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ABSTRACT

Exclusive processes provide a window into the bound state structure of hadrons in
QCD as well as the fundamental processes which control hadron dynamics at the am-
plitude level. The natural calculus for describing bound state structure of relativistic
composite systems needed for describing exclusive amplitudes is the light-cone Fock
expansion which encodes the multi-quark, gluonic, and color correlations of a hadron
in terms of frame-independent wavefunctions. In hard exclusive processes in which
hadrons receive a large momentum transfer, perturbative QCD leads to factorization
theorems which separate the physics of bound state structure from that of the rele-
vant quark and gluonic hard-scattering reactions which underlie these reactions. At
leading twist, the bound state physics is encoded in terms of universal \distribution
amplitudes," the fundamental theoretical quantities which describe the valence quark
substructure of hadrons as well as nuclei. The combination of discretized light-cone
quantization and transverse lattice methods are now providing nonperturbative pre-
dictions for the pion distribution amplitude. A basic feature of the gauge theory
formalism is \color transparency," the absence of initial and �nal state interactions
of rapidly-moving compact color-singlet states. Other applications of the factoriza-
tion formalism are briey discussed, including semileptonic B decays, deeply virtual
Compton scattering, and dynamical higher twist e�ects in inclusive reactions. A new
type of jet production reaction, \self-resolving di�ractive interactions" provide em-
pirical constraints on the light-cone wavefunctions of hadrons in terms of their quark
and gluon degrees of freedom as well as the composition of nuclei in terms of their
nucleon and mesonic degrees of freedom.

1 Introduction and Overview

Exclusive processes, as de�ned by Feynman,[1] are scattering reactions in which the
kinematics of all initial and �nal state particles are speci�ed. Hadronic exclusive pro-
cesses present an extraordinary challenge to theoretical analysis in quantum chromo-
dynamics. Virtually all the complexities of perturbative and non-perturbative QCD
are relevant to exclusive reactions, from con�nement and chiral symmetry breaking at
low momentum transfers, to the dynamics of quarks and gluons at high momentum
transfers. A complete description of exclusive amplitudes must deal with all of the
complexities of the non-perturbative structure of hadrons|not just the single-particle
avor, momentum, and helicity distributions of the quark constituents familiar from
inclusive reactions|but also multi-quark, gluonic, hidden-color correlations, and the
phase structure intrinsic to hadronic and nuclear wavefunctions.

Exclusive hadronic reactions range from the space-like and time-like form fac-
tors measured in electron-hadron scattering and electron-positron annihilation, to
hadronic scattering reactions such as proton-proton scattering, pion photoproduction,
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and di�ractive vector meson electroproduction. Exclusive amplitudes also govern the
decay of heavy hadrons and quarkonia into a speci�c �nal states. One of the most
pressing goals is to understand the QCD physics of exclusive B-meson decays at the
amplitude level, since the interpretation of the basic parameters of electroweak theory
and CP violation depend on hadronic dynamics and phase structure.

Exclusive processes are particularly challenging to compute in QCD because of
their sensitivity to the unknown non-perturbative bound state dynamics of the hadrons.
However, in some important cases, the leading power-law behavior of an exclusive am-
plitude at large momentum transfer can be computed rigorously via a factorization
theorem which separates the soft and hard dynamics. The key ingredient is the fac-
torization of the hadronic amplitude at leading twist. As in the case of inclusive
reactions, factorization theorems for exclusive processes allow the analytic separation
of the perturbatively-calculable short-distance contributions from the long-distance
non-perturbative dynamics associated with hadronic binding.

Other important examples of exclusive processes which are particularly relevant
to QCD analyses are the transition form factor F�0 measured in e ! e�0e in which
only a single hadron appears, two-photon reactions such as  ! �+��, virtual
Compton scattering �p ! p, elastic scattering reactions such as K+p ! K+p,
photoproduction reactions such as p! ���++, quarkonium decay, hard di�ractive
reactions such as �p! �0p and nuclear reactions such as deuteron photodisintegra-
tion d! pn.

The main focus of this introductory review will be on the fundamental quark
and gluon processes and hadron wavefunctions which control hadron dynamics at
the amplitude level. Despite much progress, the subject is still in its infancy, and
many important problems, controversies, and puzzles remain unresolved. A number
of excellent specialized reviews of exclusive processes in QCD are available which can
provide further technical details and additional references. [2, 3, 4, 5, 6, 7]

Compton scattering on a proton, p! p, the elastic scattering of a real photon
on a proton is a primary example of an exclusive amplitude. Covariance and discrete
symmetries reduce the number of helicity amplitudes M� ;�p;�0 ;�p0

(p ! 0p0) to

6 analytic functions FI(s; t); (I = 1; : : : 6) of the invariants s = (k + p)2 and t =
(p � p0)2. These amplitudes, by s ! t crossing, also describe pair production in
photon-photon collisions  ! pp as well as pair annihilation pp! . The challenge
is to compute the scattering of the proton by photons starting from a basis where the
fundamental carriers of the electromagnetic current are con�ned quarks. Furthermore,
in a relativistic quantum �eld theory, a bound state has uctuations of arbitrary
number or quanta. A comprehensive review of real and virtual Compton scattering
has recently been given by Vanderhaeghen.[7] The analytic behavior of the Compton
amplitude is constrained by general considerations: see Fig. 1.

(1) The low energy theorem[8, 9] for forward Compton scattering normalizes the
proton and photon helicity-conserving amplitude at threshold s = M2 and t = 0 to
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Figure 1: Domains of exclusive amplitudes in QCD.

the total charged squared of the target proton. Similarly, the helicity-ip amplitude
at threshold is normalized to the square of the proton's anomalous magnetic moment.
The explicit demonstration of these facts for the case of a composite target is highly
non-trivial: there is a remarkable cancelation of the terms proportional to the sum of
quark charges squared from photons scattering on the constituents with contributions
involving the proton intermediate state.[10]

(2) The optical theorem relates the imaginary (absorptive) part of the forward
photon and proton helicity-conserving Compton amplitude to the total photoabsorp-
tion cross section. Given the total cross section, one can use dispersion relations to
derive the s dependence of the entire forward Compton amplitude. Thus all of the
complexities of photoabsorption cross section are implicitly contained in the exclusive
amplitude. These include multiple scattering Glauber/Gribov processes, which in the
case of a nuclear target, lead to shadowing and anti-shadowing on a nuclear target.

(3) The Regge limit: At �xed t with s � �t, the analytic form of any 2 ! 2
exclusive scattering amplitude is characterized by a sum of Regge terms,

M(s; t) =
X
R

�R(t)s
�R(t)S[�(t)] (1)

where

S(�) =
1� e�i��(t)

sin��(t)

is the signature factor determined by s ! u crossing and unitarity. The Compton
amplitude is described in Regge theory by even signature C = + Regge poles and
cuts including the Pomeron. At small t, the exchange of a virtual �0 through its
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anomalous �0 !  coupling can also enter. At large t the Pomeron can be cal-
culated in the BFKL formalism [11] which sums multi-gluon exchange. In addition,
both photons can interact locally on the same quark line leading to a �xed Regge con-
tribution at �R = 0, the \J = 0 �xed pole" contribution,[12, 13] thus distinguishing
proton processes from the corresponding processes involving vector mesons. Cross-
ing and Regge theory at t > �s from the cross-channel baryonic Reggeon exchange
trajectories provide further constraints.

(4) The Chiral Correspondence Principle: At long wavelengths where hadron sub-
structure cannot be resolved, QCD must reduce to a dual e�ective theory of hadrons,
such as the chiral Lagrangian.[14] This duality between the quark and gluon degrees
of freedom in the propagators of local color-singlet operators is the basis of the QCD
sum rules. [15, 16] In addition, soft exclusive amplitudes must match to the ampli-
tudes calculated in the chiral theories. Since baryons enter as solitons, as described
in the Skyrme model, the annihilation process pp !  at small relative veloci-
ties should can be described in terms of Skyrmion { anti-Skyrmion annihilation. [17]
Conversely, the production process  ! pp amplitude corresponds to Skyrmion
{ anti-Skyrmion formation. This duality constraint has profound consequences for
the analytic behavior of the proton Compton amplitude since the soliton picture of
pp annihilation implies the existence of an important scale in the proton Compton
amplitude at t � 4M2

p . [18]
(5) Asymptotic High Momentum Transfer Constraints: Although the physics of

the Compton amplitude for general kinematics is extraordinarily complicated, per-
turbative QCD provides a simple guide to the physics of the Compton process at
large momentum transfer. The physical picture is as follows: the valence quarks
in a hadron wavefunction are dominated by kinematic con�gurations in which its
constituent quark have small relative momenta hk2?i ' 300 MeV2: Thus at high
momentum transfer �t; u � hk2?i with �xed t=s or center-of-mass angle, one ex-
pects that proton Compton scattering should be driven by the perturbative process
(qqq)! 0(qqq)0 where the valence quarks scatter from a direction roughly collinear
with the initial proton to that of the �nal proton. Since the coupling is dimension-
less, such a tree amplitude falls nominally as 1=t2: Furthermore since quark helicity
is conserved at high energy in QCD, and the dominant valence quark wavefunctions
have Lz = 0, proton helicity �p = �p0 should be conserved.

Since the coupling is dimensionless, simple power-law scaling [19, 20, 21] implies
that the proton helicity-conserving Compton amplitude will have the nominal fall-
o� f(t=s)=t2. Wavefunction con�gurations with more than the minimum number of
constituents are power-law suppressed since more hard interactions are required. The
corresponding �xed-cm-angle cross section is thus predicted to fall as

d�=dt(p! p) / jf(t=s)j2
s2t4

:

This prediction is consistent with the scaling of the large angle Compton scattering
data [22]: s6d�=dt(p ! p) � const at 4 < s < 12 GeV2. As seen in Fig. 2, the
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experimental data for Compton scattering indicates consistency with s6d�=dt scaling
at momentum transfers as small as a few GeV. In fact, the angular dependence of the
data appears to have universal angular function when the di�erential cross section is
scaled by the nominal s6 power.
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Figure 2: Scaling of proton Compton scattering at �xed �cm. The data and from
Shupe et al. [22]

Asymptotic freedom implies that the magnitude of the e�ective coupling �s(q
2) of

the exchanged gluons which carry the large momentum transfer is suÆciently small
that a perturbative analysis of the underlying hard scattering amplitude TH((qqq)!
0(qqq)0) is meaningful. The nominal power-law fall o� given by dimensional counting
will then be modi�ed by the dependence in the running coupling associated with the
two hard gluon exchanges as well as additional logarithms arising from the evolution
of the proton wavefunction. The crossed channel processes can be obtained by simple
s! t crossing.

The asymptotic predictions obtained from perturbative QCD also imply important
analytic constraints on the form of the Compton amplitude.[23] For example, if Regge
theory is to be consistent with the power fall-o� predictions of perturbative QCD,
then the Reggeon powers �R(t) must asymptote at large �t to negative integers:
lim�t!1 �R(t) = 0;�1. Similarly, the Regge coeÆcient functions �R(t) must have
power-law fall-o�.

The hard scattering physical picture outlined above for the proton Compton am-
plitude is the basis for a general formalism for analyzing the behavior of hard exclusive
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processes in which some or all of the interacting particles receive a high momentum
transfer. In fact in many cases, factorization theorems can be derived which at lead-
ing power in the momentum transfer Q allow one to write the full hadron amplitude
as the convolution of the amplitude TH for the hard scattering of the valence quarks,
collinear up to the scale ~Q, with the hadron distribution amplitudes �(xi; ~Q) repre-
senting each of the hadron receiving a hard momentum. [24]

In this introductory review, I will outline many of the developments in the appli-
cation of QCD to exclusive processes. Many technical details will not be given here,
but are available in the original papers. An essential tool will be light-front (light-
cone) quantization which provides a frame-independent representation of relativistic
bound state wavefunctions in quantum �eld theory. The quantization procedure and
rules of calculation in light-cone time-ordered perturbation theory are outlined in
the Appendix. The general framework for the applications to QCD are illustrated
schematically in Figs. 3 and 4. In each of the illustrated processes, one sees a
factorization of the hadronic physics in terms of the light-cone Fock wavefunctions
convoluted with perturbatively-calculable hard scattering amplitudes.

The natural calculus for describing bound state structure of relativistic composite
systems in quantum �eld theory is the light-cone Fock expansion. The light-cone Fock
wavefunctions  n=H(xi; ~k?i; �i) thus interpolate between the hadron H and its quark
and gluon degrees of freedom. The light-cone momentum fractions of the constituents,
xi = k+i =P

+ with
Pn

i=1 xi = 1; and the transverse momenta ~k?i with
Pn

i=1
~k?i = ~0?

appear as the momentum coordinates of the light-cone Fock wavefunctions. A crucial
feature is the frame-independence of the light-cone wavefunctions. The xi and ~k?i are
relative coordinates independent of the hadron's momentum P �. The actual physical
transverse momenta are ~p?i = xi ~P? + ~k?i: The light-cone Fock representation is an
extraordinarily useful tool for representing hadrons in terms of their quark and gluon
degrees of freedom. It also provides exact representation of the electromagnetic form
factors and other local matrix elements at all momentum transfer. I will also review
this formalism in the following sections.

The principles of factorization of soft and hard dynamics have been recently ex-
tended in a number of other directions:

(1) The deeply virtual Compton amplitude �p ! p has emerged as one of
the most important exclusive QCD reactions.[25, 26, 27, 28] The process factorizes
into a hard amplitude representing Compton scattering on the quark times skewed
parton distributions. The resulting skewed parton form factors can be represented as
diagonal and o�-diagonal convolutions of light-cone wavefunctions, as in semileptonic
B decay.[29] New sum rules can be constructed which correspond to gravitons coupling
to the quarks of the proton. [25]

(2) The hard di�raction of vector mesons �p! V 0p at high Q2 and high energies
for longitudinally polarized vector mesons factorizes into a skewed parton distribution
times the hard scale �g ! gV 0 amplitude, where the physics of the vector meson is
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Figure 3: Representation of QCD hadronic processes in the light-cone Fock expan-
sion. (a) The valence uud and uudg contributions to the light-cone Fock expansion
for the proton. (b) The distribution amplitude �(x;Q) of a meson expressed as an
integral over its valence light-cone wavefunction restricted to qq invariant mass less
than Q. (c) Representation of deep inelastic scattering and the quark distributions
q(x;Q) as probabilistic measures of the light-cone Fock wavefunctions. The sum is
over the Fock states with invariant mass less than Q. (d) Exact representation of
spacelike form factors of the proton in the light-cone Fock basis. The sum is over
all Fock components. At large momentum transfer the leading twist contribution
factorizes as the product of the hard scattering amplitude TH for the scattering of the
valence quarks collinear with the initial to �nal direction convoluted with the proton
distribution amplitude. (e) Leading-twist factorization of the Compton amplitude at
large momentum transfer.
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contained in its distribution amplitude. [30, 31, 32] The data appears consistent with
the s; t and Q2 dependence predicted by theory. Ratios of these processes for di�erent
mesons are sensitive to the ratio of 1=x moments of the V 0 distribution amplitudes.

(3) The two-photon annihilation process � ! hadrons, which is measurable in
single-tagged e+e� ! e+e�hadrons events provides a semi-local probe of even charge
conjugation C =+ hadron systems �0; �0; �0; �c; �+��, etc. The perturbative QCD
calculation of the simplest channel, � ! �0, will be discussed in the next section.
The � ! �+�� hadron pair process is related to virtual Compton scattering on
a pion target by crossing. Hadron pair production is of particular interest since the
leading twist amplitude is sensitive to the 1=x � 1=(1 � x) moment of the two-pion
distribution amplitude coupled to two valence quarks. [31, 33]

2 Calculations of Exclusive Processes in QCD

2.1 The Photon-to-Pion Transition Form Factor

The simplest illustration of an exclusive reaction in QCD is the evaluation of the
photon-to-pion transition form factor F!�(Q

2) since only one hadron is involved.
The transition form factor is measurable in single-tagged two-photon ee ! ee�0

reactions. The form factor is de�ned via the invariant amplitude

�� = �ie2F�(Q2)�����p�� ��q� : (2)

The lowest order contribution is shown in Fig. 5. It is convenient to choose a
frame where the virtual photon has zero q+: q = (q+; q�; q?) = (0; 2p � q=p+); p =
(p+; p�; p?) = (p+;M2=p+; 0?) with q2? = Q2 = �q2.

We can readily compute the � ! �0 amplitude in light-cone time-ordered per-
turbation theory using the rules given in the Appendix. The central input will be the
two-particle irreducible light-wave Fock state amplitude:

 (x; k?) = F:T:
D
0jT (z=2) (�z=2)j�

E
jz+=0 : (3)

which sums all of the nonperturbative physics associated with the pion. The denom-
inator in Fig. 5(b) associated with the fermion propagator between the two photons
is proportional to (k? + x1q?)2. As in inclusive reactions, one must specify a factor-
ization scheme which divides the integration regions of the loop integrals into hard
and soft momenta, less or more than the resolution scale ~Q. At large Q2 one then
�nds [34, 35, 24] (x1 + x2 = 1)

F�(Q
2) =

2
q
(Nc)(e

2
u � e2d)

Q2

Z 1

0

dx

x1x2

Z k2
?

< ~Q2
d2k?
16�2

 (x; k?) (4)

where the factorization scale separating the soft and hard domains of integration in
the wavefunction is ~Q = (mini=1;2 xi)Q:
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The crucial non-perturbative input is the pion distribution amplitude, �(x; ~Q), the
integral over transverse momenta of the renormalized hadron valence wavefunction in
the light-cone gauge at �xed light-cone time:[34, 35, 24]

�(x; ~Q) =
Z
d2 ~k? �

0@ ~Q2 �
~k?

2

x(1� x)

1A ( ~Q)(x; ~k?): (5)

The fact that a meson has a �nite non-zero probability to contain exactly two quark
constituents is possible because it is a color singlet. In contrast, the probability for
an electron to exist as a single bare fermion in QED is exponentially suppressed by
the infrared divergence of the virtual radiative corrections.

The pion distribution amplitude can be de�ned formally as the gauge invariant
Bethe-Salpeter wavefunction evaluated at equal light-cone time:

��(x;Q) =

P+
�

Z
dz�

4�
exp(ixP+

� z
�=2)

*
0j (0)P +5

2
p
2NC

 (z)�

+(Q)

jz+=z
?
=0;

where

P = P exp
�Z 1

0
ds ig A(sz) � z

�
(6)

is the \string operator" which becomes unity in light-cone gauge A �z = A+z�=2 = 0:
The physical pion form factor must be independent of the separation scale ~Q: In the
light-cone Fock representation, a natural variable in which to make this separation is

the light-cone energy, or equivalently the invariant mass M2 = ~k?
2
=x(1� x), of the

o�-shell partonic system.[36, 34, 35, 24] Any residual dependence on the choice of ~Q
for the distribution amplitude will be compensated by a corresponding dependence
of the NLO correction in TH :

The higher-order QCD radiative corrections entering the transition form factor can
be organized in the following way: First consider the loop integration `?; y associated
with gluons which attach to the exchanged fermion. For the ultraviolet region `? > ~Q,
the vertex and self-energy insertions lead to a fermion line renormalization factor.
For `? < ~Q, one obtains either higher corrections in �s( ~Q

2) to the qq + � ! 

amplitude or in the case where the gluon interrupts the hot line, power-law suppressed
contributions. It is crucial to use A+ = 0 gauge to obtain this simpli�cation. The
gluons which are exchanged between the quark legs are included in the de�nition of
the wavefunction  (x; k?) and lead to a power-law tail  (x; k?) � k�2? . This implies
a logarithmic Q2 dependence for the gauge-independent distribution amplitude. We
thus obtain

F�(Q
2) =

2p
3Q2

Z
dx10
x1x2

�(x; ~Q) =
2
p
NC(e

2
u � e2d)

Q2

X
n=0;2

an ln
�n Q

2

�2
(7)
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corresponding to the evolution of the pion distribution amplitude:

�(x;Q) = x1x2

1X
n=0

an ln
�n Q

2

�2
C3=2
n (x1 � x2): (8)

The corrections are of order in �s( ~Q
2) and m2=Q2. The decay � ! �� determines

the wave function at the origin:

a0

6
=
Z 1

0
dx�(x;Q) =

f�

2
p
3
: (9)

The distribution amplitude �(x;Q) is boost and gauge invariant and evolves in
lnQ through an evolution equation.[34, 35, 24] The evolution equation for mesons
will be discussed in more detail in Section 3.6. Since it is formed from the same
product of operators as the non-singlet structure function, the anomalous dimensions
controlling �(x;Q) dependence in the ultraviolet logQ scale must be the same as those
which appear in the DGLAP evolution of structure functions. [37] The Bethe-Salpeter
form also allows contact with both QCD sum rules [15] and lattice gauge theory; for
example, moments of the pion distribution amplitudes have been computed in lattice
gauge theory. [38, 39, 40]

The PQCD predictions for the photon-to-pion transition form factor have been
tested in recent measurements of e ! e�0 by the CLEO collaboration [41] See Fig.
6. The data con�rms a key prediction of QCD at leading twist: 7 Q2F�0(Q

2) is
essentially constant for 1 GeV2 < Q2 < 8 GeV2:

Unlike the electromagnetic form factor F�(Q
2), the F�(Q

2) form factor in leading
order has no explicit dependence on �s(Q

2). Consequently an accurate measurement
of F�(Q

2) will determine
R dx

x1x2
�(x; ~Q). This can be combined with the normalizing

sum rule to constrain the x-dependence of �(x; ~Q). In fact, as discussed in Section
4, the normalization is consistent with QCD at NLO if one assumes that the pion
distribution amplitude takes on the form �asympt

� (x) =
p
3f�x(1 � x) which is the

asymptotic solution [34, 35, 24] to the evolution equation for the pion distribution
amplitude. [42, 43, 44, 45]

2.2 Meson Form Factors

Let us now consider hadronic form factors in general. As we shall discuss in Sec-
tions 16, the matrix element of a spacelike current at any momentum transfer can be
expressed as the diagonal particle-conserving sum of overlap integrals of the hadron
light-cone wavefunctions. At large momentum transfer, when the arguments of the
wavefunctions exceed the factorization scale ~Q the equations of motion for the wave-
functions can be iterated so as to isolate the hard momentum transfer processes into
the hard scattering amplitude TH for the constituents scattering collinear from the
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Figure 6: Scaling of the transition photon to pion transition form factor Q2F�0(Q
2).

The data are from the CLEO collaboration. [41]

initial to �nal hadrons. For example, the leading 1=Q2 fall-o� of pseudoscalar meson
form factors can be computed as a convolution:

FM(Q
2) =

Z 1

0
dx

Z 1

0
dy�M(x; ~Q)TH(x; y; Q

2)�M(y; ~Q); (10)

where �M(x; ~Q) is the process-independent meson distribution amplitude, which en-
codes the non-perturbative dynamics of the bound valence quarks at the resolution
scale ~Q, and

TH(x; y; Q
2) =

16�CF�s(�)

(1� x)(1� y)Q2
(1 +O(�s)) (11)

is the leading-twist perturbatively-calculable subprocess amplitude �q(x)q(1�x)!
q(y)q(1� y), obtained by replacing the incident and �nal mesons by nearly collinear
valence quarks. Thus [46, 34, 35, 24, 47, 48, 49, 50]

F�(Q
2) =

16��s(Q
2)

3Q2

Z 1

0

dx�(x; ~Qx)

x(1� x)

Z 1

0

dy�(y; ~Qy)

y(1� y)
; (12)

to leading order in �s(Q
2) and m2=Q2. The factorization is illustrated in Fig. 7.

The non-perturbative physics of the hadron enters the pion form factor at leading
twist solely through its distribution amplitude �HI

(xj; Q): The distribution amplitude
is the fundamental gauge-invariant valence wavefunction of the hadron, describing the
distribution of the longitudinal momentum fractions xi of the valence quarks, at the
resolution scale Q. The distribution amplitude is a speci�c attribute of the hadron
itself, so that if it is known for one exclusive process, it is known for all others. The
distribution amplitudes thus contain the soft physics intrinsic to the nonperturbative
structure of the hadrons. They are process independent, fundamental theoretical
quantities which describe the valence quark substructure of hadrons as well as nuclei.
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Figure 7: Factorized structure and leading order contributions to meson form factors
in QCD.

The contributions from non-valence Fock states and corrections from �xed trans-
verse momentum entering the hard subprocess amplitude are higher twist, i.e., power-
law suppressed. The integration over transverse momenta up to the scale ~Q lead to
the evolution of the distribution amplitude. Loop corrections involving hard momenta
give next-to-leading-order (NLO) corrections in �s. In the case of the pion form fac-
tor, the contribution from the endpoint regions of integration, x � 1 and y � 1; are
power-law and Sudakov suppressed and thus contribute corrections at higher order
in 1=Q.[34, 35, 24]

The x-dependence of the integrand of F�(Q
2) form factor is identical to that of

the pion elastic form factor. Consequently all dependence on �(x; ~Q) can be removed
by comparing the two processes. In fact, a measurement of each provides a direct
determination of the QCD coupling:

�s(Q
2) =

1

4�

F�(Q
2)

Q2jF�(Q2)j2 +O[�
2
s(Q

2)]: (13)

Since theO(�2
s) corrections have been computed, this could be used to measure �s(Q

2)
in a given renormalization prescription such as minimal subtraction. Conversely the
ratio can be used to de�ne a renormalization scheme for QCD directly from exclusive
processes. Of course all of these formulae are valid only at large Q2; the O(m2=Q2)
corrections become important at lower Q2. However the Q2 ! 0 behavior of F� is
�xed by the decay �0 !  which implies

F� ! 1

4�2f�
(14)
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for Q2 ! 0. To estimate the e�ects due to O(m2=Q2) corrections, one can write F�
as a monopole

F� ' 1

4�2f�

1

1 + (Q2=8�2f 2�)
� 0:27GeV�1

(1 +Q2=M2)
(15)

where M2 � 0:68 GeV2 which interpolates between the Q2 = 0 and Q2 !1 limits.
These meson form factor results can also be derived using renormalization group

methods, as has been shown by Duncan and Mueller [51] The essence of their method
is to prove Callan-Symansik equations for moments of the reducible quark scattering
amplitudes. The evolution equation method and the renormalization group methods
are equivalent, di�ering only in the organization of the calculation. The light-cone
perturbation theory Fock-state methods, however, have a number of advantages: (a)
direct calculation in the physical momentum-space k? and x variables; (b) simple
connections between the Bethe-Salpeter wave functions, distribution amplitudes, and
Fock state amplitudes; and (c) straightforward analyses of higher Fock states. Finally,
it should be emphasized that the distribution amplitudes are physical, gauge-invariant
measures of the hadron wave functions at short distances.

2.3 Exclusive Two-Photon Processes

Exclusive two-photon processes provide highly valuable probes of coherent e�ects in
quantum chromodynamics. For example, in the case of exclusive �nal states at high
momentum transfer and �xed �cm such as  ! pp or meson pairs, photon-photon
collisions provide a timelike microscope for testing fundamental scaling laws of PQCD
and for measuring distribution amplitudes.

Traditionally,  data has come from the annihilation of Weis�acker{Williams ef-
fective photons emitted in e�e� collisions. Data for  ! hadrons from ep! e0p0R0

events at HERA has also now become available. The HERA di�ractive events will
allow studies of photon and pomeron interference e�ects in hadron-induced ampli-
tudes. As emphasized by Klein, [52] nuclear-coherent  ! hadrons reactions can be
observed in heavy-ion collisions at RHIC or the LHC, e.g. Z1Z2 ! Z1Z2�

+��. Even-
tually  collisions will be studied at TeV energies with back-scattered laser beams,
allowing critical probes of Standard Model and supersymmetric processes with po-
larized photons in exclusive channels such as Higgs production  ! W+W�, and
 ! W+W�W+W�. [53]

Two-photon reactions,  ! HH at large s = (k1 + k2)
2 and �xed �cm, provide a

particularly important laboratory for testing QCD since these cross-channel \Comp-
ton" processes are, by far, the simplest calculable large-angle exclusive hadronic scat-
tering reactions. The main features of these reactions were calculated by Brodsky
and Lepage.[54] The helicity structure, and often even the absolute normalization
can be rigorously computed for each two-photon channel. In the case of meson pairs,
dimensional counting predicts that for large s, s4d�=dt( !MM scales at �xed t=s
or �c:m: up to factors of ln s=�2.
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The angular dependence of the  ! HH amplitudes can be used to determine
the shape of the process-independent distribution amplitudes, �H(x;Q), the basic
short-distance wavefunctions which control the valence quark distributions in high
momentum transfer exclusive reactions. An important feature of the  ! MM

amplitude for meson pairs is that the contributions of Landsho� pitch singularities
are power-law suppressed at the Born level { even before taking into account Sudakov
form factor suppression. There are also no anomalous contributions from the x! 1
endpoint integration region. Thus, as in the calculation of the meson form factors,
each �xed-angle helicity amplitude can be written to leading order in l=Q in the
factorized form Q2 = p2T = tu=s; ~Qx = min(xQ; (l � x)Q):

M!MM =
Z 1

0
dx

Z 1

0
dy�M(y;

~Qy)TH(x; y; s; �c:m:�M(x; ~Qx); (16)

where TH is the hard-scattering amplitude  ! (qq)(qq) for the production of the
valence quarks collinear with each meson, and �M(x;Q) is the (process-independent)
distribution amplitude for �nding the valence q and q with light-cone fractions of the
meson's momentum, integrated over transverse momenta k? < ~Q: The contribution
of non-valence Fock states are power-law suppressed. Furthermore, the spin-selection
rule of QCD predicts that vector mesons are produced with opposite helicities to
leading order in 1=Q and all orders in 1=Q. Here TH is the quark/gluon hard scattering
amplitude for  ! (qq)(qq) where the outgoing quarks are taken collinear with their
respective pion parent. To lowest order in �s, the hard scattering amplitude is linear
in �s. As will be discussed in Section 4, the most convenient de�nition of the coupling
is the e�ective charge �V (Q

2), de�ned from the potential for the scattering of two
in�nitely heavy test charges, in analogy to the de�nition of the QED running coupling.

Some forty Feynman diagrams contribute to the hard-scattering amplitudes for
 !MM (for nonsinglet mesons). These can be derived from the four independent
diagrams by particle interchange. The resulting amplitudes for helicity-zero mesons
are

T++ = T�� =
16��s
3s

32��

x(1� x)y(1� y)

(e1 � e2)
2a

1� cos2 �c:m:

T+� = T�+ =
16��s
3s

32��

x(1� x)y(1� y)

"
(e1 � e2)

2(1� a)

1� cos2 �c:m:
(17)

+
a(e1e2)[y(1� y) + x(1� x)]

a2 � b2 cos2 �c:m:

#
:

Here a; b = (l� x)(1� y)� xy, the subscripts ++�;��; ::: refer to incident photon
helicities, and e1; e2 are the quark charges (i.e., the mesons have charges �(e1 �
e2)). The essential input for the  ! MM amplitude M�;�0 are thus the meson
distribution amplitudes. Notice that the dependence in x and y of several terms in
T�;�0 is quite similar to that appearing in the meson's electromagnetic form factor.
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Thus much of the dependence on �M(x;Q) can be eliminated by expressing it in terms
of the meson form factor, e.g.,

M++ =M�� = 16��FM(s)
h(e1 � e2)

2i
1� cos2 �c:m:

: (18)

In fact, the ratio of the  ! �+�� and e+e� ! �+�� amplitudes at large s and
�xed �CM can be predicted since the ratio is nearly insensitive to the running coupling
and the shape of the pion distribution amplitude:

d�
dt
( ! �+��)

d�
dt
( ! �+��)

� 4jF�(s)j2
1� cos2 �c:m:

: (19)

The comparison of the PQCD prediction for the sum of �+�� plus K+K� channels
with recent CLEO data[55] is shown in Fig. 8. Results for separate pion and kaon
channels have been given by the TPC/2 collaboration.[56]
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Figure 8: Comparison of the sum of  ! �+�� and  ! K+K� meson pair
production cross sections with the parameter-free perturbative QCD prediction of
Brodsky and Lepage. [54] The data are from the CLEO collaboration. [55]

The angular distribution of meson pairs is also predicted by PQCD at large mo-
mentum transfer. [54] This is illustrated in Fig. 9 for charged and neutral pions for
and transversely polarized (opposite helicity) � mesons in Fig. 10.

The PQCD prediction for charged pions and kaons is insensitive to the shape of
the meson distribution amplitudes as seen in Fig. 9. The CLEO data for charged
pion and kaon pairs show a clear transition to the angular distribution predicted by
PQCD for W =

p
s > 2 GeV. See Fig. 11. It is clearly important to measure

the two-photon production of neutral pions and �+�� cross sections in view of their
strong sensitivity to the shape of meson distribution amplitudes. Furthermore, the
ratio of �+�� to �0�0 cross sections is highly sensitive to the production dynamics.
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Figure 9: Perturbative QCD predictions for the angular distribution of  ! �+��

and  ! �0�0 at leading twist.[54] The predictions are shown for three di�erent
models for the pion distribution amplitude �(x;Q).

Similar predictions are possible for other helicity-zero mesons. The normalization
of  ! MM relative to the  ! �+�� cross section is completely determined by
the ratio of meson decay constants (fM=f�)

4 and by the avor-symmetry of the wave
functions, provided only that meson and pion distribution amplitudes are similar in
shape.

The neutral pion pair production cross section is predicted to be much smaller
than that of charged pion pairs. See Fig. 9. This would not be true if only dia-
grams in which the photon couples to both quarks dominates. Furthermore, there is
strong sensitivity of the QCD prediction  ! �0�0 angular distribution to the pion
distribution amplitude. Thus measurements of the ratio

d�
dt
( ! �0�0)

d�
dt
( ! �+��)

are crucial for QCD. Notice also that the production cross section for charged �-pairs
(with any helicity) is much larger that for that of neutral � pairs, particularly at large
�c:m: angles.

Exclusive two-photon processes probe the basic Born structure of QCD; they
thus provide detailed checks of scaling behavior of the quark and gluon propaga-
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Figure 10: PQCD predictions for the leading twist angular distribution of the  !
�+�� production cross section.[54]

tors and interactions as well as their charges and spins. Conversely, the angular
dependence of the  ! HH amplitudes can be used to determine the shape of the
process-independent distribution amplitude �H(x;Q) for valence quarks in the hadron
Fock state. The �c:m: dependence of the  amplitudes determines the light cone x-
dependence of the meson distribution amplitude in much the same way that the xbj
dependence of deep inelastic cross sections determines the light-cone x-dependence of
the structure functions. The form of the leading twist predictions are exact to leading
order in �s. Power-law (m=Q) corrections can arise from mass insertions, higher Fock
states, pinch singularities, and nonperturbative e�ects. In particular, the predictions
are only valid when s-channel resonance e�ects can be neglected. It is likely that
the background due to resonances can be reduced relative to the leading order QCD
contributions if one measures the two-photon processes with at least one of the pho-
tons tagged at moderate spacelike momentum q2, since resonance contributions are
expected to be strongly damped by form factor e�ects.

Finally, note that the amplitudes given above have simple crossing properties. In
particular, we can analyze the Compton amplitude M ! M in the region of large
t with s � jtj in order to study the leading Regge behavior in the large momentum
transfer domain. In the case of helicity �1 mesons, the leading contribution to the
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Figure 11: Comparison of the angular distribution of the sum of  ! �+�� and
 ! K+K� meson pair production cross sections with the perturbative QCD pre-
diction of Brodsky and Lepage. [54] The data are from the CLEO collaboration. [55]

Compton amplitude has the form s� jtj

MM!M = 16��FM
?

(t)(e21 + e22) (20)

for � = �0; �M = �0M . which corresponds to a �xed Regge singularity at J = 0: In
the case of helicity zero mesons, this singularity decouples, and the leading J-plane
singularity is at J = �2.

2.4 Perturbative QCD Calculation of Baryon Form Factors

The baryon form factor at large momentum transfer provides another important
example of the application of perturbative QCD to exclusive processes. Its factorized
structure is illustrated in Fig. 12.

Away from possible special points in the xi integrations (which are suppressed by
Sudakov form factors) the form factor can be written to leading order in 1=Q2 as a
convolution of a connected hard-scattering amplitude TH convoluted with the baryon
distribution amplitudes:

�B(xi; Q) =
Z jEj<Q2

[d2k?] qqq(xi; ~k?i) ; (21)
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Figure 12: Factorization of the baryon form factor in perturbative QCD at large
momentum transfer. The hard scattering amplitude TH is computed perturbatively
for incident and �nal state valence quarks collinear with the respective hadrons.

where E = M2
3 �M2

p is the invariant mass squared of the three quarks relative to
the bound state mass. The hard scattering amplitude TH is computed by replacing
each external hadron line by massless valence quarks each collinear with the hadron's
momentum p

�
i
�= xip

�
H . Thus the baryon form factor at large Q2 takes the form [57]

GM(Q
2) =

Z
[dx][dy]��(yi; Q)TH(x; y;Q

2)�(x;Q) (22)

where TH is the 3q +  ! 3q0 amplitude. For the proton and neutron we have to
leading order [CB = 2=3]

Tp =
128�2C2

B

(Q2 +M2
0 )

2
T1; (23)

and

Tn =
128�2C2

B

3(Q2 +M2
0 )

2
[T1 � T2] (24)

where

T1 = ��s(x3y3Q
2) �s(1� x1)(1� y1)Q

2)

x3(1� x1)2 y3(1� y1)2

+
�s(x2y2Q

2) �s ((1� x1)(1� y1)Q
2)

x2(1� x1)2 y2(1� y1)2
(25)

� �s(x2y2Q
2) �s(x3y3Q

2)

x2x3(1� x3) y2y3(1� y1)
;

and

T2 = � �s(x1y1Q
2) �s(x3y3Q

2)

x1x3(1� x1) y1y3(1� y3)
: (26)

T1 corresponds to the amplitude where the photon interacts with the quarks (1) and
(2) which have helicity parallel to the nucleon helicity, and T2 corresponds to the
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amplitude where the quark with opposite helicity is struck. The running coupling
constants have arguments Q̂2 corresponding to the gluon momentum transfer of each
diagram. Only the large Q2 behavior is predicted by the theory; we utilize the param-
eter M0 to represent the e�ect of power-law suppressed terms from mass insertions,
higher Fock states, etc.

The Q2-evolution of the baryon distribution amplitude can be derived from the
operator product expansion of three quark �elds or from the gluon exchange kernel.
The baryon evolution equation to leading order in �s(Q

2),[57]

x1x2x3

(
@

@�
~�(xi; Q) +

3

2

CF

�0
~�(xi; Q)

)
=
CB

�0

Z 1

0
[dy]V (xi; yi)~�(yi; Q): (27)

Here � = x1x2x3 ~�; � = log(logQ2=�2), CF = (n2c�1)=2nc = 4=3; CB = (nc+1)=2nc =
2=3; � = 11 � (2=3)nf , and V (xi; yi) is computed to leading order in �s from the
single-gluon-exchange kernel:

V (xi; yi) = 2xix2x3
X
i6=j

�(yi � xi)Æ(xk � yk)
yj

xj

 
Æhihj
xi + xj

+
�

yi � xi

!
(28)

= V (yi; xi) :

The infrared singularity at xi = yi is canceled because the baryon is a color singlet.
The evolution equation automatically sums to leading order in �s(Q

2) all of the
contributions from multiple gluon exchange which determine the tail of the valence
wavefunction and thus the Q2-dependence of the distribution amplitude. The general
solution of this equation is

�(xi; Q) = x1x2x3

1X
n=0

an

 
`n
Q2

�2

!�n
�
n(xi) ; (29)

where the anomalous dimensions n and the eigenfunctions ~�n(xi) satisfy the charac-
teristic equation:

x1x2x3

 
�n + 3CF

2�

!
~�n(xi) =

CB

�

Z 1

0
[dy] V (xi; yi) ~�n(yi) : (30)

A useful technique [58] for obtaining the solution to the evolution equations is
to construct completely antisymmetric representations as a polynomial orthonormal
basis for the distribution amplitude of multi-quark bound states. In this way one
obtain a distinctive classi�cation of nucleon (N) and Delta (�) wave functions and
the corresponding Q2 dependence which discriminates N and � form factors.

More recently Braun and collaborators have shown how one can use conformal
symmetry to classify the eigensolutions of the baryon distribution amplitude. [59]
They identify a new `hidden' quantum number which distinguishes components in
the � = 3=2 distribution amplitudes with di�erent scale dependence. They are able
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to �nd analytic solution of the evolution equation for � = 3=2 and � = 1=2 baryons
where the two lowest anomalous dimensions for the � = 1=2 operators (one for each
parity) are separated from the rest of the spectrum by a �nite `mass gap'. These
special states can be interpreted as baryons with scalar diquarks. Their results may
support Carlson's solution [60] to the puzzle that the proton to � form factor falls
faster [61] than other p ! N� amplitudes if the � distribution amplitude has a
symmetric x1x2x3 form.

Taking into account the evolution of the baryon distribution amplitude, the nu-
cleon magnetic form factors at large Q2, has the form [24, 35, 57]

GM(Q
2)! �2

s(Q
2)

Q4

X
n;m

bnm

 
log

Q2

�2

!Bn �Bn "
1 +O

 
�s(Q

2);
m2

Q2

!#
: (31)

where the n are computable anomalous dimensions of the baryon three-quark wave
function at short distance and the bmn are determined from the value of the distri-
bution amplitude �B(x;Q

2
0) at a given point Q2

0 and the normalization of TH . The
anomalous dimensions of three quark operators have also been computed by Peskin
from the operator product expansion. [62] Asymptotically, the dominant term has the
minimum anomalous dimension. The dominant part of the proton form factor comes
from the region of the xi integration where each quark has a �nite fraction of the
light cone momentum. The contribution from the endpoint regions of integration,
x � 1 and y � 1; at �nite k? is Sudakov suppressed [34, 35, 24]; however, it can play
a signi�cant role in phenomenology.

One can also use PQCD to predict ratios of various baryon and isobar form fac-
tors assuming isospin or SU(3)-avor symmetry for the basic wave function struc-
ture. Results for the neutral weak and charged weak form factors assuming standard
SU(2)� U(1) symmetry can also be derived. [63]

A critical input for predicting the normalization of the proton form factor is the
value of fN , the coeÆcient of the asymptotic contribution to the baryon distribution
amplitude. The �rst analysis from QCD sum rules was carried out by Io�e and
Belyaev, [64] giving the value fN = (8 � 3) � 10�3GeV2. In an updated analysis,
Chernyak and Zhitnitsky �nd fN = (5:3 � 0:5) � �10�3GeV2. [65, 66] The same
parameter enters the computation of proton decay. The proton distribution amplitude
has to be evolved to the appropriate scale controlling the decay processes in the grand
uni�ed theory. [67]

Phenomenologically, the leading order QCD prediction explains the observed ap-
proximate Q4GM(Q

2) � const behavior, modulo the logarithmic corrections from the
evolution of the coupling and distribution amplitude. The shape of the distribution
amplitude is critical: if one assumes that the proton distribution amplitude is the
asymptotic form: �N = Cx1x2x3, then the convolution with the leading order form
for TH gives zero! If one takes a non-relativistic form peaked at xi = 1=3, the sign
is negative, requiring a crossing point zero in the form factor at some �nite Q2. The
broad asymmetric distribution amplitudes deduced by Chernyak and Zhitnitsky in
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their QCD sum rule analysis gives a more satisfactory result. If one assumes a con-
stant value of �s = 0:3, and fN = 5:3 � 10�3GeV2, the leading order prediction is
below the data by a factor of � 3: However, since the form factor is proportional to
�2
sf

2
N . One can obtain agreement by a simple renormalization of the parameters. For

example, if one uses the central value of Io�e's determination fN = 8 � 10�3GeV2,
then good agreement is obtained. A detailed comparison with the data is given in a
recent review by Stefanis. [6]

2.5 The Onset of Leading-Twist Contributions in Exclusive

Reactions

Is a perturbative QCD analysis of form factors, Compton scattering, and other hard
exclusive processes at the present experimentally accessible momentum transfer jus-
ti�ed? The situation is not totally clear, and there is an active debate in literature.

In general, the applicability of a perturbative analysis depends on the convergence
of the series. In the case of Compton scattering, the number of diagrams contributing
to the hard radiative corrections to TH is very large even, at one-loop order. Further-
ing, the overall momentum transfer Q is divided among several exchanged gluons,
so the regime where leading twist perturbative QCD becomes applicable would be
expected to be at larger momentum scales than that typical of inclusive reactions.

Io�e and Smilga [68] were the �rst to use QCD sum rules to predict the behavior
of exclusive amplitudes at intermediate momentum transfer. More recently Braun,
Khodjamirian, and Maul [69] calculated the pion form factor in QCD at intermediate
momentum transfers in the light-cone sum rule approach, including radiative cor-
rections and higher-twist e�ects. Assuming the asymptotic pion, they �nd a strong
numerical cancelation between the soft (end point) contribution and power suppressed
hard contributions of higher twist, so that the total nonperturbative correction to the
leading twist PQCD result turns out to be only of order 30% for Q2 � 1 GeV2.

The transition from soft to hard QCD could be related to the QCD scale anomaly. [70].
At small momentum transfers, one can identify by duality the anomalous contribu-
tion �

2g
G��G�� to the trace of the stress tensor �

�
� with the corresponding meson pair

contributions to the ��� given by chiral Lagrangian. This implies an e�ective coupling
of two gluons to meson pairs at zeroth order in the QCD coupling g. See e.g., Fujii
and Kharzeev [71] For example, in case of the proton form factor, tree diagram con-
tributions to TH(qqq

� ! qqq) will be strongly modi�ed at low momentum transfer
by the propagation of low mass I = O meson pairs between the exchanged gluons.
At high momentum transfer the meson exchange e�ects are suppressed. It would
be interesting to study the e�ect of these hadronic corrections on the nucleon form
factors at intermediate scales.

The proton form factor appears to scale at Q2 > 5 GeV2 according to the PQCD
predictions. See Fig. 13. Nucleon form factors are approximately described phe-
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nomenologically by the well-known dipole form

GM(Q
2) ' 1

(1 +Q2=0:71GeV2)2
(32)

which behaves asymptotically as

GM(Q
2) ' 1

Q4
(1� 2

0:71GeV2

Q2
+ � � �) :

This provides some evidence that the corrections to leading twist in the proton form
factor and similar exclusive processes involving protons become important in the
range Q2 < 1:4 GeV2.
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Figure 13: Predictions for the normalization and sign of the proton form factor at
high Q2 using perturbative QCD factorization and QCD sum rule predictions for the
proton distribution amplitude (From Ji et al. [72] The curve labeled BL has arbi-
trary normalization and incorporates the fall-o� of two powers of the running cou-
pling. The dotted line is the QCD sum rule prediction of given by Chernyak and
Zhitnitsky.[65, 66] The results are similar for the model distribution amplitudes of
King and Sachrajda,[73] and Gari and Stefanis.[74]

2.6 Applications of Perturbative QCD to Two-Body Reac-

tions

We can also apply perturbative QCD factorization to exclusive hadron scattering
processes such as A + B ! C + D scattering at �xed �cm, where A;B;C;D can
be leptons, gauge bosons, or hadrons. See Fig. 14. In such cases the exclusive
amplitude typically factorizes at leading order in the momentum transfer scale Q as
a convolution

M =
Z
[dx]TH(xj; Q)

Y
HI

�HI
(xj; Q) (33)
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Figure 14: Factorization of the meson-baryon scattering in perturbative QCD at large
momentum transfer. The hard scattering amplitude TH is computed perturbatively
for incident and �nal state valence quarks collinear with the respective hadrons.

where

[dx] =
nIY
j=1

Æ(1�
nIX
j=1

xj): (34)

Here TH is the hard scattering amplitude which is computed by replacing each of
the incident and �nal hadrons by collinear massless valence quarks with momentum
fractions k�i = xiPH 0 < xi < 1;

P
i xi = 1, respectively. The fractions xj are the

boost-invariant light-cone momentum fractions xj = k+j =P
+ carried by the quarks.

The light-cone metric is taken as k+ = k0 � k3; 2k � p = k+p� + k�p+ � 2~k? � p?:
A critical complication in the analysis of two-body elastic scattering reactions is

the presence of pinch singularities; i.e., regions of integration in which the interme-
diate state can approach on-shell con�gurations. For example, consider �+�+ elastic
scattering. The pion can scatter to large angles via the successive elastic scattering of
two quark pairs to the same angle. Only the soft con�gurations of the wavefunction
are required. The intermediate state between the two scattering is close to on-shell.
As shown by Landsho�, [75] the integration over this domain gives an amplitude

Mpinch
��!�� /Mqq!qqMqq!qq � ip

stu
: (35)

The suppression in the amplitude for scattering the pairs through the same angle
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thus decreases as ip
stu

and has simultaneous cuts in each of the three Mandelstam
variables. In the case of baryon-baryon scattering, the result is

M
pinch
BB!BB /Mqq!qqMqq!qqMqq!qq �

"
ip
stu

#2
: (36)

These contributions thus apparently have slower fall-o� than the leading twist dimen-
sional scaling contributions. It is shown, however, by Duncan and Mueller,[76, 77]
that the soft integration domain of the pinch contribution is suppressed at large
momentum transfer by Sudakov form factors since the scattering of nearly-on-shell
quarks implies gluonic radiation which is suppressed for elastic hadron-hadron scat-
tering. The result, assuming logarithmic fall-o� of the running coupling is a suppres-
sion of the pinch amplitude which nearly reproduces dimensional counting rules. For
example the leading contribution to meson-meson scattering arises from the region
k2i � (Q2)1�� where � = (2c� 1)�1; c = CF=(11� 2=3nf). For four avors � ' 0:281:
The net result of the pinch contributions is

Mpinch
��!�� � (Q2)�3=2�c ln(2c+1)=2c ' (Q2)�1:922; (37)

compared to (Q2)�2 from the nominal dimensional counting factor. Thus pinch con-
tributions could account for the apparent simple dimensional scaling of amplitudes
such as p ! �+n and elastic scattering at �xed angles. If one assumes that the
coupling is e�ectively constant in the integration domain, the Sudakov corrections
give a result which has a faster power fall-o� than PQCD.

2.7 Diminished Final State Interactions and Color Trans-

parency

The factorization of a hard hadronic exclusive amplitude M into a product of sep-
arate distributions �H for each hadron is only possible if there are no corrections at
leading order in 1=Q due to the initial or �nal state hadronic interactions. In fact,
QCD predicts strong suppression of �nal state interactions, a remarkable property
considering that hadrons normally interact strongly!

The physical picture which leads to diminished �nal state interactions is as fol-
lows: We assume that pinch contributes are e�ectively suppressed by Sudakov e�ects.
Then each hadron emitted from a hard exclusive reaction initially emerges with high
momentum and small transverse size b? = O(1= ~Q). A fundamental feature of gauge
theory is that soft gluons decouple from the small color-dipole moment of the compact
fast-moving color-singlet wavefunction con�gurations of the incident and �nal-state
hadrons.

The transversely compact color-singlet con�gurations can e�ectively persist over a
distance of order `Io�e = O(Elab=Q

2), the Io�e coherence length. Thus if we study hard
quasi-elastic processes in a nuclear target such as eA! e0p0(A�1) or pA! p0(A�1),
the outgoing and ingoing hadrons will have minimal absorption in a nucleus. The
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diminished absorption of hadrons produced in hard exclusive reactions implies addi-
tivity of the nuclear cross section in nucleon number A and is the theoretical basis
the \color transparency" of hard quasi-elastic reactions. [78, 79, 80] Since such a
state stays small over a distance `Io�e proportional to its energy, this implies that
quasi-elastic hadron-nucleon scattering at large momentum transfer can occur addi-
tively on all of the nucleons in a nucleus with minimal attenuation due to elastic
or inelastic �nal state interactions in the nucleus, i.e. the nucleus becomes \trans-
parent." In contrast, in conventional Glauber scattering, one predicts strong, nearly
energy-independent initial and �nal state attenuation. Similarly, in hard di�ractive
high energy processes, such as �(Q2)p! �p [30] only small transverse size b? � 1=Q
of the vector meson distribution amplitude is involved. The hadronic interactions are
minimal, and thus the �(Q2)N ! �N reaction can occur coherently throughout a
nuclear target in reactions without absorption or shadowing. The �A! V A process
is thus a laboratory for testing QCD color transparency.

The most convincing demonstration of color transparency has been reported by
the E791 group at FermiLab[81] in measurements of di�ractive dissociation of a high
energy pions to high transverse momentum dijets; �A ! jet jet A; the forward
di�ractive amplitude is observed to grow in proportion to the total number of nucleons
in the nucleus, in strong contrast to standard Glauber theory which predicts that
only the front surface of the nucleus should be e�ective. This experiment is discussed
further in Section 6.

There is also evidence for the onset of color transparency in large angle quasi-
elastic pp scattering in nuclear targets, [82, 83, 84] in the regime 6 < s < 25 GeV2,
indicating that small wavefunction con�gurations are indeed controlling this exclusive
reaction at moderate momentum transfers. However at plab ' 12 GeV, Ecm ' 5 GeV,
color transparency dramatically fails. The concept of color transparency is itself not
in doubt in view of the E791 results.

It is noteworthy that at the same energy the normal-normal spin asymmetry ANN

in elastic pp! pp scattering at �cm = 900 increases dramatically to ANN ' 0:6 in the
same kinematical regime|it is � 4 times more probable that the protons scatter with
helicity normal to the scattering plane than anti-normal.[85] The unusual spin and
color transparency e�ects seen in elastic proton-proton scattering at ECM � 5 GeV
and large angles could be related to the charm threshold and the e�ect of a j uuduudcci
resonance which would appear as in the J = L = S = 1 pp partial wave. [86, 87]
The intermediate state juuduudcci has odd intrinsic parity and couples to the J =
S = 1 initial state, thus strongly enhancing scattering when the incident projectile
and target protons have their spins parallel and normal to the scattering plane. A
similar enhancement of ANN is observed at the strangeness threshold. The physical
protons coupling at the charm threshold will have normal Glauber interactions, thus
explaining the anomalous change in color transparency observed at the same energy
in quasi-elastic pp scattering. A crucial test of the charm hypothesis is the observation
of open charm production near threshold with a cross section of order of 1�b. [86, 87]

An alternative explanation of the color transparency and spin anomalies in pp
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elastic scattering has been postulated by Ralston and Pire [88, 80] collaborators. The
oscillatory e�ects in the large angle pp ! pp cross section and spin structure is
assumed to be due to the interference of Landsho� pinch and perturbative QCD am-
plitudes. In the case of quasi-elastic reactions, the nuclear medium absorbs and �lters
out the non-compact pinch contributions, leaving the additive hard contributions un-
absorbed. Indeed, Jain, Pire, and Ralston [80, 89] have constructed models in which
the pinch and hard scattering contributions can generate an interference pattern in
the pp! pp amplitude similar to that observed in the data. It is not clear that such
a model can successfully account for the sharp rise in the spin correlation in ANN

observed near
p
s = 5 GeV. [90]

There are thus two viable models which can explain the unusual features of elastic
and quasi-elastic proton-proton scattering; clearly more experiments and analysis are
needed.

2.8 Hadron Helicity Conservation and Other General Fea-

tures of Exclusive Amplitudes at Leading Twist

One can abstract some general features of QCD common to all exclusive processes at
large momentum transfer:

(1) All of the nonperturbative bound-state physics in the scattering amplitude
is isolated in the process-independent distribution amplitudes. This is an essential
feature of QCD factorization.

(2) The nominal power-law behavior of an exclusive amplitude at �xed �c:m: is
(1=Q)n�4 where n is the number of external elementary particles (quarks, gluons,
leptons, photons, etc.) entering the subprocess in TH .[19, 20, 21] The amplitude TH
is by de�nition collinear-irreducible, in the sense that all gluon exchange momentum
integrations are hard: k2? > O(Q2); since the soft integration region is incorporated
into the de�nition of the hadron distribution amplitude. Thus all radiative correc-
tions are higher order in �s(Q). The convolution of TH with the �H(x;Q) leads
to logarithmic corrections logn Q where the fractional powers n are given by the
anomalous dimensions of the local operators which control the evolution of the dis-
tribution amplitudes. Thus the scaling of the hadronic amplitude closely follows that
of the underlying hard quark scattering amplitude TH , up to computable logarithmic
corrections from the anomalous dimensions of the distribution amplitudes and the
logarithmic fall-o� of the QCD coupling �s(Q

2) In particular, the nominal power-law
fall-o� of helicity-conserving form factors is FH / (1=Q2)1�nH where nH is the num-
ber of valence quarks of the hadron. In the case of �xed-angle scattering, the nominal
power law fall-o� of the cross section is

d�

dt
(A+B ! C +D) =

FA+B!C+D(�cm)

sntot�2
; (38)

where ntot = nA+nB +nC +nD is the number of elementary �elds in the initial state
and �nal state. For example, ntot = nA+nB+nC+nD = 1+3+2+3 = 9 for p! �0p,
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scaling which agrees remarkably well with the �xed angle pion photoproduction data
as seen in Fig. 15.
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Figure 15: Comparison of photoproduction data with the dimensional counting power-
law prediction. The data are summarized in Anderson et al.[91]

The dimensional counting rules are expected to be modi�ed by the Q2-dependence
of the factors of �s(Q

2) in TH , by the Q2-evolution of the distribution amplitudes,
and possibly by a small power correction associated with the Sudakov suppression of
pinch singularities in hadron-hadron scattering. The dimensional counting rules in
fact appear to be experimentally well-established for a wide variety of processes.

The approach to scaling of s7d�=dt(p ! �+n) as shown in Fig. 15 appears to
indicate that leading twist PQCD is applicable at momentum transfers exceeding
a few GeV. If anything, the scaling appears to work too well, considering that one
expects logarithmic deviations from the running of the QCD coupling and logarithmic
evolution of the hadron distribution amplitudes. The absence of signi�cant corrections
to leading-twist scaling suggests that the running coupling is e�ectively frozen at the
kinematics relevant to the data. This is discussed further in Section 4. If higher-twist
soft processes are conspiring to mimic leading twist scaling s7d�=dt(p! �+n), then
we would have the strange situation of seeing two separate kinematic domains of s7

scaling of the photoproduction cross section. However, despite the empirical success
of the PQCD description, higher twist mechanisms could still complicate the simple
hard scattering description.
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The success of PQCD scaling of hard exclusive reaction cross sections illustrated
here is not atypical. There are a large number of measured exclusive reactions in
which the empirical power law fall-o� predicted by dimensional counting and PQCD
appears to be accurate over a large range of momentum transfer. These include
processes such as the proton form factor, time-like meson pair production in e+e�

and  annihilation, large-angle scattering processes such as pion photoproduction
p! �+p, and nuclear processes such as the deuteron form factor at large momentum
transfer and deuteron photodisintegration. [92]

An interesting contribution to K+p ! K+p scattering comes from the exchange
of the common u quark. The quark interchange amplitude for A+B ! C+D can be
written as a convolution of the four light-cone wavefunctions multiplied by a factor
�� = P�

A + P�
B �

P
i k

�
i ; the inverse of the central propagator. [93] The interchange

amplitude is consistent with PQCD scaling, and often provides a phenomenologically
accurate representation of the �c:m: angular distribution at large momentum trans-
fer. For example, the angular distribution of processes such as K+p ! K+p appear
to follow the predictions based on hard scattering diagrams based on quark inter-
change, e.g., TH((u1s)(u2u3d) ! (u2s)(u1u3d). [93] This mechanism also provides
constraints on Regge intercepts �R(t) for meson exchange trajectories at large �t.
[23] An extensive review of this phenomenology is given in the review by Sivers et al.
[94]

(3) Hadron helicity conservation: [57] since gauge interactions are vector-like, quark
chirality is conserved at every vertex. Furthermore, the leading power contribution
corresponds to the projection of TH on the Lz = 0 projections of the hadron wave-
functions. Thus the leading amplitude in 1=Q conserves hadron helicity: the sum of
hadron helicities in the initial state must equal that of the �nal state.X

initial

�Hinitial
=
X
�nal

�H�nal
: (39)

Notice that the constraint is independent of the photon helicity in the case of photon-
induced reactions. Thus in the case of spin-half form factors, perturbative QCD
predicts the dominance of the F1(q

2) Dirac form factor over the helicity-ip F2(q
2)

Pauli form factor at large momentum transfer.
Only avor-singlet mesons in the O�+ nonet can have a two-gluon valence com-

ponent, and thus even for these states the quark helicity equals the hadronic helicity.
Consequently hadronic helicity conservation applies for all amplitudes involving light
mesons and baryons. Note that exclusive reactions which involve hadrons with quarks
or gluons in higher orbital angular states are suppressed by powers.

The helicity rule is one of the most characteristic features of QCD, being a direct
consequence of the gluon's spin. A scalar or tensor gluon-quark coupling ips the
quark's helicity. Thus, for such theories, helicity may or may not be conserved in
any given diagram contributing to TH , depending upon the number of interactions
involved. Only for a vector theory, like QCD, can we have a helicity selection rule
valid to all orders in perturbation theory. In contrast, in inclusive reactions, there are
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any number of noninteracting spectator constituent and the spin of the active quarks
or gluons is only statistically related to the hadron spin (except at the edge of phase
space x! 1).

The study of timelike hadronic form factors using e+e� colliding beams can provide
very sensitive tests of this rule, since the virtual photon in e+e� ! � ! hAhB always
has spin �1 along the beam axis at high energies. Angular momentum conservation
implies that the virtual photon can \decay" with one of only two possible angular
distributions in the center of momentum frame: (1 + cos2 �) for j�A � �Bj = 1 and
sin2 � for j�A � �Bj = 0 where �A and �B are the helicities of the outgoing hadrons.
Hadronic helicity conservation, as required by QCD, greatly restricts the possibilities.
It implies that �A+�B = 0. Consequently, angular momentum conservation requires
j�Aj = j�Bj = l=2 for baryons, and j�Aj = j�Bj = 0 for mesons; thus the angular
distributions for any sets of hadron pairs are now completely determined at leading
twist:

d�

d cos �
(e+e� = BB) / 1 + cos2 � (40)

d�

d cos �
(e+e� =MM) / sin2 � : (41)

Verifying these angular distributions for vector mesons and other higher spin mesons
and baryons would verify the vector nature of the gluon in QCD and the validity of
PQCD applications to exclusive reactions.

2.9 Applications to Exclusive Nuclear Processes

One of the most interesting areas of exclusive processes is to amplitudes where the
nuclear wavefunction has to absorb large momentum transfer. For example, the
helicity-conserving deuteron form factor is predicted to scale as Fd(Q

2) / (Q2)�5

reecting the minimal six quark component of nuclear wavefunction.
The deuteron form factor at high Q2 is sensitive to wavefunction con�gurations

where all six quarks overlap within an impact separation b?i < O(1=Q): The leading
power-law fall o� predicted by QCD is Fd(Q

2) = f(�s(Q
2))=(Q2)5, where, asymp-

totically, f(�s(Q
2)) / �s(Q

2)5+2 . [92] The derivation of the evolution equation for
the deuteron distribution amplitude and its leading anomalous dimension  were
calculated by Brodsky, Lepage and Ji. [95] In general, the six-quark wavefunction
of a deuteron is a mixture of �ve di�erent color-singlet states. The dominant color
con�guration at large distances corresponds to the usual proton-neutron bound state.
However at small impact space separation, all �ve Fock color-singlet components even-
tually acquire equal weight, i.e., the deuteron wavefunction evolves to 80% \hidden
color." [95] The relatively large normalization of the deuteron form factor observed
at large Q2 hints at sizable hidden-color contributions. [96] Hidden color components
can also play a predominant role in the reaction d ! J= pn at threshold if it is
dominated by the multi-fusion process gg ! J= . In the case of nuclear struc-
ture functions beyond the single nucleon kinematic limit, 1 < xbj < A, the nuclear

33



light-cone momentum must be transferred to a single quark, requiring quark-quark
correlations between quarks of di�erent nucleons in a compact, far-o�-shell regime.
This physics is also sensitive to the part of the nuclear wavefunction which contains
hidden-color components in distinction from a convolution of separate color-singlet
nucleon wavefunctions.

To �rst approximation the proton and neutron share the deuteron's momentum
equally. Since the deuteron form factor contains the probability amplitudes for the
proton and neutron to scatter from p=2 to p=2+q=2; it is natural to de�ne the reduced
deuteron form factor [92, 95]

fd(Q
2) � Fd(Q

2)

F1N

�
Q2

4

�
F1N

�
Q2

4

� : (42)

The e�ect of nucleon compositeness is removed from the reduced form factor. QCD
then predicts the scaling

fd(Q
2) � 1

Q2
; (43)

i.e. the same scaling law as a meson form factor. Diagrammatically, the extra power
of 1=Q2 comes from the propagator of the struck quark line, the one propagator not
contained in the nucleon form factors. Because of hadron helicity conservation, the
prediction is for the leading helicity-conserving deuteron form factor (� = �0 = 0:)
As shown in Fig. 16, this scaling is consistent with experiment for Q >� 1 GeV. In the
case of deuteron photodisintegration d ! pn the amplitude requires the scattering
of each nucleon at tN = td=4. The perturbative QCD scaling is[97]

d�

d
c:m:

(d! np) =
1q

s(s�M2
d )

F 2
n(td=4)F

2
p (td=4)f

2
red(�c:m)

p2?
: (44)

The predicted scaling of the reduced photodisintegration amplitude fred(�c:m:) ' const
is consistent with experiment:[97, 98, 99] See Fig. 17.

2.10 Experimental Conicts with Perturbative QCD Predic-

tions

There are, however, striking experimental exceptions to the general success of the
leading twist PQCD approach, such as

(a) The dominant two-body decay of the J= is J= ! �� decay which is forbid-
den by hadron helicity conservation;

(b) One of the most striking anomalies in elastic proton-proton scattering is the
large spin correlation ANN observed at large angles. [102] At

p
s ' 5 GeV, the rate

for scattering with incident proton spins parallel and normal to the scattering plane
is four times larger than that for scattering with anti-parallel polarization.
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(c) Surprisingly, the color transparency e�ect appears to diminish at s >

12 GeV2, an e�ect which might be attributed to pinch contributions or the charm
threshold.

(d) Recent data from Je�erson laboratory appears to be in conict with GE : GM

scaling, which would imply that the helicity-non-conserving Pauli Form factor F2

is not decreasing much faster than the helicity-conserving Dirac form factor in the
Je�erson lab kinematic domain. [103]

These conicts with leading-twist PQCD predictions could be hinting at new
physical e�ects. For example, It is usually assumed that a heavy quarkonium state
such as the J= always decays to light hadrons via the annihilation of its heavy
quark constituents to gluons. However, as Karliner and I [104] have recently shown,
the transition J= ! �� can also occur by the rearrangement of the cc from the J= 
into the j qqcci intrinsic charm Fock state of the � or �. Further discussion will be
given in Section 7.

It is clear from these examples that exclusive processes often incorporate a num-
ber of physical e�ects, so that the transition from the soft to hard QCD domain
can be very complicated. The contribution of endpoint x ! 1 regions of integration
where the internal transverse momenta remain soft is a particularly important is-
sue. The integrations over xi and yi in the convolution of TH with the light-cone
wavefunctions have potentially signi�cant contributions from the endpoint region
x2; x3 � O(m=Q); x1 � 1 � O(m=Q) where the struck quark has nearly all of the
proton's light-cone momentum. Since

Pn i = 1xi = 1 The spectator quarks must

carry small values of the light-cone momentum fraction. In the rest frame xi =
k0
i
+kz

i

M
:

Thus in order to have xi ! 0 one must have exactly massless spectators with mi = 0
and k?i = 0? or else kz ! �1: From this perspective, the end-point domain is a very
far-o� shell con�guration of the light-cone wavefunction. A soft QCD wavefunction
would be expected to be exponentially suppressed in this regime, as in the BHL model
 soft
n (xi; k?i) = A exp�bM2

n. [105]

Bloom-Gilman duality [106, 107] and the Drell-Yan West connection [108, 109]
each imply that the contribution to form factors will give a 1=t2 fall-o� of the nucleon
form factors provided that the structure function F2(x;Q) falls o� as (1 � x)3. [110]
This is, in fact, the nominal power-law behavior predicted from the perturbative hard
far-o�-shell tail of the light-cone wavefunction, as derived using the spectator counting
rules for quarks with helicity parallel to that of the proton.

One can examine the contribution to form factors from the endpoint x ! 1
small k? integration region where the struck quark remains near its mass-shell [k2 �
O(mQ)] order-by-order in perturbation theory. In the case of spin-zero mesons one
can show [237] that the leading power dependence of the two-particle light-cone Fock
wavefunction in the endpoint region is 1�x, giving a meson structure function which
falls as (1 � x)2 and thus by duality a non-leading contribution to the meson form
factor F (Q2) / 1=Q3. Thus the dominant contribution to meson form factors comes
from the hard-scattering regime.
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In the case of baryon form factors, the endpoint and hard-scattering contributions
have the same nominal power-law behavior. However, the endpoint contributions are
also suppressed at large Q2 by a Sudakov form factor, an exponential of a double
logarithm, arising from the virtual correction to the qq vertex when the quark legs
are nearly-on-shell. [51, 76, 20, 57] Physically, the Sudakov suppression of enedpoint
contribuitions to form factors arises since the struck, nearly on-shell quarks tends to
radiate gluons; however, in an exclusive process, the gluon radiation into the �nal
state cannot occur. The Sudakov suppression of the endpoint region requires an all
orders resummation of perturbative contributions, and thus the dominance of the
hard-scattering contribution in baryon form factors is not as rigorous as that for
meson form factors.

A detailed analysis of the Sudakov e�ect has been given by Sterman and Li,[111]
and has been extensively developed by Kroll and collaborators [112] and Stefanis and
collaborators. [113] The formulation is simplest in the impact representation of the
light-cone overlap formula. The vertex corrections give an extra factor [113]

S(b?; �) = exp

24�2CF

�0
log

�Qp
2�QCD

log

�Qp
2�QCD
1

b
?
�QCD

35 ; (45)

where � represents the light-cone fraction of the quarks. The log log�QCD dependence
arises from the assumption of the leading logarithmic fall-o� of the QCD coupling.
The Sudakov fall-o� would be stronger if one assumes a �xed coupling.

It is interesting to compare the corresponding calculations of form factors of
bound states in QED. The soft wavefunction is the Schr�odinger-Coulomb solution
 1s(~k) / (1 + ~p2=(�mred)

2)�2, and the full wavefunction, which incorporates trans-
versely polarized photon exchange, only di�ers by a factor (1 + ~p2=m2

red). Thus
the leading twist dominance of form factors in QED occurs at relativistic scales
Q2 > m2

red. [2, 3] Furthermore, there are no extra relative factors of � in the hard-
scattering contribution. If the QCD coupling �V has an infrared �xed point, then
the fall-o� of the valence wavefunctions of hadrons will have analogous power-law
forms, consistent with the Abelian correspondence principle. [114] If such power-law
wavefunctions are indeed applicable to the soft domain of QCD then the transition to
leading-twist power law behavior will occur in the nominal hard perturbative QCD
domain where Q2 � hk2?i ; m2

q.
In the perturbative QCD analyses, it is helpful to consider the ratio

s6d�=dt(p! p)

t4F 2
1 (ep! ep)

where F1(t) is the elastic helicity-conserving Dirac form factor. The power-law fall-
o�, the normalization of the valence wavefunctions, and much of the uncertainties
from the scales of �4

s cancel. Figure 18 shows the result of a recent calculation of the
Compton process in PQCD by Brooks and Dixon, [115] which extends and corrects
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earlier work. The calculation of TH for Compton scattering requires the evaluation
of 368 helicity-conserving tree diagrams which contribute to (qqq)! 0(qqq)0 at the
Born level and a careful integration over singular intermediate energy denominators.
[116, 117, 118] The angular dependence of this ratio is sensitive to the shape of the
proton distribution amplitudes, but it appears to be consistent with the distribution
amplitudes motivated by QCD sum rules. The normalization at leading order is not
predicted correctly. However, it is conceivable that the hard QCD loop corrections
to the normalization of the hard scattering Compton amplitude (qqq)! 0(qqq)0 is
signi�cantly larger than that of the elastic form factors in view of the much greater
number of Feynman diagrams contributing to TH in the Compton case relative to TH
for the proton form factor. The perturbative QCD predictions [117] for the Compton
amplitude phase can be tested in virtual Compton scattering by interference with
Bethe-Heitler processes. [119]

S  (GeV2)

4.63
6.51
8.39
10.26
12.14

HET

KS
COZ
CZ
GS

101

10–3

0 100

10–1

Θ (deg)8-2000
8561A15

[s
6  

dσ
γp

   
   

  γ
p 

 /d
t] 

/ [
Q

4  
F 1

P
]2

Figure 18: PQCD predictions for Compton scattering s6d�=dt(p!p)

t4F 2
1
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in PQCD scaled

by the Dirac proton form factor for di�erent QCD sum rule-motivated distribution
amplitudes. From Brooks and Dixon. [115]

The debate has thus continued [120, 121, 122] on whether processes such as the
pion and proton form factors and elastic Compton scattering p ! p might be
dominated by higher-twist mechanisms until very large momentum transfers. For
example, if one assumes that the light-cone wavefunction of the pion has the form

 soft(x; k?) = A exp(�b k2
?

x(1�x)), then the Feynman endpoint contribution to the over-
lap integral at small k? and x ' 1 will dominate the form factor compared to the
hard-scattering contribution until very large Q2. However, this ansatz for  soft(x; k?)
has no suppression at k? = 0 for any x; i.e., the wavefunction in the hadron rest
frame does not fall-o� at all for k? = 0 and kz ! �1. Thus such wavefunctions
do not represent well soft QCD contributions. In addition, as noted above such end-
point contributions will be suppressed by the QCD Sudakov form factor, reecting
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the fact that a near-on-shell quark must radiate if it absorbs large momentum. If the
endpoint contribution dominates proton Compton scattering, then both photons will
interact on the same quark line as in the handbag diagram in strong contrast to the
perturbative QCD predictions.

Radyushkin [121] has argued that the Compton amplitude is dominated by soft
end-point contributions of the proton wavefunctions where the two photons both in-
teract on a quark line carrying nearly all of the proton's momentum. This description
is dependent on model forms for the soft wavefunctions, but it appears to have some
empirical applicability, at least at forward angles where �t < 10 GeV2 From this
viewpoint, the dominance of the factorizable PQCD leading twist contributions re-
quires momentum transfers much higher than those currently available. However, a
corresponding soft endpoint explanation of the observed s7d�=dt(p! �+n) scaling
of the pion photoproduction data is not apparent; there is no apparent endpoint con-
tribution which could explain the success of dimensional counting in large-angle pion
photoproduction apparent in Fig. 15.

2.11 Additional Theoretical Tools

In addition to perturbative QCD itself, there are additional theoretical tools which
can be used to clarify the analytic structure of exclusive amplitudes.

The Conformal Correspondence Principle: Conformal symmetry provides a tem-
plate for QCD predictions, leading to relations between observables which are present
even in a theory which is not scale invariant. Thus an important guide in QCD anal-
yses is to identify the underlying conformal relations of QCD which are manifest if
we drop quark masses and e�ects due to the running of the QCD couplings. In fact,
if QCD has an infrared �xed point (vanishing of the Gell Mann-Low function at low
momenta), the theory will closely resemble a scale-free conformally symmetric theory
in many applications. For example, the natural representation of distribution ampli-
tudes is in terms of an expansion of orthonormal conformal functions multiplied by
anomalous dimensions determined by QCD evolution equations. [123, 124, 125, 59]

The Abelian Correspondence Principle. One can consider QCD predictions as
analytic functions of the number of colors NC and avors NF . In particular, one can
show at all orders of perturbation theory that PQCD predictions reduce to those of
an Abelian theory at NC ! 0 with b� = CF�s and cNF = NF=TCF held �xed. [114]
There is thus a deep connection between QCD processes and their corresponding
QED analogs.

The Chiral Correspondence Principle. A particularly interesting constraint on the
pion light-cone wavefunction is provided by the �0 !  decay amplitude in the
chiral m2

� � 1=R2
� limit. The result of matching to the anomaly is[105]

Z 1

0
dx qq(k? = 0?; x) =

p
nc
f�

(46)
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This result, together with the normalization of the integral of  (x; k?) from � ! ��

decay leads to the result that the probability that the pion is in its valence qq Fock
state is of order 1=4. Unlike charged particles in QED which have zero probability
to be in a given Fock state, neutral charged or color systems have infrared �nite
wavefunction moments.

3 Light-Cone Fock Representation of Bound State

Wavefunctions

We have seen that the physics of exclusive amplitudes is directly tied to the structure
of hadron wavefunctions. We thus must confront the fundamental nonperturbative
problem in QCD: the solution of the bound state problem; the structure and spectrum
of hadrons and nuclei in terms of their quark and gluon degrees of freedom. Ideally,
one wants a frame-independent, quantum-mechanical description of hadrons at the
amplitude level capable of encoding multi-quark, hidden-color and gluon momentum,
helicity, and avor correlations in the form of universal process-independent hadron
wavefunctions. Remarkably, the light-cone Fock expansion allows just such a unifying
representation.

Formally, the light-cone expansion is constructed by quantizing QCD at �xed light-
cone time [126] � = t+z=c and forming the invariant light-cone Hamiltonian: HQCD

LC =

P+P� � ~P 2
? where P� = P 0 � P z. [127] The operator P� = i d

d�
generates light-

cone time translations. The P+ and ~P? momentum operators are independent of the
interactions. Each intermediate state consists of particles with light-cone energy k� =
~k2
?

+m2

k+
> 0 and positive k+. The procedure for quantizing non-Abelian gauge theory

in QCD is well-known.[34, 35, 24, 128, 127] In brief: if one chooses light-cone gauge
A+ = 0, the dependent gauge �eld A� and quark �eld  � = �� can be eliminated in
terms of the physical transverse �eld A? and A+ = �+ �elds. Here �� = 1

2
�� =

1p
2
0� are hermitian projection operators. Remarkably, no ghosts �elds appear

in the formalism, since only physical degrees of freedom propagate. The interaction
Hamiltonian includes the usual Dirac interactions between the quarks and gluons, the
three-point and four-point gluon non-Abelian interactions plus instantaneous light-
cone time gluon exchange and quark exchange contributions: [128, 127]

Hint = �g  i
�A�

ij j

+
g

2
fabc (@�A

a
� � @�A

a
�)A

b�Ac�

+
g2

4
fabcfadeAb�A

d�Ac�A
e�

�g
2

2
 
i
+ (?

0

A?0)
ij 1

i@�
(?A?)

jk  k
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�g
2

2
j+a

1

(@�)2
j+a (47)

where
j+a =  

i
+(ta)

ij j + fabc(@�Ab�)A
c� (48)

Srivastava and I have recently shown how one can use the Dyson-Wick formalism to
construct the Feynman rules in light-cone gauge for QCD. The gauge �elds satisfy
both the light-cone gauge and the Lorentz condition @�A

� = 0: We have also shown
that one can also e�ectively quantize QCD in the covariant Feynman gauge. [129]

The calculation rules for the Hamiltonian form of light-front-quantized perturba-
tion theory are given in the Appendix.

The eigen-spectrum of HQCD
LC in principle gives the entire mass squared spectrum

of color-singlet hadron states in QCD, together with their respective light-cone wave-
functions. For example, the proton state satis�es: HQCD

LC j pi =M2
p j pi. The projec-

tion of the proton's eigensolution j pi on the color-singlet B = 1, Q = 1 eigenstates

fjnig of the free Hamiltonian HQCD
LC (g = 0) gives the light-cone Fock expansion:

���	p;P
+; ~P?; �

E
=

X
n�3;�i

Z
�n
i=1

d2k?idxip
xi16�3

16�3Æ

0@1� nX
j

xj

1A Æ(2)  nX
`

~k?`

!
���n; xiP+; xi ~P? + ~k?i; �i

E
 n=p(xi; ~k?i; �i) : (49)

The light-cone Fock wavefunctions  n=H(xi; ~k?i; �i) thus interpolate between the hadron
H and its quark and gluon degrees of freedom. The light-cone momentum fractions of
the constituents, xi = k+i =P

+ with
Pn

i=1 xi = 1; and the transverse momenta ~k?i withPn
i=1

~k?i = ~0? appear as the momentum coordinates of the light-cone Fock wavefunc-
tions. A crucial feature is the frame-independence of the light-cone wavefunctions.
The xi and ~k?i are relative coordinates independent of the hadron's momentum P �.
The actual physical transverse momenta are ~p?i = xi ~P? + ~k?i:

The �i label the light-cone spin S
z projections of the quarks and gluons along the

z direction. The physical gluon polarization vectors ��(k; � = �1) are speci�ed in
light-cone gauge by the conditions k � � = 0; � � � = �+ = 0: Each light-cone Fock
wavefunction satis�es conservation of the z projection of angular momentum: Jz =Pn

i=1 S
z
i +
Pn�1

j=1 l
z
j : The sum over Szi represents the contribution of the intrinsic spins of

the n Fock state constituents. The sum over orbital angular momenta lzj = �i(k1j @
@k2

j

�
k2j

@
@k1

j

) derives from the n � 1 relative momenta. This excludes the contribution to

the orbital angular momentum due to the motion of the center of mass, which is not
an intrinsic property of the hadron. [130]

Light-cone wavefunctions are thus the frame-independent interpolating functions
between hadron and quark and gluon degrees of freedom. Hadron amplitudes can
be computed from the convolution of the light-cone wavefunctions with irreducible
quark-gluon amplitudes. For example, space-like form factors can be represented as
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the diagonal �n = 0 overlap of light-cone wavefunctions. Time-like form factors such
as semi-exclusive B decays can be expressed as the sum of diagonal �n = 0 and
�n = 2 overlap integrals. Structure functions are simply related to the sum over
absolute squares of the light-cone wavefunctions. More generally, all multi-quark and
gluon correlations in the bound state are represented by the light-cone wavefunctions.
Thus in principle, all of the complexity of a hadron is encoded in the light-cone Fock
representation, and the light-cone Fock representation is thus a representation of the
underlying quantum �eld theory. The LC wavefunctions  n=H(xi; ~k?i; �i) are univer-
sal, process-independent, and thus control all hadronic reactions. In the case of deep
inelastic scattering, one needs to evaluate the imaginary part of the virtual Compton
amplitude M[�(q)p ! �(q)p]: The simplest frame choice for electroproduction is
q+ = 0; q2? = Q2 = �q2; q� = 2q � p=P+; p+ = P+; p? = 0?; p� = M2

p=P
+: At lead-

ing twist, soft �nal-state interactions of the outgoing hard quark line are power-law
suppressed in light-cone gauge, so the calculation of the virtual Compton amplitude
reduces to the evaluation of matrix elements of the products of free quark currents of
the free quarks. Given the light-cone wavefunctions, one can compute [34, 35, 24] all
of the leading twist helicity and transversity distributions measured in polarized deep
inelastic lepton scattering. [131] For example, the helicity-speci�c quark distributions
at resolution � correspond to

q�q=�p(x;�) =
X
n;qa

Z nY
j=1

dxjd
2k?j

X
�i

j (�)
n=H(xi;

~k?i; �i)j2 (50)

�Æ
 
1�

nX
i

xi

!
Æ(2)

 
nX
i

~k?i

!
Æ(x� xq)Æ�a;�q�(�

2 �M2
n) ;

where the sum is over all quarks qa which match the quantum numbers, light-cone
momentum fraction x; and helicity of the struck quark. Similarly, the transversity
distributions and o�-diagonal helicity convolutions are de�ned as a density matrix of
the light-cone wavefunctions. This de�nes the LC factorization scheme [34, 35, 24]
where the invariant mass squared M2

n =
Pn

i=1 (k
2
?i +m2

i )=xi of the n partons of the
light-cone wavefunctions are limited to M2

n < �2.
The light-cone wavefunctions also specify the multi-quark and gluon correlations

of the hadron. For example, the distribution of spectator particles in the �nal state
which could be measured in the proton fragmentation region in deep inelastic scat-
tering at an electron-proton collider are in principle encoded in the light-cone wave-
functions. We also note that the high momentum tail of the light-cone wavefunctions
can be computed perturbatively in QCD. In particular, the evolution equations for
structure functions and distribution amplitudes follow from the perturbative high
transverse momentum behavior of the light-cone wavefunctions. The gauge theory
features of color transparency and color opacity for color singlet hadrons follows
from the distribution of the quarks and gluons in transverse space of the hadron
wavefunctions. [78, 79, 80] Light-cone wavefunctions thus are the natural quantities
to encode hadron properties and to bridge the gap between empirical constraints and
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theoretical predictions for the bound state solutions. One can also obtain guides to
the exact behavior of LC wavefunctions in QCD from analytic or DLCQ solutions
to toy models such as \reduced" QCD(1 + 1): QCD sum rules, lattice gauge theory
moments, and QCD inspired models such as the bag model, chiral theories, provide
important constraints. We also note that the light-cone and many-body Schr�odinger
theory formalisms must match in the heavy quark nonrelativistic limit.

3.1 Light-cone Fock Representation of Current Matrix Ele-

ments

The light-cone Fock representation of current matrix elements has a number of sim-
plifying properties. Matrix elements of space-like local operators for the coupling of
photons, gravitons and the deep inelastic structure functions can all be expressed as
overlaps of light-cone wavefunctions with the same number of Fock constituents. This
is possible since one can choose the special frame q+ = 0 [108, 109] for space-like mo-
mentum transfer and take matrix elements of \plus" components of currents such as
J+ and T++. Since the physical vacuum in light-cone quantization coincides with the
perturbative vacuum, no contributions to matrix elements from vacuum uctuations
occur. [127]

In the case of a spin-1
2
composite system, the Dirac and Pauli form factors F1(q

2)
and F2(q

2) are de�ned by

hP 0jJ�(0)jP i = u(P 0)
h
F1(q

2)� + F2(q
2)

i

2M
���q�

i
u(P ) ; (51)

where q� = (P 0 � P )� and u(P ) is the bound state spinor. In the light-cone formal-
ism it is convenient to identify the Dirac and Pauli form factors from the helicity-
conserving and helicity-ip vector current matrix elements of the J+ current: [140]*

P + q; "
�����J+(0)

2P+

�����P; "
+
= F1(q

2) ; (52)

*
P + q; "

�����J+(0)

2P+

�����P; #
+
= �(q1 � iq2)

F2(q
2)

2M
: (53)

The magnetic moment of a composite system is one of its most basic properties. The
magnetic moment is de�ned at the q2 ! 0 limit,

� =
e

2M
[F1(0) + F2(0)] ; (54)

where e is the charge andM is the mass of the composite system. We use the standard
light-cone frame (q� = q0 � q3):

q = (q+; q�; ~q?) =

 
0;
�q2
P+

; ~q?

!
;

P = (P+; P�; ~P?) =

 
P+;

M2

P+
;~0?

!
; (55)
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where q2 = �2P � q = �~q2? is 4-momentum square transferred by the photon.
The Pauli form factor and the anomalous magnetic moment � = e

2M
F2(0) can

then be calculated from the expression

�(q1 � iq2)
F2(q

2)

2M
=
X
a

Z d2~k?dx
16�3

X
j

ej  
"�
a (xi;

~k0?i; �i) 
#
a(xi;

~k?i; �i) ; (56)

where the summation is over all contributing Fock states a and struck constituent
charges ej. The arguments of the �nal-state light-cone wavefunction are [108, 109]

~k0?i = ~k?i + (1� xi)~q? (57)

for the struck constituent and

~k0?i = ~k?i � xi~q? (58)

for each spectator. Notice that the magnetic moment must be calculated from the
spin-ip non-forward matrix element of the current. It is not given by a diagonal
forward matrix element. [132] In the ultra-relativistic limit where the radius of the
system is small compared to its Compton scale 1=M , the anomalous magnetic moment
must vanish. [133] The light-cone formalism is consistent with this theorem.

The anomalous moment coupling B(0) to a graviton vanishes for any composite
system. This remarkable result, �rst derived by Okun and Kobzarev, [134, 135, 136,
25, 137] follows directly from the Lorentz boost properties of the light-cone Fock
representation. [130]

Exclusive semi-leptonic B-decay amplitudes involving time-like currents such as
B ! A`� can also be evaluated exactly in the light-cone framework. [138, 139] In
this case, the q+ = 0 frame cannot be used, and the time-like decay matrix elements
require the computation of both the diagonal matrix element n ! n where parton
number is conserved and the o�-diagonal n + 1 ! n � 1 convolution such that the
current operator annihilates a qq0 pair in the initial B wavefunction. This term is
a consequence of the fact that the time-like decay q2 = (p` + p�)

2 > 0 requires a
positive light-cone momentum fraction q+ > 0. A similar result holds for the light-
cone wavefunction representation of the deeply virtual Compton amplitude. [29]

Recently Dae Sung Hwang, Bo-Qiang Ma, Ivan Schmidt, and I [130] have shown
that the light-cone wavefunctions generated by the radiative corrections to the elec-
tron in QED provides a simple system for understanding the spin and angular mo-
mentum decomposition of relativistic systems. We have explicitly compute the form
factors F1(q

2) and F2(q
2) of the electromagnetic current, and the various contributions

to the form factors A(q2) and B(q2) of the energy-momentum tensor for the model.
This perturbative model also illustrates the interconnections between Fock states of
di�erent number. The model is patterned after the quantum structure which occurs
in the one-loop Schwinger �=2� correction to the electron magnetic moment. [140]
In e�ect, we can represent a spin-1

2
system as a composite of a spin-1

2
fermion
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and spin-one vector boson with arbitrary masses. A similar model has been used to
illustrate the matrix elements and evolution of light-cone helicity and orbital angular
momentum operators. [141] This representation of a composite system is particularly
useful because it is based on two constituents but yet is totally relativistic. It can
easily be generalized to e�ectively composite models by assuming Pauli-Villars spec-
tral conditions on the constituent masses, while retaining the spin structure as a
consistent template.

3.2 Light-cone Representation of Deeply Virtual Compton

Scattering

The virtual Compton scattering process d�
dt
(�p! p) for large initial photon virtual-

ity q2 = �Q2 (see Fig. 19) has extraordinary sensitivity to fundamental features of the
proton's structure. Even though the �nal state photon is on-shell, the deeply virtual
process probes the elementary quark structure of the proton near the light cone as an
e�ective local current. In contrast to deep inelastic scattering, which measures only
the absorptive part of the forward virtual Compton amplitude ImT�p!�p, deeply
virtual Compton scattering allows the measurement of the phase and spin structure
of proton matrix elements for general momentum transfer squared t. In addition,
the interference of the virtual Compton amplitude and Bethe-Heitler wide angle scat-
tering Bremsstrahlung amplitude where the photon is emitted from the lepton line
leads to an electron-positron asymmetry in the e�p! e�p cross section which is
proportional to the real part of the Compton amplitude. [142] The deeply virtual
Compton amplitude �p ! p is related by crossing to another important process
� ! hadron pairs at �xed invariant mass which can be measured in electron-photon
collisions. [31, 33]
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Figure 19: The virtual Compton amplitude �(q)pI ! (q0)pF .

To leading order in 1=Q, the deeply virtual Compton scattering amplitude factor-
izes as the convolution in x of the amplitude t�� for hard Compton scattering on a
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quark line with the generalized Compton form factors H(x; t; �); E(x; t; �), ~H(x; t; �);
and ~E(x; t; �) of the target proton (see Refs. 26{28, 143{151, and 118). Here x is the
light-cone momentum fraction of the struck quark, and � = Q2=2P � q plays the role
of the Bjorken variable. The square of the four-momentum transfer from the proton
is given by

t = �2 = 2P �� = �(�2M2 + ~�2
?)

(1� �)
; (59)

where � is the di�erence of initial and �nal momenta of the proton (P = P 0+�). The
form factor H(x; t; �) describes the proton response when the helicity of the proton
is unchanged, and E(x; t; �) is for the case when the proton helicity is ipped. Two
additional functions ~H(x; t; �); and ~E(x; t; �) appear, corresponding to the dependence
of the Compton amplitude on quark helicity.

Each of the Compton generalized form factors E; ~E;H; ~H evolve in logQ2 due
to radiative processes associated with struck quark. Our emphasis here, however,
will be on the non-perturbative structure of the Compton densities and how they
reect the wavefunctions of proton target. We will also show that the de�nition and
interpretation of the Compton densities E; ~E;H; ~H and their arguments are frame-
dependent.

Virtual Compton scattering with Q2 6= 0 always involves non-zero momentum
transfer, so that a probabilistic interpretation of the skewed distributions is not pos-
sible. However, as we shall show, these distributions can be constructed directly
from speci�c overlap integrals of the light-cone Fock-state wavefunctions of the target
proton. As in the case of the form factors which control time-like semi-leptonic B
decay, one obtains contributions to the virtual Compton amplitude from both diag-
onal n = n0 and o�-diagonal n = n0 + 2 parton-number-changing contributions. [138]
Nevertheless, despite this complication, there are remarkable sum rules connecting
the chiral-conserving and chiral-ip form factors H(x; t; �) and E(x; t; �) which ap-
pear in deeply virtual Compton scattering with the corresponding spin-conserving
and spin-ip electromagnetic form factors F1(t) and F2(t) and gravitational form fac-
tors Aq(t) and Bq(t) for each quark and anti-quark constituent. [143] For example,
the gravitational form factors are given by

Z 1

0

dx

1� �
2

x� �
2

1� �
2

[H(x; �; t) + E(x; �; t)] = Aq(t) +Bq(t) : (60)

Thus deeply virtual Compton scattering is related to the quark contribution to the
form factors of a proton scattering in a gravitational �eld. Another remarkable feature
of these sum rules is the fact that the resulting form factors are independent of the
value of �. This invariance is due to the Lorentz frame-independence of the light-cone
Fock representation of space-like local operator matrix elements which in turn reects
the underlying connections between Fock states of di�erent parton number implied
by the QCD equations of motion.
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The kinematics of virtual Compton scattering �(q)p(P ) ! (q0)p(P 0) are illus-
trated in Fig. 20. We specify the frame by choosing a convenient parameterization of
the light-cone coordinates for the initial and �nal proton:

PI = (P+ ; ~P? ; P�) =

 
P+ ; ~0? ;

M2

P+

!
; (61)

PF = (P 0+ ; ~P 0
? ; P 0�) =

0@(1� �)P+ ; �~�? ;
(M2 + ~�2

?)
(1� �)P+

1A :

(62)

(Our metric is speci�ed by V � = V 0�V z and V 2 = V +V ��V 2
?.) The four-momentum

transfer from the target is

� = PI � PF = (�+ ; ~�? ; ��) =

0@�P+ ; ~�? ;
(t + ~�2

?)
�P+

1A ;

where �2 = t. In addition, overall energy-momentum conservation requires �� =
P I
I � P�

F :

As in the case of space-like form factors, it is convenient to choose a frame where
the incident space-like photon carries q+ = 0 and q2 = �Q2 = �~q2?:

q = (q+ ; ~q? ; q�) =

0@0 ; ~q? ;
(~q? + ~�?)2

�P+
+
(�M2 + ~�2

?)
(1� �)P+

1A ; (63)

q0 = (q0+ ; ~q 0? ; q0�) =

0@�P+ ; (~q? + ~�?) ;
(~q? + ~�?)2

�P+

1A = q +�:

(64)

Thus no light-cone time-ordered amplitudes involving the splitting of the incident
photon can occur. The connection between ~�2

?, �, and t is given by Eq. (59). The
variable � is �xed from (61) and (64)

2PI � q = (~q? + ~�?)2

�
+
(�M2 + ~�2

?)
(1� �)

: (65)

Given the  
(�)

n=H ; one can construct space-like electromagnetic, electroweak, grav-
itational couplings, or any local operator product matrix element from the diagonal
overlap of the LC wavefunctions [140]. However, as noted above, in the case of deeply
virtual Compton scattering, the proton matrix elements require the computation of
not only the diagonal matrix element n ! n for � < x < 1, where parton number
is conserved, but also an o�-diagonal n + 1 ! n � 1 convolution for 0 < x < �.
This second domain occurs since the current operator of the �nal-state photon with
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Figure 20: Light-cone time-ordered contributions to deeply virtual Compton scatter-
ing. Only the contributions of leading twist in 1=q2 are illustrated. These contribu-
tions illustrate the factorization property of the leading twist amplitude.
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positive light-cone momentum fraction � can annihilate a qq0 pair in the initial pro-
ton wavefunction. The o�-diagonal terms are referred to in the literature as the
\ERBL" contributions, since they resemble virtual Compton scattering on an ex-
changed mesonic system �qq0 !  and thus obey the same evolution equations in
log q2 as the meson distribution amplitudes. [35, 46, 24, 47] In fact, the light cone
Fock representation shows that there are underlying relations between Fock states of
di�erent particle number which interrelate the two domains.

In deeply virtual Compton scattering q2 is large compared to the masses and t.
Then, to leading order in 1=Q2, we can take

�q2
2PI � q

= � : (66)

Thus � plays the role of the Bjorken variable in deeply virtual Compton scattering.
For a �xed value of �t, the allowed range of � is given by

0 � � � (�t)
2M2

0@
vuut1 +

4M2

(�t) � 1

1A : (67)

The choice of parameterization of the light-cone frame is of course arbitrary. For
example, one can also conveniently utilize a \symmetric" frame for the ingoing and
outgoing proton which has manifest �! �� symmetry.

In the case of circularly polarized initial and �nal photons I and J (I; J are " or
#),

M IJ(~q?; ~�?; �) = �e2q
Z 1

0
dx (68)

�
"
t
IJ
(x; �)

 
H(x; t; �) U(P 0)

+

2P+
U(P )

+ E(x; t; �) U(P 0)
i

2M

�+�

2P+
(���)U(P )

!

sIJ(x; �)

 fH(x; t; �) U(P 0)
+5

2P+
U(P )

+ eE(x; t; �) U(P 0)
1

2M

5

2P+
(��+)U(P )

� #
;

where

t
""
(x; �) = t

##
(x; �) =

 
1

x� i�
+

1

x� � + i�

!
; (69)

s ""(x; �) = � s ##(x; �) = �
 
� 1

x� i�
+

1

x� � + i�

!
;

t
"#
(x; �) = t

#"
(x; �) = 0 ; s "#(x; �) = s #"(x; �) = 0 :
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The two boson polarization vectors in light-cone gauge are �� = (�+ = 0 ; �� =
~�
?
�~k
?

2k+
;~�?) where ~� = ~�?

";# = �(1=p2)(cx1 � icx2). The polarization vectors also satisfy
the Lorentz condition k � � = 0. It is useful to de�ne generalized form factors,

F1(t) =
Z 1

�
dx f1 (n!n)(x; t; �) +

Z �

0
dx f1 (n+1!n�1)(x; t; �) =

Z 1

0
dx f1(x; t; �) ; (70)

H(x; t; �) = f1(x; t; �) = f1 (n!n)(x; t; �)�(x� �) + f1 (n+1!n�1)(x; t; �)�(� � x) ; (71)

and

F2(t) =
Z 1

�
dx f2 (n!n)(x; t; �) +

Z �

0
dx f2 (n+1!n�1)(x; t; �) =

Z 1

0
dx f2(x; t; �) ; (72)

E(x; t; �) = f2(x; t; �) = f2 (n!n)(x; t; �)�(x� �) + f2 (n+1!n�1)(x; t; �)�(� � x) : (73)

Recently, Diehl, Hwang, and I [29] have shown how the generalized form factors
of deeply virtual Compton amplitude can be evaluated explicitly in the Fock state
representation using the matrix elements of the currents and the boost properties of
the light-cone wavefunctions.

For the n ! n diagonal term (�n = 0), the relevant current matrix element at
quark level is Z

dy�

8�
eixP

+y�=2 (74)

�
D
1; x01P

0+; ~p 0?1; �
0
1

��� (0) +  (y) ��� 1; x1P+; ~p?1; �1
E ���

y+=0;y
?
=0

=
q
x1x

0
1

q
1� � Æ(x� x1) Æ�0

1
�
1
;

where for de�niteness we have labeled the struck quark with the index i = 1. We thus
obtain formulae for the diagonal (parton-number-conserving) contributions to H and
E in the domain � � x � 1 [28]:

p
1� �

1� �
2

H(n!n)(x; �; t) � �2

4(1� �
2
)
p
1� �

E(n!n)(x; �; t) (75)

=
q
1� �

2�n X
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Z nY
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dxi d
2~k?i

16�3

� 16�3Æ

0@1� nX
j=1
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0@ nX
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1� �
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2M
E(n!n)(x; �; t) (76)
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q
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� 16�3Æ

0@1� nX
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xj

1A Æ(2)

0@ nX
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1A
� Æ(x� x1)  

" �
(n) (x
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where the arguments of the �nal-state wavefunction are given by

x01 =
x1 � �

1� �
; ~k0?1 = ~k?1 �

1� x1

1� �
~�? for the struck quark,

x0i =
xi

1� �
; ~k0?i = ~k?i +

xi

1� �
~�? for the spectators i = 2; � � � ; n.

(77)

One easily checks that
Pn

i=1 x
0
i = 1 and

Pn
i=1

~k0?i = ~0?. In Eqs. (75) and (76) one
has to sum over all possible combinations of helicities �i and over all parton numbers
n in the Fock states. We also imply a sum over all possible ways of numbering the
partons in the n-particle Fock state so that the struck quark has the index i = 1.

Analogous formulae hold in the domain � � 1 < x < 0, where the struck parton
in the target is an antiquark instead of a quark. Some care has to be taken regarding
overall signs arising because fermion �elds anti-commute.[28, 152]

For the n+1! n�1 o�-diagonal term (�n = �2), let us consider the case where
quark 1 and antiquark n + 1 of the initial wavefunction annihilate into the current
leaving n� 1 spectators. Then xn+1 = � � x1 and ~k?n+1 = ~�?�~k?1. The remaining
n� 1 partons have total plus-momentum (1� �)P+ and transverse momentum �~�?.
The current matrix element now isZ

dy�

8�
eixP

+y�=2 (78)D
0
��� (0) +  (y) ��� 2; x1P+; xn+1P
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=
q
x1xn+1 Æ(x� x1) Æ�1 ��n+1

;

and we thus obtain the formulae for the o�-diagonal contributions to H and E in the
domain 0 � x � �:

p
1� �

1� �
2

H(n+1!n�1)(x; �; t) � �2
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2M
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where i = 2; � � � ; n label the n � 1 spectator partons which appear in the �nal-state
hadron wavefunction with

x0i =
xi

1� �
; ~k0?i = ~k?i +

xi

1� �
~�? : (81)

We can again check that the arguments of the �nal-state wavefunction satisfy
Pn

i=2 x
0
i =

1,
Pn

i=2
~k0?i = ~0?. In (79) and (80) the sum is over all possible ways of numbering

the partons in the initial wavefunction such that the quark with index 1 and the
antiquark with index n + 1 annihilate into the current.

The powers of
p
1� � in (75), (76) and (79), (80) have their origin in the integra-

tion measures in the Fock state decomposition for the outgoing proton. The fractions
x0i appearing there refer to the light-cone momentum P 0+ = (1� �)P+, whereas the
fractions xi in the incoming proton wavefunction refer to P+. Transforming all frac-
tions so that they refer to P+ as in our �nal formulae thus gives factors of

p
1� �.

Di�erent powers appear in the n ! n and n + 1 ! n � 1 overlaps because of the
di�erent parton numbers in the �nal state wavefunctions.

The above representation is the general form for the generalized form factors of
the deeply virtual Compton amplitude for any composite system. Thus given the
light-cone Fock state wavefunctions of the eigensolutions of the light-cone Hamilto-
nian, we can compute the amplitude for virtual Compton scattering including all spin
correlations. The formulae are accurate to leading order in 1=Q2. Radiative correc-
tions to the quark Compton amplitude of order �s(Q

2) from diagrams in which a
hard gluon interacts between the two photons have also been neglected.

The QCD scattering amplitude for deeply virtual exclusive meson production
�p! Mp also factorizes into a hard subprocess and soft universal hadronic matrix
elements.[153, 32, 154] For example, consider exclusive meson electroproduction such
as ep! e�+n (Fig. 21a). Here one takes (as in DIS) the Bjorken limit of large photon
virtuality, with xB = Q2=(2mp�) �xed, while the momentum transfer t = (pp � pn)

2

remains small. These processes also involve `skewed' parton distributions, which
are generalizations of the usual parton distributions measured in DIS. The skewed
distribution in this case describes the emission of a u-quark from the proton target
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together with the formation of the �nal neutron from the d-quark and the proton
remnants. As the subenergy ŝ of the scattering process �u ! �+d is not �xed, the
amplitude involves an integral over the u-quark momentum fraction x.
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Figure 21: (a): Factorization of �p ! �+n into a skewed parton distribution
(SPD), a hard scattering H and the pion distribution amplitude ��. (b): Semi-
exclusive process (�)p ! �+Y . The d-quark produced in the hard scattering H

hadronizes independently of the spectator partons in the proton. (c): Diagram for
the cross section of a generic semi-exclusive process. It involves a hard scattering H,
distribution amplitudes �A and �C and a parton distribution (PD) in the target B.

3.3 Electroweak Matrix Elements and Light-Cone Wavefunc-

tions

Another remarkable advantage of the light-cone formalism is that exclusive semilep-
tonic B-decay amplitudes such as B ! A`� can be evaluated exactly. [138] The
time-like decay matrix elements require the computation of the diagonal matrix ele-
ment n! n where parton number is conserved, and the o�-diagonal n + 1 ! n� 1
convolution where the current operator annihilates a qq0 pair in the initial B wave-
function. See Fig. 22. This term is a consequence of the fact that the time-like
decay q2 = (p` + p�)

2 > 0 requires a positive light-cone momentum fraction q+ > 0.
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Figure 22: Exact representation of electroweak decays and time-like form factors in
the light-cone Fock representation.

Conversely for space-like currents, one can choose q+ = 0, as in the Drell-Yan-West
representation of the space-like electromagnetic form factors. However, as can be seen
from the explicit analysis of the form factor in a perturbative model, the o�-diagonal
convolution can yield a nonzero q+=q+ limiting form as q+ ! 0. This extra term
appears speci�cally in the case of \bad" currents such as J� in which the coupling
to qq uctuations in the light-cone wavefunctions are favored. In e�ect, the q+ ! 0
limit generates Æ(x) contributions as residues of the n + 1 ! n � 1 contributions.
The necessity for such \zero mode" Æ(x) terms has been noted by Chang, Root and
Yan, [155] Burkardt, [156] and Ji and Choi. [157]

The o�-diagonal n + 1 ! n � 1 contributions give a new perspective for the
physics of B-decays. A semileptonic decay involves not only matrix elements where
a quark changes avor, but also a contribution where the leptonic pair is created
from the annihilation of a qq0 pair within the Fock states of the initial B wavefunc-
tion. The semileptonic decay thus can occur from the annihilation of a nonvalence
quark-antiquark pair in the initial hadron. This feature will carry over to exclusive
hadronic B-decays, such as B0 ! ��D+. In this case the pion can be produced from
the coalescence of a du pair emerging from the initial higher particle number Fock
wavefunction of the B. The D meson is then formed from the remaining quarks after
the internal exchange of a W boson.

In principle, a precise evaluation of the hadronic matrix elements needed for B-
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decays and other exclusive electroweak decay amplitudes requires knowledge of all of
the light-cone Fock wavefunctions of the initial and �nal state hadrons. In the case
of model gauge theories such as QCD(1+1) [158] or collinear QCD [159] in one-space
and one-time dimensions, the complete evaluation of the light-cone wavefunction is
possible for each baryon or meson bound-state using the DLCQ method. It would be
interesting to use such solutions as a model for physical B-decays.

3.4 Proofs of Factorization for Hard QCD Exclusive Pro-

cesses using the Light-Cone Fock Representation

The light-cone formalism provides a physical factorization scheme which conveniently
separates and factorizes soft non-perturbative physics from hard perturbative dynam-
ics in both exclusive and inclusive reactions. [24, 35] The proof of factorization begins
with the exact representation of the process in terms of the light-cone Fock represen-
tation. The LC wavefunctions are the interpolating functions between the quark and
gluon states and the hadronic states. Using light-cone Hamiltonian theory, the sum
over each intermediate state can be divided according toM2

n < �2 andM2
n > �2 do-

mains whereM2
n is the invariant mass of the intermediate state. All of the dynamics

associated with M2
n < �2 is thus summed into the cuto� light-cone wavefunctions

 M
2
n<�

2

n (xi; ki?; �i). In the high invariant mass regimeM2
n > �2, intrinsic transverse

momenta can be ignored, so that the structure of the process at leading power has the
form of hard scattering on collinear quark and gluon constituents, as in the parton
model. The attachment of gluons from the LC wavefunction to a propagator in a
hard subprocess is power-law suppressed in LC gauge, so that the minimal quark-
gluon particle-number subprocesses dominate. The light-cone Fock representation
thus provides an explicit realization of the operator product representation. For ex-
ample, in the case of inclusive reactions such as deep inelastic lepton scattering, the
hard domain corresponds to virtual Compton scattering on the quark constituents.
All intermediate states of loop diagrams are in the hard regimeM2

n > �2. The coef-
�cient functions, the quark q(x;�) and gluon distributions g(x;�) of the proton are
then given absolute squares of the proton's cuto� LC wavefunctions with M2

n < �2.
It is then straightforward to derive the DGLAP equations from the evolution of the
distributions with log�2. The anomaly contribution to isospin-singlet helicity struc-
ture function g1(x;Q) can be explicitly identi�ed in the LC factorization scheme as
due to the �g ! qq fusion process. The anomaly contribution would be zero if the
gluon is on shell. However, if the o�-shellness of the state is larger than the quark
pair mass, one can derive the usual anomaly contribution. [160]

In the case of an exclusive amplitude involving a hard scale Q2, all intermediate
states can again divided according to M2

n < �2 < Q2 and M2
n < �2 invariant mass

domains. The high invariant mass contributions to the amplitude has the structure
of a hard scattering process TH in which the hadrons are replaced by their respec-
tive (collinear) quarks and gluons. In light-cone gauge only the minimal Fock states
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contribute to the leading power-law fall-o� of the exclusive amplitude. The wave-
functions in the lower invariant mass domain can be integrated up to the invariant
mass cuto� �, thus de�ning the distribution amplitudes. Final-state and initial state
corrections from gluon attachments to lines connected to the color-singlet distribution
amplitudes cancel at leading twist.

The key non-perturbative input for exclusive processes is thus the gauge and
frame independent hadron distribution amplitude [35, 24] de�ned as the integral of
the valence (lowest particle number) Fock wavefunction; e.g. for the pion

��(xi;�) �
Z
d2k?  

(�)
qq=�(xi;

~k?i; �) (82)

where the global cuto� � is identi�ed with the resolution Q. The distribution ampli-
tude controls leading-twist exclusive amplitudes at high momentum transfer, and it
can be related to the gauge-invariant Bethe-Salpeter wavefunction at equal light-cone
time. Given the solution for the hadronic wavefunctions  (�)

n withM2
n < �2, one can

also construct the wavefunction in the hard regime with M2
n > �2 using projection

operator techniques. [34, 35, 24] The construction can be done perturbatively in QCD
since only high invariant mass, far o�-shell matrix elements are involved. One can
use this method to derive the physical properties of the LC wavefunctions and their

matrix elements at high invariant mass. Since M2
n =

Pn
i=1

�
k2
?

+m2

x

�
i

, this method

also allows the derivation of the asymptotic behavior of light-cone wavefunctions at
large k?, and x ! 1. The logarithmic evolution of hadron distribution amplitudes
�H(xi; Q) can also be derived from the perturbatively-computable tail of the va-
lence light-cone wavefunction in the high transverse momentum regime. [35, 24] The
conformal basis for the evolution of the three-quark distribution amplitudes for the
baryons [34] has recently been obtained by V. Braun et al.[59]

Thus at high transverse momentum an exclusive amplitudes factorizes into a con-
volution of a hard quark-gluon subprocess amplitudes TH with the hadron distribution
amplitudes �(xi;�).[34, 35, 24] The TH satisfy the dimensional counting rules. The
logarithmic evolution of hadron distribution amplitudes �H(xi; Q) can be derived
from the perturbatively-computable tail of the valence light-cone wavefunction in the
high transverse momentum regime. [34, 35, 24]

3.5 Applications to Hard Exclusive Heavy Hadron Decays

The existence of an exact formalism provides a basis for systematic approximations
and a control over neglected terms. For example, one can analyze exclusive semi-
leptonic and exclusive two-body hadronic B-decays which involve hard internal mo-
mentum transfer using the perturbative QCD formalism. [161, 162, 163, 164, 165, 166]
The hard-scattering analysis again proceeds by writing each hadronic wavefunction as
a sum of soft and hard contributions  n =  soft

n (M2
n < �2) + hard

n (M2
n > �2); where

M2
n is the invariant mass of the partons in the n-particle Fock state and � is the sep-

aration scale. The high internal momentum contributions to the wavefunction  hard
n
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can be calculated systematically from QCD perturbation theory by iterating the gluon
exchange kernel. The contributions from high momentum transfer exchange to the
B-decay amplitude in the heavy b� quark limit can then be written as a convolution
of a hard-scattering quark-gluon scattering amplitude TH with the distribution am-
plitudes �(xi;�), the valence wavefunctions obtained by integrating the constituent
momenta up to the separation scale Mn < � < Q. Furthermore in processes such
as B ! �D where the pion is e�ectively produced as a rapidly moving small Fock
state with a small color-dipole interactions, �nal state interactions are suppressed
by color transparency. In the most recent analyses by Beneke et al. [164] a careful
separation is given of the hard PQCD and soft contribution from the convolution of
the light-cone wavefunctions and veri�ed thorough two-loop order.

3.6 Evolution of the Meson Distribution Amplitude

The meson distribution amplitude �M(x;Q) evolves with logQ2 in analogy to the
DGLAP evolution of quark structure functions. Note that non-singlet quark distri-
bution in the meson is the diagonal meson to meson matrix element of the same
bilocal operator  (0)+5 (z) which appear in the vacuum to meson matrix element
de�ning the meson distribution amplitude. The separation between the �elds is very
nearly on the light cone: z2 = z+z��z2? = O(1=Q2). Both matrix elements thus have
the same operator product expansion near the light-cone. Since the scale dependence
is determined by the operators in the OPE expansion, the anomalous dimensions n
of qM(x;Q) for non-singlet quark distributions and �M(x;Q) for non-singlet mesons
are identical to all orders. However, the coeÆcients Cn(x) which appear in the OPE
expansion of the distribution amplitude must be functions of the light-cone momen-
tum fraction. These coeÆcients can be determined from conformal symmetry since
the non-conformal dynamics is already incorporated into the evolution of the local
operators. [37, 62] The consistency of the conformal symmetry approach was veri�ed
to higher order by M�uller. [125] The extension of this approach to baryon distribution
amplitudes is due to Braun et al. [59]

The physics of the evolution of the meson distribution amplitudes is most eas-
ily seen in the light-cone Fock wavefunction formalism. Di�erentiating the integral
representation of �(x;Q) Eq. (5) with respect to logQ2 brings in two contributions,
one from the integrand at the upper limit of transverse momentum  (x; k2? = Q2)
and the other from the Q2 dependence of the wavefunction renormalization of the
external lines de�ning the two-particle wavefunction. The large k2? dependence of the
wavefunction can be obtained by iterating the Hamiltonian equation of motion which
has the form of a gluon exchange kernel V1g(x; y) convoluted again with the distri-
bution amplitude �(y;Q2). The wavefunction renormalization contributions provide
a subtraction term for color-singlet mesons. y = x which eliminates a potentially
infrared divergent contribution. The one-gluon exchange contribution represents the
change in the probability amplitude � due to the addition of more qq states as the
cuto� Q is increased, while the wavefunction renormalization takes into account the
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loss of probability from those already present.
The net result is

Q
@

@Q
�(x;Q) =

�s(Q
2)

4�

(Z 1

0
dy

V (x; y)

y(1� y)
�(y;Q)� 2�(x;Q)

)
(83)

where the evolution potential is

V (x; y) = 4CF

(
x(1�y) �(y�x)

 
Æ�h;h +

�

y � x

!
+
�
x$ 1� x

y $ 1� y

�)
= V (y; x): (84)

The operator � in the potential is de�ned by

�
�(y;Q)

y(1� y)
� �(y;Q)

y(1� y)
� �(x;Q)

x(1� x)
: (85)

The indices h and h indicate the helicities of the quark and antiquark (Æ�h;h = 1 for
pions).

The evolution equation completely speci�es the Q dependence of �(x;Q); still it
is instructive to exhibit explicitly its general Q dependence. The evolution potential
V (x; y) can be treated as an integral operator. Being symmetric it has real eigen-
values ~n and eigensolutions �n(y) which satisfy

R
dy V (x; y)w(y)�n(y) = ~n �n(x)

where integration weight w(y) � 1=(y(1 � y)). The eigensolutions must be orthog-
onal with respect to weight w(x), from which it immediately follows that �n(x) /
x(1� x)C3=2

n (2x� 1) where C3=2
n is a Gegenbauer polynomial. A general solution of

the evolution equation can be written down as an expansion on the complete set of
eigensolutions of V (x; y):

�(x;Q) = x(1� x)
1X
n=0

anC
3=2
n (2x� 1)

 
log

Q2

�2
QCD

!�n=2�0
(86)

where as usual CF = 4=3 and �0 = 11 � 2nf=3 where nf is the number of e�ective
quark avors. The eigenvalues of V give the anomalous dimensions

n = 2CF

(
1 + 4

n+1X
k=2

1

k
� 2Æ�h;h
(n + 1)(n+ 2)

)
� 0: (87)

By combining the orthogonality condition for the Gegenbauer polynomials and the
operator de�nition of �, we can project out the expansion constants:

an

 
log

Q2

�2
QCD

!�n=2�0
= 4(2n+1)

(2+n)(1+n)

R 1
0 dxC

3=2
n (2x� 1)�(x;Q)

= 4(2n+3)

(2+n)(1+n)
h0 j  +5

2
p
2nc

C3=2
n (

$
D

+
) j �i(Q) :

(88)
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The coeÆcients an's contain the non-perturbative physics of the meson; from the
OPE point of view they are the vacuum-to-meson matrix elements of the nonsinglet
local operators. They thus can be determined from lattice gauge theory or QCD sum
rules. An extensive review of the application of QCD sum rules to exclusive processes
is given by Chernyak and Zhitnitski. [3]

The Gegenbauer polynomials also appear very naturally in this context, as a con-
sequence of the residual conformal symmetry of QCD at short distances. All of the
dimensionful couplings in the QCD Lagrangian can be dropped at very short dis-
tances, and so the classical theory (i.e. tree order in perturbation theory) becomes
invariant under conformal mappings of the space-time coordinates. This conformal
symmetry is destroyed in the quantum �eld theory by renormalization, which neces-
sarily introduces a dimensionful parameter such as the cuto� �.

The operator-product analysis of the distribution amplitude suggests an important
constraint on �. The n = 0 Gegenbauer moment of the distribution amplitude is
proportional to the amplitude for pion decay:Z 1

0
dx �(x;Q) =

f�

2
p
nc
: (89)

Given the shape of �(x;Q) this equation normalizes it for any Q. Note that the
value of this moment is Q independent. This is because the n = 0 operator is just
the axial-vector current operator. As far as its ultraviolet behavior is concerned, this
operator is conserved and so its anomalous dimension vanishes: n=0 = 0. Notice also
that n > 0 for all other n. Thus only the n = 0 asymptotic term in the expansion of
�(x;Q) survives:

�(x;Q)! 3f�p
nc
x(1� x) (90)

as Q!1: Thus the shape and normalization of �(x;Q) is completely determined for
the pion when Q is asymptotically large. In contrast, the quark structure functions
q(x;Q) evolve to CÆ(x) in the same limit. It should be emphasized that  (�)(x; k?)
does in fact fall as 1=k2?, up to logarithms, as k? grows. The x ! 1 and x ! 0
dependence is also determined. Thus the high-momentum, short-distance behavior
of the Fock-state wavefunctions is thus perturbative in nature.

3.7 Non-Perturbative Computation of Light-Cone Wavefunc-

tions

Is there any hope of computing light-cone wavefunctions from �rst principles? In the
discretized light-cone quantization method (DLCQ), [167] periodic boundary condi-
tions are introduced in b? and x� so that the momenta k?i = n?�=L? and x+i = ni=K

are discrete. A global cuto� in invariant mass of the partons in the Fock expansion
is also introduced. Solving the quantum �eld theory then reduces to the problem of
diagonalizing the �nite-dimensional hermitian matrix HLC on a �nite discrete Fock
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basis. The DLCQ method has now become a standard tool for solving both the spec-
trum and light-cone wavefunctions of one-space one-time theories|virtually any 1+1
quantum �eld theory, including \reduced QCD" (which has both quark and gluonic
degrees of freedom) can be completely solved using DLCQ. [168, 159] The method
yields not only the bound-state and continuum spectrum, but also the light-cone
wavefunction for each eigensolution. The solutions for the model 1+1 theories can
provide an important theoretical laboratory for testing approximations and QCD-
based models.

In the case of theories in 3+1 dimensions, Hiller, McCartor, and I [169, 170]
have recently shown that the use of covariant Pauli-Villars regularization with DLCQ
allows one to obtain the spectrum and light-cone wavefunctions of simpli�ed theories,
such as (3+1) Yukawa theory. Dalley et al. have shown how one can use DLCQ
in one space-one time, with a transverse lattice to solve mesonic and gluonic states
in 3 + 1 QCD. [171] The spectrum obtained for gluonium states is in remarkable
agreement with lattice gauge theory results, but with a huge reduction of numerical
e�ort. Hiller and I [172] have shown how one can use DLCQ to compute the electron
magnetic moment in QED without resort to perturbation theory. Light-cone gauge
A+ = 0 allows one to utilize only the physical degrees of freedom of the gluon �eld
to appear. However, light-cone quantization in Feynman gauge has a number of
attractive features, including manifest covariance and a straightforward passage to
the Coulomb limit in the case of static quarks. [129]

One can also formulate DLCQ so that supersymmetry is exactly preserved in
the discrete approximation, thus combining the power of DLCQ with the beauty of
supersymmetry. [173, 174, 175] The \SDLCQ" method has been applied to several in-
teresting supersymmetric theories, to the analysis of zero modes, vacuum degeneracy,
massless states, mass gaps, and theories in higher dimensions, and even tests of the
Maldacena conjecture. [173]

Broken supersymmetry is interesting in DLCQ, since it may serve as a method
for regulating non-Abelian theories. [170] Another remarkable advantage of light-cone
quantization is that the vacuum state j 0i of the full QCD Hamiltonian coincides
with the free vacuum. For example, as discussed by Bassetto, [176] the computation
of the spectrum of QCD(1 + 1) in equal time quantization requires constructing
the full spectrum of non perturbative contributions (instantons). However, light-
cone methods with infrared regularization give the correct result without any need
for vacuum-related contributions. The role of instantons and such phenomena in
light-cone quantized QCD(3 + 1) is presumably more complicated and may reside in
zero modes; [177] e.g., zero modes are evidently necessary to represent theories with
spontaneous symmetry breaking.[178]
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3.8 Computation of the Pion Distribution Amplitude in QCD

using the Transverse Lattice

The transverse lattice approach [179, 180] to non-perturbative light-front Hamiltonian
QCD combines attractive elements of both lattice gauge theory and discretized light-
cone quantization.[181] Recently Dalley [182] has reported the �rst application of this
method to the computation of the valence pion's distribution amplitude.

In Dalley's approach, the x� and x+ coordinates are treated as in DLCQ. The
physics of the transverse dimensions x? are treated as a lattice theory with transverse
lattice spacing a. As in the work of Bardeen and Pearson [179] a linear sigma model
approximation is used Instead of formulating the lattice part of the theory in terms
of link variables U 2 SU(N), one uses link variablesM 2 GL(N), where the complex
matricesM transform in the same way under gauge transformation. The Hamiltonian
is then augmented by operators which restore the Poincare and other continuum
symmetries even at �nite a. Chiral symmetry is explicitly broken in the light-front
Hamiltonian while preserving the stability of the vacuum. The e�ective light-front
Hamiltonian is approximately Lorentz covariant, and is compatible with a massless
pion.

In fact, it is advantageous to work at �nite a, rather than the limit a ! 0 and
choose the parameters of the Hamiltonian in a region of renormalization group stabil-
ity. Thus one tunes the e�ective theory to respect the continuum symmetries (gauge,
Poincar�e, chiral) required of the theory. Ideally, after DLCQ and Tamm-Danco� cut-
o�s are extrapolated, the theory should exhibit enhanced Lorentz covariance on an
approximately one-dimensional trajectory of couplings, along which a varies. This
trajectory represents the best approximation to the (unique) renormalized trajectory
in the in�nite-dimensional space of couplings.

The method was �rst used for a successful series of glueball studies by Dalley and
van de Sande.[183, 184] Preliminary results for the pion have recently been presented
by Dalley, but are not to be considered de�nitive.

The resulting DLCQ/transverse lattice pion wavefunction at a = 0:35 and DLCQ
resolution K = 8 is shown in Fig. 23. It can be �t to the conformal expansion
[185, 186] of the distribution amplitude

��(x;Q
2 � 1GeV 2) =

2:653

a
x(1� x)

n
C

3=2
0 + 0:237C

3=2
2 � 0:102C

3=2
4

�0:05C3=2
6 + � � �

o
: (91)

The transverse scale 1GeV is a rough estimate based on �=a, and C3=2
n (1�2x2) are the

appropriate Gegenbauer polynomials. The conformal expansion appears convergent.
The overall normalization yields f� = 101 MeV compared with the experimental value
f�(exp:) = 93 MeV. However, it should be noted that recent lattice results from Del
Debbio et al.[40] predict a much narrower shape for the pion distribution amplitude
than the distribution predicted by the transverse lattice.
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Figure 23: Preliminary transverse lattice results for the pion distribution amplitude
at Q2 � 10GeV 2. The solid line is the theoretical prediction from the combined
DLCQ transverse lattice method [182]; the chain line is experimental deduction (each
with unknown systematic errors). Both are normalized to area 1 for comparison.

The results can be compared with direct and indirect experimental measurements,
using leading order perturbative QCD evolution to the appropriate scales Q2, and as-
suming leading order perturbative QCD factorization. The scaled � ! �0 transition
form factor Q2F�0 measured at CLEO-II [187] is approximately constant in the range
1 GeV2 < Q2 < 10 GeV2 and at the higher end Q2F�0(Q

2 = 8 GeV2) = 0:16� 0:03
GeV. This compares with the leading order theoretical result

Q2F�0(Q
2 = 8GeV2) =

4p
3

Z 1

0
dx
��(x;Q

2 � 8GeV2)

x
= 0:21 GeV (92)

As discussed in the next section, higher order QCD corrections will reduce the mag-
nitude of the theory prediction.

As discussed in Section 6, direct measurements of �� are possible from measure-
ments of di�ractive dissociation on a nucleus � + A ! A + jets. [81] Figure 23
compares the quark amplitude with the best �t to the jet data after hadronization
and experimental acceptance. [81] Although hadronization tends to wash out any
�ne structure in the quark amplitude, making an accurate comparison diÆcult, the
theoretical curve is somewhat broader than the experimental result. The lattice cal-
culation can be improved by taking the resolution K in the DLCQ expansion larger.
There are also uncertainties introduced from the use of a nearly massless pion, ambi-
guities in setting the factorization scale Q2, as well as errors in the evolution of the
distribution amplitude from 1 to 10 GeV2.
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4 Renormalization Scale and Scheme for Exclusive

Processes

The scale ambiguities for the underlying quark-gluon subprocesses are particularly
acute in the case of QCD predictions for exclusive processes since the running coupling
�s enters at a high power. Furthermore, since each external momentum entering an
exclusive reaction is partitioned among the many propagators of the underlying hard-
scattering amplitude, the physical scales that control these processes are inevitably
smaller than the overall momentum transfer. Exclusive process phenomenology is
further complicated by the fact that the scales of the running couplings in the hard-
scattering amplitude depend on the shape of the hadronic wavefunctions.

The renormalization scale ambiguity problem can be resolved if one can optimize
the choices of scale and scheme according to some sensible criteria. In the BLM
procedure,[188] the renormalization scales are chosen such that all vacuum polariza-
tion e�ects from the QCD � function are re-summed into the running couplings. The
coeÆcients of the perturbative series are thus identical to the perturbative coeÆcients
of the corresponding conformally invariant theory with � = 0: The BLM method has
the important advantage of \pre-summing" the large and strongly divergent terms
in the PQCD series which grow as n!(�s�0)

n, i.e., the infrared renormalons associ-
ated with coupling constant renormalization [189, 190] are avoided. Furthermore, the
renormalization scales Q� in the BLM method are physical in the sense that they
reect the mean virtuality of the gluon propagators. [188, 190, 191, 192] In fact, in
the �V (Q) scheme, where the QCD coupling is de�ned from the heavy quark poten-
tial, the renormalization scale is by de�nition the momentum transfer caused by the
gluon.

The BLM procedure can be used to �x the renormalization scale of the QCD
coupling in exclusive hadronic amplitudes such as the pion form factor, the photon-
to-pion transition form factor and  ! �+�� at large momentum transfer.[193]
Renormalization-scheme-independent commensurate scale relations can be established
which connect the hard scattering subprocess amplitudes that control these exclu-
sive processes to other QCD observables such as the heavy quark potential and
the electron-positron annihilation cross section. Because the renormalization scale
is small, one can argue that the e�ective coupling is nearly constant, thus accounting
for the nominal scaling behavior of the data. [194, 195, 193]

The heavy-quark potential V (Q2) is de�ned as the two-particle-irreducible scat-
tering amplitude of an in�nitely-heavy quark and antiquark at momentum transfer
t = �Q2: The relation

V (Q2) = �4�CF�V (Q
2)

Q2
; (93)

with CF = (N2
C � 1)=2NC = 4=3, then de�nes the e�ective charge �V (Q). This

coupling provides a physically-based alternative to the usual MS scheme. As in the
corresponding case of Abelian QED, the scale Q of the coupling �V (Q) is identi�ed
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with the exchanged momentum. All vacuum polarization corrections due to fermion
pairs are incorporated in the usual vacuum polarization kernels de�ned in terms of
physical mass thresholds. The �rst two terms �0 = 11�2nf=3 and �1 = 102�38nf=3
in the expansion of the � function de�ned from the logarithmic derivative of �V (Q)
are universal, i.e., identical for all e�ective charges at Q2 � 4m2

f . The coeÆcient �2
for �V has recently been calculated in the MS scheme. [196] All vacuum polarization
corrections due to fermion pairs are then automatically and analytically incorporated
into the Gell Mann-Low function, thus avoiding the problem of explicitly computing
and resumming quark mass corrections related to the running of the coupling. [197]
The use of a �nite e�ective charge such as �V as the expansion parameter also provides
a basis for regulating the infrared nonperturbative domain of the QCD coupling. A
similar coupling and scheme can be based on an assumed skeleton expansion of the
theory. [198, 199, 200] Lattice calculations have provided strong constraints on the
normalization and shape of �V (Q

2):

�
(3)
V (8:2 GeV) = 0:196(3); (94)

where the e�ective number of light avors is nf = 3. The corresponding modi�ed
minimal subtraction coupling evolved to the Z mass using Eq. (96) is given by

�
(5)

MS
(MZ) = 0:115(2): (95)

Commensurate scale relations (see Refs. 201 and 202) are perturbative QCD pre-
dictions which relate observable to observable at �xed relative scale, such as the \gen-
eralized Crewther relation" [203], which connects the Bjorken and Gross-Llewellyn
Smith deep inelastic scattering sum rules to measurements of the e+e� annihilation
cross section. The relations have no renormalization scale or scheme ambiguity. The
coeÆcients in the perturbative series for commensurate scale relations are identical
to those of conformal QCD; thus no infrared renormalons are present. [200] One can
identify the required conformal coeÆcients at any �nite order by expanding the coef-
�cients of the usual PQCD expansion around a formal infrared �xed point, as in the
Banks-Zak method. [198] All non-conformal e�ects are absorbed by �xing the ratio of
the respective momentum transfer and energy scales. In the case of �xed-point theo-
ries, commensurate scale relations relate both the ratio of couplings and the ratio of
scales as the �xed point is approached. [200]

The scale-�xed relation between �V and the conventional MS coupling is

�V (Q) = �MS(e
�5=6Q)

�
1� 2CA

3

�MS

�
+ � � �

�
; (96)

above or below any quark mass threshold. The factor e�5=6 ' 0:4346 is the ratio of
commensurate scales between the two schemes to this order. It arises because of the
conventions used in de�ning the modi�ed minimal subtraction scheme. The scale in
the MS scheme is thus a factor � 0:4 smaller than the physical scale. The coeÆcient
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2CA=3 in the NLO term is a feature of the non-Abelian couplings of QCD; the same
coeÆcient would occur even if the theory were conformally invariant with �0 = 0:
The coupling �V thus provides a natural scheme for computing exclusive amplitudes.
Once we relate, e.g., form factors to e�ective charges based on observables, there are
no ambiguities due to scale or scheme conventions.

It is straightforward to obtain the commensurate scale relation between F� and
�V . The appropriate BLM scale for F� is determined from the explicit calculations
of the NLO corrections given by Dittes and Radyushkin [204] and Field et al.[205]
These may be written in the form (A(�)nf + B(�))�s=�, where A is independent
of the separation scale ~Q. The nf dependence allows one to uniquely identify the
dependence on �0, which is then absorbed into the running coupling by a shift to the
BLM scale Q� = e3A(�)�. An important check of self-consistency is that the resulting
value for Q� is independent of the choice of the starting scale �.

Combining this result with the BLM scale-�xed expression for �V , and eliminating
the intermediate coupling, we �nd

F�(Q
2) =

Z 1

0
dx��(x)

Z 1

0
dy��(y)

16�CF�V (QV )

(1� x)(1� y)Q2

 
1 + CV

�V (QV )

�

!

= �4
Z 1

0
dx��(x)

Z 1

0
dy��(y)V (Q

2
V )

 
1 + CV

�V (QV )

�

!
; (97)

where CV = �1:91 is the same coeÆcient one would obtain in a conformally invariant
theory with � = 0, and Q2

V � (1�x)(1�y)Q2. In this analysis we have assumed that
the pion distribution amplitude has the asymptotic form �� =

p
3f�x(1� x), where

the pion decay constant is f� ' 93 MeV. In this simpli�ed case the distribution
amplitude does not evolve, and there is no dependence on the separation scale ~Q.
This commensurate scale relation between F�(Q

2) and h�V (QV )i represents a general
connection between the form factor of a bound-state system and the irreducible kernel
that describes the scattering of its constituents.

If we expand the QCD coupling about a �xed point in NLO [191]: �s(QV ) '
�s(Q0) [1� (�0�s(Q0)=2�) ln(QV =Q0)], then the integral over the e�ective charge in
Eq. (97) can be performed explicitly. Thus, assuming the asymptotic distribution
amplitude, the pion form factor at NLO is

Q2F�(Q
2) = 16�f 2��V (Q

�)

 
1� 1:91

�V (Q
�)

�

!
; (98)

where Q� = e�3=2Q. In this approximation lnQ�2 = hln(1�x)(1�y)Q2i, in agreement
with the explicit calculation. A striking feature of this result is that the physical scale
controlling the meson form factor in the �V scheme is very low: e�3=2Q ' 0:22Q,
reecting the characteristic momentum transfer experienced by the spectator valence
quark in lepton-meson elastic scattering.

The transition form factor between a photon and a neutral hadron such as F�(Q
2),

which has now been measured up to Q2 < 8 GeV2 in the tagged two-photon collisions
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e ! e0�0 by the CLEO and CELLO collaborations. In this case the amplitude has
the factorized form

FM(Q
2) =

4p
3

Z 1

0
dx�M(x;Q

2)TH
!M(x;Q

2); (99)

where the hard scattering amplitude for � ! qq is

TH
M(x;Q

2) =
1

(1� x)Q2
(1 +O(�s)) : (100)

The leading QCD corrections have been computed by Braaten; [206] however, the
NLO corrections are necessary to �x the BLM scale at LO. Thus it is not yet pos-
sible to rigorously determine the BLM scale for this quantity. It is reasonable to
assume that this scale is the same as that occurring in the prediction for F�. For the
asymptotic distribution amplitude one thus predicts [193]

Q2F�(Q
2) = 2f�

 
1� 5

3

�V (Q
�)

�

!
: (101)

An important prediction resulting from the factorized form of these results is that
the normalization of the ratio [193]

R�(Q
2) � F�(Q

2)

4�Q2jF�(Q2)j2 (102)

= �MS(e
�14=6Q)

�
1� 0:56

�MS

�

�
(103)

= �V (e
�3=2Q)

�
1 + 1:43

�V

�

�
(104)

= �R(e
5=12�2�3Q)

�
1� 0:65

�R

�

�
(105)

is formally independent of the form of the pion distribution amplitude. The �MS

correction follows from combined references. [204, 205, 206] The next-to-leading cor-
rection given here assumes the asymptotic distribution amplitude. It should be noted
that when one relates R� to �V or �R we relate observable to observable and thus
there is no scheme ambiguity. The coeÆcients �0:56, 1:43 and �0:65 in Eqs. (103){
(105) are identical to those one would have in a theory with � = 0, i.e., conformally
invariant theory.

E�ective charges such as �V and �R are de�ned from physical observables and
thus must be �nite even at low momenta. The conventional solutions of the renor-
malization group equation for the QCD coupling which are singular at Q ' �QCD

are not accurate representations of the e�ective couplings at low momentum transfer.
A number of proposals have been suggested for the form of the QCD coupling in
the low-momentum regime. For example, Parisi and Petronzio [207] have argued that
the coupling must freeze at low momentum transfer in order that perturbative QCD
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loop integrations are well de�ned. Similar ideas may be found in Curci, Greco and
Srivastava. [208] Mattingly and Stevenson [209] have incorporated such behavior into
their parameterizations of �R at low scales. Gribov [210] has presented novel dynam-
ical arguments related to the nature of con�nement for a �xed coupling at low scales.
Born et al.[211] have noted the heavy quark potential must saturate to a Yukawa form
since the light-quark production processes will screen the linear con�ning potential
at large distances. Cornwall [212] and others [213, 214] have argued that the gluon
propagator will acquire an e�ective gluon mass mg from non-perturbative dynamics,
which again will regulate the form of the e�ective couplings at low momentum. In
this work we shall adopt the simple parameterization

�V (Q) =
4�

�0 ln
�
Q2+4m2

g

�2
V

� ; (106)

which e�ectively freezes the �V e�ective charge to a �nite value for Q2 � 4m2
g:

We can use the non-relativistic heavy quark lattice results [215, 216] to �x the
parameters. A �t to the lattice data of the above parameterization gives �V =
0:16 GeV if we use the well-known momentum-dependent nf . [217, 197] Furthermore,
the value m2

g = 0:19 GeV2 gives consistency with the frozen value of �R advocated
by Mattingly and Stevenson. [209] Their parameterization implies the approximate
constraint �R(Q)=� ' 0:27 for Q =

p
s < 0:3 GeV, which leads to �V (0:5 GeV) '

0:37 using the NLO commensurate scale relation between �V and �R. The resulting
form for �V is shown in Fig. 24. A complimentary method for determining �V at
low momentum is to use the angular anisotropy of e+e� ! QQ at the heavy quark
thresholds. [218] The corresponding predictions for �R and �MS using the CSRs at
NLO are also shown. Note that for low Q2 the couplings, although frozen, are large.
Thus the NLO and higher-order terms in the CSRs are large, and inverting them
perturbatively to NLO does not give accurate results at low scales. In addition,
higher-twist contributions to �V and �R, which are not reected in the CSR relating
them, may be expected to be important for low Q2. [219]

Exclusive processes are sensitive to the magnitude and shape of the QCD couplings
at quite low momentum transfer: Q�2

V ' e�3Q2 ' Q2=20 and Q�2
R ' Q2=50. [220,

120] The fact that the data for exclusive processes such as form factors, two photon
processes such as  ! �+��; and photoproduction at �xed �c:m: are consistent with
the nominal scaling of the leading-twist QCD predictions (dimensional counting) at
momentum transfers Q up to the order of a few GeV can be immediately understood
if the e�ective charges �V and �R are slowly varying at low momentum. The scaling
of the exclusive amplitude then follows that of the subprocess amplitude TH with
e�ectively �xed coupling. Note also that the Sudakov e�ect of the endpoint region is
the exponential of a double log series if the coupling is frozen, and thus is strong.

In Fig. 6, the CLEO data [41] for the photon-to-pion transition form factor is
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Figure 24: The coupling function �V (Q
2) as given in Eq. (106). Also shown are the

corresponding predictions for �MS and �R following from the NLO commensurate
scale relations.

compared with the prediction

Q2F�(Q
2) = 2f�

 
1� 5

3

�V (e
�3=2Q)
�

!
: (107)

The at scaling of the Q2F�(Q
2) data from Q2 = 2 to Q2 = 8 GeV2 provides an

important con�rmation of the applicability of leading twist QCD to this process. The
magnitude of Q2F�(Q

2) is remarkably consistent with the predicted form assuming
the asymptotic distribution amplitude and including the LO QCD radiative correction
with �V (e

�3=2Q)=� ' 0:12. Radyushkin, [43, 221] Ong, [222] and Kroll [42] have also
noted that the scaling and normalization of the photon-to-pion transition form factor
tends to favor the asymptotic form for the pion distribution amplitude and rules out
broader distributions such as the two-humped form suggested by QCD sum rules. [3]
One cannot obtain a unique solution for the non-perturbative wavefunction from the
F� data alone. However, we have the constraint that

1

3

*
1

1� x

+"
1� 5

3

�V (Q
�)

�

#
' 0:8 (108)

(assuming the renormalization scale we have chosen in Eq. (101) is approximately
correct). Thus one could allow for some broadening of the distribution amplitude,
such as indicated by the transverse lattice results, [182] with a corresponding increase
in the value of �V at low scales.

In Fig. 25 the existing measurements of the space-like pion form factor F�(Q
2) [223,

224] (obtained from the extrapolation of �p! �+n data to the pion pole) are com-
pared with the QCD prediction (98), again assuming the asymptotic form of the pion
distribution amplitude. The scaling of the pion form factor data is again important
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Figure 25: The space-like pion form factor. The data are obtained from an extrapo-
lation of electroproduction data.

evidence for the nominal scaling of the leading twist prediction. However, the predic-
tion is lower than the data by approximately a factor of 2. What is actually measured
in electroproduction is a transition form factor from a spacelike mesonic system to
the physical pion. The discrepancy could thus be due to the extrapolation of the
electroproduction data which becomes increasingly problematic at large Q2.

One can estimate the sensitivity of these results to the choice of distribution am-
plitude by comparing the results for the asymptotic amplitude to, e.g., those obtained
using the Chernyak-Zhitnitsky (CZ) form. At LO, we �nd that F� is increased by
roughly a factor of three for the CZ amplitude (relative to the LO result for the
asymptotic amplitude, of course), while F� increases by a factor of about 1.5. These
estimates are probably quite crude, but give an indication of the typical range over
which the results can vary.

If the pion distribution amplitude is close to its asymptotic form, then one can
predict the normalization of exclusive amplitudes such as the spacelike pion form fac-
tor Q2F�(Q

2). Next-to-leading order predictions are now becoming available which
incorporate higher order corrections to the pion distribution amplitude as well as the
hard scattering amplitude. [125, 225, 226] However, the normalization of the PQCD
prediction for the pion form factor depends directly on the value of the e�ective cou-
pling �V (Q

�) at momenta Q�2 ' Q2=20. Assuming �V (Q
�) ' 0:4, the QCD LO

prediction appears to remain smaller by approximately a factor of 2 compared to the
presently available data extracted from the original pion electroproduction experi-
ments from CEA [227]; however, it should be emphasized that this discrepancy may
be due to systematic errors introduced by the extrapolation procedure. [228] A recent
review has been given by Volmer[229] What is at best measured in electroproduction
is the transition amplitude between a mesonic state with an e�ective space-like mass
m2 = t < 0 and the physical pion. It is theoretically possible that the o�-shell form
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factor F�(Q
2; t) is signi�cantly larger than the physical form factor because of its bias

towards more point-like qq valence con�gurations within its Fock state structure. The
extrapolation to the pole at t = m2

� also requires knowing the analytic dependence of
F�(Q

2; t) on t.
If we assume that there are no signi�cant errors induced by the electroproduction

extrapolation, then one must look for other sources for the discrepancy in normaliza-
tion. Note that the NLO corrections in Eqs. (98) and (104) are of order 20{30%. Thus
there may be large contributions from NNLO and higher corrections which need to
be re-summed. There are also possible corrections from pion rescattering in the �nal
state of the electroproduction process. In addition, it is possible that pre-asymptotic
contributions from higher-twist or soft endpoint physics are important.

A comprehensive analysis of the pion form factors at next-to-leading order assum-
ing the Shirkov-Solovtsov [230] analytic form of the QCD coupling, Sudakov suppres-
sion, and transverse momentum e�ects has recently been given by Stefanis et al.[113]
Like the Cornwall form used for �V , The Shirkov-Solovtsov ansatz provides an in-
frared stable, running strong coupling �s(Q

2) which has no the Landau singularity at
Q2 = �2

QCD. An improved ansatz for the pion wavefunction of the Brodsky-Huang-
Lepage type [105] is employed, which includes an e�ective (constituent-like) quark
mass, mq = 0:33 GeV. BLM commensurate scale setting is also used. Stefanis et
al. �nd that the perturbative hard contribution to the pion form factor prevails at
momentum transfers above about 20 GeV 2, while at lower Q2-values it is dominated
by Feynman-type end-point contributions.

The analytic parameterization of the QCD coupling suggested by Shirkov in fact
predicts a considerably larger value of �s(0): [231] than implied by the �V scheme
analysis. This would also require a broadening of the pion distribution amplitude
compared to its asymptotic form since one needs to raise the expectation value of
1=(1� x) in order to maintain consistency with the magnitude of the F�(Q

2) data.
A full analysis will also require consideration of the evolution of the distribution
amplitude.

The  ! �+�� data appear to exhibit true leading-twist scaling (See Fig. 8),
so that one would expect this process to be a good test of theory. One can show [54]
that, to LO,

d�
dt
( ! �+��)

d�
dt
( ! �+��)

=
4jF�(s)j2

1� cos4 �c:m:

(109)

in the c.m. system (CMS), where dt = (s=2)d(cos �c:m:) and here F�(s) is the time-
like pion form factor. The ratio of the time-like to space-like pion form factor for the
asymptotic distribution amplitude is given by

jF (timelike)
� (�Q2)j
F

(spacelike)
� (Q2)

=
j�V (�Q�2)j
�V (Q�2)

: (110)

If one simply continues Eq. (106) to negative values of Q2, then for 1 < Q2 < 10
GeV2, and hence 0:05 < Q�2 < 0:5 GeV2, the ratio of couplings in Eq. (110) is of
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order 1.5. Assuming the asymptotic form for the distribution amplitude, this predicts
F (timelike)
� (�Q2) ' (0:3 GeV2)=Q2 and hence

d�
dt
( ! �+��)

d�
dt
( ! �+��)

' :36

s2
1

1� cos4 �c:m:

: (111)

The contribution from kaons can be obtained at this order simply by re-scaling the
prediction for pions by a factor (fK=f�)

4 ' 2:2. The resulting prediction for the
combined cross section �( ! �+��; K+K�) is shown in Fig. 8. Considering the
possible contribution of the resonance f2(1270), the agreement is reasonable.

One can also predict the normalization of the timelike pion form factor

F (timelike)
� (�Q2) =

16�f 2�
Q2

�V (�Q�2)
�
1� 1:9

�V

�

�
(112)

' 0:3 GeV2

Q2

assuming the asymptotic form for the pion distribution amplitude and the form of
�V given in Eq. (106), with the parameters m2

g = 0:19 GeV2 and �V = 0:16 GeV.

This leading-twist prediction Q2F (timelike)
� (�Q2) = 0:3 GeV2 is a factor of two below

the measurement of the pion form factor obtained from the J= ! �+�� branching
ratio.[232] The time-like pion form factor data obtained from e+e� ! �+�� annihi-
lation does not have complications from o�-shell extrapolations or rescattering, but
it is also more sensitive to nearby vector meson poles in the t channel. The J= anal-
ysis assumes that the �+�� is created only through virtual photons. However, if the
J= ! �+�� amplitude proceeds through channels such as gg, then the branching
ratio is not a precise method for obtaining F (timelike)

� . It is thus important to have
direct measurement of the e+e� ! �+�� amplitude o�-resonance.

5 Semi-Exclusive Processes: New Probes of Hadron

Structure

A new class of hard \semi-exclusive" processes of the form A+B ! C+Y , have been
proposed as new probes of QCD [233, 234, 235] These processes are characterized by
a large momentum transfer t = (pA� pC)2 and a large rapidity gap between the �nal
state particle C and the inclusive system Y . Here A;B and C can be hadrons or
(real or virtual) photons. The cross sections for such processes factorize in terms of
the distribution amplitudes of A and C and the parton distributions in the target
B. For example, �p ! �+X can be described as the convolution of the exclusive
�u! �+d reaction with the u quark structure function in the proton. Because of this
factorization, semi-exclusive reactions provide a novel array of generalized currents,
which not only give insight into the dynamics of hard scattering QCD processes, but
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also allow experimental access to new combinations of the universal quark and gluon
distributions including novel types of quark structure functions of speci�c avor. One
can also analyze the timelike analog, semi-exclusive production of energetic mesons
in e+e� collisions. [236]

An essential condition for the factorization of the deeply virtual meson production
amplitude of Fig. 21a is the existence of a large rapidity gap between the produced
meson and the neutron. This factorization remains valid if the neutron is replaced
with a hadronic system Y of invariant massM2

Y � W 2, whereW is the c.m. energy of
the �p process. For M2

Y � m2
p the momentum k0 of the d-quark in Fig. 21b is large

with respect to the proton remnants, and hence it forms a jet. This jet hadronizes
independently of the other particles in the �nal state if it is not in the direction of the
meson, i.e., if the meson has a large transverse momentum q0? = �? with respect to
the photon direction in the �p c.m. Then the cross section for an inclusive system
Y can be calculated as in DIS, by treating the d-quark as a �nal state particle.

The large �? furthermore allows only transversally compact con�gurations of the
projectile A to couple to the hard subprocess H of Fig. 21b, as it does in exclusive
processes. [237] Hence the above discussion applies not only to incoming virtual
photons at large Q2, but also to real photons (Q2 = 0) and in fact to any hadron
projectile.

Let us then consider the general process A + B ! C + Y , where B and C are
hadrons or real photons, while the projectile A can also be a virtual photon. In the
semi-exclusive kinematic limit �2

QCD; M
2
B; M

2
C � M2

Y ; �
2
? � W 2 we have a large

rapidity gap jyC�ydj = log W 2

�2
?

+M2
Y

between C and the parton d produced in the hard

scattering (see Fig. 21c). The cross section then factorizes into the form

d�

dt dxS
(A +B ! C + Y )

=
X
b

fb=B(xS; �
2)
d�

dt
(Ab! Cd) ; (113)

where t = (q�q0)2 and fb=B(xS; �2) denotes the distribution of quarks, antiquarks and
gluons b in the target B. The momentum fraction xS of the struck parton b is �xed
by kinematics to the value xS =

�t
M2
Y
�t and the factorization scale �2 is characteristic

of the hard subprocess Ab! Cd.
It is conceptually helpful to regard the hard scattering amplitude H in Fig. 21c

as a generalized current of momentum q � q0 = pA � pC , which interacts with the
target parton b. For A = � we obtain a close analogy to standard DIS when particle
C is removed. With q0 ! 0 we thus �nd �t! Q2, M2

Y ! W 2, and see that xS goes
over into xB = Q2=(W 2 + Q2). The possibility to control the value of q0 (and hence
the momentum fraction xS of the struck parton) as well as the quantum numbers of
particles A and C should make semi-exclusive processes a versatile tool for studying
hadron structure. The cross section further depends on the distribution amplitudes
�A, �C (cf. Fig. 21c), allowing new ways of measuring these quantities.
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6 Self-Resolved Di�ractive Reactions and Light Cone

Wavefunctions

Di�ractive multi-jet production in heavy nuclei provides a novel way to measure the
shape of the LC Fock state wavefunctions and test color transparency. For example,
consider the reaction [238, 239, 240] �A ! Jet1 + Jet2 + A0 at high energy where
the nucleus A0 is left intact in its ground state. The transverse momenta of the jets
balance so that ~k?i + ~k?2 = ~q? < R�1

A : The light-cone longitudinal momentum
fractions also need to add to x1 + x2 � 1 so that �pL < R�1

A . The process can
then occur coherently in the nucleus. Because of color transparency, the valence
wavefunction of the pion with small impact separation, will penetrate the nucleus
with minimal interactions, di�racting into jet pairs. [238] The x1 = x, x2 = 1 � x

dependence of the di-jet distributions will thus reect the shape of the pion valence
light-cone wavefunction in x; similarly, the ~k?1 � ~k?2 relative transverse momenta
of the jets gives key information on the derivative of the underlying shape of the
valence pion wavefunction. [239, 240, 241] The di�ractive nuclear amplitude extrapo-
lated to t = 0 should be linear in nuclear number A if color transparency is correct.
The integrated di�ractive rate should then scale as A2=R2

A � A4=3. Preliminary re-
sults on a di�ractive dissociation experiment of this type E791 at Fermilab using
500 GeV incident pions on nuclear targets. [81] appear to be consistent with color
transparency. [81] The momentum fraction distribution of the jets is consistent with
a valence light-cone wavefunction of the pion consistent with the shape of the asymp-
totic distribution amplitude, �asympt

� (x) =
p
3f�x(1�x). Data from CLEO [41] for the

� ! �0 transition form factor also favor a form for the pion distribution amplitude
close to the asymptotic solution [35, 24] to the perturbative QCD evolution equation.

The di�ractive dissociation of a hadron or nucleus can also occur via the Coulomb
dissociation of a beam particle on an electron beam (e.g. at HERA or eRHIC) or on
the strong Coulomb �eld of a heavy nucleus (e.g. at RHIC or nuclear collisions at
the LHC). [241] The amplitude for Coulomb exchange at small momentum transfer is
proportional to the �rst derivative

P
i ei

@
~kTi
 of the light-cone wavefunction, summed

over the charged constituents. The Coulomb exchange reactions fall o� less fast at
high transverse momentum compared to pomeron exchange reactions since the light-
cone wavefunction is e�ective di�erentiated twice in two-gluon exchange reactions.

It will also be interesting to study di�ractive tri-jet production using proton beams
pA ! Jet1 + Jet2 + Jet3 + A0 to determine the fundamental shape of the 3-quark
structure of the valence light-cone wavefunction of the nucleon at small transverse
separation. [239] For example, consider the Coulomb dissociation of a high energy
proton at HERA. The proton can dissociate into three jets corresponding to the
three-quark structure of the valence light-cone wavefunction. We can demand that
the produced hadrons all fall outside an opening angle � in the proton's fragmentation
region. E�ectively all of the light-cone momentum

P
j xj ' 1 of the proton's fragments

will thus be produced outside an \exclusion cone". This then limits the invariant
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mass of the contributing Fock state M2
n > �2 = P+2 sin2 �=4 from below, so that

perturbative QCD counting rules can predict the fall-o� in the jet system invariant
mass M. At large invariant mass one expects the three-quark valence Fock state
of the proton to dominate. The segmentation of the forward detector in azimuthal
angle � can be used to identify structure and correlations associated with the three-
quark light-cone wavefunction. [241] An interesting possibility is that the distribution
amplitude of the �(1232) for Jz = 1=2; 3=2 is close to the asymptotic form x1x2x3,
but that the proton distribution amplitude is more complex. This ansatz can also be
motivated by assuming a quark-diquark structure of the baryon wavefunctions. The
di�erences in shapes of the distribution amplitudes could explain why the p ! �
transition form factor appears to fall faster at large Q2 than the elastic p ! p and
the other p ! N� transition form factors. [242] One can use also measure the dijet
structure of real and virtual photons beams �A ! Jet1 + Jet2 + A0 to measure the
shape of the light-cone wavefunction for transversely-polarized and longitudinally-
polarized virtual photons. Such experiments will open up a direct window on the
amplitude structure of hadrons at short distances. The light-cone formalism is also
applicable to the description of nuclei in terms of their nucleonic and mesonic degrees
of freedom. [243, 244] Self-resolving di�ractive jet reactions in high energy electron-
nucleus collisions and hadron-nucleus collisions at moderate momentum transfers can
thus be used to resolve the light-cone wavefunctions of nuclei.

7 Higher Fock States and the Intrinsic Sea

The main features of the heavy sea quark-pair contributions of the higher particle
number Fock state states of light hadrons can be derived from perturbative QCD.
One can identify two contributions to the heavy quark sea, the \extrinsic" contribu-
tions which correspond to ordinary gluon splitting, and the \intrinsic" sea which is
multi-connected via gluons to the valence quarks. The leading 1=m2

Q contributions
to the intrinsic sea of the proton in the heavy quark expansion are proton matrix ele-
ments of the operator [245] ����G��G��G

�� which in light-cone gauge ��A� = A+ = 0
corresponds to three or four gluon exchange between the heavy-quark loop and the
proton constituents in the forward virtual Compton amplitude. The intrinsic sea is
thus sensitive to the hadronic bound-state structure. [246, 247] The maximal contribu-

tion of the intrinsic heavy quark occurs at xQ ' m?Q=
P

im? where m? =
q
m2 + k2?;

i.e. at large xQ, since this minimizes the invariant mass M2
n. The measurements of

the charm structure function by the EMC experiment are consistent with intrinsic
charm at large x in the nucleon with a probability of order 0:6� 0:3%. [248] which is
consistent with recent estimates based on instanton uctuations. [245]

It is usually assumed that a heavy quarkonium state such as the J= always
decays to light hadrons via the annihilation of its heavy quark constituents to gluons.
However, as Karliner and I [104] have shown, the transition J= ! �� can also occur
by the rearrangement of the cc from the J= into the j qqcci intrinsic charm Fock state
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of the � or �. On the other hand, the overlap rearrangement integral in the decay
 0 ! �� will be suppressed since the intrinsic charm Fock state radial wavefunction
of the light hadrons will evidently not have nodes in its radial wavefunction. This
observation provides a natural explanation of the long-standing puzzle [249] why the
J= decays prominently to two-body pseudoscalar-vector �nal states, breaking hadron
helicity conservation,[57] whereas the  0 does not.

An important consequence of intrinsic charm is the possibility that hadronic de-
cays may not necessarily proceed via the annihilation of the charm quarks. For
example, in J= ! �� the charm quarks may simply ow to the �nal state higher
Fock wavefunctions.

8 Other Applications of Light-Cone Quantization

to QCD Phenomenology

Structure functions at large xbj. The behavior of structure functions where one quark
has the entire momentum requires the knowledge of LC wavefunctions with x! 1 for
the struck quark and x! 0 for the spectators. This is a highly o�-shell con�guration,
and thus one can rigorously derive quark-counting and helicity-retention rules for the
power-law behavior of the polarized and unpolarized quark and gluon distributions
in the x! 1 endpoint domain.

DGLAP evolution at x ! 1 Usually one expects that structure functions are
strongly suppressed at large x because of the momentum lost by gluon radiation: the
predicted change of the power law behavior at large x is [250]

F2(x;Q
2)

F2(x;Q2
0)

=
x!1 (1� x)�(Q

2;Q2
0
) (114)

where

�(q2; Q2
0) =

1

4�

Z Q2

Q2
0

d`2

`2
�s(`

2) : (115)

Because of asymptotic freedom, this implies a log logQ2 increase in the e�ective power
�(Q2; Q2

0). However, this derivation assumes that the struck quark is on its mass shell.
The o�-shell e�ect is profound, greatly reducing the PQCD radiation. [251, 105] We
can take into account the main e�ect of the struck quark virtuality by modifying the
propagator in Eq. (115):

�(Q2; Q2
0) =

1

4�

Z Q2

Q2
0

d`2

`2 + jk2f j
�s(`

2): (116)

Thus at large x, there is e�ectively no DGLAP evolution until Q2 >� jk2f j! One can also
see that DGLAP evolution at large x at �xed Q2 must be suppressed in order to have
duality at �xed W 2 = Q2(1 � xbj)=xbj between the inclusive electroproduction and
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exclusive resonance contributions. [34, 35, 24] Thus evolution of structure functions
is minimal in this domain because the struck quark is highly virtual as x ! 1; i.e.
the starting point Q2

0 for evolution cannot be held �xed, but must be larger than a
scale of order (m2+k2?)=(1�x). [34, 35, 24, 2, 252] The absence of structure function
evolution at x! 1 and �xed Q2 is necessary in order to understand duality between
the exclusive p! N� channels and the inclusive cross section at �xed W 2.

9 Conclusions

Exclusive processes are particularly challenging to compute in QCD because of their
sensitivity to the unknown non-perturbative bound state dynamics of the hadrons.
However, in some important cases, the leading power-law behavior of an exclusive
amplitude at large momentum transfer can be computed rigorously via a factor-
ization theorem which separates the soft and hard dynamics. The key ingredient
is the factorization of the hadronic amplitude at leading twist, order-by-order in
perturbation theory. As in the case of inclusive reactions, factorization theorems
for exclusive processes allow the analytic separation of the perturbatively-calculable
short-distance contributions from the long-distance non-perturbative dynamics asso-
ciated with hadronic binding. One of the most promising new areas of applications
is to the study of exclusive B decays, where the heavy quark of the b meson allows a
systematic factorization and identi�cation of hard and soft contributions.

Testing quantum chromodynamics to high precision in exclusive processes is not
easy. Virtually all QCD processes are complicated by the presence of dynamical higher
twist e�ects, including power-law suppressed contributions due to multi-parton corre-
lations, intrinsic transverse momentum, and �nite quark masses. Many of these e�ects
are inherently nonperturbative in nature and require detailed knowledge of hadron
wavefunctions themselves. The problem of interpreting perturbative QCD predic-
tions is further compounded by theoretical ambiguities due to the apparent freedom
in the choice of renormalization schemes, renormalizations scales, and factorization
procedures.

In this review, I have discussed how the universal, process-independent and frame-
independent light-cone Fock-state wavefunctions encode the properties of a hadron
in terms of its fundamental quark and gluon degrees of freedom. Light-cone wave-
functions provide a systematic framework for evaluating exclusive hadronic matrix
elements, including time-like heavy hadron decay amplitudes and form factors. This
formalism also provides a physical factorization scheme for separating hard and soft
contributions for hard exclusive, semi-exclusive, and di�ractive processes. I have also
discussed how the ambiguities of renormalization scale and scheme choices can be
resolved using the ansatz of a conformal template.

The success of dimensional counting rules and scaling for exclusive processes at
present experimentally accessible momentum transfers can be understood if the ef-
fective coupling �V (Q

�) is approximately constant at the relatively small scales Q�
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relevant to the hard scattering amplitudes. In the low-Q� domain, the evolution of
the quark distribution amplitudes also needs to be minimal. Furthermore, Sudakov
suppression of the long-distance contributions is strengthened if the coupling is frozen
because of the exponentiation of a double logarithmic series. However, it should be
stressed that the Ansatz of a frozen coupling at small momentum transfer has not
been demonstrated from �rst principles.

The scaling and normalization of the photon-to-pion transition form factor are fun-
damental features of QCD. The theory has been calculated to NLO. The prediction is
in excellent agreement with empirical normalization of the e ! �0e data assuming
that the pion distribution amplitude is close to its asymptotic form

p
3f�x(1 � x).

We also reproduce the scaling and normalization of the  ! �+�� data at large
momentum transfer. However, the normalization of the space-like pion form factor
F�(Q

2) obtained from electroproduction experiments is somewhat higher than that
predicted by the corresponding commensurate scale relation. This discrepancy may
be due to systematic errors introduced by the extrapolation of the �p ! �+n elec-
troproduction data to the pion pole.

A new type of jet production reaction, di�ractive dijet production has yielded
strong empirical constraints on the pion distribution amplitude. These \self-resolving"
di�ractive processes can also provide direct experimental information on the light-
cone wavefunctions of the photon and hadrons in terms of their QCD degrees of
freedom, as well as the composition of nuclei in terms of their nucleon and mesonic
degrees of freedom. There are now real prospects of computing the hadron wave-
functions and distribution amplitudes from �rst principles in QCD as exempli�ed by
Dalley's computation [182] of the pion distribution amplitude using a combination of
DLCQ and the transverse lattice methods and recent results from traditional lattice
gauge theory.[40] Instanton models predict a pion distribution amplitude close to the
asymptotic form.[253] A new result for the proton distribution amplitude treating
nucleons as chiral solitons has recently been derived by Diakonov and Petrov.[254]
Dyson-Schwinger models [255] of hadronic Bethe-Salpeter wavefunctions can also be
used to predict light-cone wavefunctions and hadron distribution amplitudes by in-
tegrating over the relative k� momentum. There is a possibility of deriving Bethe-
Salpeter wavefunctions within light-cone gauge quantized QCD [129] in order to prop-
erly match the light-cone gauge Fock state decomposition.

Even without full non-perturbative solutions of QCD, one can envision a program
to construct the light-cone wavefunctions using measured moments constraints from
QCD sum rules, lattice gauge theory, hard exclusive and inclusive processes. One is
guided by theoretical constraints from perturbation theory which dictates the asymp-
totic form of the wavefunctions at large invariant mass, x ! 1, and high k?. One
can also use constraints from ladder relations which connect Fock states of di�er-
ent particle number; perturbatively-motivated numerator spin structures; conformal
symmetry; guidance from toy models such as \reduced" QCD(1 + 1); and the corre-
spondence to Abelian theory for NC ! 0, and the many-body Schr�odinger theory in
the nonrelativistic domain.
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10 Appendix: Light-Front Quantization and Per-

turbation Theory

In this Appendix, we outline the canonical quantization of QCD in the ghost-free
A+ = 0 light-cone gauge. The discussion follows that given in references previously.[24,
2, 105] The corresponding quantization of QCD in Feynman gauge is given by
Srivastava.[256]

The front-form quantization of QCD proceeds in several steps. First one identi�es
the independent dynamical degrees of freedom in the Lagrangian. The theory is
quantized by de�ning commutation relations for these dynamical �elds at a given
light-cone time � = t + z = 0: These commutation relations lead immediately to
the de�nition of the Fock state basis. Expressing dependent �elds in terms of the
independent �elds, one can then derive a light-cone Hamiltonian, which determines
the evolution of the state space with changing � . The rules for � -ordered perturbation
theory are given below, illustrating the origins and nature of the Fock state expansion,
and of light-cone perturbation theory. Subtleties due to zero modes, the large scale
structure of non-Abelian gauge �elds (e.g. `instantons'), chiral symmetry breaking,
and the like are ignored. Although these have a profound e�ect on the structure of
the vacuum, the theory can still be described with a Fock state basis and some sort
of e�ective Hamiltonian. Furthermore, the short-distance interactions of the theory
are una�ected by this structure, or at least this is the central ansatz of perturbative
QCD.

Quantization

The Lagrangian (density) for QCD can be written

L = �1

2
Tr (F �� F��) +  (i 6D �m) (117)

where F �� = @�A� � @�A� + ig[A�; A�] and iD� = i@� � gA�. Here the gauge
�eld A� is a trace-less 3 � 3 color matrix (A� � P

a A
a�T a, Tr(T aT b) = 1=2Æab,

[T a; T b] = icabcT c; : : :), and the quark �eld  is a color triplet spinor (for simplicity,
we include only one avor). At a given light-cone time, say � = 0, the independent
dynamical �elds are  � � �� and Ai

? with conjugate �elds i y+ and @+Ai
?, where

�� = o�=2 are projection operators (�+�� = 0; �2
� = ��; �+ + �� = 1) and

@� = @0 � @3. Using the equations of motion, the remaining �elds in L can be
expressed in terms of  +; A

i
?:

 � � �� =
1

i@+

h
i ~D? � ~�? + �m

i
 +

= e � � 1

i@+
g ~A? � ~�?  + ;

A+ = 0 ;

A� =
2

i@+
i~@? � ~A? +

2g

(i@+)2

nh
i@+Ai

?; A
i
?
i
+ 2 y+ T

a  + T
a
o
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� eA� +
2g

(i@+)2

nh
i@+Ai

?; A
i
?
i
+ 2 y+ T

a  + T
a
o
; (118)

with � = o and ~�? = o~.
To quantize, we expand the �elds at � = 0 in terms of creation and annihilation

operators,

 +(x) =
Z
k+>0

dk+ d2k?
k+ 16�3

X
�

n
b(k; �) u+(k; �) e

�ik�x

+ dy(k; �) v+(k; �) e
ik�xo ; � = x+ = 0

Ai
?(x) =

Z
k+>0

dk+ d2k?
k+ 16�3

X
�

n
a(k; �) �i?(�) e

�ik�x + c:c:
o
;

� = x+ = 0 ; (119)

with commutation relations (k = (k+; ~k?)):n
b(k; �); by(p; �)

o
=

n
d(k; �); dy(p; �0)

o
=

h
a(k; �); ay(p; �0)

i
= 16�3 k+ Æ3(k � p) Æ��0 ;

fb; bg = fd; dg = : : : = 0 ; (120)

where � is the quark or gluon helicity. These de�nitions imply canonical commutation
relations for the �elds with their conjugates (� = x+ = y+ = 0;x= (x�; x?); : : :):n

 +(x);  
y
+(y)

o
= �+ Æ

3(x� y) ;h
Ai(x); @+Aj

?(y)
i

= iÆij Æ3(x� y) : (121)

The creation and annihilation operators de�ne the Fock state basis for the theory
at � = 0, with a vacuum j 0i de�ned such that bj 0i = dj 0i = aj 0i = 0. The evolution
of these states with � is governed by the light-cone Hamiltonian,HLC = P�, conjugate
to � . The Hamiltonian can be readily expressed in terms of  + and Ai

?:

HLC = H0 + V ; (122)

where

H0 =
Z
d3x

n
Tr
�
@i?A

j
?@

i
?A

j
?
�

+  
y
+ (i@? � �? + �m)

1

i@+
(i@? � �? + �m) +

�
=

X
�

colors

Z
dk+ d2k?
16�3 k+

(
ay(k; �) a(k; �)

k2?
k+

+ by(k; �) b(k; �)

� k2? +m2

k+
+ dy(k; �) b(k; �)

k2? +m2

k+

)
+ constant (123)

79



is the free Hamiltonian and V the interaction:

V =
Z
d3x

(
2g Tr

�
i@� eA�

h eA�;
eA�

i�
� g2

2
Tr
�h eA�; eA�

i h eA�;
eA�

i�
+ g e 6 eA e + g2Tr

 h
i@+ eA�; eA�

i 1

(i@+)2

h
i@+ eA�; eA�

i!

+ g2 e 6 eA +

2i@+
6 eA e � g2 e +  1

(i@+)2

h
i@+ eA�; eA�

i! e 
+

g2

2
 + T a 

1

(i@+)2
 + T a 

)
; (124)

with e = e � +  + (!  as g ! 0) and eA� = (0; eA�; Ai
?) (! A� as g ! 0). The

Fock states are obviously eigenstates of H0 with

H0jn : k+i ; k?ii =
X
i

 
k2? +m2

k+

!
i

jn : k+i ; k?ii : (125)

It is equally obvious that they are not eigenstates of V , though any matrix element
of V between Fock states is trivially evaluated.
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a

b

Figure 26: Diagrams which appear in the interaction Hamiltonian for QCD on the
light cone. The propagators with horizontal bars represent \instantaneous" gluon
and quark exchange which arise from reduction of the dependent �elds in A+ = 0
gauge. (a) Basic interaction vertices in QCD. (b) \Instantaneous" contributions.

The �rst three terms in V correspond to the familiar three and four gluon vertices,
and the gluon-quark vertex [Fig. 26(a)]. The remaining terms represent new four-
quanta interactions containing instantaneous fermion and gluon propagators [Fig.

26(b)]. All terms conserve total three-momentum k = (k+; ~k?), because of the integral
over x in V . Furthermore, all Fock states other than the vacuum have total k+ >
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0, since each individual bare quantum has k+ > 0: Consequently the Fock state
vacuum must be an eigenstate of V and therefore an eigenstate of the full light-cone
Hamiltonian.

Light-Cone Perturbation Theory

We de�ne light-cone Greens functions to be the probability amplitudes that a
state starting in Fock state j ii ends up in Fock state j fi a (light-cone) time � later

hf jii G(f; i; �) � hf je�iHLC�=2jii
= i

Z
d�

2�
e�i��=2 G(f; i; �) hf jii ; (126)

where Fourier transform G(f; i; �) can be written

hf jii G(f; i; �) =
D
f

����� 1

��HLC + i0+

����� iE
=

D
f

����� 1

��HLC + i0+
+

1

��H0 + i0+
V

1

��H0 + i0+

+
1

��H0 + i0+
V

1

��H0 + i0+
V

1

��H0 + i0+

+ : : :j i
E
: (127)

The rules for � -ordered perturbation theory follow immediately when (� � H0)
�1 is

replaced by its spectral decomposition,

1

��H0 + i0+
=
X
n;�i

Z �Y dk+i d
2k?i

16�3 k+i

jn : ki; �ii hn : ki; �i j
��P

i
(k2 +m2)i=k

+
i + i0+

(128)

The sum becomes a sum over all states n intermediate between two interactions.
To calculate G(f; i; �) perturbatively then, all � -ordered diagrams must be consid-

ered, the contribution from each graph may be computed according to the following
rules:[24]

1. Assign a momentum k� to each line such that the total k+; k? are conserved at
each vertex, and such that k2 = m2, i.e. k� = (k2 + m2)=k+. With fermions
associate an on-shell spinor.

u(k; �) =
1p
k+

�
k+ + �m+ ~�? � ~k?

� �
�(") � ="
�(#) � =# (129)

or

v(k; �) =
1p
k+

�
k+ � �m+ ~�? � ~k?

� �
�(#) � ="
�(") � =# (130)

where �(") = 1=
p
2 (1; 0; 1; 0) and �(#) = 1=

p
2 (0; 1; 0;�1)T . For gluon lines,

assign a polarization vector �� = (0; 2~�?�~k?=k+; ~�?) where ~�?(") = �1=
p
2 (1; i)

and ~�?(#) = 1=
p
2 (1;�i).
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2. Include a factor �(k+)=k+ for each internal line.

3. For each vertex include factors as illustrated in Fig. 27. To convert incoming
into outgoing lines or vice versa replace

u$ v ; u$ �v ; �$ �� (131)

in any of these vertices.

a

b

c

a

b

c

b

c d

a

b

c d

a

b

c d

a

b

c d

a

b

c d

a

Vertex Factor
gu–(c) εb u (a)

Color Factor

g{(pa–pb) . εc* εa . εb
+ cyclic permutations} 

g2{εb . εc εa* . εcd*  + εa* . εc εb . εcd* }
 

g 2u– (a) εb  
2(pc

+ – pd
+)

(pa
+ – pb

+) (pc
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+)

γ +
εc* u (c)

g2εa* . εb
(pc

+ + pb
+)

εd* . εc

εd* . εc
(pc

+ – pd
+)

(pc
+ – pd

+)2

g2u– (a)γ+u(b)

g2

(pc
+ + pd

+)2

u–(a)γ+u(b) u–(d)γ+u(c)

Tb

Tb Td

iCabc
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Te Te

+ +
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Figure 27: Graphical rules for QCD in light-cone perturbation theory.

4. For each intermediate state there is a factor

1

�� P
interm

k� + i0+
(132)

where � is the incident P�, and the sum is over all particles in the intermediate
state.
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5. Integrate
R
dk+d2k?=16�3 over each independent k, and sum over internal he-

licities and colors.

6. Include a factor �1 for each closed fermion loop, for each fermion line that both
begins and ends in the initial state (i.e. v : : : u), and for each diagram in which
fermion lines are interchanged in either of the initial or �nal states.

As an illustration, the second diagram in Fig. 26 contributes

1

�� P
i=b;d

�
k2
?

+m2

k+

�
i

� �(k
+
a � k+b )

k+a � k+b

�
g2
P
�
u(b) ��(k a � k b; �) u(a) u(d) 6 �(k a � k b; �) u(c)

�� P
i=b;c

�
k2
?

+m2

k+

�
i

� (k
?a�k?b)2
k+a �k+b

2ex � 1

�� P
i=a;c

�
k2
?

+m2

k+

�
i

(133)

(times a color factor) to the qq ! qq Greens function. (The vertices for quarks
and gluons of de�nite helicity have very simple expressions in terms of the
momenta of the particles.) The same rules apply for scattering amplitudes, but
with propagators omitted for external lines, and with � = P� of the initial (and
�nal) states.

Finally, notice that this quantization procedure and perturbation theory (graph
by graph) are manifestly invariant under a large class of Lorentz transformations:

1. boosts along the 3-direction|i.e. p+ ! Kp+; p� ! K�1p�; p? ! p? for each
momentum;

2. transverse boosts|i.e. p+ ! p+; p� ! p�+2p? �Q?+p+Q2
?; p? ! p?+p+Q?

for each momentum (Q? like K is dimensionless);

3. rotations about the 3-direction.

It is these invariances which lead to the P+ and P? frame-independence of the
light-cone Fock state wave functions.
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