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I. INTRODUCTION

A. GENERAL CONSIDERATIONS

Two previous reports discussed the optical properties® and the effects
of misalignments and quadrupole errors® for focusing systems for the two-
mile accelerator. Numerical examples were based on a system consisting
of quadrupoles of alternating sign, egual strength, and equal L4O-foot
spacing (hereafter referred to as "the LO-foot system").

Because of the exceptionally tight alignment tolerances imposed by the
40-foot system, it seems desirable to develop the properties of systems of
quadrupole multiplets, consisting of closely grouped doublets or triplets
having essentially the properties of circularly symmetric thin converging
lenses, and spaced at intervals of (typically) one sector or =~ 330 ft.

This sector-focusing system has several probable advantages over the
LO-foot system:

(1) The gquadrupoles of a given multiplet can be prealigned with respect
to one another (probably within 0.001 to 0.002 inch) on a rigid, common
support system. Any motion of the support system then would move the
multiplet as a whole, a situation which tends to reduce the sensitivity
of the system to misalignments.

(2) Because there would be a much smaller number of independent
supports, the realignment procedure would be greatly facilitated.

(3) Since there are to be beam-position monitors at sector intervals,
there would be unambiguous information as to the misalignment of a given
lens, which again would facilitate realignment.

(L) Because of the one-to-one correspondence between lenses and beam
position information, pulsed steering (with multiple beams) could be used
if necessary.

There are also some disadvantages:

(1) At a given phase space admittance, the sector system will tend

to have a somewhat higher low-energy cutoff. (See Section II below.)

1A11 references will be found at the end of the paper.
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(2) The sector system probably will use more power than the L4O-foot

system, since quadrupoles are used less efficiently if closely grouped.

B. RESTRICTIONS AND CRITERIA

In discussing the properties of multiplet systems suitable for sector
focusing, it will be convenient to introduce several limitations and gen-
ergl criteria:

(1) Regular Section. The discussion will concern in detail only that

part of the machine in which the multiplet lenses are spaced at regular
(sector) intervals.

(2) Use of Drift Space. It will be assumed that the regular lenses

are contained within the 9-foot drift space which has been provided at
the end of each sector. This is important because it allows use of econ-
omical, small-aperture quadrupoles.

(3) Constant (or Adiabatically Varying) Parameters. It will be

assumed that the properties of the system (such as beam energy and quad-
rupole strength) are essentially constant or vary only slightly over
lengths on the order of a focusing period or one sector,

(4) Focusing Strength Criterion. The focusing strength of the sys-

tem will be considered as egquivalent to the admittance. As in Ref. 1,

admittance will be defined in terms of an integral in the (x, pX) plane:

where the integral i1s over all orbits which can be transmitted. In the
present report it will be more convenient to define the admittance as

X, given by

I-B
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The maximum practical value of X as set by probable beam switchyard

*
admittance, is roughly

Imax ~ 0.06 V., (1-1)

where Vf is final beam energy in Bev and I is in units of me-~cn,
(i.e., momenta are measured in units of (rest-mass) x (velocity of light)

or 0.511 Mev/c.

C. NOTATION AND UNITS
The following notation will be used:
X, ¥y = ‘transverse coordinates;
Py P = transverse momenta;

Y

z longitudinal coordinate (independent variable);

y = total energy of electrons;
scalar momentum = V72 - 1=y (the relativistic approximation

will be assumed throughout);
Y

Yy
and it will be assumed that the transverse axes are

oy Y will denote the vectors {X ) and , respectively
X

\

chosen so that x and 3 are not coupled in

first-order theory;

a a fb

b
11 12 I11 12\
= and B = ' will denote

a a b b
21 22 21 22

unit transformations (i.e., over one section of the

>
[

periodic focusing) in x and v , respectively;
\ | | 3B
| Q I = &/m —3Y | dz will define the "strength" of a
)
quad | x 3B BBX
quadrupole, where S A is the magnetic field
ox oy

gradient and the integral is over the effective

length of the particular quadrupole lens;

x*x -
Based on an angular acceptence of * 10 % radian and radial accept-
ance of * 0.3 em for the switchyard transport system.
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= |—= |; and

!
M

| !
g| = |
o |13

= accelerating field seen by the electrons.

=

Unless otherwise noted, all lengths will be in units of cm; energy in
units of me® (0.511 Mev); momenta in units of mc (0.511 Mev/c); and Q,
B, and E in units of mcg/e/cm, which is equivalent to 1703 gauss or
0.511 Mv/cm.

Although the emphasis here is on the regular focusing sections, the
transformation matrices will be given in a form general enough to be applied
to problems involving special lenses with tapered spacings (for matching
low energies into the regular spacing), and problems of misalignments and
other perturbations.

In Section II the properties of an idealized system, consisting of
equally spaced converging lenses, are described. This "singlet" system
provides a good first approximation of the behavior of multiplets. In
Section III detailed properties of several alternative multiplet combina-
tions are described. Section IV gives a rough preliminary estimate of

quadrupole space and power requirements.
II. SYSTEM OF THIN CONVERGING LENSES (SINGLET)

We consider here a periodic system of regularly-spaced thin lenses as

illustrated by Fig. 2-1. The focal lengths are F and the spacing is A.

¥

F
/*\ z-axls
1 - -

FIG. 2-1--System of thin converging lenses.
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It will be convenient to use the notation
A = [ 2z (2-1)

which gives for constant energy

<I>

(2-1a)

or for constant acceleration

A== log {1 + —7-’(\%} (2-1b)

=

where E is the accelerating field in units of mc®/e/em (0.511 Mv/cm)
and 7y 1s the relativistic energy in me?  units (= scalar momentum in
me units).

The matrix which transforms the vector / over one focusing

period, if reference planes are chosen just be?ond the lenses, is

1 1
. L -2 A
-F 1/ lo 1 F

It is readily shown that the present value of a - (namely, A) is
1
maximized with respect to choice of reference planes. Hence using Eq. (2k)

of Ref. 1, the admittance of the system 15

Lo SRS - VR () =

* "
The quantity L , designated as admittance in the present report, is

related to the quantity A in Ref. 1 by L = (1/n)A

-5 -
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where

cos 6% la +a

1l 22

For the simple multiplets discussed in Section III below, it will be

found that to a fair approximation the multiplet focal length is propor-

tional to 72:

2

Fooay

If we state this proportionality in terms of a parameter Yos such that

F~4+— (2-4)

V4
X T /1 - -—Z (2-5)
Y
where
2a27
Ioo = S (2—6)
A

I

asymptotic value of admittance for

7> > 7,

Tt is clear from Eq. (2-5) that 7, Plays the part of a cutoff
energy, below which the system does not transmit real phase space. Note

that to the same approximation,

hV] lo\el\)

cos B =1 -2 (2-7)

=

-6 -
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so that e also represents the energy below which
cos 6 < -1

It will be convenient to define a practical low-energy band limit

Yo? such that

AT
7, =V2 7, = vy (2-8)
¥ Z2a
Then
T, =T =T, (2-9)

i.e., at 1~ the transmission (proportional to :EE) is down by a factor
of 2 from its asymptotic value.

It may be shown that YT is maximized for a particular y and A if
Yo = y/<{ 2. DNote that cos 6(70) =0; i.e., at y =7 the system is in

the "gx/2 mode" or four focusing sections per orbit wavelength.

A. NUMERICAL EXAMFLES

As an example, suppose we wanted the system to transmit energies down
to 1 Bev (i.e., 7o = 2 X 10°). Then using a = 0.85 em and A = 10%* cm
(330 ft), we would have

T ~o.14 (me - cm)

@)

or

A

s 0.20 (mc - cm)

[ee]

On the other hand, if the system were to have an asymptotic admittance

corresponding to the maximum useful value at 10 Bev, then Eq. (1-1) gives

IT-4



from which Eq. (2-9) gives
Vo =09 X 10° (3 Bev)
Yo = 4.2 x 107 (2.1 Bev)

Use of the maximum focusing strength would thus somewhat limit the

low energy end of the band.

B. COMPARISON WITH LO-FOOT SYSTEM
Comparative numbers for the LO-foot system might be of some interest.

Equation (37) of Ref. 1 gives

——
1-3at
A Y el
1+1 b
where Q 1s the quadrupole strength,
L ~1/y
L = quadrupole spacing, and

T, =3 @2
The criteria for practical low energy band limit and low energy cutoff are
given by Ref. 1 as

«@ T

7 ~ ~

o124k 0.62 a°

and

IT-A, II-B
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from which, taking ﬂfm = 0.6 as in the above example, and taking

L =40 ft = 1.2 % 10° cm, we find for the ho-foot system:

y =~ 1.6 x 107 (= 0.8 Bev)

£ 1.0 x 10° (= 0.5 Bev)

~
3

IIT. OPTICAL PROPERTIES OF PERIODIC MULTIPLETS

A. SPACED-DOUBLET (SD) SYSTEM

In this system the basic section consists of a pair of quadrupoles of
nominally equal strength and opposite sign, spaced by an amount fairly
large compared to the thickness of the quadrupoles. Consider the basic

focusing period defined by Fig. 3-1.

-axis
D

===
| I S |

hete

3

}

(\ts—v

=

FIG. 3-1--"Spaced~doublet" system in x-plane.

On the assumption that thin-lens formulas apply for the individual

quadrupoles, the transformation from plane © to plane 2 is

/1 +qd L+ d+ ofd

x - 9% 1 -Qd - Qaﬂi{ (3-1)

ITi-4
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where (see Section I-C, "Notation and Units");

1
,E,=f95z£’.
Y 4
o
2
a=/4 . D
Y Y
1
Note that
*
cos 6 =4 (a + a =1 - Q344 -2
5 (e ) op) 5Q (3-2)

1f we call the situation in Fig. 3-1 the X plane, then the trans-
formation, B, 1n the y Pplane, is the same except that the sign of Q
18 reversed.

it will be staed without proof that the value of a R given by
Eq. (3-1) 1s maximized with respect to choice of referencé planes; and
that b (max) also has the same value [but b g(max) occurs at the
first q;idrupole of the doublet, rather than thé second]. Hence the ad-

mittance. by Eq. (2u) »f Ref. 1, is

T .r -T- a2” VHa(1 - Q) (3-3)
oy £+d+la
Ir order to use the thin lens "singlet" results of Section II, it
will be sufficient to require that D be small in the sense that
de-g——D << 1 (3"*)
and
D<<A=1L+D (3-5)

9(.
Tt should be recalled that cos 68 1s invariant under a longitudinal
translation of reference planes.

- 10 -
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Equation (3-3) then takes the form of Eq. (2-5):

.
where
T, - w7 (-6)
and
XA
7, = 2@ VAD = —— (3-7)
2a

F = — (3-8)

which justifies Eq. (2-L) for the present system.
The total length, T, required by the two quadrupoles is

2Q ETOO A
T =—= ——E - (3'9)
g ga D

where g 1is the quadrupole gradient BBy/ax in units of mc®/e/(em)®

or 1703 gauss/cm.

Numerical Example. As before, assume that L L= 0.6 mc-cm, a = 0.85 cm,
and A = 10% om. Take D = 250 cm =~ 8 ft which would be about the maximum
doublet spacing within the 9-ft drift space. Then Egs. (3-6) and (3-7) give

9=

T |A
-~ = 5.3 (= 9000 gauss)
a® 1D



ITI-A

and

3 Bev)

0

7, = 5.9 x 107
The cutoff energy, by Eq. (2-8) is
Ve = 4.2 x 10° (=~ 2.1 Bev)

On the basis of criteria assumed by Brown,sa reasonable estimate of
the gradient is = 1000 gauss/cm, or g = 0.6 in the present units. Then
Eq. (3-9) gives for the total quadrupole length per sector,

T=17.5 cm~= 7 in.
or 3.5 in. for each quadrupole.

To see whether the treatment of the doublet as a thin lens is valid,

note that in the present example

1
1o

edlw)

so that Eq. (3-5) is satisfied.

On the other hand, if we calculate Qd at 7y = 7o

qd =L~ 0,005
(o] ')’O

so that Eq. (3-4) is not too well satisfied in the low-energy end of the

transmission band. Calculation of admittance from Eq. (3-3) gives

X

o}

il

:r(yo) ~ 0.58 Z;

where the approximate expression would give

I‘O = 0.707 T _

- 12 -
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Thus it can be seen that the approximate expressions are valuable in ob-
taining a quick first approximation, but that the exact expressions should
be used if one needs precise answers.

It may also be pointed out that T << D (i.e., T/D = 0.03 in the
present example) so that the use of thin-lens formulas for the individual

quadrupoles in Eq. (3-1) is justified.

B. CLOSE DOUBLET (CD) SYSTEM

The CD configuration is illustrated in Fig. 3-2. In this case it is
not immediately obvious exactly where the periodic reference planes should

be chosen in order to define the maximum value of the matrix element a |,

12

w0
0]
x
@
> tqQ ¥49 tQ +4Q
s z-axis

. -

ST
—_—pt— T — Pt —— [, ————pt—T —Pl————

ll
< A "

0 1

FIG. 3-2--"Close Doublet" System. The choice in
the sign of Q refers to the : and y planes,
respectively.

which determines the admittance of the system. It may be shown by qual-
itative arguments that in the (initially defocusing) configuration shown
in Fig. 3-2, a 2(max) occurs very close to the end of the focusing

1

section, so long as F >> T. In this case (plane O to plane 1 in Fig. 3-2)

- 13 -
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the transformation is

\-kys ¢ /lkys C lo 1

cC + sS L(cc + s8) + %—(sc + cS)\
S xy(sC - cS) eC - sS - kl{sC - c8)

\

’

where
k =Veg/y;
aB
g = —JI 1 ig the magnetic gradient;
ldx
¢ = 3 kT;
s = sin ®; S = sinh @;
c =cos @; C = cosh @;
and

z(2")
dz __ L
’“(f) 5 "3

If ¢ is small, as it will be in the present case, series expansions
of the terms will be useful. To second order in T, the result is

1+ 2Qt - —; Q%t2 N+ Sant - 3qt® - ; QA=
~ (3-10a)

1

Q%% 1 - gt + Z- Q%% - 1 Ot
24 3

13
(S

*
It is necessary to use the thick-lens formulas for the close-spaced
quadrupoles. The appropriate matrices are given for example by Septier.4

- 1L -



where

and

oD
it
[SIC

Tg = strength of the individual quadrupoles.

Nole that

cos 8 = 3[a  +a ~ 1 - 27Nt + Q%7 (3-11)
6 8

The transformation B 1in the ¢ plane (initially focusing doublet,
configuration), at the same reference planes, may he found from Eq. (3-10)
or Bq. (3-10a) by changing the sign of g (or Q) which is the same as
replacing k Dby ik. However, the maximum value of the matrix element
b1° occurs near the beginning of the doublet rather‘than the end, i.e.,

in the system in which the basic transformation is from plane 0' to

plane 1' in Fig. 3-2. If we call the transformation in this case B,

then i1t 1is readily shown that

a, a
~ 22 12
B = (3-12)
a 29
21 11

where the 8, are given by Eq. (3-10) or Eq. (3-10a); thus b (max) =
C 12

a (max), as in the SD case.
12

It will be assumed that the quadrupole thickness T is small in the

sense that

Qb = %P— << 1 (3-12)

JI3-1



and

T<<A=L+T (3-1k)

[Condition (3-13) is egquivalent to the assumption that ¢ 1is small in
Eq. (3-10) since, as may be seen from the defining equations, Qt = 20°.]
Under these assumptions, keeping correction terms of only up to first order

in Qt and T/A, the admittance is given by

T T =T- ~

3
1 s
alz(max) A1 + 3Qt)

In the approximation corresponding to the "singlet"” formulaticn of

Section IT,

3
2
I::I'\!l _Z_C_:.
mw o
Y
where
T
X =~ aZQJ 3 (3-16)
and
T A
AT o0
B C\ e (3-17)
2a
The practical low energy limit is
T A
7=7\]2~~/.._~ (3-18)

- 16 -
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and the focal length of the doublet is

37®
F=— (3-19)
Q=T

The total length of the doublet is found from Eq. (3-16), by using
the definition Q = 3 Tg;

20 38 2/3

ga®

T ~ (3-20)

Numerical example: As before, take 32m = 0.6, a=0.85cm, A=TL =~ 10%mn,

and g = 0.6 (= 1000 gauss/cm). Then in the "singlet" approximation,
Vo = 29X 10° (=~ 3 Bev)
and
. ~7/N2 =~ 42 x 107 (=2.1 Bev)

which of course are the same as in the examples in Sections II and III-A
above. From Eq. (3-20) we find

(2)(0.6)w]3 x 10% 2/3

T =~ ~ 61 cm =~ 24 inches

(0.6)(0.85)2

The quadrupole strength from Eq. (3-16) is

Y 3
Q~——.| — ~ 18.3 (= 31,000 gauss)
2
a T

- 17 -
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Condition (3-14) is satisfied since

61 1
T/Am—-——-z———-—
10% 160

Condition (3-13) is not guite so well satisfied, since (at vy = yo)

Qv = ~ 0.185;

o’ I8

however, notice that the correction to the admittance is only half this

or =~ 9%, since the quantity enters Eq. (3-15) as (1 + 3qt) *.

C. SPACED TRIPLET (ST) SYSTEM

Figure 3-3 illustrates the ST system. In this case it may be shown
that the maximum value of blE (the matrix element in the y plane or
initially defocusing configuration) occurs at the center quadrupole; and
that the maximum valuve of al2 (the matrix element in the X ©plane or

initially focusing configuration) occurs at the beginning of the triplet.

n
()
>
o Tz taQ ¥3Q T3 taq T34
| H ‘ r H r Zfﬁs
il I Ii C
b ] | e |
4—%5—,*—%]—)*”«‘ L *’1
- A e
o 0 1 1

FIG. 3-3--Spaced triplet system in x plane,

- 18 -
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It will be assumed as in Section III-A above that the individual quad-

rupoles may be treated as thin lenses.

In the x

plane, it will be appropriate to calculate the transfor-

mation with reference planes at the end of the triplet (from plane O to

plane 1 in Fig. 3-3):

2\ /1 o\ /1 2

1/ \-3q 1/ o 1

- Q%% + L Qa® + g @7’

8

(3-21a)
@M (1 - fad) - = @%?
16

A=4 +d= Ay

plane, it will be appropriate to calculate the transfor-

mation from center-to-center of the middle quadrupoles (from O' to 1' in

1oy [1 %\ /1 o\ /1
A =
-2Q 1 o 1 Q 1 0
1 -1 q%a® A
8
- $Q%a(1 - fqd) 1+ L Q%% -
where
d ~ D/y
1 ~1/y
In the vy
Fig. 3-3);
1 0\ ;1 day /1 o 1
B = (
o 1) s
-3 1,10 1/ \3e 1/\o0
1-20°M - 20Ma® A+ 2
32
-+Q%d (1 -%Qd-i—;Qg{d) 1

Another matrix which may be of some

tion from plane O to plane 1 in the

- 19 -

y ©plane.

1/\sa 1 /Lo 1) a1

QM - Qd® + -; Q°ha2
(3-22)

- 2%\ - 22
8 32

interest 1s B , the transforma-

This is derived from
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A, Eq. (3-2la), by changing the sign of @

1l - % Q2d2 A - % szd - %Qde + %-Q2d3
B =
- $Q7a(1 + Lad) 1 +—g Q%% - 2®na(1 + Lqa) + - @337 (3-21b)
16

This transformation is important because, with sector focusing the
quadrupcle aperture can be made somewhat larger than the accelerator
aperture. 1In this case the admittance may be determined by b rather
b 1o > blz’ because it is actually {az}glg]min

which limits the admittance. Thus Eq. (3-22) should be used to describe

~
than b , even though b
12

the y Pplane focusing if the limiting aperture is within the triplet; and
(3-21b) should be used if the beam aperture through the lens is greater
than the accelerator aperture.

For illustrative purposes it will be assumed that the former situation,
Eq. (3-22), applies.

Using the assumption as in Section IIT-A that
Qd = X << 1 (3-23)
and
D<<A=1+D (3-24)

and keeping only the correction terms of first order in @Qd and D/A, we find

a (max) =a =~ A (3-25)
12 12
- o~ 3 -
blz(max) = b12 A (1 + 2qd) (3-26)
and
cos 6, ~1-1q°M (1F tqa) (3-27)

)

- 20 -
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In the "singlet" approximation corresponding to Section II,

alg(max) ~ bla(max) ~ A (3-252)

~ ~ 12 -
cos 6 = cos Gy ~1-2QN (3-27a)

and the equivalent singlet focal length is

Loy2
F o~ — (3—28)
Q°D
Equations (2-5) through (2-9) follow, with the definition

Y-k ed )2 (3-29)

The total length of gquadrupole per focusing section (see Fig. 3-3) is

2Q qu A

T-— - —2. - (3-30)
g g \D

where as before g 1is the magnetic gradient in the quadrupoles.

Numerical Example. As in previous examples, take ﬂlw = 0.6,

a=0.85cm, A=10"cm, D =25 cm, and g = 0.6. As before
2 J D 2
y =~ 5.9 x 10° = 3 Bev

4.2 x 10° ~ 2.1 Bev

=2
Q

The total length of quadrupole per sector is by Egq. (3-30)

2

T~ 35 cm ~ 14 in.



and the strength of the guadrupoles 1is
Q~3% Tg =~ 10.5 =~ 18,000 gauss

Corresponding to conditions (3-24) and (3-23) we have

A = 2 .
D/ 40 <L

and

- 8D )
Qd, = ~ 0.4k

~
O

so that Eq. (3-24) is satisfied but Eq. (3-23) is only qualitatively true.

@]

If the admittances at 7o are calculated using the first-order corrections

Eq. (3-25), (3-26) and (3-27), then

)

@)

a® sin 6 X

— ~ — (no first-order correction

a (max) y 2 in this case)
12

e}

2 . 2]
a” sin O, _ 0'86:Lm (14% correction)

b (max) » A2

12 o

Iy(%) =

The singlet approximation thus is fairly good for energies vy S 70.
In order to make the admittance in the y plane essentially equal
to that in the x plane, the beam aperture through the lens would need

a radius b such that

- 20 -
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With Qd = 0.4l as above, this implies

b > 1.08 a

D. CLOSE TRIPLET (CT) SYSTEM
The CT system is shown in Fig. 3-li, In this case the maximum value
of b (matrix element of B, the transformation in the y -plane or
12 '

initially defocusing confipguration) occurs at the center of the middle

Tformation in the x-plane or initially focusing configuration) occurs

very close to the beginning and the end of the triplet, provided that

> T.
v
0
. T3 otq FQ ¥ *taq Fia
“ Z-8X18
j 1 4

1 T —

{

i

l . Lom 1 M
A .
o' 0 1! 1

FIG. 3-4--Close triplet system.

In the x plane it will be sufficient to calculate the matrix for

TT1-C, TII-)

3 -

guadrupole. The maximum value of a (matrix element of A, the trans
12

the system in which the triplet is at the end of the section (from plane O

_23_
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to plane 1 in Fig. 3-U4):

¢ _l__, }__ l_]:___l
c kys c kys k7s 1 4
A =
- kys? ct kyS C - kys! c! o 1
cC LeC + %; (sC + 8) (3-31)

- ky (sC - 8) cC - kL (sC - 8)

where the notation is the same as defined under Eq. (3-10), Section III-B,

with the additional definitions

N
S

c' = cos %@ = cos ikT; c! cosh

it

Ofr
©

il

s' = sin 30 s' sinh

In the y plane we need the transformation from center to center of

the middle quadrupoles (from plane O' %o plane 1' in Fig. 3-4);

1 1 1 g 1
/ [l | ot Sat (o —at t oot
A ' 5 5 1 4 R c 5
B =
- kys'! o \kyS"' cY o 1 kyS! c! - kys'! c!
cC - ikl (s - c8) L (C+ c+ s8) + %;(SC + 8)
~ky(s - ¢8) + 3 x¥%%L (C - ¢ - s8) cC -3 xyd (s - c8) (3-32)

Alternatively, if the beam aperture through the lens can be made
greater than the accelerator aperture, the appropriate reference in the
y plane is at the end of the triplet (from plane O to plane 1 in
Fig. 3-4%), for which the matrix is found by replacing %k by ik in Eq. (3-31);

1
cC Lec + k7(5 + c8)

-ky(s - e8) cC - kpbfs - c8) (3-33)
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In the small angle approximation, with the assumptions

Qt = 2¢° << 1 (3-34)

1f

Q

|3

and

T <<A=L+T, (3-35)

i

expansion of the matrix elements gives (to second order in T):

1 - 2 Q7® A+ 2 Qt® - - Qe
A~ ) ) (3-31a);
-1Q% (1 - 3% qt) 1+ Qft? - QN (1 - F at)
12 24 12 B
r 1 A2 1 L1 ] L 2 1 24,2
. I ]_-24Q7\t(1+8Qt) A+ QM - 5 Qt +9—éQ7\t
3~ L. L. o (3-322);
e =— Q%t (1 - = Qt - =~ t - = QN 1
| ng ( = Q 4Bcgm) 1 24Q7\t(l+-éQt) )
and
i , Tr
L1l 22 N_ L2 o Log®R
. 24 v 5 ot 24 wA
B =~
(3-33a)
-2 9% (1 + % qt) 1+ 2 QP2 - 2 N (1 0+ L qt)
12 24 12 8
The characteristic phase angle is given by
cos 6 =~ 1 - 2 M (1 F %—Qt) (3-36)

Y 2

LIT-1



Keeping only first order correction terms, we have

a max ) =~ g ~ A -
Lmax) ~a (3-37)
b (max) =b =~ A (1 + £qt -38
(max) =8~ n (1 + dat) (3-38)
b~ A (3-39)
12
In the "singlet" approximation we make the identification
2
F = 221 (3-40)
Q7T
and Egs. (2-5) through (2-9) apply, with the asymptotic admittance
defined by
1 2 T
T =35 ET (3-41)

00 3A

The total length of the triplet thus is

2q _ /u’ﬁw\r;j\ 'i"
2

k———-———— (3-42)

=
i}
|
]

ga

Numerical Example. Use of the same parameters as in the previous examples

(3: = 0.6, A=10*"cm, g=0.6, and a = 0.85 cm) gives

[e]

T ~ 100 cm =~ 40 inches;
Q =% Tg ~ 30 =~ 51,000 gauss;
and as before (in the singlet approximation)

o~ 5.9 x 10°, 7, b2 x 10°
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ITI-D, IV-A

The validity of the singlet approximation is established by

100 ,
T/A =~ = 1077 <1
10*
and
Qt = ar =~ 0.5
o 4

Q

The latter result is seen from Eq. (3-38) to imply a 12% correction in
j:y (70) [&hich is proportional to (1 + %Qto)—%].
In order to make the admittance essentially the same in the y plane

as in the X ©plane, the beam aperture through the lens needs to have a

b b —
— > |2 =\1 + fat
a b

12

from which (taking Qt = 0.5, a = 0.85 cm)

radius, b, given by

b>1.06 a = 0.90 cm

IV. PRELIMINARY SPECIFICATION FOR THE QUADRUPOLES
In the interest of providing a feeling for quadrupole space require-

ments, some further numerical examples will be given.

A. STANDARD CONDITIONS
The radius of the accelerator hole is assumed to be given by
2a = 0.670 inches or a = 0.85 cm.

The length of the sector is taken as

A~ 330 ft ~ 10% em

e
-



IV-A, IV-B

The maximum spacing, D, is taken as D = 250 cnm.

An estimate for the quadrupole gradient may be obtained from the
specifications of a commercially available quadrupole,* which has a nominal
field gradient of L4000 gauss/inch in a 1.5 inch-diameter gap. On the
assumption of the same winding and yoke cross section but a slightly
smaller gap, a conservative estimate would be 5 kilogauss/inch or
g =~ 1.15. Other numbers applying to this particular quadrupole are:

Diameter of outside yoke = 12 inches, from which

Weight (pounds) =~ 33 T (in.);

Maximum power per quadrupole of L-inch length =~ 128 watts, of which

about 1/3 appear to be in the exterior ends of the windings; hence,

very roughly,

Power (watts) ~ 80 + 20 T (in.) (doublets)

and

Power (watts) = 120 + 20 T (in.) (triplets)

where T (in.) is total quadrupole length in inches.

B. NUMERICAL RESULTS

Table I lists approximate values of switchyard transport admittance
for several final beam energies. Table II lists some quadrupole specifi-
cations, and the cutoff-and-half-transmission energies, vs various choices

of admittance.

*
Model Q1540, Spectromagnetic Industries, Hayward, California.
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final beam energy

Switchyard transport admittance vs

o

max

, by Eq. (1-1)

2.4
1.2
0.6

TABLE TI.
Vf, Bev
4o
20
10
TABLE II.

Cutoff energy, half-transmission energy,

and quadrupole requirements vs design admittance.
Air-cooled quadrupoles of 12 inch outside diameter
and ~ 1 inch aperture diameter are assumed; see
Standard Conditions, above.

Cutoff energy Half- Multiplet Total quad. Total quad. Max quad.
T VC transmission type length per weight per power per
0o (Bev) energy sector sector sector
v, (Bev)
SD 14.3 inches 470 1b 370 watts
2.4 8.6 12.2 CD 39.2 1300 860
ST 28.6 980 700
CT 62.2 2060 1360
sD 7.2 240 220
1.2 4.3 6.1 CD 4.8 820 580
ST 14.3 L70 410
CT 39.2 1300 900
1)) 3.6 120 160
0.6 2.1 3.0 CD 15.6 520 370
ST 7.2 240 260
CT 2L.8 820 620
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C. CONCLUSIONS

1) For the separated combinations, SD (Spaced Doublet) and ST
(Spaced Triplet), the quadrupole requirements are rather modest and it
would be practical to design for somewhere near the maximum usable
transmission.

2) For the contiguous combinations CD (Close Doublet) and CT (Close
Triplet) the quadrupoles become rather large. If further analysis tends
to favor one of these types, and if maximum transmission is desired, it
might be necessary t0 design with considerably higher gradients than the
5 kilogauss/inch assumed here. For example, reduction of the quadrupole
length by a factor of 2 would require an increase in gradient by a factor
of (2)2/3 ~1.59 (i.e., 8 kilogauss/inch). Water-cooled conductor
probably would be required.

3) On the basis of the low energy cutoff, it is evident that simul-
taneous transmission of high and low energy beams is incompatible with
maximum focusing strengths. One has several alternatives:

(a) Decrease the lens spacing [see Eq. (2-6)].

(b) Design for minimal focusing (e.g., admittance corresponding
to final energy < 10 Bev).

(c) Program experiments so that multiple-beam cperations are
cenfined to a fairly narrow energy band.

Alternative (a) is undesirable on account of expense and lens-alignment
problems. (Note that in any event regions of tapered spacing will be
required to match low energies into the regular-sector spacing; but this
should be confined to a range of not more than one or two sectors per
injector.) Some combination of alternatives (b) and (c) seems to be
indicated.

L) Finally, it should be clear that none of the above results is
sufficient criteria for final choice of one of the possible alternative
systems. Study of the lens alignment problems will be the next step in

formulating definite recommendations.
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