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I. INTRODUCTION

A. OBJECT AND SCOFE
The object of the present paper 1s the discussion of the focusing
requirements for the Stanford Two-Mile Linear Electron Accelerator under

certain ideal conditions. The following assumptions will be made:

(1) The beam is highly relativistic (energy > > mc®).
{(2) All transverse forces from the rf field are ignored; hence in
a region where no external focusing is provided, transverse
momentum is constant.
(3) The machine itself and all focusing elements are perfectly
aligned.
(4) No stray forces, such as uncompensated magnetic fields, sre
present.
Problems which specifically will be ignored are:
(1) Focusing in the injector.
(2) 1Initial focusing (up to 30 or 40 Mev) in the positron beam.
(3) Machine and quadrupole misalignment effects and toclerances.
{4) Possible residual effects of space-harmonic forces, coupler
asymmetries, and other inherent non-ideal conditions.
(5) Aberrations* or nonlinear effects and all effects involving
coupling between transverse and longitudinal coordinates.
Numerical examples will be used for illustrative purposes tut no
final design will be proposed because too many unknowns remain in the
machine layout. Instead, an attempt will be made to summarize informa-
tion and methods which will be useful in design of actual focusing
systems. Much of the material in the present paper also will be useful

in later discussions of the problems which are ignored here.

*

With the exception of chromatic aberration, which in effect is
treated in Section V in considering the energy bandwidth for the trans-
port of a positron beam.
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B. PHASE-SPACE ARGUMENTS

Within the limitations set forth, the purpose of the focusing sys-
tem will be the transmission of as much of the initial beam ag will be
useful at the end station.

A fundamental specification of the useful final beam is set by the
phase-space admittance* of the beam extraction system. It is expected
that the extraction system will be designed around a maximum angular
divergence of ~ (1 to 4) x 10 ° radian for a l-cm-diameter beam. On the
assumption that the phase space distribution is a uniformly filled right
ellipse {(Fig. 1),

- ___pmax

xmax

FIG. l1--Assumed initial phase space.

the implication is that the useful admittance of the machine is on the

order of

A =231 to ¥)xy x 1075 (mec-cm) (1)

*The terms admittance and emittance will be used in the sense of
Livingston and Blewett®, and will refer to the appropriate phase-plane
area for a typical transverse coordinate--e.g., the (x,p ) or (v,p )
phase planes. Liouville's Theorem tells us that for any €lement of y
transmitted phase-space, the phase-space density is preserved.
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where 7 1is the final energy in mc® units (longitudinal momentum in

units of me), or

18"

A=(1toh) 100

(me-cm) (1)

where V 18 final energy in Bev.

for a typical electron linear accelerator, the inherent. phase space

¥
in the machine might be on the order of
v = {0.01 to 0.02)x {(mc-cm) (1-2)

which at & final energy of 10 Bev is well within the above specification
of =~ {0.1 to 0.4)rn. Thus the focusing system should be designed to
transport the entire electron beam.

For a positron beam, on the other hand, the initial phase space may
be much larger. Using the approximate formulas guoted by Panofsky,3 the
effective values of x and p (Fig. 1) are on the order of C.4 cm

max ‘max
. *% \
and 33 mc, respectively™”; hence an initial phase space of

= 1 - I]_..
Vtotal 137 (me-cm) (1-3)
is available. The maximum worthwhile strength of focusing would be
determined by criterion Eq. (l) and the maximum percentage transmission,

proportional to total transverse phase space, would be roughly

admittance of system|® . 0.4\*
- = LOO% —_ =
emittance of source

13

100%

[}
i. <4
==

* B
For the electron linac injector for the DESY Synchrotron, the
figure is = 0.0llx mc-cm at 200 ma peak beam current.

* %
Assuming 2 tantalum target about one shower-maximum in thickness.



C. SUMMARY OF SFECIFICATIONS AND PARAMETERS

The bveam parameters may be sumed up in terms of the phase-space

speclfications:

(1)

(2)

(3)

(&)
Some

(1)

(2)

(3)

Final phase space:

hl - T( V -
AZ (1 to W) 156 (me-cm)
where V 1s final energy in Bev and A 1is the useful admit-
tance of the machine.

Initial phase space — electron beamn:

v - Z (0.01 to 0.02)x (me-cm)
e

Initial phase space — positron beam:
vt Z (0.1 to 0.4)x (mc-cm)

Initial energy: 30 to 40 Mev
pertinent machine parameters may be listed:
Accelerator aperture: disc hole diameter =~ 0.670 inch or
radius = a ~ 0.85 em. (This corresponds to the smallest
hole diameter which has been proposed as a possible design.)
Accelerating field: in units of mcg/e/cm, the electric field
seen by a synchronous electron is

a =~ 0.1(Stage I, 1.5 Mev/ft)

a =~ 0.2(Stage II, 3.0 Mev/ft)
Total length of machine: 10,000 ft.

I



II. TRANSMISSION OF THE ELECTRON BEAM

If we assume that the beam is injected into the machine with a phase-

space distribution of the sort illustrated by Fig. 1, then the problem is

the transmission of a phase-space area bounded by the ellipse

<
N
e
O wm

A
i

>bioi
T

= l
]
—

&
IS)
=

o~

X .0 )

where (x ,p ) arec the initial ~oordinates and D
o’ o om’ ~om

axes of the ellipse.
Under the assumption of no transverse forces, the transformat

a later point in the machine is?

b =Dy
po az
X =x + —log (1 + —
o Q 75

(2)

are the semi-

ion to

(3)

(assuming a constant accelerating field, «) where 2z 1s the longitudinal

distance. It will be convenient to adopt the notation

L= L log (l + QE>
a Y
, o}
In matrix representation,

[ x /J< £ \ /xq\
WAV AN
VO 3 Lo )
D \ “\,HO/

Wi

(4)

o~
o
~—r



gives

o 3

X 24& 2= L

—_— - — X o 2 — P =)

P x= 2P X~ oo /p1 ’
om om om om /

Is

sl oS
=]

FIG. 2--Transformed phase-space ellipse with z = 2 .

bt

For any ellipse of the generai form
N P g
o 2 ,
Ax® + Bxp + Cp® =1

the maximum value of x 1is given by

C

2
X< =
2

m
B
o

from which the maximum vaiue of x in Eq. (5) is
1

-6-

(6}

(7)



The maximum length of unfocused accelerator for which the trans-

mission is 100% is given by setting x equal to a:

im
\

a2 - x°

{»(max) =
1
Pom
or g (9)
75 ava® - xi
Z (max) = — | exp —_— -1

1 a p : /

Using the parameters of Section I, in particular 7y = 60 {~ 30 Mev),

x ,~05cm p = 0.04% mc, a = 0.85 cm, & = 0.1 (mc®/e/cm), we find

z (max) =~ 90 ft
1

7=, tom = 334 (171 Mev);

(=

thus at least one lens (solenoid or quadrupole multiplet) would be
needed within the first 90 feet after the injector.

The situation is somewhat more favorable if the initial phase space
is matched to the accelerator admittance. 1In Fig. 3, the parallelogram
indicates the maximum phase space which can be transmitted through a

length 2z, with a maximum beam radius of r

4

max.

/)

FIG. 3--Illustrating admittance and phase-space
matching in an unfocused accelerator.

-7 -



The inscribed ellipse represents the maximum matched beam phase space

which may be transmitted. This configuration could be attained, for

example, by letting the beam expand to the maximum desired diameter

within the injector, and then providing a lens at the end of the injector

to skew the distribution along the p-axis; the proper strength of the

lens would be determined by maximization of transmission.

Under these conditions (initial phase-space matching), the maximum

length of unfocused machine is given by

1 oz, T rrriax
£ =—1og |1+ = =
1
o
7o Po1 v

where v = “rmaxpoi is the phase space of the beam. Taking

0.8 em, @ = 0.1, and v = 0.02n(mc—cm), as in the previous numerical

example, we find

tt

{i(max) 36.1

7
zl(max) = &9 [exp(ofi) - 1] =~ 700 ft

~
1

7, + 2,@~ 2190 (1.1 Bev)

The phase space at 2, would be as shown in Fig. k.

max

FIG. 4--Phase space at z. under initial
phase-space matching conditions.

8-



This would be transformed back to the form of Fig. 3 by a thin con-
verging lens of strength

since the transformation for a thin lens is given by

- 7, /T 1 (12)

The maximum unfocused length after this lens would be given by

e
=4 =
v
where (13)
1 z, - 2,
2 ==log |1+
04
7, /o
In fact, the beam could be kept within the 1limit Ix‘.s Toax by a
successlon of lenses of strength
7 4
— =2 (14)
F F
n 1



and spaced by

\
’{)/ =’€/
n 1
where
. %n “n-1
L = —log |1+ > (15)
a 7/
or
7o
z_ = — [exp(nod,) - 1]
n
a
Continuing the above numerical example with r =2, a = 0.1(mc®/e/cm),

v = 0.02r, 7 = 2190, z = 700 ft, ve find

F ~ 1300 ft (at 1.1 Bev)
z,(max)~ 2.7 X 10* ft

Since this position 1s beyond the end of the machine, only one lens
after the injector is required in this case.

As a second example, suppose we wish to keep the beam radius to
< 0.5 cm. Taking as before 7y = 60, a = 0.1, v = 0.02x, we find in
this case

4 =12.5

1

The locations and focal lengths of the lenses are listed in Fig. 5.

n Z, Beam Energy Focal Length
1 kg ft 0.107 Bev 43 £t
2 222 0.37h 150
3 820 1.31 527
4 2,920 h.65 1,870
5 10,100 (not

needed)

FIG.5--Table of lens locations and focal lengths.

- 10 -



This example shows that in order to gain a modest reduction in
beam size, we need an appreciable number of lenses. There may be other
reasons for wanting focusing conslderably stronger than the minimal
requirement for electron transmission; for example, to allow for per-
turbing effects leading to non-conservatism of transverse phase space,
to increase the yleld in the positron beam, or to take advantage of the
beam-guiding properties of a focusing system. The use of periodic
strong focusing magnetic quadrupoles, of alternating sign and more or
less equal spacing, is the most efficient known method of providing such
focusing.

To facilitate the discussion of design parameters, some of the

properties of such systems will be summarized in the next section.

-11 -



*
III. PERIODIC STRONG-FOCUSING SYSTEMS

A. GENERAL PROPERTIES OF THE PERIODIC SYSTEM®
Consider a system in which the focusing elements repeat periodically
with a period A along the length. The transfer matrix for x and b,

between any pair of consecutive reference planes 1z, z + A is

\ .
*n #11 al2 *n-1
= (16)
\pn \a21 822 Pha
with the periodicity defined by
aij(z) = aij(z + A) (17)

The determinant of the matrix is unity. The transfer matrix for n

cascaded sections is

=

a
12

21 22 el

where

A (n) = cos no +
H 2 sin 6
sin né
%am)=auzﬂn9
(18)
sin n6
Ay (n) =2, sms
. |
(a - 322> sin né |
A (n) = cos no - 1
22 2 sin @

¥
The material in Sections III.A and III.B is mainly from Bell,
Reference 5.

- 12 -



and the parameter @ 1is defined by

cos 6 = %(all + a22) (19)

For such a system the function U, defined by

2 2 14 A\
= - a8 X - X a o]
U 51 + (éll agg) P + 12p 126

is invariant under any change in reference planes (not necessarily by an
integral number of periods). That is, an orbit whose phase space coordi-
nates initialily satisfy a given value of U will lie on a curve having
the same value of U at any reference plane further along in the system.
Equation (20) defines a family of ellipses in the (x,p) plane for

U = constant, provided that the parameter 9, defined by Eq. {(19), is

real (i.e., |a + a 'S 2). (8 also is invariant under a translation
—_— 11

22
of reference planes. )

The area enclosed by the ellipse, U = constant, is

nU
v _fdxdp = 5155 (21)
U

The curve, U = constant, may be saild to define a characteristic admittance

surface since any phase-space element within this curve at one reference
plane in the system will also be within it at any other reference plane.
The maximum amplitude of a given orbit may be found from the invari-

ance of U; it is

2 12U
. ke (
max . 2 (22)
sin® @

* . .
where 'algl is the maximum value of |a12(u)r

- 13 -



In a system of finite aperture, the maximum value of 'Ul is given

by setting Kooy = B

U = e (23)

where a 1is the radial aperture. Hence the admittance, or maximum trans-

mitted area of phase space is, by Egs. (21) and (23),

I wa® sin 6
A = /d_Xdp = —-T———- (QLL\;
6& &5

B. ADIABATIC VARIATION OF THE PARAMETERS®
Consider a system which is approximately periodic in the sense that

A and aij vary slowly with z; i.e.,

Mz + A) - Alz)
| Nz)

1

and (e5)

aij(z + A) - aij(z)

(z)

a,
1J

<1

For such a system, U is no longer invariant but the area enclosed by

V = — = — - a_ X" + {a - 8 Xp + a
sin @ sin 8 21 1L 22) p lZp |

i
(-

o~
ro
[G)N

p——

it

\
i
)
invariant under translation. J

- 14 -



The amplitude of a given orbit now is

*
A a12 vV dlE Vv
“max T TR S (27)
sin 6 n e
Hence the admittance of a system of constant aperture, a, is
sin 6
A = na " = (28)
12 J/min
*
NOTE: alp refers to the maximum within a period, while <éin Q/a;2>min

refers to the minimum over the whole length.
C. PROPERTIES OF A SYSTEM OF THIN-LENS ALTERNATING-GRADIENT QUADRUPOLES
A suitable strong-focusing system might consist of thin guadrupole
lenses of alternating sign, equally spaced with a separation of L =-§A.
The transfer matrix for a thin quadrupole in one of 1ifts two principal

planes of symmetry is

1 0
Q 1
where
)z
Q = — 4z (29)
ox
quad

The matrix in the other principal plane is the same except the sign of Q
is reversed. [B and @ are presumed to be measured in units of (mc® /e) /unit
length = 1703 gauss if lengths are in cm; momenta are in units of me. ]

The matrix for a drift space is



where

1

1 : aL
L = 3 log (l + ;—);

a = accelerating field (assumed constant) in the

same units as B and Q;

the initial energy in me® units

<
n

(7l >> 1 is assumed);

I, = distance between quadrupoles.

In the limit oL <<y, (negligible energy change),

2~ (30")

i iw

It will be interesting to consider two choices of the periodic

reference planes:
(1) at the center of a quadrupole, and
(2) at the center of a drift space.

1. cCase (1): Reference Planes at Centers of Quadrupoles

Tn this case the basic section is* as shown in Fig. 6.

[._)a_*}._&_d,{

FIG. 6--Basic section of thin-lens alternating-gradient quadrupole
system with reference planes at centers of quadrupoles.

¥
To make the system periodic in n it is assumed that
L « log(l + aLn/yn), rather than L, is constant. This is equivalent to

one of the "scaled" periodic systems discussed by Kyhl.®

- 16 -



The corresponding matrix is given by

o\ /1
i

4'&\ /1 o\ /1

1/ q 1]'(} 1\

I o1+ 1o Pv)\

_;Fngz,p /( 1 - Q P,) - 1 Q;_ R_;:j /.-‘

Applying the results quoted in Section ITILA, we have

It may be shown that Eq. (31)

Q 1is positive:

Hence

and

X2

1 - 30787

ol [T - 07

cos 8

i

sin 6

a¥ =28(1+%]alt)

1z

2U
Q* 2@ - lald)

max

Ut = 2780 - 3lqlt)e®

defines the maximum a12

(32)
(33)*

, provided that

(34)

*
The sign of sin 6 has been chosen to make the phase space area,

v [Bq. (21)], positive.



The phase-space admittance is
% “—"—l‘*w
U n 1 - 3ol
A = = —las? [ (37)
sin 6 2 1+ %'QL&

If the parameters vary adiabatically, the variation in amplitude of

any orbit is given, with the help of Eq. (27), by
1 [1+1ald
o<
max
IQI\/l - 1lalt

Note that 1f Q and 1, are held constant in a long machine, then

£ =2 100 (1 + giﬂ
04 1 i

\ v/

- 0 as Y > »

so that the beam size shrinks appreciably according to Eq. (38) (e.g., by
1
a factor of 3* = 1.3 if |q|f is initially unity). This effect may be

pictured as "smoothing out the jags" in the orbits.

2. Case (2): Reference Planes at Center of Drift Space

In this case the basic period is as shown in Fig. 7.

-Q

Q
-

+
2 - R

Nfr
Co

FIG. T--Basic period of thin-lens alternating-gradient
quadrupole system with reference planes the center
of drift space.

- 18 -



The transfer matrix turns out to be

b-eb-dflt 2dfi- 10212
(39)
- 2t 1+ b - kR

The parameter @ and the admittance area are of course the same as in

Case (1) above.

3. Circularly Symmetric System

The characteristic admittance ellipses, for the two examples given
above, are shown in Fig. 8 for the case of Ql = + 1. Note that both sys-
tems are quite unsymmetric with respect to the initially focusing and
initially defocusing (x and y) planes. However, the admittance of Case (2)
can be made circularly symmetric (i.e., equivalent in the x and y planes)

by preceding it by a "matching" quadrupole, QM, given by

q
- (40
n 2(1 - }écf%’,a) )

It turns out that the emittance also becomes circularly symmetric if the
section is followed by a quadrupole of value -QM. Thus a special case of
a circularly symmetric focusing section is as shown in Fig. 9.

The transfer matrix for this section is

1 - 3347 24 (1 - %QZ/&Z\)
2 14292 (41)
_Q&(l-&%) e
1a292 Lo 2h
2 (1-§Q4’,) /

The admittance area is the same as in Cases (1) and (2).



hr/lals)

— 1.0

initially defocusing

initially
focusing

ol
%/

A. Reference planes at center of quadrupoles
(Section III.C.1).

A r/Glale)

+ 19 initially focusing
"ecireularly symmetric"
(Section III.C.3)
—+ } o
-1.0 1o x/a

initially defocusing

B. Reference planes at center of drift space
(Section III.C.2).

FIG. 8--Admittance ellipses for equally-spaced quadrupoles for Q{,= 1.
- 20 -



-Q Q ~Qy

“
% +
/2 £ L/e

FIG. 9--Circularly symmetric focusing section.

If these sections are cascaded, the "matching" quadrupole disappears,
except at the beginning and end, so that N cascaded sections contain only
2N + 2 (not 4N) quadrupoles.

Tt will sometimes be convenient to deal with systems which are circu-
larly symmetric, and the present example is probably the simplest system

which has this property. In practice the approximation

(ko)

N
O

QM ~

usually will be adequate.

- 21 -



IV. CHOICE OF PARAMETERS
The properties of the periodic system (quadrupoles with approximately
equal spacing), discussed in Section III.C, are described by the two

parameters Q and 4. It will be convenient first to choose the product,

Qf.

A. CHOICE oF of

*
The requirement that the parameter 6 be real imposes the restriction

-~

-1%cos 6<1
Thus, by Eq. (32),
lalt <2 (42)

From the definition of 4 in Eq. (30)

1 aL
%_&mg (1+—7)

it will be seen that the condition of Eq. (42) defines a low-energy cutoff
for a system of given o, Q, and L.

In order to choose Q{, more definitely, we might want to minimize
either the number of quadrupoles or the amount of quadrupole power. For

a given phase-space admittance, Eq. (37) gives

1
11 [1+ %Q)t)\2
No. of quadrupoles « — «

t o falt i1 - 3leld

For quadrupoles of a given design,

Q2 AR %]QHLP/E
Quadrupole power « — «

£ it |1 - 2lejt

*Ef @ is imaginary, the orbits will diverge; the admittance approaches
zero as |Q|£,-a2 and becomes imeginary for [q|4 > 2.

- 22 -



Minimization of the first function gives, for minimum number of

quadrupoles,

——

{Qﬂzw—lsl.z%

The second function gives, for minimum quadrupole power,

|Q|£ = \/E - 3 = 0.605

Thus if the design were to be based entirely on economy, the choice

of |qlf would probably fall within the range
0.6 € |q|L< 1.236
and a reasonable choice would be
aft ~ 2

which may be called the "x/3 mode" because it gives

N =

cos @ =

In practice it is likely that some maximum spacing such as L = L0 ft
will be chosen and the above consideration will be important mainly at

the low-energy end.

B. CHOICE OF QUADRUPOLE STRENGTH
Referring to Eq. (37), and assuming that IQI{, has been chosen at

least approximately, we have

8] - - [—r (43)

The radical in the expression varies from unity in the close-spacing
limit ({,—>O), to 2.06 in the case of minimum number of quadrupoles
(‘Qfﬂ = Q%~- 1), with a typical value of VE‘ in the ﬂ/3—mode case.
Equation (43) specifies fQ] in terms of the admittance once 'Q[{, has been

chosen.



C. QUADRUPOLE SPACING.

It has been proposed that provision be made for small-aperture
(¢ 1-inch-diameter) quadrupoles at fixed spacing along the machine. This
spacing at present* has been set tentatively at 4O ft or four accelerator
sections, on the basis of considerations other than focusing and outside
the scope of the present paper.

In regions of the machine where low energies may be present, such
as near injectors and position converters, it may be necessary to de-
crease the spacing in order to avoid the low-energy cutoff (Section IV.A).
This will call for a number of special guadrupoles of large aperture
(large enough to clear the accelerator cooling jacket of ~ 6 inches diam-
eter).

To minimize the number of special quadrupoles, the most obvious
procedure is to keep the parameters |Q) and £ constant (i.e., strictly
periodic system) so that the actual spacing I will increase exponentially
in accordance with Eq. (30), until the L4O-foot (fixed) spacing is reached.

The coordinate, Z.> of the n-th quadrupole, is given for the system of

Section III.C.1 (reference plane at center of quadrupole) by

nod l}, n=o0,1, .... (4L)

7o
z, = 2, + — {e
a

where z,, 7, are the coordinate and energy at the initial reference

plane; the spacing is

7 ( o,
L =2z -z =-—le
n n+2i n 101

- l}em%& (45)

For the systems of Sections III.C.2 and III.C.3 (reference plane at

center of drift space), the corresponding expressions are

7o [ _(n-1)od
O n o
Zn=ZO+—O-f—[e 2 —l],n:l, 2y (u6l\

*
August, 1962.
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and

= zg~(e0£'- l)e(n—%>a£

(!
(T
T )

L

Assuming that a transition from tapered (constant KJ spacing to
fixed (constant L) spacing is made, guadrupole strength could be in-
creased slowly as a function of length beyond the transition. The cri-
terion in the case of minimum number of guadrupoles per unit length would

be

lolt 2 1.236
or
lol < lL%%QZ-(mcg/e/cm) (48)
where L is in em, or
lQl ’5(%0)5& (kilogauss) (u81)

where L dis in feet and V 1s beam energy in Bev. The orbit amplitudes
L

then would shrink as (]Ql) 2, in accordance with Fq. (38). Even if |qQl

wore not increased, Eq. (38) shows that the orbit amplitudes would de-

1
1+ 3fa|th
crease by a factor of =~ |————| =~ 1.43 (forlqlf, = 1.236) as
1 - 4191t ‘
s 19l
%-I-JHO.
According to Eq. (MBW, the maximum usable guadrupole strength at
a L0-foot spacing would be = 50,000 gauss at 15 Bev, but cther consider-

ations probably will impose a considerably lower practical 1imit on the

strength.
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V. NUMERICAL EXAMPLE: POSITRON BEAM

For purposes of illustration, the positron beam situation is assumed
to be as illustrated by Fig. 10.

converter

- focusing solenoids
e  beam

\ fe—— 30 ft
. S | | 1

| I r

small aperture gaps at LO-ft intervals

FIG. 10--Assumed layout for positron beam.

The first accelerator section beyond the converter is assumed to
operate at a = 0.2 mc®/e/em (3 Mev/ft); all succeeding sections are
assumed to operate at « = 0.1 (1.5 Mev/ft). Hence the energy at the
beginning of the quadrupole system (assuming positrons produced at
~ 7.5 Mev) and accelerated through the first section, will be

a = 15 + 60 = 75 me=

The design of the solenoid shown in Fig. 10 will not be considered
here. Its function will be to transform the emittance of the converter
in such a way that the admittance of the gquadrupole system is filled with
a uniform density of positrons. (It may turn out that the region labeled
"solenoids" will consist partly of quadrupoles.)

Since a solenoid 1s essentially circularly symmetric, the quadrupole
system of Section III.C.3 will be appropriate.
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It will be reasonable to choose
Il =V5 - 1 =1.236

since, as was shown in Sectlon IV.A, this gives minimum number of quadru-
poles for given admittance (hence maximum admittance for a given number of

quadrupoles).

If we now specify the admittance, then |Q| 1is determined by Eq. (43).
A reasonable admittance is

Afxt ~ 0.1 mc-cm

corresponding to an angular divergence of =~ # 10"  radian in a
l-cm-diameter beam at 10 Bev. Taking the effective accelerator aperture

as a = 0.85 cm (0.670-inch-diameter), Eq. (43) gives

IQI > 0.57 mc®/e/em = 970 gauss

Hence
£ =1.236/a] <2.17
The problem now is to specify a number of quadrupoles, N, such that

LN ~ 40 ft

and Zy ~ %o has one of the values 30 ft, 70 ft, 110 ft, 150 ft,
i.e., the initial 30 feet plus an integral multiple of the fixed spacing,
Lo feet (see Fig. 10). To this end, Eqs. (46) and (47) can be solved for

4 and N, giving

<5
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and

N =

P

+(%-£log l+——N—7—-——-
Y/

Trial of the various permissible values of zN gives:

Zy = %o 1 N

110 ft. 2.70 6.8
150 2.064 10.0
190 1.71 13.2.

The best choice of an integral value of N which gives, £ < 2.17 1is

N =10, 2y -z =150 ft

The design value of 4, finally, is 2.06kL.
The strength of the quadrupole is

Q] = 1.236/4 = 0.599 mc2/e/cm = 1020 gauss

and the "matching" quadrupole, Qy» by Eq. (L0) is

Q
lQMl B ,J 2pay 0.619 lQl = 632 gauss
2(1 - L o®®)

The phase-space admlttance is
A/x = 0.105 mc-cm

The quadrupole positions are shown in Fig. 11 and tabulated in
Fig. 12.

Note that the position of Qll differs from the constant-f design
by only 0.1 foot out of LO feet if constant spacing is instituted after

Ql . Hence the transition should go without serious phase-space mismatch.
o}
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Uy

converter
& G Q Q5 Q Qg Qg Q, Qg Q o
ﬂ rl. ﬂ } n nx |n 1 l lr] L nn f ]
- —f—t——10 n— 0 .
solenoids
«—— L0O ft nom «— ——wfe——— Lo ft Lo £t 4O ft ——a — - ———

PIG. 11--Possible layout of special (large—aperture) quadrupoles
following a positron converter. Ten special quadrupoles

Qe

are required, counting the matching quadrupole

jass



n Position |feet from Qlﬂ) Strength (gauss)
- 0 632
1 .68 1020
2 .9 1020
3 16.6 1020
b 26.1 1020
5 37.3 1020
6 51.9 1020
T 69.4 1020
8 91.1 1020
9 117.6 1020
10 150.0 1020
11 190.0 (190. 1)* 1020

*190.1 ft would be the position of Q,, for 1 = constant.
It is assumed that the 40O-foot spacing is maintained after QJ .
0

FIG. 12--lLayout of special quadrupoles for positron beam.
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Energy bandwidth: 1In a positron converter of the type assumed here,

the main positron yileld probably will be in a range of = 4 to 16 Mev, so
that the 1mportant range of initial energies in the present system would
be ~ 68 2 7s Z 90. The criterion 4 = constant in the tapered region
can be true only at the design energy. TFor higher energies, the initial
value of 4 is smaller than necesgsary; the admittance area is determined
by the parameters at large distance and therefore i1s essentially the same
as for the design energy.

For energles lower than the design energy, the initial value of L
is too large so that the admittance 1s determined by the initial parameters.

Assuming that adiabatic theory applies, we have [from Eq. (46)]

2 .
/&O%alog 1+W
Using the parameters of the above example and taking 7 ~ 63, we find

£ ~z2.27

o}

Afx =~ 0.09% mc-cm

and the transmission, proportional to A2, 1s down by a factor of
(0.094/0.105)% = 0.80 from the design energy. Hence even at the low
energy end of the positron band, the loss in transmission is not serilous
provided that the "solenoid" does an adequate job of phase-space matching.
The characteristic admittance ellipses [plot of Egq. (26) with v = A]
for 7y = 68 and 75 are shown in Fig. 13.
Several concluding remarks may be made about the above example:
(1) 1t is based on Stage I (1.5 Mev/ft) but would be somewhat
overdesigned for Stage II (3.0 Mev/ft) ~~ the admittance
would be increased by the higher field by about 5%, the
transmission by about 10%.
(2) On the other hand, lower accelerating fields or loss of one or

more klystrons in the critical region would decrease the

transmission.
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7, = 19 (design energy)

[

4-1.0

FIG. 13--Admittance of the system described in Section V
for different initial energies. The curve for
¥y = 90, not shown, very nearly coincides with

tge one for 1y, = 75.
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(3)

(1)

(5)

In a design with larger admittance, the number of special quadru-
poles would increase essentially linearly with A, as would the
length of machine used by the tapered region; however, the
transmission goes as Ag, so somewhat more expense might be
justified. With A/x = 0.4 mc-cm, which is about the maximum
admittance of the beam extraction system, we would have

Q ~ 4000 gauss, number of special quadrupoles = L2, length of
machine with special quadrupoles =~ 650 f+t.

Similar solutions, suitable for matching the electron beam from
an inJjector into the constant-quadrupole-spacing, are readily
found. ©Since the phase space 1is considerably smaller in this
case, fewer special quadrupoles (on the order of 2 or 3) are
required.

Situations in which the beam is not circularly symmetric can be

handled with a little more effort.
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VI. PRELIMINARY DESIGN OF THE QUADRUPOLES

The quadrupole design may be worked out roughly on the basis of the

criteria given by Brown7; coll cross-sectional area per pole

inches) and d > Wb where

b = radial aperture in inches
d = quadrupole length in inches
lq| = quadrupole strength in gauss

= lELEl— (square

2
500 4

This presumes a current density of = 500 amperes per square inch

of total winding, for solid conductor without water cooling.

In addition, the average field across any section of the iron should

not exceed 5000 to 6000 gauss, to avoid saturation effects.

A reasonable design value of IQI would appear to be = 5000 gauss,

corresponding to an admittance of ~ O.kyx which has been assumed (Section I)

to be about the maximum phase-space acceptance of the beam extraction

system.

We are interested in two designs, a large-aperture (2b ~ 6 inches)

"special® quadrupole and a small-aperture (2b = 1.5 inches) "standard”

quadrupole.

A. SPECIAL QUADRUPOLE

Typical specifications are:

Maximum strength: 5000 gauss
Coil area: 8 to 10 sq. in. per pole
Length: 12 inches

Maximum flux density {?n air: 2500 gauss

in iron: 5000 gauss
Maximum gradient: 500 gauss/inch

Weight: 300 to 40O 1b.

Number required: 10 to 50

Maximum power: 500 watts per quadrupole

Maximum outside diameter: < 18 inches
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B. STANDARD QUADRUPOLE

Typical specifications are:

Maximum strength: 5000 gauss
Coil area: 2 sqg. in. per pole

ILength: 3 inches

Maximum flux density'&;z ?ig;:
Gradient: < 2000 gauss/inch
Weight: 20 to 50 1b.

Number required: 240 (nominal)

2500 gauss
5000 gauss

Maximum power: < 100 watts per quadrupole

Maximum outside diameter: < 10 inches

Reasonable care should be taken to insure aberration-free design.

NOTE: It should be emphasized that these numbers are highly preliminary

and are included merely to give a feel for the physical sizes of the

magnets.
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VII., SUMMARY AND CONCLUSIONS

The main conclusions of the present report may be summed up briefly:

(1) Transmission of the electron beam from the end of the injector to
the end of the machine could be accomplished with something like one to

three lenses (e.g., quadrupole doublets) of moderate strength.

(2) There are a number of reasons for wanting focusing somewhat
stronger than the minimal requirement for electron transmission; for
example, to reduce the beam size, to allow for possible non-conservation
of transverse phase space, to take advantage of the beam-guiding
properties of strong focusing, or to increase the yield in the positron
beam. The number of focusing elements then becomes appreciable and

the system takes on the properties of pericdic focusing. Alternating

gradient quadrupole focusing is the obvious expedient.

(3) The phase-space admittance, fdxdpx, for an alternating gradient
quadrupole system is proportional to the quadrupole strength, |Q,.

For admittances of the order of (0.1 to O.4)x mc-cm corresponding to
a beam diameter of one cm and angular divergence of *(1 to M) X 1075
at 10 Bev, the gquadrupole strength comes out to be about 1000 to 4000

gauss.

(4) Because of the low energy cutoff in a periodic system, the spacing
of the quadrupoles must be closest where low beam energies are present.
In regions following injectors and positron converters, the spacing
generally will be less than the nominal 40 feet allowed for small-
aperture quadrupoles; hence some "special" or large-aperture

quadrupoles will be required.

(5) 1In a hypothetical positron-beam situation it is found, for
example, that about 10 special quadrupoles are required to conduct the
beam from the 38 Mev point up to the beginning of 40-foot spacing
(the desired admittance is taken as =~ O.lx mc-cm). The number of

special quadrupoles is essentially proportional to the design admittance.

(6) A typical "special" quadrupole for 5000 gauss strength is found

to be about 16 to 18 inches maximum outside diameter; 12 inches in
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length; weight 40O to 500 1lbs; power requirement about 500 watts; number
required, about 10 to 50.

(7) A typical "standard" quadrupole for 5000 gauss strength might be
on the order of 6 to 8 inches maximum outside diameter; 3 inches long;
weight < 50 lbs; power requirement < 100 watts; number regquired, 240

(nominal 40-foot spacing).

(8) All the above numbers are based only on focusing requirements.
Other considerations may eventually change the size and number of

quadrupoles somewhat.
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