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Abstract

Recent theoretical results have demonstrated that non-commutative geometries nat-

urally appear within the context of string/M-theory. One consequence of this possibility

is that QED takes on a non-abelian nature due to the introduction of 3- and 4-point

functions. In addition, each QED vertex acquires a momentum dependent phase fac-

tor. We parameterize the effects of non-commutative space-time co-ordinates and show

that they lead to observable signatures in several 2 → 2 QED processes in e+e− col-

lisions. In particular, we examine pair annihilation, Moller and Bhabha scattering, as

well as γγ → γγ scattering and show that non-commutative scales of order a TeV can

be probed at high energy linear colliders.

∗Work supported by the Department of Energy, Contract DE-AC03-76SF00515



1 Introduction and Background

Although the full details of string/M-theory have yet to be unraveled, this theoretical effort

has inspired a number of ideas over the years which have had significant impact on the

phenomenology of particle physics. Two such examples are given by the string-inspired E6

models of the late 1980’s[1] and the ongoing endeavor in building realistic and testable models

from theories which have additional space-time dimensions[2]. Most recently, a resurgence

of interest in non-commutative quantum field theory (NCQFT) and its applications[3] has

developed within the context of string theory. Of course non-commutative theories are also

interesting in their own right. However, it has yet to be explored whether they have any

connection with the physics of the Standard Model (SM) or whether their effects could be

observable in laboratory experiments. It is the purpose of this paper to begin to address

these questions.

An exhaustive introduction to NCQFT is beyond the scope of the present treatment,

hence we will simply outline some of the basics of the theory as well as some results which

are relevant to the phenomenological analysis that follows. We will see that NCQFT results

in modifications to QED which can be probed in 2→ 2 processes in e+e− collisions.

The essential idea of NCQFT is a generalization of the usual d-dimensional space,

Rd, associated with commuting space-time coordinates to one which is non-commuting, Rd
θ.

In such a space the conventional coordinates are represented by operators which no longer

commute, i.e.,

[X̂µ, X̂ν ] = iθµν ≡
i

Λ2
NC

cµν . (1)

In the last equality we have parameterized the effect in terms of an overall scale ΛNC, which

characterizes the threshold where non-commutative (NC) effects become relevant, and a real
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antisymmetric matrix cµν, whose dimensionless elements are presumably of order unity. From

our point of view the role of the NC scale ΛNC can be compared to that of h̄ in conventional

Quantum Mechanics which represents the level of non-commutativity between coordinates

and momenta. A priori the scale ΛNC can take any value, perhaps the most likely being of

order the Planck scale MP l. However, given the possibility[2] of the onset of stringy effects

at the TeV scale, and that values of the scale where gravity becomes strong in models with

large extra dimensions can be of order a TeV, it is feasible that NC effects could also set in

at a TeV. Here, we adopt this spirit and consider the possibility that ΛNC may not lie far

above the TeV scale.

Note that the matrix cµν is not a tensor since its elements are identical in all reference

frames. This leads immediately to a violation of Lorentz invariance which is quite different

than that discussed most often in the literature[4] since it sets in only at energies of order

ΛNC. As we will see below, this violation will take the form of dimension-8 operators for the

processes we consider and is thus highly suppressed at low energies. In addition, there exists

a more than superficial relation between the anti-symmetric matrix cµν and the Maxwell

field strength tensor Fµν as NCQFT arises in string theory[5] through the quantization of

strings, described by the low energy excitations of D-branes in the presence of background

electromagnetic fields. The space-time components, c0i, thus define the direction of a back-

ground E field, while the space-space components, cij, describe the direction of a background

magnetic or string B field. Geometrically, we can then think of c0i and cij as two 3-vectors

that point in a specific pair of preferred directions in the laboratory frame. Theories with

c0i(cij) 6= 0 are usually referred to as space-time(space-space) non-commutative.

NCQFT can be phrased in terms of conventional commuting QFT through the ap-

plication of the Weyl-Moyal correspondence[6]

Â(X̂)←→ A(x) , (2)
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where A represents a quantum field with X̂ being the set of non-commuting coordinates

and x corresponding to the commuting set. However, in formulating NCQFT, one must

be careful to preserve orderings in expressions such as Â(X̂)B̂(X̂). This is accomplished

with the introduction of a star product, Â(X̂)B̂(X̂) = A(x) ∗ B(x), where the effect of the

commutation relation is absorbed into the star. Making the Fourier transform pair

Â(X̂) =
1

(2π)d/2

∫
dαeiαX̂ a(α)

a(α) =
1

(2π)d/2

∫
dxe−iαx A(x) , (3)

with x and α being real n-dimensional variables, allows us to write the product of two fields

as

Â(X̂)B̂(X̂) =
1

(2π)d

∫
dαdβeiαX̂ a(α)eiβX̂ b(β)

=
1

(2π)d

∫
dαdβ ei(α+β)X̂− 1

2
αµβν [X̂µ,X̂ν ]a(α)b(β) . (4)

We thus have the correspondence

Â(X̂)B̂(X̂)←→ A(x) ∗B(x) , (5)

provided we identify

A(x) ∗B(x) ≡
[
e
i
2
θµν∂ζµ∂ηνA(x+ ζ)B(z + η)

]

ζ=η=0
. (6)

Note that to leading order in θ the ∗ product is given by

A(x) ∗B(x) = AB +
i

2
θµν∂µA∂νB +O(θ2) . (7)
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Hence the non-commutative version of an action for a quantum field theory can be obtained

from the ordinary one by replacing the products of fields by star products. In doing so it is

useful to define a generalized commutator, known as the Moyal bracket, for two quantities

S, T as

[S, T ]MB = S ∗ T − T ∗ S , (8)

so that the Moyal bracket of any quantity with itself vanishes. Note that the integration of

a Moyal bracket of two quantities over all space-time vanishes, i.e.,

∫
d4x [S(x), T (x)]MB = 0 , (9)

which means they commute inside the integral. This can be generalized to show that the

integral of a ∗ product of an arbitrary number of quantities is invariant under cyclic permu-

tations in a manner similar to the trace of ordinary matrices. We also note that the Moyal

bracket of two coordinates

[xµ, xν ]MB = xµ ∗ xν − xν ∗ xµ , (10)

mimics the operator commutation relation in Eq. (1).

Once the products of fields are replaced by ∗ products, infinite numbers of derivatives

of fields can now appear in an action, implying that all such theories are non-local. This is

not surprising since, in analogy with ordinary Quantum Mechanics, one now has a spacetime

uncertainty relation

∆X̂µ∆X̂ν ≥ 1

2
|θµν| . (11)

Theories with c0i 6= 0 have an additional problematic feature in that they generally do not

have a unitary S-matrix[7], at least in perturbation theory, since an infinite number of time

derivatives are involved in ∗ products. However, it has recently been shown[8] that it may
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be possible to unitarize the space-time case by combining the spacial NC Super Yang Mills

limit with a Lorentz transformation with finite boost velocity. On the other hand, theories

with only space-space non-commutativity, cij 6= 0, are unitary.

There are a number of important results in NCQFT which we now state without

proof, referring the interested reader to the original papers for detailed explanations. (i)

Matsubara[9] has shown that only the U(n) matrix Lie algebra is closed under the Moyal

bracket, thus non-commutative gauge theories can be constructed only if they are based

upon these gauge groups. Hence in order to embed the full SM in NCQFT, the usual

Standard Model SU(n) group factors must be extended to U(n) groups. However, due

to the effective non-abelian nature of the Moyal brackets, these U(n) groups cannot be

simply decomposed into products of SU(n) and U(1) factors. (ii) There are indications

that conventional renormalizable, gauge invariant field theories remain renormalizable and

gauge invariant when generalized to non-commutative spacetimes[10], although a proof does

not yet exist for theories which are spontaneously broken[11]. (iii) Non-commutative QED,

based on the group U(1), has been studied by several groups[12, 13]; due to the presence of ∗

products and Moyal brackets, the theory takes on a non-abelian nature in that both 3-point

and 4-point photon couplings are generated. The photonic part of the action is now

SNCQED =
−1

4

∫
d4x Fµν ∗ F µν =

−1

4

∫
d4x FµνF

µν , (12)

where the second equality follows from the commutativity of Moyal brackets under integra-

tion, shown in Eq. (9). This action is gauge invariant under a local transformation U(x)

with Fµν defined as

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν]MB . (13)

The origin of the 3- and 4-point functions is now readily transparent. Note that the photon’s

2-point function is identical in commutative and NC spaces because quadratic forms remain
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unchanged. When performing the Fourier transformation of these new interactions into

momentum space, the vertices pick up additional phase factors which are dependent upon

the momenta flowing through the vertices. We will see below that these kinematic phases

will play an important role in the collider tests of NCQFT. (iv) When fermions are added

to the theory, covariant derivatives can only be constructed for fields of charge 0,±1. The

structure of those derivatives for the Q = ±1 case is similar to that for fundamental and anti-

fundamental representations in non-abelian theories. The covariant derivatives for neutral

fields are either trivial (as in the case of abelian commutative U(1) theory) or correspond to

what would ordinarily be called the adjoint representation in the case of a commutative non-

abelian theory. As before, the three-point function picks up an additional kinematic phase

from the Fourier transformation of the interaction term into momentum space. This is shown

explicitly in Fig. 1. The general form of the Feynman rules for NCQED can be found in

Ref.[14]; the ones of relevance to the processes considered in this paper are displayed in Fig.

1. (v) NCQED with fermions and space-space non-commutativity has been shown[15] to be

CP violating yet CPT conserving.

Having now presented the basic formalism of NCQFT and subsequent modifications

to QED, in the following sections we examine the effects in several 2 → 2 processes in

e+e− collisions, including pair annihilation, Moller and Bhabha scattering, as well as in

γγ → γγ scattering. We will see that the lowest order correction to the SM results for

these transitions is given by dimension-8 operators. In addition, we find that an oscillatory

azimuthal dependence is induced in these processes due to the preferred direction in the

laboratory frame defined by the NC matrix cµν. In summary, we will see that high energy

linear colliders can probe non-commutative scales of order a TeV.

Before discussing our analysis for the specific processes considered here, a few addi-
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Figure 1: Feynman rules of NCQED.
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tional comments are in order regarding the observation of these non-commutative effects.

First, as discussed above, the vectors cEi = [c0i] and cBi = [εijkcjk] point in fixed specific

directions which are the same in all reference frames. In our analysis below we define the

z-axis as that corresponding to the direction of the incoming particles in a fixed laboratory

frame with the vectors c having arbitrary components in that frame. Now, imagine a second

laboratory at a different point on the surface of the Earth performing the same experiment.

Clearly the co-ordinate systems of the two laboratories will be different, i.e., the beam direc-

tions and hence the z-axis will not be the same in the two locations. This implies that the

experimentally determined values for the components of the c vectors will differ at the two

laboratory sites due to their locally chosen set of co-ordinates. Hence both laboratories must

convert their local co-ordinates to a common frame, e.g., with respect to the rest frame of

the 3 degree K blackbody radiation or some other slowly varying astronomical co-ordinate

system, so that they would measure equivalent directions and magnitudes for c. This trans-

lation of co-ordinates to a common frame will be necessary if we are to compare the results

of multiple experiments for signals of non-commutativity.

In addition, even for a single experiment, the apparent directions of the c vectors will

vary with time due to the rotation of the Earth and its revolution about the Sun. While the

actual c vectors will always point to the same position on the sky, the co-ordinates of this po-

sition will vary continuously in the laboratory frame due to the Earth’s motion. (The effects

of galactic motion should be small during the life-span of any given experiment.) Collider

experiments will thus have to make use of astronometric techniques to continuously trans-

late their laboratory co-ordinates to astronomical ones such that when events are recorded

the relative orientation of the two frames would be accounted for. This should be a rather

straightforward procedure for any future collider experiment to implement given that many

non-accelerator based experiments already make use of these ideas.
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Taking the Earth’s motion into account is particularly important for experiments

which measure observable quantities that are odd in c, including for example, the g − 2

of the muon[12], the Lamb shift[16], as well as other processes which are linear[17] in the

NC parameter. If only the laboratory co-ordinates were employed, at least some of the

components of c would average to zero over a sidereal day. In the cases we discuss below,

the observables are even functions of c, and while we would not obtain a null effect, time

averaging would result in a diminished sensitivity to ΛNC.

2 Moller Scattering

For all of the scattering processes considered in this paper, except for γγ → γγ, we can

define the momenta of the incoming, represented by p1,2, and outgoing, corresponding to

k1,2, particles in terms of the coordinates fixed in the laboratory as

pµ1 =
√
s

2
(1,−1, 0, 0)

kµ1 =
√
s

2
(1,−cθ,−sθcφ,−sθsφ)

pµ2 =
√
s

2
(1, 1, 0, 0)

kµ2 =
√
s

2
(1, cθ, sθcφ, sθsφ) .

(14)

Note that the ordering of the co-ordinates used in these definitions is given by (t, z, x, y), so

that the z-axis is along the beam direction as usual. Using these definitions, the bilinear

products of these momenta with the matrix cµν, which appear in the Feynman rules of Fig.

1, can be calculated to be

p1 · c · p2 =
s

2
c01

k1 · c · k2 =
s

2
[c01cθ + c02sθcφ + c03sθsφ]

p1 · c · k1 =
s

4
[c01(1 − cθ) + (c12 − c02)sθcφ − (c03 + c31)sθsφ]

p1 · c · k2 =
s

4
[c01(1 + cθ)− (c12 − c02)sθcφ + (c03 + c31)sθsφ]
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p2 · c · k1 =
s

4
[−c01(1 + cθ)− (c12 + c02)sθcφ − (c03 − c31)sθsφ] (15)

p2 · c · k2 =
s

4
[−c01(1 − cθ) + (c12 + c02)sθcφ + (c03 − c31)sθsφ] .

We remind the reader of the fact that a · c · a = 0 for all vectors a due to the antisymmetry

of the matrix c. Note that c23 does not appear in any of the above expressions since we

have defined the z-axis to be along the direction of the initial beams and there is no B field

associated non-commutative asymmetry relative to this direction.

The Feynman diagrams which mediate Moller scattering are displayed in Fig. 2.

In this case, the NC modifications correspond to the kinematic phase which appears in

each vertex. The question here is how to treat the Z-boson exchange contribution. While

NCQED is a well defined theory, it is not immediately clear how to extend it to the full SM

in a naive way even if we are only interested in tree-level fermionic interactions. Without

such guidelines we see that there exist three possibilities: (i) the simplest case is if the Z and

photon have the same vertex structure as shown in Fig. 1, (ii) the full theory and appropriate

Zff̄ kinematic phase are more complex, or (iii) only γf f̄ vertices pick up kinematic phases.

Clearly, as far as signatures of non-commutativity are concerned, cases one and three will be

qualitatively similar. Hence, for simplicity, we assume that the first possibility is realized.

Following the Feynman rules of Fig. 1 and the momentum labeling given in Fig. 2

we see that the t- and u-channel exchange graphs now pick up kinematic phases given by

φt =
1

2
[p1 · θ · k1 + p2 · θ · k2]

φu =
1

2
[p1 · θ · k2 + p2 · θ · k1] . (16)

Clearly, only the interference terms between the t- and u-channel diagrams pick up a relative

phase when the full amplitude is squared. We define this phase as ∆Moller and find it to be
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Figure 2: Feynman graphs contributing to Moller scattering with the exchanged particle
corresponding to a photon and Z-boson.

given by

∆Moller = φu − φt =
−
√
ut

Λ2
NC

[c12cφ − c31sφ] , (17)

with the second equality following from Eq. (15). (We define the Mandelstam variables as

usual: t, u = −s(1 ∓ cos θ)/2.) Hence the resulting differential distributions for this process

appear exactly as in the SM except that the t, u-channel interference terms should be mul-

tiplied by cos ∆Moller. Note that all of the terms involving time-space non-commutativity

have dropped out of the expression for ∆Moller. In addition, as we take the limit ΛNC →∞,

cos ∆ → 1 so that the SM is recovered. In the limit of small s/Λ2
NC, cos ∆Moller can be

expanded where it is seen that the lowest order correction to the SM occurs at dimension-8.

This is similar to the case of graviton exchange[18] in models with large extra dimensions[19]

or in the Randall-Sundrum model of localized gravity[20] below threshold for graviton res-

onance production[21]. Perhaps the most important thing to notice, as discussed above, is

that ∆Moller 6= 0 induces a φ dependence in a 2→ 2 scattering process since there now exists

a preferred direction in the laboratory frame.

For simplicity in our numerical results presented below, we will only consider the
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case c12 6= 0. If instead c31 is non-zero, the results will be similar except for the phase

of the φ dependence. When both terms are present, the situation is in general somewhat

more complex, yet will be qualitatively comparable to the case analysed below. Since we

only consider one non-vanishing value of cij at a time, we set its magnitude to unity when

obtaining our results.

The differential cross section for Moller scattering in the laboratory center of mass

frame can be written as

dσ

dz dφ
=
α2

4s

[
(eij + fij)(P

uu
ij + P tt

ij + 2P ut
ij cos ∆Moller) + (eij − fij)(

t2

s2
P uu
ij +

u2

s2
P tt
ij )
]
, (18)

where z = cos θ, a sum over the gauge boson indices is implied, eij = (vivj + aiaj)
2 and

fij = (viaj + aivj)
2 are combinations of the electron’s vector and axial vector couplings and

P qr
ij = s2 (q −m2

i )(r −m2
j) + ΓiΓjmimj

[(q −m2
i )

2 + (Γimi)2][(r−m2
j)

2 + (Γjmj)2]
, (19)

with mi(Γi) being the mass (width) of the ith gauge boson, where i=1(2) corresponds to the

photon(Z). The expression for the differential Left-Right Polarization asymmetry,ALR(z, φ),

can be easily obtained from the above by forming the ratio

ALR(z, φ) = N(z, φ)/D(z, φ) , (20)

where D(z, φ) is the differential cross section expression above and N(z, φ) can be obtained

from D(z, φ) by the redefinition of the coupling combinations eij and fij as

eij = fij = (vivj + aiaj)(viaj + aivj) . (21)

Although we have expressed the cross section in an apparently covariant form using Man-

delstam variables, it is not actually invariant due to the presence of ∆Moller which is highly

frame dependent.
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Figure 3: Binned cross section (top) and polarized asymmetry (bottom) as a function of
z = cos θ for Moller scattering at a 500 GeV linear collider assuming an integrated luminosity
of 300 fb−1. The histogram is the SM expectation while the data corresponds to ΛNC =

√
s.
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Figure 4: φ dependence of the Moller cross section (top) and left-right asymmetry (bottom)
for the SM (straight lines) and for the case ΛNC =

√
s (shown as data) at a 500 GeV linear

collider with a luminosity of 300 fb−1. From top to bottom in the top panel a z cut of 0.9(0.7,
0.5) has been applied with the order reversed in the lower panel.
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Figure 3 displays the effect of a finite value of ΛNC =
√
s on the shape of the conven-

tional bin-integrated, z-dependent event rate and ALR for a 500 GeV linear collider assuming

an integrated luminosity of 300 fb−1. In presenting these results we have neglected initial

state radiation and beamstrahlung effects, assumed both beams are 90% polarized with

δP/P = 0.003, and taken an overall luminosity error of 1%. Angular cuts of θ = 10o have

also been applied but the entire φ range has been integrated over. As we can see from

this figure, the influence of Λ−1
NC 6= 0 appears to cause a small downward shift in the cos θ

distribution which is most noticeable at large scattering angles away from the forward and

backward t- and u-channel poles from the photon exchange graph. The effect of a finite

value of ∆Moller is thus seen to increase the amount of destructive interference between the

u- and t-channel graphs. Although the shift is apparently small it occurs over many bins

and is statistically quite significant given the size of the errors at this integrated luminosity.

For ALR there is hardly any shift from the SM values in this case.

Figure 4 presents the z-integrated, φ dependent distribution for both the rate and

ALR. Note that as we perform more restrictive cuts on |z|, the central region, which is

the most sensitive to ΛNC, is becoming more isolated. As can be seen from the figures,

this approach enhances the φ dependence for the differential cross section. Though the φ

dependence also appears to be rather weak, it is again statistically significant at this large

integrated luminosity. As in the case of the φ-integrated ALR, the z-integrated ALR shows

hardly any sensitivity to finite ΛNC even when a strong |z| cut is applied.

In order to obtain a 95% CL lower bound on ΛNC from Moller scattering we perform

a combined fit to the total cross section, the shape of the doubly differential z − φ angular

distribution and ALR(z, φ). In the latter two cases we bin the NC results in a 20× 20 array

15



Figure 5: 95% CL lower bound on ΛNC at a 500 GeV linear collider as a function of the
integrated luminosity from Moller scattering via the fit described in the text.
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of z, φ values and employ only statistical errors apart from the polarization uncertainty. In

the case of the total rate we also include the luminosity uncertainty in the error. For a fixed

value of luminosity we then compare the predictions of the SM with the case where ΛNC is

finite and repeat this procedure by varying ΛNC until we obtain a 95% CL bound by using a

χ2 fit. From this procedure we obtain the search reach on ΛNC as a function of the integrated

luminosity as displayed in Fig. 5. As we can see from this figure, bounds on ΛNC of order

(3− 3.5)
√
s are obtained for reasonable luminosities.

We now examine how the Moller cross section behaves as
√
s grows beyond ΛNC.

In the SM for large s we expect the scaled cross section, i.e., the product s · σMoll, to be

roughly constant after a cut on | cos θ| cut is performed. Ordinarily when new operators are

introduced, the modified scaled cross section is expected to grow rapidly near the appropriate

scale beyond which the contact interaction limit no longer applies. However, in the present

case, the theory above the scale ΛNC is a well-defined theory since it is not a low energy

limit. We would thus anticipate that the cos ∆Moller factor leads to a modulation of the

scaled cross section that averages out rapidly with a period that depends on the hardness of

the | cos θ| cut as the value of
√
s increases. This effect is displayed in Fig. 6 and behaves

exactly as expected.

3 Bhabha Scattering

The Feynman graphs which mediate Bhabha scattering in NCQED are given in Fig. 7. In

this case, the t-and s-channel kinematic phases are now given by

φt =
−1

2
[p1 · θ · k1 − p2 · θ · k2]

φs =
−1

2
[p1 · θ · p2 − k1 · θ · k2] , (22)

17



Figure 6: Scaled dependence of the Moller total cross section, subject to a angular cut (from
top to bottom) of |z| ≤ 0.9(0.7, 0.5) assuming the SM (dashed curves) or ΛNC =500 GeV
(solid curves).
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which implies that the interference term between the two amplitudes is sensitive to cos ∆Bhabha

which is given by

∆Bhabha = φs − φt =
−1

Λ2
NC

[c01t+
√
ut(c02cφ + c03sφ)] . (23)

Note that whereas Moller scattering was sensitive to space-space non-commutativity we see

that Bhabha scattering is instead sensitive to time-space non-commutativity. Here we see

that there are two distinct cases depending whether or not ∆Bhabha has a φ dependence. If

c01 is non-zero then the φ dependence will be absent, whereas the two cases c02, c03 6= 0 are

essentially identical except for the phase of the φ dependence. We thus only consider the

cases c01 = 1 or c02 = 1.

)
2)

2

)
2

)(−p2

)
1

)
1

)
1

)
1

e+(−k+(−p

(ke−

e

−e (p
e−(p

+(−k+

(k

e e

e−

Figure 7: Feynman graphs contributing to Bhabha scattering with the exchanged particle
corresponding to a photon and Z-boson.

Using the notation above, the differential cross section in the laboratory center of

mass frame for Bhabha scattering can then be written as

dσ

dz dφ
=
α2

2s

[
(eij + fij)(P

ss
ij + P tt

ij + 2P st
ij cos ∆Bhabha)

u2

s2
+ (eij − fij)(P ss

ij

t2

s2
+ P tt

ij )
]
, (24)

with ALR(z, φ) defined in a manner similar to that for Moller scattering by forming the ratio
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Figure 8: Same as Fig. 3 but now for Bhabha scattering assuming that c01 is non-zero.
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N(z, φ)/D(z, φ).

We first consider the case where c01 is taken to be non-zero. Figure 8 displays the (in

this case trivial) φ integrated angular distribution and ALR for the SM with ΛNC =
√
s = 500

GeV. Here one sees that a finite value of Λ−1
NC leads to a slight increase in the cross section

at large angles and a moderate change in ALR in the same z range. In the case where c02

is non-zero, Fig. 9 shows the corresponding distributions. Note that the shift in the cross

section looks almost identical in the two cases but the deviation in ALR is more shallow in

the latter case. Figure 10 shows the φ dependence of the z-integrated distributions for the

same three cuts on cos θ discussed above in the case of Moller scattering. As before we see

that the effect in the cross section is most visible for stiffer cuts which isolate the central

region. In the case of ALR the φ dependence is too small at these integrated luminosities

to be visible. In order to obtain a 95% CL lower bound on ΛNC from Bhabha scattering

we follow the same procedure as that discussed above for Moller scattering and obtain the

results presented in Fig. 11. Here we see that the reach for ΛNC via Bhabha scattering is

not quite as good as what we had found earlier for the case of Moller scattering, given only

by ' 2
√
s, for both of the cases considered.

Figures 12 and 13 show the scaled cross sections for Bhabha scattering after the z

cuts are employed for values of
√
s > ΛNC. Here we see that for both cases, the presence of

a finite value for ∆Bhabha leads to an increase in the constructive interference between the s-

and t-channel exchanges with two very different periods. Again for values of
√
s much larger

than ΛNC we see that the oscillations average out to approximately half of their original

amplitude.
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Figure 9: Same as in Fig. 8 but now assuming that c02 is non-zero.
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Figure 10: Same as Fig. 4 but now for Bhabha scattering with c02 taken to be non-zero.
The order for the cuts on | cos θ| is reversed in the lower plot.
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Figure 11: 95% CL bounds on ΛNC as a function of luminosity from Bhabha scattering
assuming either c01 (solid) or c02 (dashed) is non-zero.
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Figure 12: The scaled cross section for Bhabha scattering with c01 non-zero.
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Figure 13: Same as in the previous figure but now with c02 non-zero.
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4 Pair Annihilation

The Feynman diagrams which contribute to pair annihilation in NCQED are shown in Fig.

14. Note that in this case, there is a novel s-channel contribution in NC field theories from

the 3γ self-coupling, in addition to the kinematical phase factor which appears at each vertex.

Due to the presence of the non-abelian like coupling, one must exercise caution in calculat-

ing the cross section to ensure that the Ward identities are satisfied and to guarantee that

unphysical polarization states are not produced. Hence one must either extend the polar-

ization sum to incorporate transverse photon polarization states or include the contribution

from the production of a ghost-antighost pair to cancel the contribution of the unphysical

gauge boson polarizations. This procedure is similar in manner to that performed for the

parton-level scattering of qq̄ → gg in QCD. We find that the differential cross section in the

laboratory center of mass frame for pair annihilation in NCQED is then given by

dσ

dz dφ
=
α2

4s

[
u

t
+
t

u
− 4

t2 + u2

s2
sin2(

1

2
k1 ∧ k2)

]
, (25)

where we have introduced the wedge product defined as p ∧ k = pµkνθ
µν . Note that in

this case, the contribution from the relative phases from the interference terms cancels. We

also note that the sign of the modification due to NCQED does not vary since it is an even

function and hence the effect does not wash out over time due to the rotation of the Earth.

Evaluating the wedge product yields

∆PA ≡
1

2
k1 ∧ k2 =

−s
2Λ2

NC

[
c01cθ + c02sθcφ + c03sθsφ

]
. (26)

Note that this process is sensitive only to space-time non-commutativity. We again stress

that this is only true in the CM frame; due to the violation of Lorentz invariance this will not
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Figure 14: The three tree level contributions to e+e− → γγ in NCQED.
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hold in all reference frames. As discussed above, it is important to remember that although

we have expressed the cross section in terms of the Lorentz invariant Mandelstam variables,

s , t , u, the phase ∆PA is not Lorentz invariant. For this reaction, we parameterize the c0i

by introducing the angles characterizing the background E field of the theory:

c01 = cosα

c02 = sinα cosβ (27)

c03 = sinα sinβ ,

so that

∆PA =
−s

2Λ2
NC

[
cosθ cosα+ sinθ sinα cos(φ− β)

]

=
−s

2Λ2
NC

cosθNC , (28)

where θNC is the angle between the E field and the direction of the outgoing photon denoted

with momenta k1. Note that β simply defines the origin of the φ axis; we will hereafter set

β = π/2. This parameterization provides a good physical interpretation of the NC effects.

(Note that the c0i are not independent; in pulling out the overall scale ΛNC we can always

impose the constraint |c01|2 + |c02|2 + |c03|2 = 1.) Here, we consider three physical cases:

α = 0, α = π/2, and α = π/4, which correspond to the background E fields being at an

angle α from the beam axis. The correction term ∆PA then takes the following forms in each

of these cases:

∆PA(α = 0) =
−s

2Λ2
NC

cosθ

∆PA(α = π/2) =
−s

2Λ2
NC

sinθ sinφ

∆PA(α = π/4) =
−s

2
√

2Λ2
NC

[
cosθ + sinθ sinφ

]
. (29)
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As in the previous processes we considered, a striking feature of these correction terms are

their φ dependence, arising from a preferred direction which is not parallel to the beam axis.

In Figs. 15 and 16 we present the bin-integrated event rates, taking ΛNC =
√
s for

purposes of demonstration, which show the angular dependences of the NC deviations for

the two cases α = π/2 and α = 0, taking ΛNC =
√
s = 500 GeV and a luminosity of 500 fb−1.

For the case of α = 0 we have also scaled the angular distribution by the factor 1 − |z| in

order to emphasize the deviation from the Standard Model in the peaking region. Note that

the NC contributions lower the event rate from that expected in the SM in the central region.

As expected, the α = 0 case shows no φ dependence since the preferred direction is parallel

to the beam axis, while the φ distribution for α = π/2 exhibits a strong oscillatory behavior.

The case α = π/4, as well as more general choices of α, simply extrapolates between these

two extremes.

To obtain a 95% CL lower bound on ΛNC, we perform a fit to the total cross section

and the angular distributions employing the procedure discussed above. Our results are

presented in Fig. 17 for three values of α, where we see that the NC search reach from pair

annihilation is approximately given by 1.5
√
s. This is inferior in comparison to that obtained

in the case of Moller and Bhabha scattering, due, in part, to the large available statistics in

the latter cases. The scaled cross sections, after employing identical z cuts as in the previous

two sections, are presented in Fig. 18. Here, we see again that the anticipated high energy

behavior is realized.
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Figure 15: φ dependence (top) and θ dependence (bottom) of the e+e− → γγ cross section
for the case α = π/2. We take ΛNC =

√
s = 500 GeV, and assume a luminosity of 500 fb−1.

In the top panel a cut of |z| < 0.5 has been employed. The dashed line corresponds to the
SM expectations and the ‘data’ points represent the NCQED results.
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Figure 16: θ dependence of the e+e− → γγ cross section for the case α = 0. We again use
ΛNC =

√
s = 500 GeV, and a luminosity of 500 fb−1. In the bottom panel, note that the

number of events in each bin is scaled by 1 − |z|.
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Figure 17: 95% CL bound on ΛNC from pair annihilation as a function of luminosity (top)
and
√
s (bottom). In the top panel we set

√
s = 500 GeV, while in the bottom panel we

assume a luminosity of 500 fb−1.
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Figure 18: The scaled cross section for pair annihilation for α = 0, π/2 corresponding to the
(top, bottom) panels, respectively.
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5 γγ → γγ at Linear Colliders

Future linear colliders have the option of running in a photon-photon collision mode[22], in

which laser photons are Compton back-scattered off the incoming fermion beams. The lowest

order SM contributions arise at the 1-loop level with fermions and W bosons propagating

in the loop. Since the exact SM calculation of this box diagram mediated process is rather

tedious[23], there exist various approximations in the literature[24] which are valid in the

regime where the center of mass energy is large compared to the W mass. Since this process

only occurs at loop-level in the SM, it has been proposed as a useful test of new physics

which contributes to the amplitude at the tree level in, for example, supersymmetry[24] or

quantum gravity models with large extra dimensions[25]. In the present case, NCQED also

predicts new contributions to γγ → γγ at tree-level, and hence we examine how well this

process can bound ΛNC.

We will consider only tree-level NC contributions since the NC generalization of the

full electroweak SM is unknown and coupling constant suppressed. There are four diagram-

matic contributions in this case: three from the s, t, and u channels of photon exchange

and one from the four-point photon coupling. These are presented in Fig. 19. Denoting the

incoming photon momenta by p1 and p2, and the outgoing photon momenta by k1 and k2 as

before, we find six non-vanishing NC helicity amplitudes:

MNC
+−−+ = −32πα

t̂

ŝ

[
sin(

1

2
p1 ∧ k1) sin(

1

2
p2 ∧ k2) +

t̂

û
sin(

1

2
p1 ∧ k2) sin(

1

2
p2 ∧ k1)

]

MNC
++++ = 32πα

[
û− t̂
ŝ

sin(
1

2
p1 ∧ p2) sin(

1

2
k1 ∧ k2) +

(
û

t̂
− 2û

ŝ

)
sin(

1

2
p1 ∧ k1)

× sin(
1

2
p2 ∧ k2) +

(
t̂

û
− 2t̂

ŝ

)
sin(

1

2
p1 ∧ k2) sin(

1

2
p2 ∧ k1)

]
, (30)

where we have made use of the relation ŝ + t̂ + û = 0 and the ŝ denotes the parton-level
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center-of-mass frame. The other four amplitudes are related to these byMNC
−−−− =MNC

++++;

MNC
+−−+(k1, k2) = MNC

−++−(k1, k2) = MNC
+−+−(k2, k1) = MNC

−+−+(k2, k1). The corresponding

SM amplitudes can be found in Refs. [24, 25] and will be given in the appendix.
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Figure 19: The tree level contributions to γγ → γγ in NCQED.

The kinematics of this process are more complicated than those of the previous cases.

The backscattered photons have a broad energy distribution, and the collision no longer

occurs in the center of mass frame, i.e., the CM and laboratory frames no longer coincide.

As NC theories violate Lorentz invariance, the differential cross section is no longer invariant

under boosts along the z-axis and we are thus forced to consider this process in the laboratory

frame. Letting x1 and x2 denote the fraction of the fermion energy carried by each of the
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backscattered photons, the photon momenta become

pµ1 =
x1

√
s

2
(1, 1, 0, 0)

pµ2 =
x2

√
s

2
(1,−1, 0, 0)

kµ1 = E1(1, cθ, sθcφ, sθsφ)

kµ2 = ((x1 + x2)

√
s

2
−E1, (x1 − x2)

√
s

2
− E1cθ,−E1sθcφ,−E1sθsφ) , (31)

where E1 is given by

E1 =
x1x2

√
s

x1 + x2 − (x1 − x2) cosθ
. (32)

Note that the Mandelstam invariants appearing in the amplitudes are now those for the

photon-photon center of mass frame, with, e.g.,
√
ŝ = x1x2

√
s.

We define the observable amplitudes by summing over the helicities of the outgoing

photons:

|M++|2 =
∑

ij

|M++ij |2 ,

|M+−|2 =
∑

ij

|M+−ij |2 , (33)

which also include the SM contributions. The lab frame differential cross section for this

process is

dσ

dΩ
=

1

128π2s

∫ ∫
dx1 dx2

E1

E2

f(x1)f(x2)

x1x2

[(
1 + ξ(x1)ξ(x2)

2

)
|M++|2

+
(

1− ξ(x1)ξ(x2)

2

)
|M+−|2

]
, (34)
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where E1, E2 denote the outgoing photon energies, f(x) is the photon number density

function, and ξ(x) the helicity distribution function, which is presented in the appendix.

The distribution functions depend upon the variable set (Pe1, Pl1, Pe2, Pl2), which repre-

sent the polarizations of the initial fermion and laser beams. In this paper we set |Pe| =

0.9 and |Pl| = 1.0, leaving six independent combinations: (+, +, +, +), (+, +, +, −),

(+, +, −, −), (+, −, +, −), (−, +, +, −), and (+, −, −, −),where, for example, (+, −, +, −)

means Pe1 = 0.9, Pl1 = −1.0, Pe2 = 0.9, and Pl2 = −1.0. We use the approximate SM am-

plitudes found in [24, 25], valid for m2
W/xp < 1, where xp represents any of the photonic

Mandelstam invariants. To validate this approximation we employ the cuts

|cos(θ)| ≤ 0.8 ,
√

0.4 < xi < xmax . (35)

xmax is the maximum fraction of the fermion beam energy that a backscattered photon can

carry away; numerically, xmax ≈ 0.83. Evaluating the wedge products in the NC amplitudes

in the lab frame yields

p1 ∧ p2 =
−c01x1x2s

2Λ2
NC

p1 ∧ k1 =
−x1E1

√
s

2Λ2
NC

[
c01 (1− cθ)− c02sθcφ − c03sθsφ − c12sθcφ + c31sθsφ

]

p2 ∧ k1 =
x2E1

√
s

2Λ2
NC

[
c01 (1 + cθ) + c02sθcφ + c03sθsφ − c12sθcφ + c31sθsφ

]

p1 ∧ k2 =
−x1E1

√
s

2Λ2
NC

[
c01x2

√
s

E1
− c01(1− cθ) + c02sθcφ +

c03sθsφ + c12sθcφ − c31sθsφ

]

p2 ∧ k2 =
−x2E1

√
s

2Λ2
NC

[ −c01x1

√
s

E1
+ c01(1 + cθ) + c02sθcφ +
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c03sθsφ − c12sθcφ + c31sθsφ

]

k1 ∧ k2 =
−E1

√
s

2Λ2
NC

[
(x1 + x2){c02sθcφ + c03sθsφ + c01cθ}

−(x1 − x2){c01 − c12sθcφ + c31sθsφ}
]
, (36)

where, as before, we can interpret the cµν in terms of the directions of the background

E and B fields, with, the z-axis has being defined to be along the direction of the initial

beams. Note that in this case, however, we have defined p1 to be in the positive z-direction.

Two important properties of these expressions are that the presence of both c0i and cij

indicates that γγ → γγ is sensitive to both space-time and space-space non-commutativity,

unlike the previously examined processes, and the disappearance of c23 indicates that B

fields parallel to the beam axis are unobservable as in the case of Moller scattering. We

consider three different possibilities: (i) c01 = 1, with all others vanishing; (ii) c03 = 1, with

all others vanishing; and (iii) c12 = −1, with all others vanishing. In terms of the angular

parameterization, case (i) corresponds to an E field parallel to the beam axis (denoted by

α = 0 in our discussion of e+e− → γγ), case (ii) to an E field perpendicular to the beam

axis (α = π/2 in e+e− → γγ), and case (iii) to a B field perpendicular to the beam axis.

As noted earlier for e+e− → γγ, c02 and c03 are equivalent up to a redefinition of φ, as are

c12 and c31. Note, however, that despite their apparent similarity, the space-time and space-

space components are not equivalent up to a redefinition of φ. Redefining φ in an attempt

to relate c03 and c12 inflicts a sign change in the amplitudes, which affects the interference

between the SM and NC amplitudes.

In Figs. 20, 21, and 22 we display the bin-integrated angular distributions assuming

a 500 GeV e+e− linear collider with an integrated luminosity of 500 fb−1 and employing the

cuts discussed above. We also take ΛNC =
√
s for purposes of demonstration. As can be
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seen from the figures, the effects of NC space-time yield marked increases in both the z and φ

distributions over the SM expectations, whereas this process is seen to be rather insensitive to

space-space non-commutativity. The NC space-space corrections also do not strictly increase

the SM result, unlike the other two cases, due to an interference effect between the SM and

space-space NC contributions, and from the small magnitude of the NC effect in this case.

Figure 23 displays the 95% CL search reach for the NC scale ΛNC as a function of

luminosity for the three cases with the polarization state (+,−,+,−) as well as for the case

c01 with all polarization configurations. As expected, γγ scattering is relatively insensitive

to space-space non-commutativity yielding bounds that are essentially just below
√
s. How-

ever, in the case of space-time NC, we see that the potential limits are comparable to that

obtainable from pair annihilation and are of order 1.5
√
s. 2 photon scattering also nicely

complements e+e− → γγ as one is sensitive to c01 with the other depending on c02 and c03.

6 Conclusions

In summary, we have examined the testable nature of non-commutative quantum field the-

ory by analyzing various 2 → 2 processes at high energy e+e− linear colliders. We have

parameterized the non-commutative relationship in terms of an overall NC scale, ΛNC, and

an anti-symmetric matrix cµν which is related to the direction of the background electromag-

netic field present in these theories. We have seen that these theories give rise to modifications

to QED, resulting in a non-abelian like nature with 3- and 4-point photon self-couplings, as

well as momentum dependent phase factors appearing at each possible vertex in NCQED.

We have seen that both Bhabha and Moller scattering are affected by the interference mo-
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Figure 20: Angular dependence of the γγ → γγ cross section for the case c01 = 1. We take
ΛNC =

√
s = 500 GeV, and a luminosity of 500 fb−1 and employ the cuts discussed in the

text.

mentum dependent phase factors, whereas pair annihilation also receives contributions from

the 3-point function. We have also examined γγ → γγ, which is sensitive to both the 3- and

4-photon self-couplings.

In all the processes considered in the text, the NC affects arise at lowest order from

dimension-8 operators. In addition, they generate an azimuthal dependence, which is not

present in the SM, due to the NC preferred direction in space-time. These effects are not

Lorentz invariant, and caution must be exercised in evaluating them, both theoretically and

experimentally.

The above four processes are complementary in terms of probing the NC parame-

ter space. Pair annihilation and Bhabha scattering, together, explore the full parameter

space for Space-Time non-commutativity, whereas Moller scattering is sensitive to 2 of the

parameters in the case of Space-Space NC. Two photon scattering simultaneously probes
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Figure 21: θ (top) and φ dependence (bottom) of the γγ → γγ cross section for the case
c03 = 1. We again take ΛNC =

√
s = 500 GeV, with a luminosity of 500 fb−1.
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Figure 22: Same as the previous figure, only for c12 = −1.
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Figure 23: 95% CL bound on ΛNC from γγ → γγ as a function of luminosity for
√
s = 500

GeV. Top panel: the three cases of cµν discussed in the text with the polarization state
(+,−,+,−), and bottom panel: all polarization states with c01 = 1.
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Process Structure Probed Bound on ΛNC

e+e− → γγ Space-Time 740 − 840 GeV

Moller Scattering Space-Space 1700 GeV

Bhabha Scattering Space-Time 1050 GeV

γγ → γγ Space-Time 700 − 800 GeV

Space-Space 500 GeV

Table 1: Summary of the 95% CL search limits on the NC scale ΛNC from the various
processes considered above at a 500 GeV e+e− linear collider with an integrated luminosity
of 500 fb−1.

Space-Space and Space-Time NC, but is found to be rather insensitive numerically to the

Space-Space case. In all of these transitions, the effects of B fields parallel to the beam axis

are unobservable. We summarize our results for the 95% CL search reach for the NC scale

in Table 1. We see that NCQED can be probed to scales of order a TeV, which is where one

would expect NCQFT to become important, if stringy effects or if the fundamental Planck

scale are also at the TeV scale.

Note Added: While this paper was being completed, a related work [26] appeared.

There is some overlap between the processes considered in this paper with what is contained

here, however, we disagree completely with their results. We also note that crossing symme-

try can be maintained in NCQFT as long as one exercises care to also switch the appropriate

momenta in the wedge products.
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In this appendix we present the SM amplitudes and photon distribution functions

relevant for the process γγ → γγ. For a more detailed discussion the reader is referred

to [22, 23, 24, 25].

As discussed in the text, the one loop contributions to γγ → γγ arise from W

boson and fermion loops. At high energies, which we are considering, there is only one

non-negligible independent helicity amplitude. The approximate amplitudes for the W con-

tribution is

M(W )
++++(s, t, u)

α2
≈ 12 + 12

(
u− t
s

)[
ln

(
−u− iε
m2
W

)
− ln

(
−t− iε
m2
W

)]

+16
(

1− 3tu

4s2

)

[
ln

(
−u− iε
m2
W

)
− ln

(
−t− iε
m2
W

)]2

+ π2




+16s2

[
1

st
ln

(
−s− iε
m2
W

)
ln

(
−t− iε
m2
W

)
+

1

su
ln

(
−s− iε
m2
W

)
ln

(
−u− iε
m2
W

)

+
1

tu
ln

(
−t− iε
m2
W

)
ln

(
−u− iε
m2
W

)]
, (37)

where α ≈ 1/137, mW represents the mass of the W boson and ε is a small positive quantity

defining the branch cut prescription. The fermion contribution gives rise to the approximate

amplitude

M(f)
++++(s, t, u)

α2Q4
f

≈ −8− 8
(
u− t
s

)[
ln

(
−u− iε
m2
f

)
− ln

(
−t− iε
m2
f

)]

− 4

(
t2 + u2

s2

)

[
ln

(
−u− iε
m2
f

)
− ln

(
−t− iε
m2
f

)]2

+ π2


 , (38)
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where Qf is the fermion charge in units of the positron charge, and mf is the mass of the

fermion in the loop. The other amplitudes are related to these by

M+−+−(s, t, u) = M+−−+(s, u, t) = M++++(u, t, s). (39)

We now present the expressions for the photon distributions. We define the auxiliary

functions

C(x) ≡ 1

1− x + (1− x)− 4r(1 − r) − Pe Pl r z(2r − 1)(2− x), (40)

where r = x/[z(1− x)], and

σ
C

=

(
2πα2

m2
ez

) [(
1 − 4

z
− 8

z2

)
ln(z + 1) +

1

2
+

8

z
− 1

2(z + 1)2

]

+ Pe Pl

(
2πα2

m2
ez

)[(
1 +

2

z

)
ln(z + 1)− 5

2
+

1

z + 1
− 1

2(z + 1)2

]
. (41)

Here z is a variable describing the laser photon energy; varying z affects the value of xmax,

the maximum value of the fermion beam energy that the backscattered photons can acquire.

We set z = 2(1 +
√

2) in our analysis, which maximizes xmax. In terms of these functions

the photon number and helicity distribution functions take the form

f(x, Pe, Pl; z) =

(
2πα2

m2
ezσC

)
C(x) (42)

ξ(x, Pe, Pl; z) =
1

C(x)

{
Pe

[
x

1− x + x(2r − 1)2
]
− Pl (2r − 1)

(
1− x+

1

1− x
)}

.
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