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Abstract
Evolution of the density matrix of a bunch of particles in an undulator is described in the quantum

mechanical theory neglecting effect of beam bunching. The approach of the paper is the same but

the formalism is different from Becker-Mclver’s operator formalism [1].
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I. INTRODUCTION

Interaction of a bunch of particles with the laser field in an undulator has been described
by Becker and Mclver [1] using operator formalism of quantum mechanics. This note re-
produces the main results of this paper in a different formalism where we follow the time
evolution of the density matrix of the system. This approach will be used in the following
publication to study the optical stochastic cooling [2].

The number of particles within a bunch is arbitrary, but theory neglects retardation
which would lead to bunching in the self-amplification regime. In this sense the interaction

is weak.

II. KINEMATICS

Here we reproduces for completeness the main features of laser/beam kinematics and
introduce the density matrix of the beam.

The circularly polarized undulator in the lab (L) frame is described by the field By (z) =
Bu[icos(kyz) + Zsin(k,z)], or transverse vector potential A, ; = (By/k,)[@sin(kyz1) +
g cos(kyz)], where zp, is coordinate along the axes of the undulator.

The equilibrium particle is defined as a particle moving in the lab frame with relativistic
factor vy and velocity along the undulator axes vy, = wvycosf, where § = Ky/v, Ky is
undulator parameter, Ky = eB,/(moc’k,). The equilibrium particle with momentum py
in the lab frame is at rest in the frame moving with velocity v/c = ki /(kr + k), 7 =~
v0/\/1+ K&, where k, = wr,/c = 2k,72/(1+K?), wy, is frequency radiated by the equilibrium
particle in the lab frame in the forward direction. The frequency w = ck in the moving
frame, k = w/c = y(v/c)k, ~ vk,. A particle with offset momentum in the lab frame
pr = po + Apr and the longitudinal velocity v, = wvgcosf has, in the moving frame,
longitudinal momentum p,/(moc) = (Apr/po)/\/1 + K. This defines transform of the rms
bunch distribution to the moving frame. In particular, particles can be considered as non-
relativistic in the moving frame for small Apy,/po.

In the moving frame with coordinates (z, ¢), the undulator field B(z) = iy B, cos|[vk,(z +



vt)] can be considered as flux of equivalent photons with frequencies w = ~wvk,. This
frequency is equal to the frequency of photons radiated by the equilibrium particle in the
moving frame. The last is the definition of the Bambini-Renieri moving frame and shows
that, for the equilibrium particle, radiation is just back-scattering of undulator photons.

In quantum mechanics, the vector potential operator of the EM field in the moving frame

in Shrodinger picture is

- 2mhc?
A=\ [T glae™ 4o, =1, (1)

where Z is operator of longitudinal coordinate, and V is normalization volume. As usual, a
is Shrodinger time-independent annihilation operator, a|n >= |n — 1 > \/n, where |n > is
the n-photon state. The undulator field can be described in the moving frame as an external

time-dependent field, for example,

Au(z) = %e”k"(é“t) + c.c. (2)

Hamiltonian of the system H = (p — ﬁ[[fu + A])2/2my in 1D case does not contain the

linear in A term [3] for longitudinal initial p(0), because both operators A, and A are
transverse and the canonical momentum p is constant of motion.

~iwt Therefore, neglecting the small corrections 2mroc?/(Vw) to w

The average < a > e
and (eA,/c)? to moc?, we get [1]:
Np 52

H= Z f;% + hw(ata + 1/2) — ihg[aye it — o], (3)

The sum here is over N particles in the bunch, parameter of interaction

roB, [2mc? e T

2% VViw N he2ky

(4)

g:

where ry = Ky = eB,/(moc*k,). The interaction time in the moving frame is ¢ =

mo 627
21N, /(vyk,), where N, is number of the undulator periods.

In classical mechanics, bunch of particles is described approximately as product of nor-
malized particle distribution functions Hfiﬁf(]%,ﬁ), fdﬁde(ﬁ, 7) = 1. Respectively,

in quantum mechanics, it can be described as product of one-particle density matrices



p =19 > p(p,p) < p|, where the single particle density matrix p(p',p) in momentum

representation is related to f(P,7) by the Wigner’s transform:

FP.7) = [ e ™ (P /2, = /) )

The density matrix p(p', p) is normalized by the condition

Sorn=1 T=[ 500 ©

Inverse transform

27Th 3d7?\ iR — 7 ﬁ"—ﬁ R
o) = [ BT srprinp P2 M)

can be used to define density matrix corresponding to classical distribution function. Con-
sider the Gaussian distribution function with (z,p) correlation specified by parameter n:

1 ~ (-p0)?  (z—zq—np)?

=gapf & 7 o(m)a(p). (8)

The corresponding density matrix p(7, p) = po (7, PL)p(P., p.), where

4o 2rh)? P+ P
pui i) = PPt )

DT 00 =) onio-+)/2)—(1/2) 0 1) (07 =)~ (1/2)(1/ A (00 /2-0)? (10)
N

Here V' = SL. As usual, integration over p can be converted to the sum. This can be

pl(,p) =

done using correspondence shown in Eq. (6) and replacing (27h/L)d(p — p') by Kroneker’s
symbol 6, Lé(z — 2') by 0, ., and [dz/L by the sum over z, )_,. For example, transform
from the momentum representation of an operator O to the coordinate representation is
given by < p'|Op >= ¥, < p'|z' >< 2|0]z >< z|p >, where < z|p >= e?*/" and

Y, <Pz ><zlp>= 0y,

III. BEAM DYNAMICS

Initial state of the system with n-photons and a bunch of particles with moments p;,

t = 1..Np is transformed by the interaction with the mode k to the vector

n! —(e i»li)—twt(n
W(t) >= zz: pi — 2Rkl + s > an(t,pi,li)e /) 2 Blp)iet(ntls) (11
7P



where E(pz; lz) = (pz — 2hkl,)2/(2m0) and lg = Ez lz

Equation for the amplitudes F'(t, [p;,[;]) follows from the Shrodinger equation:

E,(t, Dyl gz [(n+lg)F, (t,pj,lj—1)6_2i(k/m°)t(p_2hklf)—Fn(t,pj,lj+1)62i(k/m0)t(1’j—2hklf)].

(12)

Here, we use < p; — 2hkl;|e**"**|pl — 2hkl; >= (2rh/L)é[p}; —p; + 2hk(l; — I} £1)], and write

explicitly only quantum numbers which are changed by the interaction, F,(t,p;,{; £1) =
Fo(t, (p1,0)-., (pj, i £ 1), .., PNy, Ing)-

Neglecting terms hk?/2my in the exponent (i.e., in the laboratory frame, terms of the

order of hk,kr/mo << 1), we can solve Eq. (12) by the Fourier transform

4%i g,
21

Eut o 5) = {0 [ SOV E (1 s 61, ) (13)

Function F(t,¢) = F(t,p1,..Png, P1.-Ony) is given by
oF

F(t, ¢y = —gugF(t,¢) + g(n + 1)vo F + igug Z 95 (14)
where
" 2kp;
— Z efzeitfzq&i, € = p ) (15)
; Mo

If initial condition is the n-photon state |¥(0) >= |p;,n >, then F,(0, p;, ;) = I1;0;, o and
F(0,9) =1.

Characteristics ¢(t) of the Eq. (14) are defined by ¢;(t) = —iguo(t, ¢), with solutions
oi(t) = ¢? + V(t), where V(0) = 0, #? = ¢;(0) are constants, and V (¢) is the same for all
bi(t).

The function V(t) satisfies V'(t) = —igvy. Substitution of ¢(¢) in Eq. (15) gives

vo(t, ¢) = uo(t, @)eV V. uo(t, ¢°) = Ze_“” i (16)

Hence, (0/0t)e™V® = gug(t, ¢°),

YO =149 a(t)e (17)
where
sm(elt/Q) Cieit)2 - ieit
ai(t) = —— L e G2 G (t) = e, (18)
(€:/2)



Eq. (17) defines characteristics ¢;(t)
e% =14+ g3 a;(t)e”), e =[], (19)

Eq. (19) can be reversed to get constants of motion ¢! in terms of ¢;. Define A(¢y, ..., dn,)

as € = Aei() | Substitute this in the right-hand-side of Eq. (19) to get

A=1-g Z a;(t)e ", (20)

Hence,

i = e[l —g Z a;(t e '], emi# — [ei‘z’?]’l. (21)

The general solution of the Eq. (14) can be found as F'(t, ¢) = ®(t, ei¢?), where ® is arbitrary

function of the arguments &, ¢) = €’ given by Eq. (21). Eq. (14) in terms of ¢, ¢ takes

form
ad>g;, §) _ —gug®(t, &) + g(n + 1)v, @, (22)
where
vo(t) = T gzuioai(t)/fi, vy (t) = uj[l + gzal )/&il. (23)

Integrating Eq. (22) over ¢ and substituting & from Eq. (21) gives

_92 aje®+(g?/2)| > are??—(g%/2) Y, . R ¢J)f drlajar —afa;]
[1— g% aje= i+t

F(t, 6) = By(£)" (24)

Note, a(0) = 0. Hence, initial condition F'(0,¢) = 1 allows us to choose ®y(§) = 1.
Parameter et is of the order of et 4#2Nu(5p/p)L/m where N, is number of periods
the undulator and (dp/p). is rms energy spread in the lab system. We assume that et <<
1 what means that the rms energy spread of the bunch is small compared to the width
Aw/w ~ 1/N, of the mode. In this case, the integral term in the numerator
¢ it? tt
| drlaji; = aii) = e+ ) = (e — ), (25)
i.e. et times smaller than other terms in the exponent (which are of the order of gt and

(gt)?) and can be neglected. We retain only diagonal terms ¢ = j for comparison with a



single particle theory. Remaining terms can be written introducing additional integration

over A in terms of b =g}, ai(t)e*i@‘;
oo )\n . .
F(t,¢) = /0 d)\ﬁeﬂe—b +Ab+(1/2)bb* (26)

Let us factorize this expression using identity

DT EADH(L/2)" _ ) Ab—rb” (27)

€ A€ k=1

where operator Oy, = e~ (1/2) 3% g

Now integration in Eq. (13) over ¢; can be easily carried out for each particle using

d - * 1 —1 )\
10 o cvsrnt _ (A yis 0 x ) (28)
™ RrRa

Replacement k — —F in the left-side of Eq. (28) changes the RHS by .J; — I, with the rest
intact.

Thus,

o A" A A 1N\, —(g? b drlaiar —c.c
Fultup) = [ A MO0 IR (S0 /20, (2gla v Arpe @2 o ot zecly) o (29)

i
where J; are Bessel functions.

For a single particle, Ng = 1, identity
A 2
One(= )2 (2glalV k) =t = NP (/29" 1 [2g]al VA, (30)
which can be verified using series for the Bessel function, allows us to write

n+l/2 9 -
t p, / d)\)\ (az )Z/QJZ(2g|a|\/_) (1/2)g \a| —(g%/2) fot drla;a} 7c.c]. (31)

The phase factor exp[—(92/2) [y dr(ac* — c.c.)] = exp{—i(g/e)?*[et — sin(et)]}.
Integration over A gives [5] result in terms of Laguerre polynomials L!:
Fultpy1) = (ga)te (/7P L (g2af2)e 07/ Jy et e, (32)

Eq. (32) reproduces Dattoli-Renieri [4] result. Eq. (29) defines evolution of the initial
state of the system for a bunch with N, particles.
It is easy to see that Eq. (12) conserves the norm. By definition, function F(¢,p,l) =

Fo(t,p1,ly .., PNy, In,) 1s normalized

M|Fn(tapa l)|2 =1, Ily= le (33)
B A



IV. TIME EVOLUTION OF THE DENSITY MATRIX

Let us consider time evolution of the density matrix p describing bunch of Ng particles

with momentum p;, .., py,. At the entrance to the undulator, there is no radiation,

p(0) = [p', 0,0 > plp) <p,pi,0], (34)

where p% and p) are defined by Eqs. (9) and (10). p(0) is normalized by the condition
Tr[p(0)] =1, or

/ %pipﬁ’ —1 (35)
In the 1D case, p, does not change and it is suffice to consider evolution of the longitudinal
part of p(t).

In the undulator, the state |p,0 > evolves to the state [¥ > according to Egs. (11), (29).
The density matrix at the end of the undulator can be written separating variables of the
individual particles and global parameters of the radiation Iy, I§. It can be done introducing
additional integration:

Y= > Y Gmhteting :/C;_T/) —ilve Ze”w (36)
Hpeolng ey s ™

The density matrix takes form

ﬁ(t) = pL(qlLaiL)p(qlaqa lE7lIE)|qI7(7L7l12 >< q;‘jl;l2|7 (37)
dipdy)’ -
(q q, lEle) ] l’ '/ 1/) 1/) it ¢—lz¢) wot(ls— l /d)‘d)‘, A AO}\HO)\’H’EOC(q Q)
\/ ‘-

(38)

Here |q > stands for the set |¢1..qn, >, and Fioe(q', q) = 15 fi(q), ¢;), where

i) = SN 320 ol VAR 2 g (VN5 10
h (39)
=a(q,t), a’ = a(d,t), and p) = p[q’ + 2hkl', q + 2hkl] is defined in Eq. (10).
Eq. (38) is generalized to the case of initial n photon state replacing factor 1/ \/@ by

\/’n’n/l/[(n—|—12) (TL +l’)'])\”( )n




Let us consider initial density matrix, Eq. (10), with no z,p correlation (n = 0). It
describes probability to find a particle with moment p at location z. For a particle within a

bunch with rms op and Apg centered at zg = py = 0,

hy 27%*% ()21 —q+2hk (U =D~ (1/2)(1/ AB)* [(g+d") 2+ hk (U +1)]* (40)

0 / 2 ! 2
pi (¢ + 2Rkl g + 2hkl) = A,

If the wave length of radiation is small compared to the rms bunch length, kog >> 1, the
non-diagonal terms I’ # [ are exponentially small. We also can approximate a;(t) ~ te~(/2eit
Then Eq. (39) is simplified
A _ ,
fildy @) = (%) Di[2gtv M]( )1/2J1[29tlv Nf]eie e mgn (=gt =) g0 (41)
K
h2m 5 (FF)? (¢ ~0)°~(1/2)(1/AB)*[(g+d') /2+2hk1)>

where p(q',q) = P&

A The norm of the density matrix

First let us show that the density matrix Eqs. (38), (41) is normalized T'r[p(t)] = 1. This

also allows us to check approximations we are going to make. Trace

dibd , . o
Z N / 4 w e—iln (W —v) / dre 0y / AN Oy IS filan )], (42)
qi

Integration over dg; gives

S flaa) = 3 ()2t AR ) 2t e (43

l;=—00
The sum here includes /; < 0 even for [, >= 0 due to absorption of photons radiated by other
electrons in a bunch. For gt << 1, we can use approximation Jj[z] ~ (z!/I)[1 — 2?/(I + 1)]

for [ > 0, and Jj[z] = (—1)"J(x) for I < 0. Neglecting terms of the order of o(gt)*, we get
S filging) =1 - g*(As + X&) + PNV 4 grle™ 0], (44)
With the same accuracy,

N _ 242 1yl 2427\ \ i(¥' —9) re—i(¥' =)
Hi:Bl[Z fz G, q:)] = e Npg?t?(Ak+ XK' )+Npg?t?[ANe +rk'e ]. (45)



This takes correctly into account terms of arbitrary power of Npg?t? neglecting terms with
additional factor ¢?t?

Calculation of Tr[p(t)] can be simplified, first, integrating by parts
/ dhe O f(\ k) = / dhe e 123 F(\ k) (46)

and then by the identity e=(/2ax f(X, £)|se1 = (N, £—1/2)|s1 = f(\, 1/2) for an arbitrary
f(A, k). This gives

Z / di/)di/) o iln (v~ /d)\ / d)\ e~ (LHPIA+X) 2pAN e W' =) (1/4)e=i (¥ =) (47)
[s! ’
where p = (1/2)NBth2. Integration over ¢, ¢’ now can be carried out using Eq. (28):
. 1 _ v '
Tr(p(t)] = ZZE / e / AN e=X e POHN) (4AN)/2 [, (2p/AN). (48)
)3}
Remaining integrals can be calculated using series for the Bessel function

o n!l ! 1_|_p)2(n+lz+1)
»=Un=

The sum 72, (n + [)!z!/(nll!) = (1 — ) ™! and the sum over n is geometric series.

This gives, finally, the desirable result Tr[p(t)] = 1.

B Density matrix of radiation

The radiation density matrix at the exit of the undulator can be obtained averaging Eq.

(37) over the state of the bunch,

ﬁrad(t) — prad(l,Za ZE)”,Z >< l2|7 (50)

where

rad(ls, |
Pd( E) \/12’7

The last factor, 3=, Fioc(q, q) is still given by Eq. (45). Eq. (46) and the following discussion

/dT/)dT/) (Y — lgw) iwt(ls —15%) /d)\d)\l —A— )\O/\RO/\’R’ZEOC q q)

(51)

allow us to simplify p..q(l%, s) and, after integration over 1, v’, it becomes the diagonal

matrix

1 /
praa(ls, 1) = Oy 1y 7 / dAAN =PI (AN L (2pV/AN). (52)
-

10



Integration here is the same as in the previous section giving

2p)ie
prad(llzalE) = 512,1’ ( p)

= (1 + 2p)lg+1' (53)

The average number of radiated photons < a*ta >= Tr{peaatal = X Inprea(ls,ls) is
< ata >= 2p = Ng(gt)?. Hence, parameter of expansion (g¢)? in Eq. (44) is the number
of photons radiated in the undulator per particle. More exactly, the number of photons
is ataf), where Q is the phase volume of the mode Q = Vd?k/(27)3. In the lab frame,
d®ky, = k3 (dwy Jwr)da?, where dwy, /wy, = 1/(2N,,) is the relative frequency spread, and ma?
is solid angle of the mode, « = \/m = (l/fyo)\/(l + K3)/(2N,) [7]. In the moving frame
where ky, = 29k, k = vk,, and relativistic factor v = 7o/\/1 + K, &k = k*/[N2(1 + K2)].
This gives number of photons in the mode: k a*aQ = (gt)?Q = (7/4)(%)K2/(1 + K3).

In the same way, < (aTa)? >= 3 &praa(ls, ls) or < (ata)? >= x(d/dz)z(d/dz)(z'/(1+
z)H )| ,—9, = 2(2p)? + 2p. Hence, the rms spread of number of photons increases with the

average number of photons. Eq. (53) reproduces the thermal statistics of radiation [6].

C Density matrix of the bunch

The density matrix of the bunch pyunen(t) can be obtained from Eq. (37) as
Zz:op(qlaqathlE)-

Pouncn(t) = pL (¢, T )ps(d,0,)|d >< ql, (54)

where

Z /dz/)d;/) %ZE v /d)\d)\’ A /\,OMO/\’ ’FZOC(q Q) (55)
35!

Here Fl..(q',q) = TIN5 fi(q), ¢;), and f; are defined by Eq. (39).
For illustration, let us consider only diagonal terms, pg(q,¢). In this case, f;(q,q) and

Fioe are different from those in Eq. (43) and Eq. (45) only by additional factor p) =

1 ] 2
hx 2% (gi+2hkl)
LAg € :

Neglecting small terms o(gt)*, we get similar to Eq. (44)

hv/2 sl
- A”{[ — PPN+ NK)e 25+ (56)

fz(Q;a QZ) -

11



+* ANV Ve Ty + ke W Ve ra (120" ). (57)
With the same accuracy,
Floe(q, q) = [[ipo(qi) e 2PORN K 2PN eV =D fnle= iV =g, (58)
12 q2
where py(q) = "Lg *8° , and
1 N5 L (Lahkg+(2hk)?)
o4+ = N— Ze ?2B . (59)
B j—1
Using Eq. (46)and Eq. (28), we get
pi(4:9) = [Mipo(4:)] 3 / NN PR (2psV ANV CZT=12, - (60)

where s = \/o_o,. Integrals can be calculated as in Eq. (48), what gives finally

1

¢) = Mipo(an . 61
p(a:9) = [Mipo(a)]T— 20— o)+ P = o o] (61)
Approximately,
B 2(hk)? (hk)? ) 2hk

op=1— A +(2NBA%ZQ ]FNAZZ% (62)

Expanding pg(q, ¢) in series over hk,
B (2nk)? 4hkp 2p(1 + p) 2, Qhkp
pB(an) = [Hzpo(%)]{l AQB p(l N AZ Z A zi:q N2A4 qu
(63)

it is easy to check that the norm is preserved ), pp(q,q) = 1 with the accuracy of terms

o(Ny(gt)*) we neglected. The average < q >= —4hkp/Np, and < ¢*> >= A%. This cor-

resonds to energy loss < ¢ >= —2hk(gt)%. The rms energy spread does not changed.
Hence, modulation in the bunch phase space by radiation is due to non-diagonal terms

we neglected so far. They will be considered in the next paper.

V. CONCLUSION

The main results by Becker-Mclver for weak laser-beam interaction are reproduced includ-

ing statistics of the undulator radiation. Explicit form of the density matrix is given. The

12



density matrices of the radiation and of the bunch are obtained as projections of the density
matrix of the system. Although fluctuations of number of radiated photons are strong, they
do not increase the rms energy spread of the bunch. It is found that small non-diagonal
terms of the density matrix have to be taken into account to describe micro-correlations

induced in a bunch due to radiation.
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