢ m=1l



where

n
. 1
n = 27’(} ’m
L

The summations may be approximated as integrals, with the identifi-

cation of EA as dy. The results are

270 "n
E — log -~
) EA 7o
(EVC R ZE eiun\
BA 70 \BA . ¥ /
vy~ — 2 n (21)
2E 7a 27C 2
1+ =
EA
Hence for 7y, 22 70,
BA27n
bx = Re(v,) =~ (22)

(B1)Z + b2

Stray magnetic field tolerance in this case (constant parameters,
constant acceleration) thus is given in conventional units by
107 IAx

~

‘B(gauss)‘ e X (AV)2 4 4V§ (23)

A 2
3 A.Vn

where Vn’ VC, AV  are final energy, cutoff energy and energy gain per

sector, all in BeV; lengths are in cm.

Numerical Example: Take V_ = 1.4 BeV (corresponding to a practical low

= 0.7 BeV/sector (Stage I), V_ = 20 BeV,

0]

<}

:'/93
v}

E

energy limit of 2 B
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A = 10* cm, and ?Ax‘mqy = 0.1 cm. Stray field tolerance then is

'Bi < 1.4 x 1073 gauss

1f Vn >> VO) so that Vn P~ nAV) then Eq. (23) has a minimum at

AVE = oy
C

In the above example this corresponds to VZ = 84 Bev, so that in the
moderate focusing case 1t is seen that the stray field tolerance is de-

termined by the highest energy at which the machine can operate.

3. Minimal Focusing, Constant Energy

-

By minimal focusing is meant vse of focusing Jjust strong enough to

contain the phase space of the beam. In the present context "phase

space" is defined, in terms of the parameters indicated in Fig. 2, by

U = PoXpay = P X = % (area of effective ellipse)

P X max

— P max

FIG. 2--Illustrating "Phase Space."” The shaded ellipse is the
(x, py) section of a h-dimensional ellipsoid, in (x,
DPxs ¥ p{) space, which contains the phase coordinates
of all electrons in the beam.

- 9.



The phase space admittance of the periodic focusing system is given

by;‘_

_elal )
T-e g -1 5 (2ha)
,?.a’gy | Cy -\.‘/3
o 1 - S (2lb)
A \" \\7’/

where a = effective radial aperture of the transport system. The second
form assumes quadrupole multiplet lenses and constant (or adiabatically
varying) energy and parameters.

The minimal focusing condition then is given by setting

h0]
i
~

fr\= u (2

There are two possibilities: we could keep the lers spacing A constant
and choose y_ ‘%o satisfy Eg. (25); or we could choose 7, bto maximize
the lens spacing and then use Eq. (25) to fix A. The former condition
will be assumed here, because it is more compatible with the requirement
of broad band transmission imposed by multiple beams. Then if Eq. (2Lb)
holds, the cutoff ecnergy is given by

(26a)
\ay

But under typical conditions vy S 2 x 107, a~ 1 cm, and A = 10* cm;
whereas the phase space of the beam is typically u < .02 (which cor-
responds to beam size of *0.4 cm, angular divergence of *1 milliradian

at 25 MeV). Hence



so that to a sufficient epproximation, Ei. (26a) becomes

A
y, ~ — (260)
¢ 2a®
The typical numbers assumed above give ¥ = 100 or V_, = .0% BeV,

c c
FEquation (16) does not necessarily apply here because, with minimal
focusing strength, the half wavelength of electron orbits mey be greater
than the total length of the machine. In this case we shceuld use Eq.(15),

from which

BAZy o
Ax, = Re(v,) = - . sin® 5 16
ey
c
a 2\ ' :. nAu
~ 2By |-~ |sin? | ——| (271)
1 / \2ay

where the approximations of Egs. (19) and (26b) have been used. Hence
the tolerance on stray field in the case of minimal focusing and constant

energy, in conventional units, is

L0 xS UNE nAU
lB(gauss)l i el cse® | (28a)
3 27 \a?) 2 . 1077V
/
nAU
(it n6 = < 1)
10°a%y
or
| Coto lax] o ou@
!B(gauss)1 < — L (28b)
3 2V La?)



where V = energy in BeV and
; . . . MeV
U = beam phase space in units of —— - cm.
1 I -
Numerical Example: Take V =2 BeV, |&xlysy = 0.1 cm, a = 1 cm, and

MeV s C s . .
U = .01 —~— - om (which is the same as the above assumption of beam size

+

equals *.bL cm, angular divergence equals *1 milliradian at 25 MeV). A
reasonable value of n d1s n = 27, which allows 3 sectors for the beam
to get up to 2 BeV.

In this case

nAU
nh A —
10285V

~ 1.35 < x;

consequently Eq. (28a) applies, giving

~

Bl € 2.1 x 107° gauss

r~—

4. Minimal Focusing, Constant Acceleration
The definition of minimel focusing is the same as in the preceding
section; Eq. (26b) again applies for the cutoff energy. Substitution of

Eg. (26b) in (22), on the assumption that y, >> 7, gives

75 B
AXn = —E—Z i} i = (c9)
A W
Ea

The =tray magnetic fileld tolerance is

| 2|
107 |ax | N (rv)= i CouA
IB(gauss)i < mex 'l o+ e (30)
3 AZ v ; gLOBa%AV/ ‘
n L ' N

where V and AV ere f{inal ener and ener ain per secter, both in
n : L

[
: : : - : Mev\
BeV, and U 1s phase space of beam in 2220 em.

Ve



Numerical Examples:

(a) Again taking V. = 20 BeV, AV = 0.7 BeV/sector,|Axi= 0.1 cm,

a=1lcm and U = .0L |

jo-ocm, we find

L~ = i ")‘l =
Bl <8.3 %1077 11+ (0.14)%" = 2.5 x 1077 gauss

(b) As a second example, take Vp = 3 BeV, AV = 0.1 BeV/sector, and

the other parameters the same as in (a). Then

[ AT l- ol “ =D
B, < 1.1 x107 1 + (1L.0)% =2.2 x 107> gauss
Example (b) corresponds (for n = 30) to the minimum value of 1Bi as

defined by BEg. (30); the minimum occurs for

)
hY -X Is
OV =2V, = -
- 10352
which gives V= nAV = 3 BeV with the present parameters.

B. Random Longitudinal Variations in Siray Field

The following calculations treat specifically the case where the
stray magnetic field 1s essentially constant over the space vetween
lenses, but has random uncorrelated variations from secticn to section.
Such a situation might arise, e.g., from errors and regulation fluctua-
tions in degaussing the individual sectors.

One can also imagine a field which is perturbed by randomly dis-
persed power lines, magnetic materials, etc., in which case the longi-
tudinal range, as well as the strength of the perturbing fileld, might be
random. This situation may be at least gualitatively handled by the
present formulatilon by repiacing the mean square field, §§, by an effec-

tive value



where AZ 1s an effective mean range of the field perturbations.
L. Moderate Focusilng, Constant Beam Energy
The definitions are the same as in Section TII.A.1. Eguations (13b)
t

and (1kb) again apply. Since the parameters and energy are constan

3

the mean sguare deflection of the beam as given by Eq. (12) becomes

simply

P =

o |
.
¥

The field tolerance in this case then is

107 joxl v, 8
~ ma (G
< B(gauss) > < — L (32
i rms 9 o :
3 A el
with V_ = cutoff energy in BeV.
Numerical Example: |Ox s = Or1oem, A= 10% em, V_ = 1.% BeV, and
8% c

o
a
n = 30; then the tolerance is

<B > < 2.k %1072 gauss

2. Moderate Tocusing, Constant Acceleration
In this case Bgs. (13b) and (1ib) again apply. Hguation (12) then

gives

/N
1B y2 = 7.
Log 2 ) 2 e L2
< 73 i 7n me=1 J7m 7C



The summation may be approximeted as an integration by identifying

EA ag dy; the result is
T —l
— VEA 7o | s, o
nx- o~ — -—=l 1= = 1= (33a)
g .2 mA 2 2 ) 2
A T SO SO SR A
where 7y = 7 + nBEA; or, assuming 7 >> 7 > Yor WE have
—_  n BEA*
HxE o — (33p)
n 2
g 77
which is identical to the constant energy result Eq. (31)%, Hence Eq.

(32) again applies for the field tolerance, and the example in the pre-
vious section,
< B> < 2.4k x 1077 gauss,
rms
holds for the accelerated beam as well as for the constant energy case.

3, Minimal Focusing
I

f we use Eq. (26b) to estimate Ve for minimal focusing as discus-

1
sed in Sec. TII.A.3, then BEg. (31) becomes

~E - 2 | (34)
T2 \a >

The field tolerance then is

10* iAX~ U f2
max

< : > < - 3
B(gauss) s : — | (35)
3 Aa [ n
. R . - . . MeV
where U is phase space of the beam in units of K—E_ - cm.

- 15 -



MeV)

Numerical example Teking U = .01 A ) - cm, asg in Sec. III.A.3,
i R -4 LT v ooa
;Axxmnx =C.l cm, A =10% emy, & =1 cm, and n = 30, we find
i

< B> < 8.5 x 107° gauss

C. Coupler Asymmetry

A previous reportS discusses the effect of asymmetry in the rf coup-

-y

lers which feed power into the accelerator. A transverse gradient of
the accelerating field in the vicinity of the coupler is shown to intro-
duce a transverse momentum impulse which when averaged over the length

between Teeds results in a net transverse force expressed by~

a [ dx sin ® OF
4 [, 8x\ sin 0 OF o (25)
iz \" dz/ kL, Ox

where ® is the vhase angle of the electron, relative to the accelera-
ting crest; k = — 1s the propagation constant of the accelerating wave;

is the distance between couplers; 15 the average transverse gra-
£ the accelerating field emplitude in the coupler cavity; oz 1s

SN

ective longitudinal extent of the asymmetry, assumed to be on the

cr

=

)
ORI
y
=0

order of one cavity. E 1is measured in units of me?/e /em = 511 Mv/cm,

as in the previous sections.

—~

Comparison of Eg.

¥

36) with Eq. (5) chows that, if the acceleration
T r

o]

ffeet o asymmetry is exactly analogous to

H;

is constant, the
thet of a consbtant tranverse magnetic field. Consequentiy the results
of Sections TTT.A.2 and TIT.A.4 apply, with the right-hend side of Eq.(36)
subgtituted for B.

1. Moderate Focusing

By analogy witn Eq. (22) the deflection of the beam by coupler asym-

metry is

A=y sin © OF
Axn ~2 — 0z (37)
(BAYZ + hyi kL Ox




The tolerance on coupler asymmetry, in terms of relative variation

of the field across the coupler aperture, then is

22 OE | _ 2kal [&x| _ av [ b3\
—— 2 Br e 5 (38)
' EOox; Az sind V| AVE)

where A 1s the total phase-angle spread of the rf bunch.

Numerical Example: Parameters appropriate to SLAC are taken as

- i 4
k =2r1/10.5 = 0.6 ecm™, a =1 cm, L = 300 em, |&x[ . = 0.1 cm A =10

cm (one sector), 8z = 3.5 cm (1/3 wave length), A = 0.1 radian, AV = 0.7
BeV/sector, Vp = 20 BeV, and V, = 1.4 BeV. The coupler asymmetry toler-

ance then would be

<0.58 x 1072 = .58%

el B

<1&

This 1s about an order of magnitude less than the asymmetries in

old-type Stanford couplers.6

Symmetrized couplers, in which the relative
asymmetry is < 0.1%, have been developed.’

2. Minimal Focusing

The above result Eﬁq. (BB)j applies, with cutoff energy given by

Eq. (26b). The beam deflection then is

7 1 sin ® O
B~ — B2 (39)
EZ 14— kI,  Ox
\Ea</
The tolerance on coupler asymmetry is
, - ' 5]
|28 OF | 2kaLlfx| AV | [oun
— ] (ko)
l E Ox| Adz sin A v, \107aZAV / 5

- 17 -



Numerical Examples:
- . . - ., MeV . .
(a) In this case, let U = 0.01 — - cm Dbe used for the phase
—
space of the beam, as in previous examples (e.g., Sec. ITIT.A.3); the
- !
other parameters are k = 0.6 em™, a = 1 cm, L = 300 cm,féxiwax = 0.1 cm,
Lil
14 . - .
A= 10% em, 8z = 3.5 cm, & = 0.1 radian, AV = 0.7 BeV/sector, and
V_ =20 BeV. Then Eg. (L40) gives

(n) As a second exampie, suppose that we anticipate an asymmetry of

0.1% and wish to specify a suitable focusing strength (the other para-
meters are the same as in the preceding examples). Solution of Eg. (38)

for V., then gives
V. > 0.5 BeV

Hence the admittance of the system should be

2 % 107V a® MeV
~ 0.1

- cm
A

(@]

Iv. SUMMARY AND COMMENTS

Tolerances on stray magnetic fields and on coupler asymmetry have

been calculated fcr two representative focusing conditicns:

(1) Moderate foo using, corresponding to a low-energy cutoff of 1.4

ReV; and

(2) Minimal focusing, or just enough admittance to transport %he

initial phase space of the beam (a reasonable beam vhase space 1s as-
MeV

ngular divergence at 25 MeV).

sumed to be 0L - cm, corresponding to 0.4 cm radius and +107° radian
In both cases it is assumed that the transport system consists of
guadrupole muitiplets at sector QB,—J/B feet) intervals.
Table I summarizes the results, based on a tolerable beam deflection

of C.1L cm for any given effect.
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TABLE I

STRAY MAGNETIC FIELD AND COUPLER ASYMMETRY TOLERANCLS
IN SECTOR-FOCUSED 2-MILE ACCELERATOR (See Text for Explanation)

Text Tolerance Most Restrictive Beam
Perturbing Effect Ref. (for 0.1 cm Conditions (Stage I)
deflection)
Uniform Magnetic Field:
Moderate focusing IIT.A.2 1.4 x 1077 gauss Constant acceleration to 20 ReV
Minimal focusing ITII.A.3 2.1 x 107° gauss Constant minimum energy (2 BeV)
Longitudinally Random Magnretic
Field (rms tolerances):
Moderate focusing III.B.1 2.4 %1077 gauss Approx. independent of energy
Minimal focusing I1I.B.2 8.5 x 107° gauss Approx. independent of energy
Coupler Asymmetry:
Moderate focusing IIT.C.L 0.58% Constant acceleration to 20 BeV
Minimal focusing 111.C.2 0.035% Constant acceleration to 20 BeV




compariscn. some estimates may be given for possipble magni-
ne various effects:

Uniform Magretic

ic Field
Most probable sources

« q ~3
(a) Diurnal variations in earth's field; typicall y 2 x 107~
te 3 X 1077 gauss variations during & 24 hour period, with
occasional variations of

~ 10 x 1077 gauss associated with
sunspot activity.
(v) AC field of power lines* aralleling the machin estimated
as ~ 0,27 x 107~ gauss.
£ +he machine is magnetically
effects 1 N

hielded by a factor of 10 to 20, both

rance in the moderate focusing ca A
shielding factor of 100 to 1000 would be required in the minimal focusing
case

2. Random Magnetic Field
Most probable source regulation fluctuations in the degzussing cur-
rents, A regulation of O 1% would result in ~ 0.4 x 1072 gauss random
variation from sector To sector.
3. Coupler Asymmetry
Coupiers which have asymmetry or z Orl% have been developed. It ds
doubtful that measurement techniques are prec i
dients much smaller than this.

se enougn to measure gra-
In Teble 17 the

R

se estimates arz compared to the tolerances.

COMPARISON OF

S0

TOLERANCES W

ATES OF POSSIBLE MAGNITUDES
Perturbing Mcderate Tstimated Magnitude
Effect Focusing Focusing
¥ P 7T ~ o 1 -5 I - -
Uniform Magnetic 1.E w1l 2,1 % 1077 3 % 1073 gouss (typ.
Field gauss gauss daily variations
16 % lO"j ganss (sun-
pot activity)
Random Magnetic 2.4 x 1077 8.5 %1073 | 0.k x 1077 rms gauss
Field rms gauss rms gauss
Tem et v =04 A oO3E T
cupler Asymmelr; 0.55% ,035% 0.1%
V\< -
the zo freguency s 60 cps while -
200 pps



Several conclusicns may be drawn from this comparison:

1. In the case of Moderate Focusing

(2) Magnetic shielding of the accelerator

an effective
ding factor of ~ 10 should be sufficient to reduce all

expected stray fields tc within tolerance.

(b) Coupler asymmetry prcbably would be within tolerance with a

considerable safety factor.

2. In the case of Minimal Focusing

(a) A magnetic shielding factor of 10 would bring the probable
random field effect within tolerance.

(p) The geomagnetic field variation would need to be reduced by
a factor of several hundred. Magnetic shielding by such &
factor would not be practical;* some other form of compensa-
tion such as sutomatic steering, auvtomatic degaussing, or
frequent manual steering, would be required.

(¢) The coupler asymmetry effect would be marginal, at best.

It appears that the mirimal focusing condition which has been used
in the numerical examples is a little too weak. For cxample it is shown

in Sec. III.C that to attain at coupler asymmetry tolerance of 0.1%, we
MeV
+ . .

need to specify the admittance of the system as C.1 - oom (rather
than the figure of 0.01, assumed in the minimal focusing examples). 1In

this case we would have

]

- ey : -
Unifeorm field tolerance = Z.2 x 107F gauss

-l
Random field tolerance =~ 8.6 x 107% gauss

If magnetic shielding by a factor of 10 were employed, some steering

would still be necessary during sunspot achtivity.

*In the SLAC accelerator, only about 95% of the total length can be
shielded, so that an upper limit on the effective shielding factor is
about 20.

RV
P
1
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LEGAL NOTICE

This report was prepared as an account of Goverrnment sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the information
contained in this report, or that the use of any information, apparatus,
method, or process disclosed in this report may not infringe privately
owned rights; or

B. Assumes any liabilities with respect to the use of, or for
damages resulting from the use of any information, apparatus, method. or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission"
includes any employec or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission,lor employee of such contractor prepares, disseminates, or
provides access to, any information pursuant to his employment or con-

tract with the Commission, or his employment with such contractor.



