SLAC-PUB-7802April 1998Introduction to Electrodynamics forMicrowave Linear AcceleratorsDavid H. WhittumStanford Linear Accelerator Center, Stanford University,Stanford, California 94309This collection of notes and exercises is intended as a workbook to introduce the principles of microwavelinear accelerators, starting with the underlying foundation in electrodynamics. We review Maxwell’s equations, theLorentz force law, and the behavior of fields near a conducting boundary. We go on to develop the principles ofmicrowave electronics, including waveguide modes, circuit equivalence, shunt admittance of an iris, and voltagestanding-wave ratio. We construct an elementary example of a waveguide coupled to a cavity, and examine itsbehavior during transient filling of the cavity, and in steady-state. We go on to examine a periodic line. We then turnto examine the problem of acceleration in detail, studying first the properties of a single cavity-waveguide-beamsystem and developing the notions of wall Q, external Q, [R/Q], shunt impedance, and transformer ratio. Weexamine the behavior of such a system on and off resonance, on the bench, and under conditions of transient andsteady-state beam-loading. This work provides the foundation for the commonly employed circuit equivalents and thebasic scalings for such systems. Following this we examine the coupling of two cavities, powered by a single feed,and go on to consider structures constructed from multiple coupled cavities. The basic scalings for constantimpedance and constant gradient travelling-wave structures are set down, including features of steady-state beam-loading, and the coupled-circuit model. Effects of uniform and random detuning are derived. These notes concludewith a brief outline of some problems of current interest in accelerator research.(to be published in RF Engineering for Particle Accelerators, Proceedings of the JAPAN-CERN-US Joint Accelerator School, held in Shonan, Japan, September 9-18, 1996)Work supported in part by U.S. Department of Energy contract DE-AC03-76SF005151

INTRODUCTIONThe accelerator is the instrument on which all intellectual life in high-energy physicsdepends. Without accelerators, the great physicists of our time and decades past would have beenreduced to inspection of cosmic ray dribble, atomic spectra corrections, and mathematics ofuncertain pedigree. Happily, there were physicists who loved to tinker, and from their sketchesand machine shops sprang the klystron,1 and in the fog of their musings appeared the microwavelinear accelerator,2 finally cut in copper and called the Mark III.3 Today, when Physics hasdwindled in the popular imagination, and 80,000 patients are treated each day by S-Band linacs, itis easy to forget that there is a field called High-Energy Physics, that Man’s ultimate reach into thesub-atomic world has yet to be decided, that it depends on invention, and possibly your invention.Historically, the kinds of inventions that have helped can be seen in the story of the Two-Mile Accelerator,4 the evolution of the 25-MW "XK-5" klystron to the 60-MW "5045" model,5 theinvention of "SLED" pulse compression,6 and the transformation of the 20-GeV Two-Mile Linacto the 50-GeV Stanford Linear Collider.7 To reach still higher energies, the collider scalings8indicate that shorter wavelength is required, and this observation has resulted in ten years ofresearch and development, culminating in the 50-MW "X-Band" klystron, "SLED-II" pulsecompression, and new "damped detuned structures" designed to pass beams of extraordinarycharge and current.9 It is now thought possible that a 1-TeV collider could be engineered based onthese and other inventions.Yet to reach much higher energies, 5 TeV and beyond, the colliderscalings indicate that the linac would be of enormous size, probably larger than society would careto support. Beyond 5 TeV there is no technology adequate to the task, and inventions are required.These notes are intended as a primer for those who are new to linacs and are taken with theidea of exploration into the farthest realms of the universe. If the desire is to invent the machine fortomorrow, let us review here what has shaped the machines of today.In its simplest form, the problem is to increase the energy of a particle, and this requiresapplying a force. There are a handful of known Forces of the Universe, and only one of themappears to be of much use for acceleration, and that is the electromagnetic interaction.Electromagnetic acceleration in empty space, we will find, is rather ineffective, and so materialboundaries are favored to shape the electromagnetic fields. Materials are lossy and so power,needed to establish accelerating fields, is dissipated. Power dissipation in the end appears to be theultimate limit on terrestrial accelerators. But what this limit is no one knows.These notes provide an elementary introduction to the theory of electromagneticaccelerators. Appendix A summarizes the math we will be using, and Appendix B, the low-frequency electronics concepts often relied on for circuit analogies. In Sec. 1, electrodynamics isreviewed, and in Sec. 2 electrodynamics with material boundaries---microwave electronics---isdeveloped. In Sec. 3, driven on by the logic of Sections 1 and 2, we construct the simplest ofaccelerators, consisting of a single cavity powered via waveguide, and perturbed by a beam. Wego on to couple such cavities together to fashion standing-wave linacs. Appendix C is included toprovide more detail on the five formal calculations underpinning this work. In Sec. 4 the extensionto travelling-wave linacs is developed.We omit quite a lot that one needs to construct and operate an accelerator: techniques forfabrication and assembly, the klystrons, magnets, beam dynamics, vacuum, radiation shielding,personnel protection, and operational know-how. However, all one really needs in this field is anew idea that works; let us consider then what works.2

1. ELECTRODYNAMICSTo accelerate particles, for best results, the particles should be charged, and electric fieldsshould be applied. In fields, energy is stored, and in media, energy is dissipated. These features ofaccelerator mechanics we review from the beginning.1.1 Lorentz Force LawThe force

r_F

acting on a charge q with velocity

rV

takes the form

r r r r

F q E V B

= + · ( )

(1.1)where

rE

is the electric field with units of force per unit charge, newtons per coulomb = volts permeter. The quantity

rB

is the magnetic flux density or magnetic induction, with units of newtonsper ampere-meter = tesla = weber/meter2. Eq. (1.1) describes the forces acting on chargedparticles. Implicitly, it defines what these fields are and it abstracts them from the sources thatproduced them.With only the Lorentz force law we can determine how charges respond to fields, but weare left wondering how the fields themselves are determined. One may take some comfort in theobservation that this problem is easily solved in principle if one knows the fields arising from asingle charged particle in motion, for then the fields would be simply a superposition of eachindividual particle’s fields. In practice, we may have to account for enormous numbers of suchcharges---all the charges composing the conductors and dielectrics in the system. A properaccounting for the evolution of the motion of an N-particle system by this method must then trackthe microscopic motions of the constituents of the media involved, and the

N2

interactions takingplace. In practice, with lnN

»

50, this approach is quite inefficient. Happily, one can make do bytracking the fields directly, and the N interactions with the field. In fact, for many media, oneneedn’t even track the response of the medium directly, and one may confine attention only tocharges external to the medium. Oftentimes one may consider just one such external charge, andreason by superposition to obtain a complete description of the system’s evolution. This approachrelies however on an understanding of media, summarized in the notions of permittivity andpermeability.Exercise 1.1 A charged particle has a kinetic energy of 50 keV. You wish to apply as large a force aspossible. You may choose either an electric field of 500 kV/m or a magnetic induction of 0.1 T. Whichshould you choose (a) for an electron, (b) for a proton? In each case, compute also the gravitational force.1.2 Permittivity and PermeabilityIn considering ensembles of charge, it is helpful to distinguish between "free" charge orexternally controllable charge, and "bound" charge, charge that is a constituent of a medium in thesystem. An example would be a capacitor consisting of two plates, filled with oil. The circuitattached to the plates is controllable; the electrical behavior of the oil is not. We are free to placecharge on the plates if we don’t mind doing some work. However, the response of the oil to theapplied field is not ours to specify. Specifically, the atomic electrons in the oil will be perturbed byany applied field, and their motions will be distorted, resulting in a dipole moment proportional to3

the applied field. This dipole moment contributes to the electric field in the gap.To account for the response of media, we have two choices. We may attempt to calculatethe response of the medium from first principles or we may consult the known response of themedium as determined from experiment. To take the latter, simpler approach however, we firstmust know the language folks use to describe the response of media. Let us introduce the notion ofelectric displacement and magnetic field.In vacuum, the electric displacement is

r r D E = e 0

, and the magnetic field is

r rH B= / m 0

,where

e 0 12

8 85 10

= · -

. farad/m

and

m p 0 7 4 10

= · - henry/m

. As is, this is just a change of units,not cause for great excitement. In media, however, the relation takes the form

r r r

D E P = + e 0

,(1.2)

r r r

H B M = - / m 0

(1.3)where

rP

is the electric dipole moment density of the medium and

rM

is the magnetic dipolemoment density. These moment densities are the result of polarization or magnetization of themedium by the very fields we are trying in the end to determine,

rE

and

rB

. In the frequencydomain, for a linear medium, they may be expressed as

~~ P Ee

= c e 0

,(1.4)

~~ M Hm = c

,(1.5)where

c e

and

c m

are the electric and magnetic susceptibilities of the medium. In terms of fields,these expressions take the form

~~ D E= e

, and

B H= m

, where

e e c

= +( )

01 e

is the electricalpermittivity, and

m m c = + ( ) 0 1 m

is the magnetic permeability. Thus e and m are frequency-domainquantities, and, in general, they are tensors. Note particularly that

rH

and

rD

depend on how onechooses to distinguish an external circuit. One could guess this by noticing that and do notappear in the Lorentz force law,

rE

and

rB

do.1.3 Maxwell’s EquationsMaxwell’s equations are four; we review each in turn. The first and the oldest is Gauss�slaw stating that at the end of a line of electric force one will find charge. In differential form,

r r� • =D r

,(1.6)with r the density of externally imposed charge, i.e., whatever charge is not accounted for in theelectrical permittivity e that has been used to define

. Like each of Maxwell’s equations, this canalso be stated in integral form,

r rD d S dV V V• = � � ¶ r

,4

so that the flux of

rD

through a surface

¶ V

bounding a volume V is proportional to the chargeenclosed. It is often useful to have the corollary boundary condition at the interface between twomedia, on the normal component of electric displacement. This can be determined by integratingEq. (1.6) over the small volume depicted in Fig. 1.1 to relate the discontinuity in electricdisplacement across an interface to the surface charge density

r r D D n 2 1 - ( ) •=^ S

.(1.6a)Evidently the units for

rD

are the same as surface charge density, coulomb/meter2.

Medium 2

Medium 1

+surface charge density S pillbox area A

�nFIGURE 1.1. Sketch for application of Gauss’s law to a thin pillbox at the interface between two media.Next we have Ampere�s law

r r r r

� · = +

H J Dt¶ ¶

,(1.7)or, in integral form,

r r r r 1 2 4 44 34 4 4 r r1 24 34

H d l J d S D t d S S S pre Maxwell Sdisplacement current

¶_¶¶

� � �

• = • + • -

,so that the circulation of magnetic field strength around a closed path

¶S

bounding a surface S isproportional to the current enclosed. (Note that care is required in applying integral forms tomoving surfaces.) The displacement current term implies that the magnetic induction is equallyhappy to circulate around a transient bundle of electric field lines.The boundary condition accompanying Ampere’s law is illustrated in Fig. 1.2 for a thinloop placed across the interface between two media. For this geometry and in the limit that the loopwidth goes to zero, Ampere’s law takes the form5

r^{r rH H l K n l} 2 1

-

( )

• = · •

^

^ ^,(1.7a)and states that a discontinuity in tangential magnetic field arises if any surface current

rK

is present.Evidently the units for

rH

are those of surface current, ampere/meter.

Medium 2

Medium 1

+surface charge density S pillbox area A

�nMedium 2

surface current density contour side L

�nrK�lFIGURE 1.2. Sketch for application of Ampere’s law to a thin loop at the interface between two media.Gauss’s law and Ampere’s law together describe the response of the fields to media; butelectric fields don’t depend solely on charge. According to Faraday’s law,

r r r

� · = -E Bt¶ ¶

,(1.8)circumferential electric field lines are induced around any magnetic flux varying in time. In integralform,

r r r r

E d l Bt d S S S ¶ ¶¶ � � • = - •

.Thus a voltage drop will develop around a closed path

¶S

bounding a surface S, proportional tothe time-rate of change of the magnetic flux enclosed by the path. Applying Faraday’s law to thegeometry of Fig. 1.2, one finds,

n̂ E E

· -( ) =r

2 1 0

,(1.8a)i.e., the tangential component of the electric field is continuous at the interface between two media.The last of our four equations states that there is no magnetic charge,

�• =rB 0

,(1.9)6

or in integral form, the flux of

rB

through a closed surface

¶ V

vanishes,

r r B d S

V • =

�¶ 0

.Thus one will never find

rB

field lines terminating anywhere; they form closed loops. Applyingthis condition in the geometry of Fig. 1.1 yields the boundary condition on normal magneticinduction,

r r B B n

2 1 0 - ( ) •=^

,(1.9a)and corresponds to the absence of any magnetic charge layer.1.4 Charge ConservationNaturally, to get these equations named after him, Maxwell had to contribute more thanmere mathematical trickery; he contributed in particular the displacement current. The firstconsequence of this term is the relation between current and charge. Charge conservation as wenow know it states that the time rate of change of charge enclosed in a volume is equal to the fluxof charge out of the volume,

¶¶ r ¶

t dV J d S V V � �= - •r r

or, in differential form,

¶r¶t J +� • =r 0

.(1.10)Ampere�s law without displacement current implies

¶r¶t J H =-� • =-� •� · =

r r_0

,i.e., that charge density is constant in time. This is not a bad approximation in conductors, or adense plasma; it is exact for electrostatics, magnetostatics. However, considered as a law of nature,Ampere�s law was, before Maxwell, inconsistent with conservation of charge. One could describethe situation somewhat differently by saying that it hadn’t been established that the currentdetermining

rB

was in fact the flux of charge determining

rE

. In this view, Maxwell unified

and

, proposing that they were in fact two aspects of the same phenomenon, electromagnetism. Wewill see shortly that displacement current permits the fields to propagate on their own, in vacuum,without any local charge to support the field lines. Charge conservation, a "symmetry" of nature,implied the existence of a field with an identity of its own, that could propagate freely in vacuum,and, as we will see, carry energy and momentum with it.To appreciate Maxwell�s contribution one can compare electrodynamics before Maxwell,and after. In the centuries prior, it was gradually understood that charges repel or attract, aproperty shared by current-carrying wires. Time-varying currents can induce currents in theirsurroundings. Action at a distance could be understood via lines of force. However, the unifiedequations Maxwell set down contained in them features that were to revolutionize our7

understanding of physics: (1) light is an electromagnetic phenomenon, (2) nature is not Galilean,(3) thermodynamics applied to electromagnetic fields gives rise to divergences (i.e., nonsense),(4) matter must be unstable, (5) Newtonian gravitation is inconsistent with electrodynamics. Inshort, two solid predictions, two paradoxes, and one conundrum, all with one very reasonablelooking term! The resolution of the second item was to be found in special relativity. Theresolution of the third item commenced with the introduction of Planck’s constant, and the notionthat electromagnetic energy comes in discrete packets called photons. This development and thefourth item eventually precipitated the development of quantum mechanics. The fifth item ledEinstein to develop his theory of general relativity.1.5 Accelerators According to MaxwellOne can immediately discern in Maxwell’s equations the three principal methods ofacceleration. The first employed by Man was electrostatic acceleration. This is the limit

¶ ¶/ t » 0

,so that

r r � · =E 0

, implying that the electric field may be represented as the gradient of anelectrostatic potential,

rE = -� j

. In this case, Maxwell’s equations reduce to Gauss’s law, whichin turn may be expressed as Poisson’s equation

� = - 2 0 j r e/

. If the beam is of sufficiently lowcharge, this is approximately just Laplace’s equation,

� =2 0 j

, and fields are determined byelectrode shapes alone. Otherwise, one must solve self-consistently for the particle motion, and thefields together, a nonlinear problem. Probably the most common accelerator design activities todayare the solution of this problem for an electron source (gun design), and the closely related problemof solving for the magnetostatic fields due to a configuration of magnetic materials and current-carrying coils (magnet design).Somewhat less frequently one encounters a problem which requires the induction effectembodied in Faraday’s law, but for which the displacement current is small. Such magneto-inductive effects are the operating principle for the betatron and induction linacs. In such problems,a magnetic field is driven to a good approximation, exclusively by external currents. With the helpof magnetic materials (

m m>> 0

) the magnetic induction is shaped, and the corresponding magneticflux drives an electric field.The foregoing acceleration techniques require media of one kind or another to be exposedto large persistent fields, and for this reason are limited in the net accelerating voltage they canimpart. Somewhat more robust, though still subject to material damage, is the fully electromagnetic(microwave) accelerator. Here all terms in Maxwell’s equations are important; however, unless oneis modelling the microwave power source, one can frequently do without the source terms, in thefirst approximation. This is because the fully electromagnetic solutions of Maxwell’s equations arecapable of propagating on their own to their place of business, being at most guided, shaped, andperhaps slowed down by material boundaries. When intense beams are present (and they often are)one must consider them as well, in the final accounting.In the electromagnetic accelerator, the logical algorithm for time-advance of the fields isbased on Faraday’s law and Ampere’s law,

¶¶ ¶¶

r r r r r r r

Bt E Dt H J

= - � · = � · - ,

,while the remaining two equations are simply constraints that magnetic induction be solenoidal,and Gauss’s law. If these constraints are satisfied by the initial state of the system, they will besatisifed by the evolved state. In practice the discretization of space (the use of a "grid") in a8

numerical simulation introduces a numerical error in the electric displacement. This errorcorresponds to an erroneous charge that the numerical fields will see on the next time step, andrespond to. As a result, errors can quickly become compounded. To avoid this, one enforcesGauss’s law at each time-step by solution for an error potential and correction of the electricdisplacement obtained from Ampere’s law.1.6 Scalar and Vector PotentialsIn all these cases there is an instructive alternative to solving for the fields directly. Insteadwe may express them in terms of potentials, and solve for the potentials. Since magnetic inductionis solenoidal, we may express it as the curl of a vector

r r r B A = � ·

,(1.11)so that

r r r r r

� • = � • � · =

B A 0

.

rA

is referred to as the vector potential. From Faraday’s law then,

r v r r v r

� · + = � · +� � =

E Bt E At

¶ ¶ ¶ ¶_0

,and this suggests that we express

rE

as

v r r

E At

= - - �

¶ ¶ j

,(1.12)for some function j, referred to as the scalar potential. Note that the fields are invariant (gaugeinvariance) under a change of potentials,

r r r

A A t

fi - � fi +

y j j ¶ y¶ ,

,(1.13)where y is any well-behaved function. Thus

rA

and

j

are not yet uniquely defined. Let usdetermine what equations the potentials must satisfy. Ampere’s law implies

r r r r r r r r r r r r r r r

� · = � · � ·( ) = � � •( ) -�=�·=+=-�Ł�ł�+

m m m¶e¶ m me¶¶ ¶¶ j m

H A A A H Et J t At J 2

or

� - =- +� �• +�Ł� �ł�

2 2 2

r r r r r

A At J A t m e

¶

¶ m m e

¶ j

¶

.Gauss’s law implies

r r r r r r r

� • = � • = � • - - �

�Ł� �ł� =

D E At

e e ¶ ¶ j r

,or9

�^{- = - - � • +�} Ł

�

� ł

�

2

2

2

1

j m e

¶ j

¶ e

r

¶

¶

m e

¶ j

¶ t t

A t r.Since there are infinitely many gauge choices, one is free to pick one’s own unique,personal gauge. In the meantime, two are quite popular. The Lorentz gauge is defined by

� • + = rA t

m e ¶ j¶ 0

.(Lorentz gauge condition)(1.14)In the Lorentz gauge, Maxwell’s equations reduce to wave equations for each component of thepotential,

� - = -

2 2 2

r r r

A At J m e

¶

¶ m

,(Lorentz gauge)(1.15)

� - = -

2 2 2

j me ¶ j¶ r e t /

.(Lorentz gauge)(1.16)Evidently the characteristic speed of propagation in the medium is

V = -( ) / me 1 2

.However, the Lorentz gauge is by no means a unanimous choice, and often one encountersthe Coulomb gauge,

r r � • =A 0

, (Coulomb gauge condition)in which Maxwell’s equations take the form

� - = - + �

2 2 2

r r r r

A At J t m e

¶

¶ m m e

¶ j

¶

, (Coulomb gauge)

� =-

2 j r e/

. (Coulomb gauge)We won’t try here to promote one gauge over the other, as the question of gauge is really apersonal decision each researcher must make on his own.1.7 Energy ConservationUsually the best-sounding ideas for accelerators fail one of two tests: (a) they requireexcessive amounts of unobtainium or (b) they don’t conserve energy. Let’s consider (b). The rateof work per unit volume done by the fields is just

r rJ E• ,

and this may be evaluated by substitutionfrom Ampere’s law,

- • = -�·

� �• = • -�· • +�· • -�· • = • +�• ·( ) + • = � • ·( ) r r r

r r r r

r r r r r r r

1 2 4 4 4 4 3

4 4 4 4 r r r

r

r r r r r

r r r r rJEDtHEDtEHEHEHDtEHBtHD E H ¶¶ ¶¶ ¶¶ ¶¶ ¶¶ ¶¶t E Bt H S • + • +�•

r r r r r

where in the last line we introduce the Poynting flux,10 r^{r r}

S E H = · ,(1.17)with units of watts/meter2.Invacuumwemaywritethisas

- • = � • +

r r r r

J E S u t ¶ ¶

,(1.18)where the quantity u E D B H

= • + • ( ) 1 2 r r r r

,(1.19)may be interpreted as the density of energy stored in the fields. This is a statement of energyconservation. Work done on charges in some volume is balanced by a loss of the energy stored inthe fields in that volume, and/or a flux of energy into the volume through the surface. Eq. (1.19) isusually sufficient for the most commonly encountered problems.Exercise 1.2 Consider a geometry consisting of two wide parallel plates of area A, separated by a gap oflength d, filled with dielectric of permittivity e. Suppose a charge Q has been placed on one plate.Compute the steady-state electric field and the voltage V between the plates. Show that the capacitanceof the circuit C=Q/V is given by C=eA/d, and that the energy stored is We=CV2/2.Exercise 1.3 Consider a long helical coil of radius a , occupying a length d , with n turns per meter,carrying current I, filled with material of magnetic permeability m. Compute the magnetic induction insidethe coil, show that the stored energy is Wm=LI2/2, with L=mp a 2n 2d , the inductance. Considering a time-varying current, show that the voltage drop along the coil V=LdI/dt.1.8 Momentum ConservationConsider a collection of particles in vacuum, enclosed by a volume V, and acted on byelectromagnetic fields. The Lorentz force law implies that the rate of change of particle momentumis given by

dPdt dV E J B

mech V

r r r r

= + · ( ) � r

.One expects this momentum gain or loss to be balanced by a momentum associated with the fields.To determine this field momentum, we may re-express the relation above, using Maxwell’sequations. First,

r ¶¶

r r r r r r r r r

E J B E D H Dt B

+ · = � • + � · -

�Ł� �ł� ·

.Next we apply the chain rule, followed by Faraday’s law,

¶¶ ¶ ¶¶ ¶

r r r r r r r r r r r

Dt B t D B D Bt t D B D E

· = ·

( ) -·=·( ) + · � ·( )

,so that11

r^¶ ¶

r r r r r

r r r r

r r r r

E J B E D H B D E t

D B + · = � • + � ·

( )

· - · � ·

( )

- · ( ).Finally, we make use of the identities

r r r r r r r

E E E E E E E E E E E E E E

a a b b b a b b b a b a b ab � • - · � ·_{( )}

{ } =-+=-•( )¶ ¶ ¶ ¶ d12

,

r r r r r 1 2 3 r r r r r � · ( ) ·

{ } =�•-·�·( )� � = - •( )B B B B B B B B B Ba a b a b ab0 12¶ d

.From this one has

r e ¶ d m ¶ d e ¶¶

r r r

r r r r r r

E J B E E E E B B B B t E B a b a b ab b a b ab a + · { }=-•( ) + - •( ) - ·( )0 12 0 12 0 .

or

dPdt dV T dV t E B

mecha V b ab V a

= - ·( ) � � ¶ e

¶ ¶0r r

, with the tensor

T E E E E B B B B

ab a b ab a b ab

= - •

( )^{+ - •}

( )edmd0 12 0 12r r r r

.This relation equates the time-rate of change of momentum within a volume, to a surface flux,

dPdt dPdt T dS

mech em a V ab b

r r+

�Ł� �ł� = �¶

, (1.20)where the momentum carried by the electromagnetic fields is simply

r r r r r r

P dV E B dV c E H dV Sc

em V V V

= · = · =

� � �

e_{0 2 2} 1

, (1.21)with

rS

the Poynting flux. The rate of convection in the direction b, of field momentum orientedalong a is evidently given by

Tab

, thus referred to as the electromagnetic stress tensor. A usefulalternative expression is

T DE HB D E H B DE HB u

ab a b a b ab a b a b ab

= + - • + •

( ) = + - 1 2 rd d

, (1.22)with u the energy density stored in electromagnetic fields. The symmetry of the stress tensor (andthe simplicity of the derivation) is insured by the assumption that the particles are in vacuum. Ingeneral, in media, anisotropy may be present.1.9 The Problem of Electromagnetic Acceleration12

Equipped with the mechanics of fields, let us reconsider the problem of acceleratingcharged particles. We require an electric field,

rE

, to produce any change in particle energy,

e

, andenergy transfer is governed by

ddt q E V

e = •r r

,where

rV

is the particle velocity and q is the charge. Let us suppose the particle is alreadyrelativistic, so that

V c»

is constant. Denote the direction of particle motion

ŝ

, and parameterizethe motion by length traversed, s, with

ds Vdt =

. Then the particle coordinates may be expressedas

r ) r s s =

,

t t sV

= +0

,where

t 0

is the time at which the particle reaches s=0. Energy gain takes the form

dds qE r t qE ss t sV s s e = ( ) = +�Ł �łr)

, , 0

,where

E s

is the electric field component parallel to the particle motion.To ascertain the form of the electric field, note that in an infinite unbounded time-independent medium a well-behaved function may be expanded as a superposition of plane-waves.This implies that at linear order we may consider fields of the form

r r r

E E j t j k r

= ´ - • ( ) { }ẽxpw

,

H H j t j k r ( )

.Gauss’s law requires that the polarization of the electric field be transverse to the direction ofpropagation,

Ẽ k• =r 0

, implying two independent polarizations. Faraday’s Law requires that themagnetic field polarization be transverse to both the direction of propagation and the electric field,

Z H E k

0 ~ ~= · )

. The quantity

Z0 0 0 377 = » m e/ W

we will refer to as the wave impedance of free-space. Evidently amplitude, propagation direction, polarization and frequency exhaust thefundamental attributes of plane electromagnetic waves in free-space.With this we can compute the energy imparted to the particle in passing through any finiteregion

s s s 0 1 < <

,

De w w w

=´ + -ØºŒ øßœ

�Ł� �ł�=´

�q E ds j t j V k s q V e

s s s j t ~ exp ~0100

,and we introduce the accelerating voltage phasor

Ṽ

. In free-space, we extend the limits to infinityto obtain

~~ V E V k s s = -�Ł �ł

2 p d w

.The dispersion relation

rk c 2 2 2

= w /

, and transverse polarization, imply that for

Es „ 0

,

w/k cs >

,so that

w/ k Vs >

, and therefore

Ṽ =0

. In accelerator jargon, we say that this concept starts tolook iffy.This observation suggests that useful acceleration should take place either (1) in aterminated region of space, or (2) over an extended region, but with a wave whose phase-velocity13

w / k c s =. These two possibilities correspond to standing-waveandtravelling-wave accelerators.There is a second problem of equal importance: how to produce the electromagnetic wave?One needs a power converter drawing low-frequency power from the wall-plug, and transformingit into high-frequency electromagnetic power. In free space, a high peak power is required toproduce a high electric field. In structures, we will find that a high field can be obtained with lowerpeak power than in free-space. This is because, with the help of material boundaries, we may storeenergy by resonant excitation. How much energy we may store, or how long we may store it,depends on dissipation in the medium. Thus we require not only a material medium, but one withlow loss.Exercise 1.4 The law of energy conservation has

r r J E•

on one side, and expressions quadratic in thefields on the other. How is it that the energy gain of a particle traversing an accelerator might include a termproportional to the first power of the applied field?1.10 ConductorsFor engineering purposes there are four kinds of materials: metals, ceramics,semiconductors, and plastics. From a more elementary point of view, there are solids, liquids,gases and plasma. All have been proposed for accelerating structures. However, let us not bedistracted at the outset by the diversity of media from which one could build accelerators. Any linacconcept can be compared to and judged against the conventional linac built of normal conductor.The behavior of conductors with steady applied voltage was first noted in the lab notebooksof Cavendish, but is usually associated with the name of Ohm, since Cavendish failed to publish.It wasn’t until 1900 that the first microscopic picture of resistivity was developed, by PaulDrude,10 whose model of a conductor consisted of a gas of electrons in an array of ions. In thepresence of an applied field, electrons are accelerated but they tend to collide with ions on somecharacteristiccollisiontime-scalet. A simple model of this motion takes the form

mdVdt qE mV

r r r

= - t

,and when the fields vary slowly on the time-scale t, the solution is simply

r r V q m E= t

.The current density flowing through the metal is then

J nqV nqm E E

= = =

r r r

2 t s

,(1.23)where s is the conductivity.To appreciate the effect of a conducting boundary, consider first a perfect conductor,

s fi ¥

. The boundary conditions on fields are two. (1) If electric field lines terminate on asurface, they do so normal to the surface, for any tangential component would quickly beneutralized by lateral motion of charge within the surface. (2) Magnetic field lines avoid surfaces,for if they did not they would terminate, since the magnetic field is zero within the conductor.14

These rules can be employed to sketch rough solutions of Maxwell’s equations in a copperstructure.The correction to the approximation

s fi ¥

is quite small, in the sense that it results indissipation that is slow on the time-scale of an rf period. However, this "small" correction in theend dominates the scalings for accelerators. To appreciate this slow dissipation, we start fromMaxwell’s equations, in a conducting medium, assuming a single frequency excitation, so thatfields are proportional to exp(jwt). Using phasor notation, Ampere’s law takes the form

r� · = + » =

~ ~ ~ ~~

H j D J J E w s

,and we neglect displacement current in the limit of high-conductivity, since in this limit, currents inthe conductor are much larger than the displacement current. Faraday’s law takes the form

r� · = - ~~ E j B w

. In the limit of high-conductivity, the electrons inside the conductor respondquickly to the applied field, so that inside the conductor there is no bulk charge separation. In thiscase, Gauss’s law takes the form

r� • =Ẽ 0

. We can reduce this system to a single equation for

H̃

,

r r r r r

� · � ·

( ) = � � •( ) -�=-�=�·

( ) = - = -

~ ~ ~ ~ ~ ~~

H H H H E j B j H

2 2 s w s mw s

so that,

� - =

2 22 0

~ sgn~

H j H w

d

where we have introduced the skin-depth, d, a quantity with units of length,

d ms w

= �Ł� �ł�2 1 2/

.(1.24)Next, let�s solve for the fields in the conductor, consulting the sketch in Fig. 1.3.Choosing the coordinate x to measure displacement into the surface along the unit normal, we have

dd H j H t t 2 2 22 0

x wd

~ sgn~ - =

,and the solution is

~ ~ exp ( sgn )

H H j t t x xd w

( ) = () - + � � 0 1

,(1.25)

~ ~ ^ ~ ^~

E H n H Z n Hs t

= �· » · =- · 1 1 s s

¶ ¶ xr

.(1.26)15

xCONDUCTOR

VACUUM

tangential Hnormal HFIGURE 1.3. Sketch of the geometry for calculation of rf field penetration into a conductor.Evidently a conductor of finite conductivity does not satisfy exactly the condition that transverseelectric field should vanish on the surface. Instead, the transverse electric field satisfies animpedance boundary condition with surface impedance,

Z j R j s s = + = + ( ) 1 1 sgn sgnwsdw

, (1.27)and surface resistance, a quantity with units of ohms,

RS = 1s d

. (1.28)Due to the collisions of conduction electrons, a non-zero power per unit area is deposited in theconductor on average,

S n E H n Z n H H n

Z n H R n H R K s t s t s s

• = ´ · •

( ) = - ´ ·( ) ·• ( ) = ´ · �Ł �ł = · = * * ^ ~ ~ ^ ^ ~ ~^

^ ~ ~~

12 12

12 12 12

2 2 2

where in the last line we have expressed the Ohmic power deposition in terms of the surface current density,

~ ~ ^~

K J d n H

= =- · ( )

¥� x0 0

.This relation states that, in order to cancel out the magnetic field within the bulk of the conductor,wall currents must flow. These currents should flow in the conductor, and hence be perpendicularto the normal,

n̂

. In addition, Ampere’s law implies the currents must be perpendicular to themagnetic field, otherwise, the currents will produce an additional uncompensated field component.Hence the cross-product of

and

H̃

.With the help of the foregoing analysis, and inspecting Table 1.1 we can see why mostlinacs are built of copper. Copper is cheaper than silver, and just about as good. Because of this,the facts of life for the material boundaries of a normal-conducting microwave linac are just those16

for copper,

d m »

( )

2 1. m GHz f

,

R f S »_{( )}

8 3. m GHz W

.The skin-depth and surface resistance will appear frequently in our discussions, as losses limit theefficiency of accelerators and set their characteristic length and time scales. Ohmic heating appearstoday to set the limit on achievable gradient in conducting structures, although no one is quite surewhat the limiting gradient is. At a more mundane level, Ohmic heating can cause cavity dimensionsto change, and requires temperature stabilization.Equipped then with Maxwell’s equations, conservation laws (charge, energy, momentum),and the skin-effect, we are almost ready to sketch out an accelerator. However, we will requiresome mechanism of power feed to the interaction region, and in practice this is accomplished withwaveguide. Waveguide falls under a well-developed subject-heading called microwave electronics,to which we turn in the next section. Before proceeding, it might be useful to take a look atAppendix B where there is a brief summary of "low-frequency" electronics.

Table 1.1.

Conductivity of some common materials, in units of mho/m.silver

6 2. · 10 7 copper

5 10

7

. 8 ·

gold

4 1. · 10 7

aluminum

3 8. · 10 7

brass

1 5. · 10^7

solder

0 7. · 10^7

stainless steel

01. · 10^7

Exercise 1.5 Show that a magnetic field in a uniform conductor satisfies the diffusion equation,

¶ ¶^{r r}

H t D H

/ = � 2

, and determine the diffusion coefficient D in terms of the conductivity, s and thepermeability, m . Argue from this result, that the time scale for diffusion through a depth d is

T d D

» 2/

,ande x p l a i n t h e s c a l i n g w i t h

d2

on intuitive grounds, referring to your experience with the random walkproblem. Go on to justify the scaling of rf penetration depth with

w-12/

.Exercise 1.6 Solve the collisional equation of motion subject to an electric field,

rE E e E e E e

j t j t j t

=´ ( ) = +() - ~ ~ ~ *

w w w 12

,with

´

denoting the real part. Show that the electron current takes a similar form, with

~~ J j E

= +( )s w t1

.Apply charge conservation to compute charge density from the current density. Show that

�• = =- �• =- �• +( ) e r w w swt

0 1 1 1 ~

~ ~ ~EjJjE

.17

and conclude that an electron gas in an array of infinitely massive ions has permittivity e e w s w t

= + +_{( )}

0 1 1_{j j}

.What form does this take in the collisionless limit? Express this in terms of the plasma frequency

w e p nq m

2 2 0 = /

. Note that one may view the problem treating the plasma as a medium:

� • =e r

~Ẽ ext

,

~~ D E = e

or not:

� • = +

e r r

0 ~ ~~

E plasma ext

,

= e 0

. Taking the former view, show that polarization as afunction of time is given by

r r P t d t G t t E t

( ) = ¢ - ¢( ) ¢ ( ) -¥+¥ � e 0

with

G t d e e H t

j t e p t

( ) ( )/

= ( ) = -() -¥+¥ - � 1 2 12 p w c w w t w t

where H is the step-function.Exercise 1.7 Considering a current source in free-space, confirm that in the frequency domain theLorentz gauge vector potential satisfies,

� + ( ) = -

2 2 0

k A J~ m

, with k=w/c and w the angular frequency.Derive the solution for a point source,

J̃ r = ( )

d 3r

, and argue by superposition that the general solution is

~ , ,

A r k d r e r r J r k

jkr r

r r r r ) rr r

( ) = ¢ - ¢ ¢()

� - - ¢ m p0 3 4

.You will want to make use of causality, the result for the Coulomb field,

� ( ) =- ( ) 2 3 1 4/r rpd r

, and theLaplacian in spherical coordinates. Argue that the scalar potential satisfies,

~ , ~ ,

j p e r

r r r v rr v

r k d r e r r r k

jkr r

( ) =¢-¢( )� - - ¢14 0 3

,and show that this is consistent with the Lorentz Gauge condition.Exercise 1.8 Consider a plane-polarized wave propagating in the z-direction,

r r A x mc e a r z t e j t kz

= ´ ( ) � � �

� � � ^ -()^ ~ , , w

.Suppose that the

ã

varies slowly on the time-scale 1/w, and slowly in space on the length scale 1/ b .Starting from the wave-equation for the vector potential, in the Lorentz gauge in free-space, andchanging variables to t=ct, and x=z-c2kt/w, show that the phasor

ã

satisfies

� -� �=

^2 2 0

jc aw ¶¶ t~

.Check that the Poynting flux is given approximately by

rS P c k a z » �Ł� �ł�0 2w ~^

, with P0�8.7GW.18

2. MICROWAVE ELECTRONICSIt wasn’t until 1888 that Heinrich Rudolf Hertz at the age of 31, provided the experimentalconfirmation of Maxwell’s displacement current, demonstrating electromagnetic wave propagationin his lab using a spark-gap. Nine years later Guglielmo Marconi, at the age of 23, demonstratedsending and receiving of signals over a two-mile range. Prior to this time, speed of lightcommunication had been available only by telegraph. While radio was vulnerable toeavesdropping, it required no cable, and, for the first time, permitted communication over thehorizon with ships at sea. The navies of the world were not slow to notice this and the firstapplication of radio in war occurred on 14 April 1904, during the bombardment of Port Arthur.11The advent of bomber aircraft added some urgency to the quest for reliable radar systems. The USArmy conducted its first field tests of a pulse radar system in 1936, and deployed its firstoperational system, the SCR-268 (3 GHz) in 1938.12 By the end of World War II, the MITRadiation Laboratory had developed some 150 radar systems. The subject of microwaveelectronics was developed largely as a result of such military demands during the period 1900-1950.The work of this section is to describe the foundations of microwave electronics, whilesomehow managing not to derive it in all its detail. We introduce the notion of voltage, V, andcurrent, I, as they are used in waveguide and cavity systems, and indicate how they may beemployed in circuit equivalent models for accelerators.2.1 Waveguide ModesAll high-power microwave systems have connected to them a length of waveguide.Waveguide is used to transport energy, and is favored over free-space transport because it iscompact and is immune to cross-talk from the surroundings. It can also be temperature-stabilized topreserve phase-information in a diurnally reliable fashion. It can be filled with a high-pressureelectronegative gas or evacuated to inhibit breakdown. The two most common types of waveguideare depicted in Fig. 2.1. One of these is rectangular waveguide, referred to as "WRXX", whereXX is approximately the inner dimension (a in Fig 2.1) in hundredths of an inch.13 Thus WR90 isrectangular waveguide, with a=0.90". Coaxial waveguide comes in many sizes corresponding tothe many different frequency ranges in which it is employed. For work in S-Band (2-4 GHz) it isnot uncommon to use RG-214/U with Type-N connectors. 1 4 Such practices can be understoodstarting from Maxwell’s equations, but the reader will be spared that.

We start with uniform conducting waveguide, i.e., an arrangement of conductors that isuniform in some direction, call it z. Since the geometry is constant in time, and uniform in z, weare free to consider a single angular frequency w and a single wavenumber b. Let the fields takethe form

r r r

E r t E r e j t z

, ~ ,

( ) = ´ () { } ^ - ( ) w w b

, r r r

H r t H r e j t z

, ~ ,

( ) = ´ () { } ^ -( )

.The coordinate

r ) r x x y y

^ = +^

is the position relative to the axis of the waveguide. We assume in thefollowing discussion that w„0, and that the boundaries are perfectly conducting. Wall losses willbe incorporated later as a perturbation.We write out Maxwell’s equations assuming no external source terms and a uniformmedium present in the waveguide,

- + � • = ^ ^ j E E z b ~~ r 0

, (Gauss’s law)

- + � • = ^ ^ j H H z b ~~

.(solenoidal condition)Here the subscript

^

denotes transverse components, thus

~ ^ ~ ^~

E x E y E x y ^ = +

,

r� = + ^ ^^ x x y y ¶

¶

¶

¶

,

r r � = + - = � -^

^ ^ ^^

x x y y z j z j ¶

¶

¶

¶

b b

.The last definition we make for convenience to simplify the expression of Ampere’s law andFaraday’s law,

r� · =~~

H j E w e

,

r� · = -~~

E j H w m

.We can reduce these coupled first-order equations to second-order equations for

Ẽ

and

H̃

,separately, in the form of wave equations,

r r r

� · � ·

( ) = -� = � · = -( ) =

~ ~ ~ ~~

H H j E j j H H 2 2 we we wm w em

and similarly for

Ẽ

. The results then are two vector Helmholtz equations,

� + ( ) =

^2 2 0

b cH̃

,

b cẼ

,where we have introduced

b b b c2 02 2 = -

,

b wem

02 2=

.We will refer to

bc

as the cutoff wavenumber, since frequencies lower than

w b em

< c/

correspond to evanescent waves (i.e.,

b

is imaginary). The divergence conditions may be used toexpress the longitudinal field components in terms of the transverse components20

~~

E

j

E z = � • ^ ^

1 b,_{~H̃ j Hz = � •^ ^1b}.In addition,we may write the curl equations

~~ E j Z H

= � ·

1 0 0 b r

,

Z H j E

0 01 ~~ = - � ·

,where we make use of the wave impedance for free propagation in this medium,

Z 0 = me

.(wave impedance)These last results may be written more explicitly using the expression for the gradient operator,

j Z H z E j E z b b 0 0 ~ ^ ~~

^ ^ ^

= · � +() r

,(2.1)

j E z Z H j Z H z b b 0 0 0

~ ^ ~~

^ ^ ^

= - · � +() r

.(2.2)We proceed to enumerate the three kinds of solutions (modes) to Maxwell’s equations in uniformconducting guide. Notice that solutions of these equations in guide may be represented assuperpositions of plane-waves.Exercise 2.1 Conducting boundary conditions require that tangential electric field

^ ~ ^~

n E n E

· = · =^ 0

,and that normal magnetic field,

^ ~ ^~

n H n H

• = • =^ 0

, with

n̂

the normal to the bounding surface. Making useof the last results, and taking dot and cross products with

, confirm that a necessary condition for thevanishing of

^ñ E· ^

is

¶ ¶~ / ^~

H n n H z z = • � =

^r 0

, and then that

¶ ¶~ /~

H n E

z z= = 0

are both necessary andsufficient conditions for all components of the boundary conditions.Exercise 2.2 Express

~ ^sin( )exp( )

E y x j t j z c = - b w b

as a superposition of plane-waves. Compute thecorresponding

H̃

. Determine conditions on bc such that these fields are a solution of Maxwell’s equationsin an infinite medium of permeability m and permittivity e. Show that at the planes x=0, x=p/bc, y=0, and y=bconducting boundary conditions are satisfied. Assuming b=3 1 / 2 b c , sketch the constant phase fronts inthe x-z plane for each plane-wave in the superposition. What angle do the plane-wave components makewith the z-axis? If these signals were being generated at the z=0 plane, and the signal generator wereturned off, how long would it take for the signals to begin to die off at a plane z=L in the waveguide?2.2 Modes With Zero CutoffFirst we consider a special case,

bc =0

. We know, from the work of Sec. 1, that thesolution will be a superposition of plane-waves with

---which is to say, propagating in thez-direction. Since the plane-waves are transverse, the z -components for the superposition mustalso vanish. Let us check this. For such a mode, we have, from the Helmholtz equation,21

� = � = ^ ^

2 2 0 ~~

E H z z.Green’s theorem then implies

0 2 2 2 2

= = � + � • � ( ) = � � � �

^ ^ ^ ^ ^ ^ ~

~

~ ~ ~ ~~

HHndlHHHHdr Hdr z z z z z z z ¶ ¶

r r r

,and thus

H̃ z

is a constant throughout the waveguide cross-section. On the other hand, if

H̃z

is aconstant then the circulation of

Ẽ

about a closed loop

¶ S

, bounding an area S, with normal

ẑ

isproportional, by this constant, to the area enclosed.

~ ~ ~~

E d l E d S j Z H dS j Z H dS

S S zS z S • = � · • = - = -

� � � �

r r r

¶ b b00

,Taking the loop

¶ S

along the waveguide periphery, we see that tangential electric field vanishesthere, and the circulation integral must therefore vanish. Thus

~ . Hz = 0

A similar argument can beemployed to show that

Ẽ z = 0

. Thus a mode with zero cutoff is a transverse electromagnetic modeor TEM mode, with vanishing longitudinal fields. This accords with our intuition that

b c= 0

corrresponds to

b w me =

, having the appearance of a plane-wave in an unbounded mediumpropagating in the

ẑ

direction. Plane electromagnetic waves are inherently transverse, polarizedperpendicular to the direction of propagation.Since the circulation integral of

~~ E E= ^

about any closed loop lying in the transverse planevanishes, we may express

Ẽ ^

in terms of a potential function, defined according to a line integral,

y r rrr r dl E rr ^ ^ ( ) =•^^�0~

,where the choice of the reference point

rr^0

corresponds to the choice of a constant of integration,and might as well be placed on a conducting surface. This definition is independent of the pathconnecting

rr ^

and

rr ^0

since the circulation integral about any closed loop in the transverse planevanishes. With this definition for y, it follows that

Ẽ^ ^= �r y

, and Gauss’s law implies

r� =^2 0y

. Boundary conditions require

0= · = · � n E ñ r y

. Since the geometric meaning of

r� ^y

is thenormal to a surface of constant y, it follows that each conductor is an equipotential. Uponreflection one sees that y is just a solution of the w=0 electrostatics problem in the waveguide.Thus for example, if we have one conducting boundary (one equipotential) then Green’s theoremimplies that the potential is a constant and the electric field is zero. In this case, there is no TEMmode. If we have two conducting boundaries, then we may have one TEM mode.Exercise 2.3 (TEM Mode of Coaxial Line) The most commonly used mode is TEM mode of coaxialcable. Considering the geometry of Fig. 2.1, and starting from

Ẽ^= �r y

and

ZH z E 0~ ^~ ^ ^ = ·

, argue that

¶y ¶f/ =0

. Show that the solution takes the form22

y_{= �} Ł

�

�

ł

� k r

a ln,_{Z H kr0 ~ ^^ = f},_{~Ê r kr^ =}where k i s a c o n s t a n t . C o n f i r m t h a t t h e c h o i c e

k b a - = 2 2p ln( / )

corresponds to the normalization

d r E E 2 1 r^{^ ^ ^}

� • = ~~

. Make a sketch of the field lines and wall currents.2.3 Modes With Finite CutoffTo treat the case bc „ 0 , w e r e t u r n t o E q s . ( 2 . 1 ) a n d ( 2 . 2 ) . W r i t i n g t h e s e e q u a t i o n s o u t component-wise we find that the transverse fields can be determined in terms of the longitudinalfields,

~ ^ ~~

E j z Z H E

c z z ^ ^ ^

= - · � - �

�Ł� �ł� b b b b 0

2 0 0rr

,(2.3)

Z H j z E Z H

c z z

0 0 2 0 0 ~ ^ ~~

^ ^ ^

= · � + �

�Ł� �ł� b b

b brr

.(2.4)Of the modes with bc „0, the first are transverse electric modes, or TE modes, with Ez =0 (alsocalledH-modes) for which the transverse fields may be determined from Hz,

Z H j Z H c z 0 2 0 ~~ ^ ^ = �bb r

,(2.5)

~ ^ ~ ^~ E j z Z H z Z H c z ^ ^ ^ = - · � = - · b b b b 0

2

0

0 0r

,(2.6)and

H̃ z

satisfies

� + ( ) =

^2 2 0

b czH̃

,(TE)(2.7)with boundary condition

0 0 2 0

= • = • � ^ ^ ^ ~ ^~

n Z H j n Z H c z b b r

,or

¶¶H̃nz = 0

,(2.8)where n is the unit normal to the conducting boundary. Pictorially, a TE mode is one for which thelines of electrical field, when viewed in cross-section close on themselves or terminate on thewalls.Of the modes with bc„0, the second kind of mode is the transverse magnetic mode or TMmode, with Hz=0, (also called an E-mode) for which the transverse fields may be determined from

Ẽ z

,23

~_Ẽ j

E

c z ^ ^ = �

b

b

2 r,(2.9)

Z H j

z E z E

c z 0

0

2

0 ~ ^ ~ ^ ~

^ ^ ^

= · � = · b b

b b

r

,(2.10)and the longitudinal field satisfies

� + ( ) =

^_{2 2} 0

b czẼ

,(TM)(2.11)with boundary condition

Ẽ z = 0

.(2.12)For a TM mode the lines of magnetic field form closed loops in the transverse plane.Note that if

Ẽ z

is a solution to this problem, then so is

´ Ẽ z

, and similarly for

H̃z

.Evidently then one may choose longitudinal fields to be real for either TE or TM modes. On theother hand, the transverse fields for these travelling waves are in phase with each other, andalways 90� out of phase with the longitudinal field. We will employ the convention that bothtransverse fields are real, with the result that longitudinal fields are imaginary.Exercise 2.4 (TE10 Mode of Rectangular Guide ) T h e s e c o n d m o s t c o m m o n l y u s e d m o d e i s T E 1 0 mode of rectangular waveguide. Consider the rectangular geometry of Fig. 2.1, with a > b . Startingfrom the TE mode equation, Eq. (2.7) and considering the most general solution

exp( )exp( )

jk x jk y x y

,show that boundary conditions require solutions of the form

~ ( , ) cos( / )cos( / )

H x y n x a m y b z � p p

, with

k n a x = p /

, and

k m b y = p /

(TEnm mode). Compute the cutoff wavenumber and confirm that TE10mode has the lowest cutoff ("fundamental mode of rectangular guide") and the fields take the form

~ sin ^, ~ sin ^, ~ cos

E E x y Z H E x x Z H j E x

c c c z c c ^ ^ = ( ) = ()

=- ( )

0 0 0 0 0

b b b b

,and determine

Zc

. Confirm that the choice

E ab

0 1 2

2=( )/ /

corresponds to the normalization

d r E2 2 1

r^ ^

� =~

.To summarize the foregoing analysis, boundary conditions restrict the permissible valuesof cut-off wavenumber bc to a discrete set. Each mode has a corresponding minimum wavelength

l p b c c =2 /

, the cut-off wavelength; for longer wavelengths, the solution for b is imaginary andthe field evanesces in the waveguide. The guide wavelength is

l p b l l l g c = = -

2 10 02 2

/ / /

,where the wavelength in the absence of boundaries is

l p b 0 0 2= /

. In general for a given mode wehave

ZH z E

c ~ ^~ ^ ^ = ·

,(2.13)where the characteristic impedance associated with the mode is24

Z Z c g

g

=

=

=

�

�

�

�

�

�

�

�

�

0

0

0

0

0

1

b

b l

l

b

b l

l

TE mode

TM mode .

TEM mode(2.14)This is a function of frequency for TE and TM modes. We choose the sign of

Zc positive forpositive b.2.4 Circuit EquivalenceSupposing that we have determined all the modes for our geometry, and their eigenvalues,bc , let us form a list (an infinite list) of all these modes, and tally them with index a. A generalsolution for a vacuum oscillation in a given geometry may then be represented as a sum over allthesemodes:

~ ( , )

E E r V z t a a a = ( )^ ^

� rw

,(2.15)

~ ( , )

H H r I z Z t a a a ca

= ( ) ( )^

� r w w

(2.16)where the vectors

E a^

and

H a^

are related according to

Z H z E

ca a a ^ ^ = ·^

.(2.17)We adopt the normalization

d r E r E r a a 2 1 ^ ^ ^ ^ ^

� ( ) • () = r r

,(Slater normalization)(2.18)where the integral is over the waveguide cross-section. We have chosen the transverse fieldcomponents in this normalization to be real. The coefficients V,I take the forms

V z Ve Ve

a a j z a j z a a ( , )w b b = + + - -

,(2.19)

Z I z Ve Ve

ca a a j z a j z a a ( , )w b b = - + - -

.(2.20)The longitudinal fields may be determined using the conditions that the fields be solenoidal in thesource-free waveguide,

Ẽ E r V e V e

z za a a j z a j z a a = ( ) -{}

^ +- - � r b b

,(2.21)

H̃ H r V e V e

= ( ) +{}

.(2.22)As defined, V and I are nothing more than mode coefficients, phasors that represent theamplitude and phase of excitation of each and every waveguide mode. Most typically one employswaveguide at a frequency below cut-off for all but one mode, the fundamental mode or dominant25

mode - - - j u s t t h e m o d e w i t h t h e l o w e s t bc . I n t h i s c a s e o n e m a y r i g h t l y e x p e c t t h a t o n l y t h e coefficients for the fundamental mode are non-negligible. Even so, we leave in all the coefficientsfor the time being. We will find in later work that the usefulness of V and I arises in coupledsystems, where one waveguide is joined to another, or to a cavity, or where an obstacle or aperturehasbeenplacedinthewaveguide.Atwaveguidejunctions,discontinuitiesorobstacles,evanescentmodesplayanimportantrole,evenwhiletheirspatialextentislimited.Next we develop the circumstances that motivate and justify the terminology "voltage" and"current,"andformthebasisforthemicrowaveelectronicscircuitanalogyforwaveguidesystems.Let us consider each mode as consisting of two channels, corresponding to right- and left-goingwaves. From Eqs. (2.19) and (2.20) voltage and current in each channel are proportional by aconstant with units of impedance,

Z I V ca a a w ( ) = – – –

,(characteristic mode impedance)(2.23)where

–

denotes the wave flowing in the

– ẑ

direction. Evidently these channels are uncoupled insmooth waveguide, insofar as the forward-channel or forward-going current is determined only bythe forward-going voltage. To make further progress, we must make a brief digression into modeorthogonality.A number of integral relations can be established demonstrating the independence of eachmode as a channel of communication through the waveguide. To demonstrate these relations onecalls on the eigenvalue equations for

H̃ z

and

Ẽ z

, the boundary conditions, Green�s theorem, and,in the case of degenerate modes, Gram-Schmidt orthogonalization. We will simply list the results,assuming orthogonalized modes,

d r E r E r

a b ab

2 ^ ^ ^ ^ ^

� ( ) • () = r r d

.(2.24)

H H d r Z

a b a bca

^ ^ ^ • = � 2 2d ,

, (2.25)

d r z E H Z

a b ab ca 2 1 ^ ^ ^ -

� • ·( ) =^ d

.(2.26)It is also helpful to note the orthogonality and norm of the full fields,

~ ~ ,

E E d r

a b a a b • = * � 2 02b d

,(TM Mode)(2.27)

~ ~ ,

H H d r Z

a b a ca a b

• =*

� 2 02 21b d

.(TE Mode)(2.28)(Note that from our choice of normalization the longitudinal fields are pure imaginary).With these results in hand we can derive the basic relations that constrain the circuit-equivalent description of a microwave system. Let us first compute the power flowing in aparticular channel in terms of voltage and current. Using Eq. (2.26), one may express the powerflow in the waveguide in terms of V and I according to26

P_{d r E HV z I z Z d r E r H r}

V z I z Z Z V I

t t

a b a b cb a b

a b a b cb ab ca

a a a

= ´ ·

=´ ( )

( )

·

( )

= ´ =´

�

� � �

� � �

*

*

^ ^ ^ ^

* - *

1

2

2

1

2

2

1

2

1

1

2

~~

( , ) ( , )

( , ) ( , )

w w w

w w d

r r(2.29)In addition, given the orthogonality relations, one can determine V and I uniquely from thetransverse fields at a point z,

V z d r E r z E r a t a

( , ) ~ ,

w = ( ) • ( ) ^ ^ ^ ^

� 2 r r

,(2.30)

I z Z d r H r z H r a ca t a

( , ) ~ ,

w = ( ) • ( ) ^ ^ ^ ^

� 2 r r

,(2.31)and this is enough to determine the solution everywhere in the uniform guide, since this fixes theright- and left-going amplitudes. Moreover it shows that V and I in any particular mode arefunctionally indepedent of the the other V’s and I’s. Given the uniqueness of V and I , theirrelation to power, and the units (volts, amperes) it is natural to refer to them as voltage and current.It is important to keep in mind however that they appear as complex mode amplitudes, not workdone on a charge or time rate of change of charge.Let us also take account of stored energy. The energy stored per unit volume in electricfields is

w E E

e = • *

14 0e ~~

, and in magnetic fields

w H H m = • * 14 0m ~ ~ .

It is natural to associate we withcapacitance and wm with inductance. This can be made precise by means of the complex Poyntingtheorem.WereturntoMaxwell’sequationsinthefrequencydomain,

r� · = -~~

E j H w m

,

r� · = + ~ ~~ H j E J w e

,considering a current source term, for example,

~~ J E= s

within some region. Next we make use ofthe vector identity,

r r r

� • ·

( ) = • � ·( ) -•�· ( ) * * *

~ ~ ~ ~ ~~

E H H E E H

,and combine it with Maxwell’s equations to produce

r� • ·( ) = • - •

( ) -•* * * *~ ~ ~ ~ ~ ~ ~Ẽ H j D E B H J Ew

.This we integrate over any volume V, with the result

¶ w e m

V V V

E H dS dV E H dVJ E

� � �

· • = - �Ł �ł- •

* * * *

~ ~ ~ ~ ~~ r 2

.In vacuum this takes the form

12 12 2

~ ~ ~~

E H dS E J j w w dV

V V e m V · • = - • + -( )* ¶ w r

.(2.32)Employing this result together with the formulation of waveguide modes in terms of voltage andcurrent, we can describe a cavity’s response in terms of an impedance, as seen in the next exercise.27

VFIGURE 2.2. Sketch for application of the complex Poynting theorem to formulate the notion ofimpedance of a cavity.Exercise 2.5 Consider a waveguide operated in fundamental mode, attached to a cavity, all encased ina perfect conductor, as illustrated in Fig. 2.2. Show that the "impedance looking into the cavity"

Z V I= 1 1/

(with

V1

and

I1

the fundamental mode voltage and current coefficients) takes the form

Z I E J j w w dV

V m e V = • + -( ) � � � � * � � 1

4 12 w̃

.(2.33)Expressing this as Z=R+jX, identify the equivalent resistance and reactance.2.5 Phase and Group VelocityIn the midst of the single-frequency circuit analogy, transient phenomena should not beforgotten. Let us consider, in the time-domain, the manner in which signals may propagate in awaveguide mode. Suppose that by some external means, a narrow-band signal is imposed at z=0,

Vt f t ej t

( , ) ( ) 0 0 =_w

,where the phasor f may be slowly modulated in time. In the frequency domain we have

~( , ) ()

V dt f t e j t

w p w w

0 2 0

= -¥ -() �

,and the modulation may be expressed as

ft d V ej t

( ) ~ ( , )

=-¥ -( )

� wpww w2 0 0

.Let us compute the voltage at a location z,28

V t z

d

V e

d

V e e

d

V e

j t j z

j t j z j

d d

z j t j z

j t

d d

( , )

~

( , )

~

( , )

~

( , )

= »

»

-¥

¥

-

-¥

¥

-^{( )} - - ( )

-^{( )}

-¥

¥

- ( ) -

� �

�

w p

w

w p

w w p

w

w b

w b w

b w

w w w w b w

w w

b w

w

2 0 2 0

2 0

0 0 0

0 0

0 0 ( ) � Ł � � ł � -^{( )}

» -^{( )}

z j tzV g e f t z V

w j 0 // ._{We can see that constant phase-fronts travel at the}phase-velocity

V j wb=

(2.34)while any modulation in f travels at the group-velocity

V dd

g = wb

.(2.35)For a mode in uniform guide,

V_{c c}

j wb b me b b me

= - = - ‡ 0 2 2 2 0 2 1 11 1 /

,

Vg c

= = - £

1 1 1 1

0 2 02 m e b b m e b b m e /

.Thus in straight guide the phase-velocity is never less than the speed of light in the medium. Thegroup velocity is never more. Equality results only if bc=0 and, as we know, that requires a TEMmode. None of this is too mysterious in the picture of the waveguide mode as a superposition ofplane waves. The plane waves are individually propagating at the speed of light in the medium---however, unless the mode is a TEM mode, they are propagating at an angle to the z-axis. For thisreason it takes longer for amplitude modulations to make their way from one point to another in theguide. Phase-velocity is larger than the speed of light simply because the phase-fronts arepropagating at an angle, so that crests sweep down the z-axis at superluminal speeds. A similarphenomenon can be seen at a beach with long breakers incident on the beach at a slight angle. Thepoint of wave-breaking may move at very high speed along the beachfront. For a surfer on thewave-crest, however, the speed of motion along the beachfront can be quite small.2.6 AttenuationIn the foregoing discussions we considered lossless waveguide. Let us now consider theeffect of finite wall resistivity, as indicated in Fig. 2.3. Taking the real part of Eq. (2.32) we obtainthe change in forward-going power in the waveguide, from entrance to exit of the volume,

DP E H d S dV E H dV E

V V V

= ´ · • = ` ( ) - ` ()

�Ł �ł- � � � * ¢ 12 12 2 2 12 2

¶ w e m s

~ ~ ~ ~~ r

,where the volume V’ is the region inside the conductor. Let us consider the case where losses inthe bulk medium are negligible,

` =` = e m 0

, and take over the result from Sec. 1 for the fieldprofile within a conductor,29

~^{~ ^ ~ exp sgnE H Z n H js» � · = - · - +( )�} �

�

�

�

1

1

0

s

x d

w r,where

H̃ 0

is the tangential magnetic field at the conducting surface, which is to a goodapproximation just the magnetic field one computes by assuming a perfectly conducting surface.With this expression, the integral over V’ can be reduced to an area integral over the innerconducting face of the waveguide. Taking now the length of the volume Dz to be small, the areaintegral can be reduced to a line integral around the inner circumference of the waveguide cross-section,

D D D

P dV E R dl H z dPdz z

V s S

= - = - =

¢� �

12 2 2 12 s ¶~

.P(z)z+dz

P(z+dz)

¶VFIGURE 2.3. Geometry for calculation of attenuation in waveguide.The path

¶S

bounds the cross-section S of the waveguide. Observing that the integral is quadraticin the fields, and therefore proportional to power, we may introduce the attenuation parameter, a,

dPdz P

= - 2a

, (2.36)where

a ¶ = ´ • ·� *

12 2

R dl H d S E H

s S ~ ~ ~r

.(independent of norm) (2.37)Thus in the presence of losses, the propagation constant takes on a small imaginary part,

j j b g b a

fi = -

. With the Slater normalization, we may also express Eq. (2.37) as30

a

¶

=

�

Ł

�

� ł � � 1

4

2 R

Z

dl Z H s c S

c ~.(Slater norm) Exercise 2.6 Show that the attenuation constant for the TE10 mode of rectangular guide is given by

a w b w w b = + Ø º Œ Œ ø ß œ œ - � Ł � � ł � - R Z c b a c c s c c 0 2 2 2 2 2 2 1 2 1 2^/

.(2.38)Sketch the result as a function of frequency and explain the high and low frequency behavior in words.Why is WR90 operated in the frequency range of 8-12 GHz? Consulting Table 2.1, and the TE10 modeattenuation formula, confirm that the operating ranges and attenuations quoted are reasonable.

Table 2.1

Examples of standard rectangular waveguide.

D e s i g n a t i o na

(inch)b

(inch)f

(GHz) Attenuation (dB/100 ft)WR650 6 . 5 0 3 . 2 5 1.1-1.70.3-0.2 ( c o p p e r ) WR2842 . 8 4 1 . 3 4 2.6-4.01.1-0.8 ( c o p p e r ) WR900 . 9 0 0 . 4 0 8.2 -12.4 6.5-4.5 ( c o p p e r ) WR620 . 6 2 2 0 . 3 1 1 12.4-189.5-8.3 ( c o p p e r ) WR280 . 2 8 0 . 1 4 26.4-402 2 - 1 5 (silver)WR100 . 1 0 0 . 0 5 75-110> 1 0 0 (silver)Exercise 2.7 Show that the attenuation constant for TEM mode in coaxial cable with

e e» 0

takes theform,

a = �Ł� �ł� +�Ł� �ł�Ł� �ł�

12 1 1

RZ a bb a sc ln

.(2.39)Most coax makes use of polyethylene dielectric, and attenuation occurs due not only to the "skin-effect"losses accounted for in the result above, but also to those in the bulk of the dielectric. Starting from thedispersion relation

b w me =

, argue that in general the attenuation constant should consist of two terms,

a a a = + skin bulk f f

, depending on the frequency f.2.7 Impedance is a Many-Splendored ThingThe case of a TEM mode in coaxial cable is illuminating for it provides a simple workingexample of the differences between low-frequency and high-frequency electronics. We may see ananalogy between low-frequency circuits and microwave circuits for hollow waveguide, but it is atbest an analogy, since hollow waveguide does not support a zero-frequency mode. For coaxialcable one can compare directly the microwave circuit notions, and the ordinary low-frequencyconcepts. In most engineering texts on the subject, the example of TEM modes is discussed atlength for this reason.15 Consider the solution as derived in a previous exercise, with voltagecoefficientasinourcircuitanalogy,31

y w =

�

Ł

� ł

( ) k

r a

V z ln

~ ,,^{~ ^ ~ ,E r kr V z^ = ( )w},^{~ ^ ~ ,H kr I z^ = ( )f w}.The coefficients take the form of forward and reverse waves,

~ , V z V e V e

j z j z

w w w b b ( ) = ()+ ( )

+ - -

,

Z I z V e V e

j z j z 0 ~ , w w w b b ( ) =( ) - ( )+ - -

,and the propagation constant is

b w m e =

. Some observations are in order. First, the coefficient

Ṽ

is not the line integral of the electric field between the conductors,

V b V z ba 0 1 22

= ( ) = ()

�Ł� �ł� ( )

y p w

ln ~ , /

.Nor for that matter does

Ĩ

correspond to the physical current that the inner conductor would needto provide in order to support the magnetic field,

I H dl d r H I zba

0 02 1 22

= • = = ( )�Ł� �ł� ()

^� �

~ ~ ln ~ ,/

r f p w p f

.As a result, the characteristic TEM mode impedance Zc = Z 0 is not the same entity as the cableimpedanceusedatlowfrequency,

Z VI ba Z

cable = = �Ł �ł 0 0 12p ln

.(2.40)As described this is simply a matter of normalization, but it is good to be aware of the ambiguity inthe notion of impedance. Actually, the ambiguity is deeper than this. One very sensible definitionof impedance is

Z V zI z Z V e V e V e V e

j z j z

= ( ) ( ) =^{( )} + ( ) ( ) - ( )

+ - -

~ ,~ , ww w w w w b b 0

,(2.41)referred to as the "impedance looking into the plane at z." The implication is that as long as onethinks that impedance should be a ratio of voltage and current, then, regardless of thenormalization, the impedance depends on where one looks (on z). One can also see how thisproblem was escaped at low frequency. The z-dependence is significant only if one is workingover a range of z such that bz

»

1. This motivates a simple definition of a microwave circuit: acircuit comparable to a wavelength in size. In such a circuit, effects of spatial phase-shifts andinterference become noticeable.This discussion helps to clarify that one may encounter many useful definitions ofimpedance, wave impedance of the medium, characteristic impedance of a mode (in a waveguidefilled with this medium), cable impedance, and terminal impedance. Later we will develop also thenotion of "impedance seen by the beam." It is best to remember that the notion of "impedance" is atool we use, and in general one has to ask what definition of impedance is being used and why.Having contemplated the wonders of waveguide, let us connect it to a thing or two.Exercise 2.8 (Impedance Transformation) Consider a transmission line with characteristicimpedance Zc, and a signal with wavenumber b on the line. Show that the impedance looking into terminal32

#1, Z1=V1/I1, may be related to the impedance looking into terminal #2, Z2=V2/I2, according to

Z

Z

Z

Z j L

j

Z

Z

L c c

c

2

1

1 1 =

-_{( )}

- ( )

tan

tan

b

b

.(2.42)2.8 Shunt Admittance of an IrisUp to this point our treatment of waveguide propagation may have seemed a bit artificial,insofar as we have considered a reverse and a forward wave with no particular discussion of whatcaused the waves in the first place. In general we will be interested in a waveguide connected to acavity, perhaps itself attached to other cavities. We may be interested in intersecting waveguides.Our primary tool for understanding these systems will be the notion of impedance introduced inEq. (2.41). We consider the simplest of examples, as illustrated in Fig. 2.4, consisting of straightwaveguide operated "in fundamental mode" (i.e., below cutoff for all higher modes), with a thin,perfectly conducting obstacle placed transversely to the wave. This could by a symmetric iris, forexample.Let us consider the solution for the fields in this geometry, for a wave

VF

incident fromzfi-¥. We know that the fields are completely specified once the transverse components areknown. A general solution in uniform guide must take the form

Ẽ E r V e V e t a a a j z a j z a a = ( ) +() ^ ^ + - -

� r b b

,

H̃ H r Z I e I e

a ca a j z a j z a a = ( ) ( ) + ( ) ^ ^ + - -

� r w b b

,where

Z I V

ca a a – – = –

. However, this is only a "general solution" in uniform guide, and, havingintroduced an obstacle, we have split the guide into two lengths of uniform guide that are coupled.Thus the coefficients in the mode sum may take different values to the left and the right of theobstacle, for any obstacle worth its salt. Note that only the fundamental mode, call it mode 1, ispropagating. Other modes evanesce with attenuation per unit length of

g b b b

a a ca

j=- = -2 02

.VFVRVTFIGURE 2.4. The "forward" wave VF is incident from large negative z, and results in a reverse wave VRreflected toward negative zandawaveVTtransmittedtopositivez.Their effect in this problem is to provide field matching; as a consequence of their presence,some energy is stored in the vicinity of the obstacle. If this energy is stored primarily in electricfields, we may say the obstacle is capactive; if primarily in magnetic fields, the obstacle is inductivein character. Since these fields should evanesce away from the obstacle, and not grow without33

bound, we exclude from the solutions the growing exponential terms.Taking into account the foregoing comments, we may write out our mode sums moreexplicitly, for z<0,

~^{E E r V e RV e E r V e}

t F j z F j z aa a z

a a a

= ( ) +( )+ ( )

^ ^ - ^ ^ „ + � 1 1 r r b b g

,

~^{H H r V e RV e H r V e}

t F j z F j z aa a z

a a a

= ( ) -( )+ ( )

^ ^ - ^ ^ „ + � 1 1 r r b b g

,and for z>0,

~^{E E r TV e E r V e} t F j z aa a z a a = ( ) + ()

^ ^ - ^ ^ „ - - � 1 1 r r b g

,

~^{H H r TV e H r V e} t F j z aa a z a a = ( ) + () „ � 1 1

.In these expressions, we have introduced the reflection coefficient,

R VRF

w( ) =

,the ratio of reverse to incident forward voltage, a quantity that is complex in general. We have alsointroduced the transmission coefficient,

T VTF

w( ) =

,the ratio of transmitted to incident forward voltage. To solve this problem explicitly, one wouldlike to match the fields across the plane z=0 and this requires some knowledge of the iris geometry.However, one can make some general statements independent of such details.First, the transverse electric field must vanish on either side of the obstacle, since it isassumed to be a perfect conductor, and is placed transversely to the direction of propagation.Second, in the port, the tangential electric field must be continuous, a consequence of Faraday’slaw, or if one likes, the case of matching the field at a boundary between two identical media. Thusthe transverse electric field must be continuous at z=0, as illustrated in Fig. 2.5. Thus

~~ E z E z t t =( ) = =() - + 0 0

, or

E r V R E r V E r VT E r V F a a a F aa a

^ ^ ^ ^

„ + ^ ^ ^ ^ „ - ( ) +( ) +

( ) = ( ) + ( ) � � 1 1 1 1 1 r r r r

. Taking the dot product of both sides of this expression with

E r^ ^( )1 r

and integrating over thewaveguide cross-section, we obtain, from mode orthogonality,

1+ =R T

,(continuity of transverse electric field) (2.43)Next, let’s consider the transverse magnetic field. According to Ampere’s law, in the portthe magnetic field will be continuous since there are no current sources there. However, it need notvanish at the conducting obstacle, for there wall currents may flow in such a way as to cancel outthe field within the conductor. Thus there are no grounds for declaring that transverse magneticfield is continuous across the entire waveguide cross-section. In terms of current coefficients,

ZI V

c F F 1 =

,

c R R

1 =-

,

c T T

.34

This discontinuity of the magnetic field amounts to some "missing current,"

I I I

F R T + „

. We maysay that some current,

I I I I

S F R T

= + -

, has been shunted to ground, and we may adopt a circuitpicture, as illustrated in Fig. 2.6. Wall current is flowing through the iris and modifying the fields.This shunt current arises to cancel the longitudinal H field at the iris. Therefore, in view of Eq.(2.22), shunt current is proportional to the voltage at the iris,

V V V

T F R = +

. Thus we may define ashunt admittance,

Y IV

S ST =

,that depends only on the geometry of the iris, the mode, and the frequency, but not on the incidentsignal amplitude.Et=0Et=0

FIGURE 2.5. The transverse electric field is continuous across a thin obstacle.Combining the foregoing, one may show that

Y R R Y S c w

w w

w ( ) =

-^{( )}+ ( ) ( ) 2

1 1

,(2.44)where

Y Z Z TE TEM c c 1 1 0 0 1 1 1 = = · � � � b b mode mode

(2.45)is the characteristic admittance of this waveguide mode. Thus the shunt admittance is determinedonce the reflection coefficient is known, and vice versa. Some common language is helpful to know. One often employs the normalized shuntadmittance

Ŷ YY Y Z RR

S Sc S c

= = =-+

1 1 21

.(2.46)In addition, one may express admittance in terms of real and imaginary parts,

Y G jB

s s s = +

, where

Gs

is called the conductance and

Bs

the susceptance. In the case of a thin, lossless obstacle, onehas simply a shunt susceptance. A fair body of literature is available on the calculation of shuntsusceptance of a mode---typically the fundamental mode---for obstacles of various geometries.Starting with the earliest, Marcuvitz16 provides a catalog of results, Montgomery, Dicke andPurcell17 provide examples of its use, and Jackson18 provides a very readable introduction to the35

variational technique. Modern works include textbooks by Collin,19andFelsenandMarcuvitz.20IsIF+I

RVR+VF=VTz=0+z=0-YsITFIGURE 2.6. Equivalent circuit for a thin iris on a waveguide operated in a single mode.2.9 VSWRThe reflection coefficent on a line is quantified by the voltage-standing wave ratio orVSWR; it is a figure of merit for microwave components. To define VSWR, consider a waveguideoperating in fundamental mode, with voltage

Ṽ z V e V e

F j z R j z

( ) = +- b b

,and imagine a small probe sampling but not perturbing the electric field in the waveguide. Let ussuppose the output signal is proportional to the time-averaged squared voltage

Vrms2

, and computethis. The real voltage as a function of time is

Vzt Vze Ve Ve

j t F j t j z R j t j z ,~ ( ) = ´ ( ){}

=´ + { } - - w w b w b

,and we wish to compute the mean squared voltage,

V z dtVzt

rms2 02 2 2 ( ) = ( )�

wp p w/ ,

,and after some algebra the result is

V V V VVe

rms F R F R j z

2 2 2 2

12 2

= + + ´ ( )

{ }*-b

.This is an oscillatory function of z, with period equal to one-half the guide wavelength of themode. Maxima and minima of this curve are36

max V

V V

rms

F R =

+ 2,^{min V V Vrms F R= - 2}.Therefore if the output of the detector is plotted versus position on the slotted line, we should get acurve looking something like that of Fig. 2.7. From such a curve one can determine the guidewavelength (and thus the frequency), and one can determine the ratio between the maxima andmimima of the standing-wave pattern, the VSWR

VSWR = = +- maxmin VV V V V V rmsrms F R F R

.(2.47)

00.511.5200.511.52/ lR=0.5R=0.99R=0.01zFIGURE 2.7. Illustration of squared voltage versus probe position normalized to the guide wavelength,for various values of the reflection coefficient R.In terms of the reflection coefficient, this may be expressed simply as

VSWR= +-1 R

.(2.48)Evidently, VSWR‡1, with VSWR=1 only in the case of no reflection---a "perfect match." In thecase of total reflection, VSWRfi¥. Observe that VSWR is a function of frequency, since R is. Infact, microwave components come with specifications for maximum VSWR over a range offrequency. Low VSWR over a broad band costs extra.37

Exercise 2.9 Consider fundamental mode lossless guide with an iris and a short as illustrated in thesketch. In terms of angular frequency w, wavenumber b, and shunt admittance Y of the iris, determine thereflection coefficient as a function of z, the distance to the left of the iris. If the admittance is a puresusceptance, what is the VSWR on the line?

z=0z=LY2.10 An Elementary CavityIn the discussion at the end of Sec. 1, we found that, for electromagnetic acceleration, werequired either (1) a terminated interaction or (2) a synchronous mode, one with phase-velocityequal to c, for an extended interaction. We then embarked on the treatment of waveguide toappreciate how power could be coupled into such an interaction region, so as to accelerate a beam.We will consider (1) in detail in Sec. 3, and (2) in Sec. 4. However, with the help of the previousanalyses, we are at a point where we can consider case (1), in its most elementary form, withoutbeam: the filling of a cavity with microwave energy. In Sec. 2.11 we will provide a similarelementary treatment of case (2).For illustration we will make a cavity from a length of waveguide terminated in an irisfollowed by a shorting plane, as seen in Fig. 2.8. The turn-on of the rf drive corresponds to thelaunching of a wave down the waveguide, toward the cavity formed by the iris and the short. For asmall iris one expects that most of the incident wave will be promptly reflected. Some of the wavewill scatter through the obstacle. The forward wave in the cavity travels to the short, is reflected,returns to the iris, radiates a little bit through it, but for the most part is reflected. Over time, thecavity fills, and in steady-state the prompt reflection of the incident wave at the iris interferes withthe radiation from the cavity. Thus during the transient filling of the cavity a left-going signal or"reverse voltage" appears; in steady-state the reverse voltage may look different.To characterize this system we must perform a calculation and this will be aided by thecircuit-equivalent picture of Fig. 2.9. An incident wave represented by phasor

results in aprompt reflected wave

, where R i s t h e ( c o m p l e x ) r e f l e c t i o n c o e f f i c i e n t o f t h e i r i s . T h i s c o e f f i c i e n t i s j u s t t h e steady-state reflection coefficient of the iris when placed on smoothwaveguide. Meanwhile, a wave

is transmitted through the iris. This wave will travel to theshort, be reflected, and return to the iris in a time t=2L/Vg where V g is the group velocity in the38

unloaded guide. Let us refer to the right-going wave phasor, just to the right of the iris, andevaluated at time nt, as

Ã n( )

. Evidently

~~ A TV 0 ( ) = +

. To determine the cavity voltage onsubsequent bounces we simply follow this wave through the cavity and back to the iris.Propagation to the shorting plane corresponds to the map

~~ A n e A nL

( ) fi ( ) g

, where

g b a

= +j

isthe propagation coefficient for the smooth guide, and is determined from the guide wavenumber b,and the attenuation parameter a. Reflection at the shorting plane corresponds to

e A n e A n L L - - ( ) fi - ( ) ~~

, and we neglect losses on the endwall for simplicity. Propagation back tothe iris corresponds to

- ( ) fi - ( ) - - L L g g ~ ~2

, and reflection there results in

- ( ) fi - ( ) - - L L 2 2 g g ~~

. Evidently the right-going amplitude in the cavity on the next bounce is

~ ~~ A n T V R e A nL + ( ) = - + - 1 2g

.

driveturnson cavityfills steady-stateFIGURE 2.8. Illustration of the transient filling of a cavity. For simplicity we consider a length ofwaveguide terminated in a shorting plane. In front of the plane is an obstacle, for example, a thin iris.Similar reasoning shows that the left-going wave to the left of the iris,

Ṽ n-( )

, satisfies

~ ~~ V n R V n T e A nL

- + -

+( ) = +()

- ( )

1 1 2g

.Due to the finite losses on a single-bounce, the system reaches a steady-state, where

~~ A n A n

+( ) = () 1

. In this limit, we have

~ÃV TR e L + - = +1 2 g

.(2.49)The reflected signal will asymptote to39

~

~

V

V

R R T e

R e

L

L

-

+

-

- =

+ -^{( )}

+

2 2

2

2 1

g g.(2.50)

z=0z=LYV+V-FIGURE 2.9. Transmission line picture for the cavity filling problem. The cavity has length L, and the iriscorresponds to a normalized shunt admittance Y. The forward voltage V+ is specified, and we wish to solvefor the reflected signal, and the wave amplitudes in the cavity.We can simplify these results by taking account of our previous work on the problem of athin obstacle in a guide. We found that continuity of tangential electric field at the thin iris impliesT=1+R. In addition, the reflection coefficient is related to the normalized shunt admittance, and fora lossless obstacle we may express R in terms of the normalized shunt susceptance,

B̂

,

1 1 2

R j B

=- +^

.Thus in this problem there are only two free geometric parameters, one is

and the other is thecavity length L.Exercise 2.10 Show that the condition for zero reverse wave in steady-state (critical coupling)corresponds to

RR L

1 2 2

+ = -( )

exp g

,and confirm that, for small losses (

aL <<1

) this may be expressed as

cos exp 2 2 b a b p

L L L N

= -()� »

,(resonance)

sin /^ ^ /

2 2 1 b a L B B L

= - � »

,(matching)where N is an integer. Check that the steady-state amplitude is much larger than the incident voltage,

~/~ /

A V j L

+» - 2 a

.40

2.11 An Elementary Periodic LineLet us consider next how to produce a synchronous wave, with phase-velocity equal to c---i.e., how to design a dispersion relation. In Sec. 2.10 we considered the effect of one iris; let usnext analyze the effect of many irises forming a periodically loaded waveguide, as depicted in Fig.2.10.

n+1 ...

n-1n+1 ...

n-1YsYsYsFIGURE 2.10. We examine a waveguide periodically-loaded with thin irises, and develop a transmissionline model as indicated on the right.In the smooth portion of the waveguide, a general solution for voltage and current phasors in asingle mode is

V z V e V e L z n j z n j z ( ) = + - < < ( )

+ - -bb 0

,

Z I z V e V e L z c n j z n j z 1 0 ( ) = - - < <

( )+--b b

,with iris separation L. Recall Zc1 is the characteristic impedance of the fundamental waveguidemode,

Z Z c1 0 0

= b b

,and b is the propagation constant, or wavenumber,

b b b = - ( ) 02 2 1 2c /

, with bc t h e c u t o f f w a v e n u m b e r . L e t u s c o m p u t e t h e w a v e i n c i d e n t o n t h e n e x t p o r t , a n d i n t h i s w a y f o r m u l a t e propagationinaperiodically-loadedguide.ThisnotationcomeswiththepictureofFig.2.11.Justtotherightofthen-th iris we have

Vz V e V e z L

n j z L n j z L

( ) = + < <( ) +

+ - -()+- -( )1 1 0b b

,

Z I z V e V e z L

c n j z L n j z L

1 1 1 0

( ) = - < <( )+-

( )^+- -( ) b b

. To solve for

V Vn n++ +-1 1,

we apply two conditions. The voltage at node n is continuous (sincetangential electric field is continuous at a thin iris), so

V V V V V e V e

n n n j L n j L

0 0 1 1

-( ) = +()

� + = +

+ - ++ +- - b b

. Since current is shunted through the iris, there is a discontinuity in tangential magnetic field givenby

I I YVs

0 0 0

+( ) = -()

- ( )

,41

and this may be written

V e V e V V Y V V n j L n j L n n s n n +

+

+

- - + - + -

- = - - +_{( )} 1 1 b b^

,abbreviating,

Ŷ Y Z

s s c = 1

. These are two equations for

V V n n ++ +- 1 1 ,

in terms of

V Vn n+ - ,

. Solving themwe find,

V V n n +- + +- �Ł� �ł� = �Ł� �ł� 1 M

,where

M =^{-�}Ł�^�ł�^-_+�_{Ł�} �_{ł�} � Ł � � � ł � � - - 1 2 2 2 1 2 0 0 0 0 ^^ ^^ Y

e

Y

e

Y

e

Y

e s j s j s j s jqqqq

and

q b 0 = L

is the phase-advance per cell in the unloaded line. The matrix

M

describespropagation on the loaded line. Notice that

det M = 1

and

tr M2 2 0 0 = + cos

^ sinqj Ys

. IsInIn+1

VnVn+1 z=L-

z=0+

z=0-YsFIGURE 2.11. Notation for voltages and currents in the vicinity of an iris.The eigenvalues of

M

are then42

e j

jq – = – - �

Ł

� ł

tr tr M M

2

1

2 2. and they convey attenuation and phase-shift in the loaded line. In the simplest case of a losslessjunction, we have a pure susceptance,

^^ Y jB s s =

, and the dispersion relation for the loaded line takesthe form

cos cos ^ sin

q q q

= -0 0

2B s

.(2.51)A sketch of q and q0 v e r s u s w i s d e p i c t e d i n F i g . 2 . 1 2 f o r i l l u s t r a t i o n . N o t e t h a t f o r s o m e frequencies, in the loaded guide, there is no solution for real q. The presence of such "stop-bands"corresponds, in the wave picture, to destructive interference over the course of multiple reflectionsfrom each obstacle.

859095100060120180240300360q

w

(deg)(deg)w =qunloadedloaded90 degrees per cell

L/cL/cFIGURE 2.12. Dispersion relation for smooth guide and a guide periodically loaded with capactiveshunts (Brillouin diagram).Let us define

q( )0

to be the solution for phase-advance per cell in the interval

- < <

p q p()0

. Evidently then

q q p

( ) ( )n n = + 0 2

is also a solution. In terms of phase-advance one may define a43

wavenumber for the loaded line,

b q ( ) ( ) / 0 0 = L

and evidently there are infinitely many of these,

b b p

( ) ( )

n nL = + 0 2

.The implication of this is that a periodic line will support infinitely many "space-harmonics," allpropagating with the same group velocity,

V d d d d V

g n n g

( ) - - ( ) =

�

Ł

�

�

ł

�

=

�

Ł

�

�

ł

� =bwbw( ) ( )1 0 1 0

,but all with different phase-velocities,

V nL n L V n n j j bw bw pw pb

( ) - - - ( )=�Ł�ł�=+�Ł�ł�=+�Ł�ł�

( ) ( ) ( )

1 0 1 0 1 0 2 1 2

.In general, in driving such a transmission line, one excites fields that correspond to a superpositionof space-harmonics. The field lines include the contribution of the evanescent fields that arise in thevicinity of the irises.2.12 Common Microwave ElementsBefore turning to analyze cavities and periodic lines for acceleration, we should take amoment to note that a practical waveguide network for an accelerator will include more than juststraight waveguide and an accelerator cavity. To describe common elements in the most simplefashion, it is helpful first to consider the S-matrix for a network of lines connected to a device(sometimes called the "device under test" or DUT) as illustrated in Fig. 2.13.

V1+V1-V2-V2+Vk+Vk-FIGURE 2.13. The general problem of network analysis for a device under test attached by means ofports to a series of transmission lines, labelled k=1,...,N.To simplify our work, we assume all the transmission line impedances are the same44

(renormalizing voltages if necessary). Typically the DUT will consist only of copper; we willassume at least, though, that any medium in the DUT may be described by lossless, symmetric("reciprocal"), linear permittivity and permeability tensors. We define the S-Matrix for the DUTelement-wise as follows. Let voltage

V b+

be incident on line b, and all other lines terminated in theircharacteristic impedance (matched load on all other ports). Let the voltage transmitted to the load onthe a-th port be

V a-

, then

S V V

ab a b

= - + /

is the a-b element of the scattering matrix for the DUT.Notice that since the voltage coefficients in a transmission line depend on the plane of reference,the S-matrix is not uniquely specified unless the reference planes for the measurement are defined.IfthereareN ports then the scattering matrix is an N

·

N matrix of frequency-dependent elements.Lorentz reciprocity implies that for such a source-free device, the S-matrix must be symmetric,Sab=Sba, or

S S t =

. Since the device is lossless the complex Poynting theorem implies that thescattering matrix is unitary,

S S= - 1

, where recall that

S S ( ) = ( ) *

is the hermitian conjugate. Toprove these statements it is helpful to know how to describe the DUT in terms of admittance orimpedance matrices. The admittance matrix

relates total current at the reference plane in the portto total voltage at the respective reference planes in each port,

I V V V V V

a a a b ab b b ab b b

= - = ( ) = ( ) ( ) + - + - � � Y Y

,or, in vector form,

r r r r r r

I V V V V V

= - = +( ) =

+ - + -

.The impedance matrix

relates voltage to current,

, and is evidently just the inverse of theadmittance matrix,

=

. On the other hand, using the definition of the scattering matrix, andthe principle of superposition, we have

V V S

, and this permits us to determine the scatteringmatrix in terms of the admittance or impedance matrices. Specifically,

r r r r r r r r

V V V V V V V V

+ - + - + - - - +

- = +( ) � -

= +( ) � = +( ) -( )

Y I Y I Y I Y I Y1

,so that

= + ( ) -( )

.Exercise 2.11 Show that

( ) -( )

.Symmetry of the S-matrix then follows from the symmetry of the admittance matrix,

=

. Unitarity of the S-matrix follows for a lossless junction from

. Modern vectornetwork analyzers permit one to measure S-matrices in a very straightforward fashion, providedthe DUT operates at frequencies below cut-off for all but fundamental mode in the connectingguide. The unitarity and symmetry theorems are extremely helpful insofar as they permit one todetermine the minimum number of essential parameters needed to characterize an element.For example, the most common microwave element is the directional coupler. This is afour-port device as illustrated in Fig. 2.14. An ideal directional coupler is symmetric, lossless andperfectly matched. These conditions restrict the S-matrix to the form45

S =

-

-

-

-

�

Ł

�

�

�

�

�

ł

�

�

�

�

0 1 0

0 0 1

1 0 0

0 1 0

2

2

2

2

a a

a a

a a

a a

j

j

j

j ,for some parameter a

1, and choice of reference planes. A real directional coupler is described bycoupling C and directivity D, defined with respect to the quantities indicated in the sketch: powerincident on port 1, Pi, transmitted power to port 2, P t, forward power on port 3, Pf, and reversepower, Pr, on port 4. The coupling and directivity are

C PP if

= �Ł� �ł�

10 10 log

,(coupling)

D PP fr

.(directivity)The isolation is defined according to

I Pir

= �Ł� �ł�

10 10 log

.(isolation)

1432PiPrPfPtFIGURE 2.14. Illustration of a directional coupler.A hybrid tee is a four-port device as illustrated in Fig. 2.15. In the ideal case, it is losslessand symmetry precludes coupling of ports 1 and 4. A magic tee is a hybrid tee that is matched onall ports; matching requires in practice obstacles (a post and a step) at the junction. A magic tee isformally equivalent to a 3 dB coupler, however, the natural choice of reference planes makes iteasy to distinguish. Constraints of symmetry and unitarity reduce the possible forms of the S-matrix to just one, after a choice of reference planes,

S = --

�Ł� �ł�

12 0 1 1 0 1 0 0 1

0 1 1 0

.Exercise 2.12 (a)What is the directivity of an ideal directional coupler? Relate the coupling C to the S-m a t r i x p a r a m e t e r a. (b)The SLAC modified Bethe hole coupler has a coupling of 52 dB and 80 dBisolation. What is the directivity? (c) An ideal "3 dB" coupler has C=10log102

»

3dB and infinite directivity.What is the S-matrix? (d)Compute the outgoing signals for the situation depicted in the sketch, andexplain how a 3 dB coupler and a phase-shifter can be used to make a switch.46

jV0 V03dB ? ?Exercise 2.13 (Magic Tee ) S h o w t h a t w i t h v o l t a g e s i n c i d e n t o n a r m s 2 a n d 3 , a r m 4 p r o v i d e s a difference signal, and arm 3 a sum signal. Justify this referring to the field lines sketched in Fig. 2.15.

1324FIGURE 2.15. Illustration of a hybrid tee.47

3. STANDING-WAVE ACCELERATORSWe have reached a point now where we can deliver power by means of a waveguide andappreciate the coupling of a waveguide to a cavity, by means of an iris. We consider in this sectionthe question: What are we looking for in a cavity? What features are important in characterizing itsperformance as an accelerator? Here we develop the subject of beam-cavity interaction for arelativistic beam, and the logical consequences.

LRe-FIGURE 3.1. Acceleration in terminated waveguide.We require an electric field,

rE

, to produce any change in particle energy,

e g =m ce 2

, i . e . ,

d dt qE V e / = •r r

, where

rV

is the particle velocity and q is the charge. We assume the beam isrelativistic so that

V c»

is constant. We suppose for simplicity, as in the previous section, that ourcavity is formed by a terminated piece of straight waveguide. The mode employed should have anelectric field component along the direction of beam motion. For ballistic motion along a beam axis

ŝ

, that coincides with the waveguide axis this requires a TM mode. The axial component of theelectric field will take the form

E E j t j s

s = ´ - ( ) ~ exp

0 wb

,where

Ẽ E e j rf

0 0= j

, E0 is the axial electric field amplitude, and j rf is the rf-phase. The particleenergywillthereforevaryaccordingto

ds qE j t j s

e w b

=´ -( ) ~ exp0

,where we have changed the independent variable to s, with ds=Vdt. Notice that in this description,time t is a dependent variable,

dtds V c

= = - �Ł� �ł� -

1 11 12 1 2g /

,and corresponds to the particle arrival time at s. For continuous acceleration in this field, onewould need the beam-phase to remain stationary, implying that the particle speed should match thephase velocity of the wave,

V c» » wb/

, as though the particle were riding the crest of a wave.48

This isn’t possible, since for TM modes in smooth waveguide

w b/ > c

and the phase-fronts willalways wash over the particle. Nevertheless one notices that the electron does gain energy for one-half of an rf-cycle, and this suggests terminating the interaction before the particle has slipped intothe decelerating phase, as depicted in Fig. 3.1.In this form it is straightforward to calculate the energy gain assuming the interaction isterminated. We situate the cavity entrance at s=0, and denote the particle arrival time at s=0 by t0 ,so that,

t t sV = +0

.The energy gain in travelling through a cavity of length L is then

D e w b w bw b w w = ´ -�Ł �ł = ´ -�Ł �ł --�Ł �ł � q E e ds js V q E e jL Vj V

j t L j t ~ exp ~ exp00 0 1

. EH TM010 mode of a right cylindrical pillbox. No ports yet.

[ R / Q ]

Historically, cylindrical cavities have been easier to make, so let usconsider those. We will need to plan for ports, at least one port for the input waveguide, and atleast two holes for the beam to enter and exit ("beam ports"), but we can treat these later as

~^{Ez}

1 1 0 2 2 2 2 r r

r r r

E r c z ¶ ¶ ¶ ¶ ¶ ¶f b + +

�

Ł

�

� ł

� ( ) =~

e_{jmf} ~ ,^{E r s J r e e}

z m c jm j s

( ) = ( ) -

b_{f b}

~ , E r R s = ( )^= 0

j

Z H j s E c z 0

0

2 ~ ^~ ^ ^ = · � b b ~~ E j E c z ^ ^ = �_b^2

~ , ~ ,

E s r E s L r ^ ^ =( ) = =() = 0 0 ^ ~ , f • =

( )_=

^EsrR0

^ ~ ,

r H s r R • = ( ) = ^ 0 b = 0 e j s- b e j sb y b f =^{( )}

E J r e m c jm 0 E 0 ~ , cos

E r s s

z_{( ) = y b}

~ sin E s c = � b b b y 2 r j s s c 0 0 2 ~ cos^

= ·� b b b yr

sin b L = 0 b b p

= =p p L/ w p mnp

mn c j R p L = � Ł � ł + � Ł � ł � � � � � � 2 2 1 2 / m m= 0 e e= 0

E E s t

z rf

= ( ) +^{( )}0

cos cos

b w j

q w b p p

– = –� Ł� � ł� = � Ł� � ł� + ( ) �

�

�

� �

�

�

�

� �

–

V

L

c

V

j

L

R

p p on 212/

q w= LV

q j L R 1

2

1

2 qE LT t

0

1

2 ~

r E z E J r t

c rf = ( ) +() ^ cos

0 0 b w j

Z H E J r t c rf

0 0 0 r = ¢^{( )} + ( ) ^ sin f b w j b w c n c

=^{0 0} /

U dV E E H H dV E E

E dV J r E rdr ds d J r

E L rdr J r E LR udu

c L R c R c

= • + •

( )_{= •}

=^{( )} = ( )

= ( ) =

� � � � � �

1 2 1 2 1 2 1 2 2

0 0 0

0 0 2 0 2 0 0 2 0

2

0 0 0 2

0 0 2 0 0 2 0 0 2 2 0

1

e m e e b e f b e p b e p

prrr^{J j uE LR J j onon 0} 2^{0 02 2 1 212 ( )= ( )e p ,} R Q V U c Ø º

Œ

ø ß

œ = ~_2 w R Q ELT E LRJ j j J j ZT LR ZT LR

on on on

Ø º

Œ

ø ß

œ = ( )

( ) = ()ØºŒ øßœ »0 20 02 2 1 2 1 2 0 2 0 212 2w e p p

sin

R Q Z / . [ ]_{» »}

0 6 2210 W qb passing through a cavity deposits energy in the cavity. This energy is lost bythe particle, and this energy loss arises from the action of a self-induced voltage b acting on the particle.The "shock" excitation of the cavity mode results in ringing at amplitude b after the beam has passed. ,

2

, we will refer to as the for a short bunch. Infact, given a complete enumeration of orthogonal modes for the geometry, one could represent theloss factor as a sum over the loss factors into each mode,

k k

l l

=

( )

�

l

l modes,

cos

exits cavitybeam enters cavity

FIGURE 3.4. After a charge qb has passed through a cavity, the cavity modes ring; here we see thebeam-induced voltage in a single mode.Notice in Fig. 3.4 that, averaged over the transit time, the beam witnesses one-half of thefinal, peak gap voltage. Thus, in order for the beam to lose energy

De^{l l}=k q^{l b}_2

by the action ofthis self-induced voltage, the peak gap voltage must be

b l b l l 2

. Meanwhile, this oscillationcorresponds to a stored energy,

U kq VRQ kqRQ

l b b l b

= = [ ]_{= ( )}

l l l l w w 2 2 2 2 / /

.We can solve this equation for the loss-factor in terms of the [R/Q],

ll^l 1 4

.(3.5)Notice that loss-factor has nothing a priori to do with wall-losses.53 l, from a single short bunch ofcharge b,arrivingattimet

( )

V t k d t I t t t b l t b l l lw

( ) = ¢ ¢( ) -¢ [ ] ( ) -¥ � 2 cos d dt V k dI dt b l b 2

2 2 2 + � Ł � � ł � = w l l l

Z^{||}

~ ~||

V Z I b b w w w

( )_= ()()

r Q R Q / / [ ] = [ ]12 Z j r Q || / / / l l l l w w w w w

( )_= [] - ( ) P R dS H l s walls endcap sidewalls

= = · ( ) +^{( )}�

2^{2 K K}

K( ) = ¢( ) +()

[ ]_{= ¢} ( )_{[ ]}

= ¢( )[ ] = ( )

� � � �

� endcap s endcap

c rf s R c s on s on R E Z dS J r t R E Z rdr d J r

R E R Z udu J j u R E R Z J j 02 02 0

2 02

020 0 2 0 2 02 2

02 0 1 0 2 02 2

02 1 2 2

2

b w j f b p p

p sin .

K

( )

= ¢

( )

+

( )

[ ]

= ¢

( )

[ ]

=

( )

� �

� �

sidewalls s

sidewalls c rf

s

L

c s

on

R E

Z dS J r t

R E

Z ds Rd J r

R E LR

Z

J j

0

2

0

2

0

2

0

2

0

2

0 0

2

0

2

0

2

0

2

1

2

2

b w j

f b p

p

sin

.

= ( ) + ( )

2

5 46 10 1

1

mode and used

.

Q f w_{= · ( )}

2 69 10 4 . / GHz dU dt P U Q l w = - = - w U U t

Q^w = -

�

Ł

�

� ł

� 0_{exp w} T Q Q f w w 0 2 1 = =^{w p} T f 0 3 2 8 56

= ( ) . / / m s GHz

dt P P_{e l= - =} 0

P P U Q

e l w

= = w /

w

. /

To illustrate the scaling of cavity parameters.

q=133.56�b a n d f r e q u e n c y

R Q/

[ ]

ms221 ms221 ms221

Q^w k^l

R^{shunt}

[ / ]R Q

T^0

Scaled TM

010

QuantitiesTR[R/Q]Q(degrees)FIGURE 3.5. Scalings with transit angle for the TM010 mode of a closed pillbox.3.4 Cavity With Beam and PortsNow that we have a rough idea of what we are looking for in a cavity, let us considerputting a port on the cavity and the details of how to get power into it. Our question is: what do wewant out of a port? We consider first a closed cavity with perfectly conducting walls, and resonantangular frequency W0,

ddt Vc

2 2 02 0 + � � = W

.(no port, beam or losses)We next cut a port in the cavity and connect it to waveguide. From our analysis of the thiniris in a waveguide, we understand that tangential electric field in the guide is continuous across theiris. This amounts to the statement that cavity voltage

must track the tangential electric field onthe waveguide side of the iris. From our analysis of waveguide modes, we know that thistangential field amplitude varies as the sum of forward and reverse voltages,

and

, in thewaveguide, defined as in Sec. 2. At the same time, we recognize that the cavity voltage may bequite a bit larger than the voltages in the connecting guide. Indeed, as we saw in the example ofSec. 2, resonant charging of a cavity can produce large amplitude oscillations even when thedriving displacement is small, much as in a swing or a pendulum. Recognizing this, let us employ57

V nV

V nV

+

d dt V Q dV dt Q d dt V V r Q dI dt c w c e F R b 2

2 0

2 0 0

0 + � � � � � � = - + -^{( )} +_Ø º

Œ

ø ß œw rH 1 1 1

Q Q Q

L e w = +

d dt Q

d dt

V

Q

dV dt

r

Q

dI dt

L

c e

F b

2

2

0

0

2

0

0

2 + +

�

�

�

�

�

�

= +

Ø º

Œ

ø ß

œ

w w

w w

VFVRVcIbFIGURE 3.7. Sketch of the dynamic variables for a single cavity mode coupled to a waveguidefundamental mode, and a beam.3.5 Cavity on the BenchAbsent beam the system we have analyzed is the simplest of all microwave elements: it is aone-port element, the S-matrix is a single element S11 , that is a function of frequency, simplyreferred to as the reflection coefficient. If the cavity is lossless, then unitarity implies that |S11|=1,and all power is reflected from the cavity. In the more interesting case of a cavity with wall losses,we may compute the reflection coefficient, using our waveguide-cavity equation, Eq. (3.12). Ourmodeltakestheform

ddt Q ddt V QdVdt

L c e F 2 2 0 0

2 02 + + � � =

w w w

.We consider steady-state excitation at angular frequency w,

V Ve

F F j t = ´ ( ) ~ w

,

R R j t

,

C C j t

.Our equation takes the form59

j

Q

V j

Q

V

L

c e

F

w w w w

w w

0

0

2 2 0 2 + -

�

�

�

�

�

�

= ~ ~.It is conventional to characterize the difference in drive frequency from the resonant frequency of the cavity by the tuning angle y,

tan y w w ww = - �Ł� �ł�

Q L 0 0

.(3.13)In terms of tuning angle,

~ cos~

V e V

c j F

= +21 b b y y

,(3.14)and we have introduced the parameter b,

b = QQwe

.(3.15)Notice that tuning angle is the angle the cavity voltage phasor

ṼC

makes with the forward drivephasor

Ṽ F

. On resonance, the two are in phase,

~~ V V C F = +21 b b

,

y w w

= � = � ( ) 0 0 resonance

(3.16)and a reflected signal is propagating back up the waveguide toward the source,

~ ~ ~~

V V V V

R C F F

= - = -+b 1 1

.

y w w

= � = � ( ) 0 0 resonance

(3.17)If b>1 the external Q is lower than the wall Q, and the cavity is said to be over-coupled. In thiscase the reflected signal is in phase with the forward drive. If b<1 the cavity is said to be under-coupled and in this case the reflected signal is 180� out of phase with the drive. If b=1 the cavity issaid to be critically-coupled, and there is no reflected signal in steady-state.With this result for cavity voltage, we may compute the reflection coefficient using thecontinuity condition,

~ ~~ V V V

R c F = -

,

S V e

RF j

11 21 1

= = + -

~ cos b

b y y

.(3.18)Notice that measurement of the (complex) S-matrix can permit one to determine the resonantfrequency w0,thecouplingfactorb,andtheloadedQ. Thus one can extract as well the external Q.Exercise 3.5 Show that for small detuning from resonance, d < < 1 , w i t h

d ww w

= -( )0 0/

that

tany d»-2 Q L

. Show that

Q QL w= +( )/ 1 b

. Sketch qualitatively a plot of tuning angle versus frequency.60

Exercise 3.6 Show that the minimum in |S11| occurs on resonance,

min /

S11 1 1

= - + b b

at

w w= 0

and is zero for critical coupling. Considering the three cases of under-coupling, critical coupling and over-coupling, compute VSWR on resonance. Make qualitative sketches of |S11| and |Vc| versus frequency.Evidently regardless of the frequency, not all energy is reflected by the cavity; where does this energyg o ? 3.6 Cavity on the BeamlineHaving examined the properties of our cavity on the bench, let us next consider it, withbeam. Typically one is interested either in a very short bunch of charge, much shorter than an rfperiod (single-bunch), or one is interested in a train of such bunches, spaced at or near the rfperiod (bunch-train). In this section we consider each of these in turn. We assume that the beam isa high-energy beam and therefore does not slow down or speed up appreciably in the structure.This assumption does not hold, for example, in an injector or a klystron cavity.Let us take the drive terms to be varying at roughly the frequency w, but allow for someslow variation in the envelopes,

V V t e

F F j t

= ´ ( ) ( ) ~ w

,

I I t e

b b j t

= ´ ( ) ( )

,

C C j t

.In this case, in the slowly-varying envelope approximation,

dV dt V C C ~ /~

<< w

, the cavity respondsto the waveguide and beam excitation according to

dVdt Q j V Q V k I

C L C e F l b

~ tan ~ ~~

+ -( ) = +wyw 0 0 2 1

.(3.19)where kl is the loss-factor, and y is the tuning angle. It is often convenient to express this as

dVd j V V rI

C C F l b

~ tan ~ ~~

t y bb + - ( ) =+1 21

,(3.20)where

t w = =tT tQ

f L02

is time measured in units of the fill-time, and the "circuit-equivalent loaded resistance" may beexpressed in various forms as

r Q rQ Q RQ Q R R

l L L Lw shunt shunt

= ØºŒ øßœ = ØºŒ øßœ = = +( )

12 12 2 1_b

.(3.21)In steady-state

dV dC̃ / t = 0

and the cavity and reflected voltages take the forms

~ cos ~~

V e V r I

C j F l b

= + +

�Ł� �ł�

y b b

y 21

,(3.22)61

~ ~~ cos cos

~~ cos V V V e e V r I e

R C F

j j

F l b

j

= - =

+

-

�

Ł

�

� ł

�

+ y

b b

y y

y y y

2

1 1.(3.23)These steady-state relations are often depicted in the form of a phasor diagram, as shown in Fig.3.8.It will be important, in treating this system, to account for the flow of power, and we canaccomplish this with the "transformer ratio" alluded to previously. Recall that the power flowing ina waveguide may be expressed in terms of the incoming and outgoing voltage phasors,

~ ,Ṽ V + -

,combining Eqs. (2.20) and (2.29),

P V VZ w c = -+ - ~~ 2 2 2

,with Zcthecharacteristicmodeimpedance,just

Z Z c Z

c z c

= = -�Ł� �ł� -

0 0 2 1 2 1 w b l /

,for the TE10 m o d e i n t h e w a v e g u i d e , w i t h l t h e f r e e - s p a c e w a v e l e n g t h , a n d lc t h e c u t - o f f wavelength in the guide. The forward and reverse voltages V F and V R are proportional to thesenormalized amplitudes,

V nV

F = +

,

R = -

. Thus the net power flowing in the waveguide maybe expressed as

P V VZ n

w F Rc

= -~ ~2 222

.

�VcrL�Ib2b1+b�VFyFIGURE 3.8. Phasor diagram for a beam-cavity waveguide system in steady-state.In steady-state, with no beam, conservation of energy dictates that this equal the rate at whichpower is being dissipated in the cavity walls, and this is62

P

U

Q

V

Q

V

R

d w

c w

R

Q

c shunt

= =

[ ]

=

w

~~ 2 2.Equating these two, we may determine the transformer ratio, n. We make use of the followingidentities:

~ cos~ V V c F 2 2 2 2 21 = + � Ł� � ł� b

b y

,(beam off)

~ cos sin~ V V R F 2 2 2 2 2 1 = - + � Ł� � ł� + � � � � � � � � b

b y y

,(beam off)

~ ~ cos~

V V V

F R F

2 2 2 2 2 41 - = + ( )by

.(beam off)Exercise 3.7 Derive these identities starting from the steady-state relation, Eq, (3.22), with beam-off,and making use of

~ ~~ V V V

R c F = -

.Using these identities we find

P VR

d Fshunt = + �Ł� �ł�21 2 2 2 b b y cos

~

,(beam off)

P VZ n

w Fc = + ( ) 4 1 2 2 2 22 b

b ycos̃

,(beam off)and equating these two results gives us the turns ratio or transformer ratio,

n RZ QZ

shuntc e rQc

= �Ł� �ł� = [ ]

�Ł� �ł�

2 1 2 1 2b / /

.(3.24)Note that while we have derived this under beam-off conditions, n is a function of geometry alone,independent of source terms.Turning the beam back on, we can derive some generally useful results. The forward-goingpower in the waveguide is

P VZn VR

F Fc Fshunt

= =~~

2 2 2 2 b

,and, if the rf source is isolated from the cavity-beam system, this is just the power supplied by thesource. Typically such isolation is achieved with an arrangement involving a magic tee (andanother cavity), or a high-power isolator, or both.For illustration, let us consider the problem of optimizing the coupling parameter b tomaximize power delivered to the beam; we suppose that forward power and beam current are fixedand that the beam-phase relative to the cavity voltage has been prescribed.The power delivered tothe beam is just63

P V I V I

b c b c b s =´

( )

=

* 1

2

1

2

~ ~ ~~

cos f,with fs

the prescribed angle between the beam-phasor and the cavity voltage phasor. Evidentlymaximum power corresponds to maximum cavity amplitude. This on the other hand correspondstomaximumpowerdissipatedinthewalls.Energyconservation,

P P P P

F R d b

= + +

, or

b b f ~ ~~

~~ cos V R V R V R V I F shunt R shunt c shunt c b s

2 2 2 1 2 = + +

,tells us then that we are attempting to maximize the sum of the two terms on the right, and thiscorresponds uniquely to a minimization of the first term, reflected power, given that the sum of allthree is fixed. Minimum reflected power corresponds to zero reflected signal, or

~~ V Vc F=

, and thiscondition permits us to solve for b,

b b f

~ ~ ~ ~ ~ cos

VR VR VR V I

Fshunt Rshunt cshunt c b s 2 2 0 2 12

= + +123

,or

b b b f - ( ) = -( ) =

1 1 122

P VR V I P

F cshunt c b s b

~ ~ ~ cos

.Thus,

1 1 b = - PP bF

.Using,

P VR P

d cshunt F

= =~ 2 1b

,(no reflection)we may also express this as

b = +1 PP bd

.(no reflection)(3.25)This summarizes the basic features of steady-state beam-loading. Our beam-cavity-waveguidemodel is also adequate to analyze the effect of transient beam-loading, and this is illustrated withthe help of a few exercises.Exercise 3.8 Consider filling a cavity with a step turn-on of the drive VF,

~ ; V t tt

F ( ) = <>

� 0 0 1 0

64

under beam-off conditions. With the drive tuned on-resonance, w= w 0 , compute the cavity and reversevoltages as a function of time. Confirm the steady-state results,

lim~

t CFV

fi ¥ = +2 1bb

,

t RFV

fi ¥ = -+b 1

,where

b = Q Qw e /

. Evaluate and sketch the results,

ṼR

and

ṼC

versus time for b=1/2,1,2. Sketch alsothe oscilloscope waveform that would be observed from a crystal detector looking at the reflectedwaveform. What is the clear difference appearing on these scope waveforms, between an over-coupledand under-coupled cavity?Exercise 3.9 Express the beam-cavity waveguide equation in the form

ddt Q ddt V rQ dIdt

L c c

2 2 0 02 0 + + � � = ØºŒ øßœ

w w w

,identifying the waveguide (or "generator") contribution to the "cavity current" Ic. Show that

V t dt G t t dIdt t c t c

( ) = ¢ - ¢( ) ¢() -¥�

is a solution of this system, with Green’s function,

G k H l t t n t t

( ) = ( ) - ( ) ( )

2 12

sin exp WW

,H the step-function,

W= -w n

02 14 2

, and

n w= 0/ Q L

. Integrating by parts, express this as

V t dt G t t I t

c t c

( ) = ¢ ¢ - ¢( ) ¢()

.Exercise 3.10 Using the exact Green’s function, compute the response of the cavity to a train of pointbunches, each of charge qb, spaced at time intervals T. You will want to make use of the identity

x xx m mM M

=-� = -( )-( )01 11

.Evaluate the result after the M-th bunch has passed, in the limit MT>>fill-time, and assuming the bunchesarrive at the fundamental mode frequency, or a sub-harmonic of it, wT=2pk, with k an integer. Comparethis result to the steady-state result

w y yy

02 1Q j V kI V Q Ie L C l b C L rQ b j - ( ) =�[ ]tan ~ ~ ~ ~ cos

.In developing the expression for

Ĩb

, you may wish to use the identity

T t mT ntT m n = -¥

+¥ =¥ � � -( ) = + �Ł� �ł�

d p120 cos

,as a consequence of which,

~ / I q T

b b=2

for a train of zero-length charges

qb

spaced at interval T. Argue65

that the steady-state voltage induced by a beam of average current

I b

, bunched on resonance, is equalto the voltage induced by a single bunch of charge

I Tb f,

with

T f

the fill time for the mode. Given a cavitywith a fill-time of 100 ns, which one excites a larger cavity voltage, a single bunch with 5 nC charge, or a 1ms pulse of total charge 50 nC?Exercise 3.11 Show that the impedance presented by a single cavity mode to the beam is

Z j r Qj Q L

| | / /

w w w w w w w

( ) = []

- +0

02 2 0

,and express this in the equivalent forms

Z Q r Q j Q Q r Q e L L L j

| | // / / cos

w w w w w y y

( ) = [] - - ( ) = [ ]

1 0 0

.Exercise 3.12 One often-used equivalent circuit for the beam-cavity-waveguide system takes the formshow here. Ig

WI

RCL

W

IbRgVc

IAnalyze this circuit in the frequency domain, and identify parameters and dynamic variables with thoseused in Eq. (3.12).Exercise 3.13 A standing-wave accelerator is powered with a klystron putting out a square pulse. (a)How long, in units of the fill-time, must the power source pulse-length be to achieve 90% of the steady-state gap voltage? (b) After the gap voltage has reached steady-state, the klystron turns off. Sketch cavityvoltage, and forward and reverse voltage waveforms versus time. What is the maximum in the reflectedpower waveform relative to the klystron output?Exercise 3.14 Our transient cavity-beam-guide formulation may be expressed as

dVd j V V V

c c F b

~ tan ~ ^^ t y + - ( ) =+1

,where t = t / T f,

^~ V V F F =+21 b b

,

V Q RQ I

b L b

= ØºŒ øßœ 12

.(a) Driving the cavity on resonance (y =0), with rf drive turn-on at t=0, determine the beam turn-on timetb>0, such that gap voltage V c is constant when the beam is present. (b) Sketch forward, reverse, beam-66

induced and gap voltage waveforms versus time.Exercise 3.15 Consider a single cavity coupled to a waveguide. It is to be operated at 2856 MHz, with atransit angle of 90� for a speed-of-light particle. (a) Select the connecting guide from the following:WR510, WR284, WR187. Calculate the guide wavelength lg. Calculate the characteristic impedance Zc ofthe TE10 mode at this frequency. ( b ) Calculate the dimensions, wall Q, [R/Q ], Rshunt, and fill-time for thec a v i t y b a s e d o n c l o s e d p i l l b o x T M 010 s c a l i n g s . W h a t e x t e r n a l Q i s r e q u i r e d f o r c r i t i c a l c o u p l i n g ? (c)Assuming critical coupling and a long klystron pulse length, determine the power requirement forVc=2.5 MV, neglecting beam-loading. Calculate the transformer ratio, n. (d)The klystron available puts outa peak power of 5 MW, how much current can be accelerated while meeting the gap voltage requirement?(e)Assuming a current requirement of 100 mA and using steady-state scalings, determine the optimal bfor transfer of power to the beam, the requirement on beam-injection time, for constant loaded gapvoltage during the beam-pulse, and the overall rf to beam efficiency for this system.Exercise 3.16 For a cavity connected to a guide, relate the rate of change of cavity-phase withfrequency, relative to that of the forward voltage in the guide, to the ratio of stored energy and inputpower.Exercise 3.17 The designers of a 2856-MHz accelerating structure quote an estimate of sensitivity ofresonant frequency, to cavity diameter 2b,

d df b / . 2 0 9

( ) »Mc/mil

, where Mc=megacycle, i.e., MHz.Explain this referring to TM010 mode scalings. Based on analysis of a single cavity, what tolerance, in mils,should be enforced to ensure a gap voltage within 95% of design, assuming the drive frequency is fixed?What temperature regulation is required in �C? (The coefficient of thermal expansion for copper is

a » · �-

1 7 10 5

. / K

.)

Vg

WI

RCLIbRgVc�

W

1:n

IExercise 3.18 Consider the circuit in the adjacent sketch, in the frequency domain, and compute thevoltage Vc, assuming all elements are ideal. For zero current Ib, what is the equivalent impedance seenfromtheprimary?IdentifyparametersanddynamicvariableswiththoseusedinEq.(3.12).Exercise 3.19 Consider a cavity connected to a waveguide. Taking a forward voltage of the form67

V t

t

V t T

V T t T

T t

F_{( ) =}

<

< <

- < <

<

�

�

�

�

�

�

�

0 0

0

0

0 1

0 1 2

2

;

;

;

; with

T T

fill 1 2=

and

T T fill 2 2 5 = .

. Assuming b=5, sketch cavity, forward and reflected voltages versus time.What is the maximum reverse voltage amplitude? What is the maximum ratio of reflected voltage to inputamplitude attainable in this geometry for any T1,T2andb?Exercise 3.20 At 77�K the resistivity of pure copper is

0 2 10 8

. · -- W m

. If a mode of this cavity has awall Q of 15,000 at 294�K, what is the wall Q when the copper is cooled to 77�K?Exercise 3.21 A cylindrical cavity, with radius equal to its length, has sidewalls of copper and endwallsmade of brass. The same design made of all copper has a wall Q of 15,000. What is the wall Q with brassendcaps?3.7 Two Coupled CavitiesOccasionally one cavity is adequate for the job at hand; more typically, we have a singlesource of power, and would like to achieve 5-20 MeV of acceleration with it. Our analysis ofsingle cavities indicates this isn’t possible at microwave frequencies with a single cavity and typicalpower sources. We could split the power and drive multiple cavities with multiple feeds, howeverthis takes up space and adds complexity to the system. In this case not only must each cavity beproperly tuned, but each waveguide arm and each power splitter must be tuned to the correct"electrical length," measured in degrees of rf phase. Happily, it is possible to couple cavitiestogether and power them with a single feed. Let us start with the simplest coupled cavity system,consisting of two cavities, as depicted in Fig. 3.9.

VFVRV2V1Ib

in Fig. 3.10. We will consider the TM01 mode with coupling by a centered circular iris as depictedontheleftinthefigure.

EHFIGURE 3.10. Cavity modes may be center or side-coupled, magnetically or electrically coupled. On theleft one sees center-coupled TM01 mode, in the center, TM11 coupling, and on the right, off-centercoupled TM01.We can determine the behavior of this system starting from Maxwell’s equations, asillustrated in Appendix C. Here let us decide on intuitive grounds what to expect. Let

V1

be thevoltage in cell #1, with

V2

the voltage in cell #2. We expect the usual simple harmonic oscillatorbehavior of

V1

to be modified,

d Vdt V

2 12 02 1 + = w [ ]perturbation

,and we would like to know what form this perturbation should take. Inspecting the electric fieldlines and magnetic field lines for one unperturbed cell, we see that it has the character of an LCcircuit, with an electric field between two conducting planes, and an azimuthal magnetic field fillingthe outer volume. Cutting a hole in the center---where electric field is large, and the magnetic fieldis small---should have the effect of lowering the capacitance. Lowering the capacitance in an LCcircuit raises the resonant frequency of the circuit, thus

d Vdt V V

2 12 02 1 02 112

+ =-

w k w K

,where the dimensionless constant k >0 should depend on the size of the hole. However, thisdescription must be incomplete, for we expect too that electric field lines from cell #2 might findtheir way into cell #1; the cell amplitudes should be coupled. In fact, the form of this coupling isdetermined from symmetry---from the observation that if the voltage in cell #2,

V2

, is equal to thatin cell #1, then every field line in cell #1 continues through to cell #2, and none terminates on theiris edge. In this case, there is no deformation of the field lines; as far as they are concerned onemight as well replace the hole with copper. Thus when the cavities are in phase, they shouldoscillate as they would if there were no iris. This implies the coupling

dVdt V V V

2 12 02 1 02 1 2 12 + =- -( )

w k w

,(3.26)and, from symmetry,69

d V dt

V V V

2

2

2 0

2

2 0

2

2 1

1

2

+ = - - ( )

w k w.(3.27)

Exercise 3.22 Considering cavity voltages varying as

� ( )

exp j tw

show that there are two possibleangular frequencies w. Go on to show that one of these modes of oscillation corresponds to the twocavities in-phase (0-mode), and oscillating at the original resonant frequency of the unperturbed cavity.Show that in the second mode, the two cavities oscillate 180� out of phase (p-mode) with resonantfrequency,

w w k = + ( ) 0 1 2 1 /

. Show that the no-load accelerating voltage for this two-cavity system takesthe form

~ ~ cos ; sin ; / V V e j

NL j

= · ( ) -() - � 1 2 1212 2 0 q qq p modemode

,where q is the transit angle for a single cavity, and

Ṽ1

is the no-load voltage phasor for a single cavity.Which mode would be best for acceleration? Justify the answer by computing the [R/Q] for the two-cavitysystem, defined, as previously, according to

RQ V UNL

ØºŒ øßœ = ~ 2 w

,with U the stored energy. For each mode, determine the maximum [R/Q] as a function of transit angle.Show that the optimal transit angle in p-mode is 159.6�, for which the [R/Q] is 1.9 times that of the optimal[R/Q] for a single cavity. In this connection it will be helpful to recall that the [R/Q] for a closed pillboxoperated in TM010 mode takes the form

RQØºŒ øßœ = ( )( )

1 2 1212

313 W sin qq

.3.8 Multicell StructuresFrom the analysis of two coupled cavities, we have seen that one does not need to powereach cavity separately, one can couple them together, and form what amounts to one long cavityconsisting of two cells. This motivates the analysis of multi-cell structures, as illustrated in Fig.3.11. We neglect wall-losses, ports, and the beam, as they can be added later as perturbations.We consider N cavities that have been modified by coupling holes. We denote

w k w k k

02 02 0 1

( ) = =( ) +( )

, in terms of which our problem takes the form

¶¶ w wk

2 2 02 02 1 1 12 Vt V V V

n n n n

+ = + ( ) - +

,(interior cells) (3.28)for interior cells n=2,3,...,N

-

1. The end-cells, n=1,N, find themselves in circumstances differentfrom the interior cells, since each has had only one coupling iris cut in it. In general, it is desirableto modify the end-cells in such a way as to insure the existence of an accelerating mode with good[R/Q].70

To determine the eigenfrequencies of the structure, we consider the problem in thefrequency domain, looking for solutions

V V e

n n j t

= ´ ~ w

, so that

- ( ) + -

( )^- () = - + 1 2 0 2 1 0 2 2 1 2 0 2 1 0 w k w w w k ~ ~~ V V V

n n n

. (interior cells) (3.29)A general solution should consist of a left- and a right- going wave,

Ṽ Ae Be

n jn jn

= + - f f

, andsubstituting this in the difference equation, it can be shown that the phase-advance per cell mustsatisfy

cos f w ww k

= -02 2 02

.(3.30)

cell#1cell#n

VFcell#2VRFIGURE 3.11. Concept for a multi-cell standing-wave structure.It is at this point that the conditions on the end-cells enter. This is illustrated with anexercise.Exercise 3.23 Suppose that the end-cells are designed so as to satisfy

¶¶ w wk 2 1 2 02 1 02 2

Vt V Ve + =

,

2 2 02 02 1

Vt V V

N N e N

+ = -

.Show that these conditions on the end-cells are satisfied only for certain discrete values of phase-advance per cell, corresponding to a=1,2,...N discrete modes of oscillation, indexed by a, withfrequencies,

w w k f a a = -0 1 cos

. Make a sketch of the w vs f relation, and remark on the density ofmodes. Where are modes most dense? Least dense? Determine the mode excitation patterns71

corresponding to

k k e^= /^2

, and those corresponding to

k ke =

.Realistic standing-wave structures will have diverse features, including boundary conditionscorresponding to half-cells at each end, and perhaps a biperiodic character.23,24 Those features ofmulticell structures that are qualitatively different from the single-cell case can already be seen inthe two-cell example. For example, if a mode a satisfies the synchronism condition

q f a=

, thenone can show that

R Q R Q N

/ / /

[ ] = [ ] · 1 2

. At the same time, this choice of phase-advance per cellis not optimal. Instead, optimal [R/Q] corresponds to that mode with phase-advance per cell closestto p. Indeed, standing-wave structures typically operate in p-mode, and do not satisfy thesynchronous phase-advance condition. To emphasize, p-mode does not imply a transit angle of p.This is a rather subtle difference between the standing-wave and travelling-wave linacs.Synchronous interaction in the travelling-wave linac requires a geometric phase-advance per cell qmatching the kinematic phase-shift witnessed by a speed-of-light particle,

w L c/

, with L the cell-length. On the other hand, for the terminated interaction in the standing-wave linac, optimal [R/Q]occurs near p phase-advance.Starting from the perturbed cavity equations,

¶¶ w w k w ¶¶ w ¶¶ d w ¶¶ d

2 2 02 02 1 1 0 0 0

12 2

Vt V V V Q Vt Q Vt Q Vt

n n n n w n eM n n M eM F n M

+ = +

( ) -+- + , ,

,for input coupler attached to cell M, one can show that introduction of losses corresponds to a shiftin mode resonance frequency,

Wa a a w w 2 2 2 1 1 » - �Ł� �ł� + Q j Q w w

.One can also show that introduction of a port in one cell contributes a correction in the form of anexternal Q for each mode, inversely proportional to the squared mode amplitude in that cell. Theexternal features of the cavity, as determined from measurement of S11,musttaketheform,

S V j Qj Q

RF eL N 11 0 2 2 1 2 1

w ww w ww wa

a a a a ( ) = =_{+ -}() - =� ~ //

,and are determined by those modes with finite external Q (i.e., the modes that are non-zero in thecoupling cavity). In the end, the description of a perfectly tuned multi-cell structure, operated in aparticular mode, can be reduced to the form Eq. (3.12).72

4. TRAVELLING-WAVE ACCELERATORSWe began by considering how to accelerate particles and realized that material boundarieswere needed, either to terminate the interaction, or to provide for a synchronous wave. In the lastsection, we considered the terminated interaction in detail, the standing-wave linac. In this section,we consider how to form a synchronous wave, a travelling-wave linac.In light of our work on coupled cavities, the description of a travelling-wave linac can bemade quite simple: it is a multi-cavity accelerator, with critically coupled input to the first cell, and acritically coupled output waveguide attached to the last cell, with the output waveguide terminatedin a high-power matched load. These facts are enough to permit us to work out the basic designfeatures of the coupled cavity system, viewed as a transmission line. The picture is that of Fig 4.1.

inputcell

#1outputcell

#nPinPouttoloadfromklystroninputcoupler#2#ke-LFIGURE 4.1. Schematic of a travelling-wave accelerating structure.4.1 Transmission Line ModelWe assume that the transmission line is operated at a frequency where the input and outputcouplers are matched, and we analyze the steady-state established with an input power Pin. If theenergy stored in cell #k is U k , then we may speak of an energy per unit length at z=zk=(k

-

1)Lgiven by u(zk)=Uk/L, with L the cell length. The power flowing past the point z is

Pz Vuzg( ) = ( )

,with Vg the local group velocity. In steady-state the energy density stored in one cell is constant intime, and thus73

0

0

= = = -

( )

-

- +

dU dt P P dt

U

Q

dt

w

change in stored energy in time

w,where QwisthewallQ of a single cell. The power flowing into the cell from the left is

P -

, and thepower flowing out is

P +

. Thus,

P P L dPdz UQ uLQ w w - +- » - = =^{w w}0 0

,or dPdz uQ ddz V u w g = - = ( ) w_0

.(4.1)In the simplest case, the geometry of the line is strictly periodic, and it forms a constant impedancestructure. In general, however, we may find it helpful to vary the cell dimensions adiabaticallyalong the structure, as in the constant gradient structure.Given the group velocity variation along the structure, if any, one may solve the first-orderdifferential equation for u, Eq. (4.1), to determine the energy stored per unit length. In solvingthis, one requires the energy stored in the first cell and this may be determined from the inputpower Pin,

u P Vin g 0 0 ( ) = ( )/

.In passing we note that this also provides a simple way to estimate the external Q required for theinput coupler geometry in the first cell,

P Q u L V u Q LV

in e g e g

= ( ) = ( ) ( ) �» ( ) w w 0 0 0 0 0 0

,and this external Q roughly characterizes the transmission bandwidth of the structure, although notthe useful bandwidth for acceleration, as we will see.We will be interested in acceleration with this device so let us suppose the shunt impedancefor a single cell is R, and define the shunt impedance per unit length,

r RL Q R QL QL VU w w = = [ ] =

/ 20w

,where V isthevoltagegaininonecell.ThismaybeexpressedintermsoftheacceleratinggradientG, according to V=GL, so that,

r QL GLU QuG GdPdz w w = ( ) = = - 2

0 0

2 2w/

.(4.2)Let us consider, first, a perfectly periodic (constant impedance) structure. In this case Vg isa constant, and

ddzVu Vdudz uQ

g g w

( ) = =- w 0

,so that74

u z u z ( ) = ( )

-

( ) 0 2 exp a,where

a w = 02Q V_{w g}

.Thus the gradient at a distance z along the structure is

G z uQ r G z w ( ) = �Ł� �ł� = ( ) -( ) w a 0 1 2 0

/ exp

.The net accelerating voltage is just the integral of this,

V G z dz G e

NL L L s s = ( ) = ( ) -

�^-

0 0 1^aa

,where Ls=NListhestructurelength.Letusdefineanattenuationparameter, t,

t a w

= =L LQ V

s sw g02

.Note that the attenuation parameter determines the power to the load,

P L P e s ( ) = ( ) -0 2t

,(4.3)and the fill time,

T dzV LV Q f g L sg w s = = =

�0 02w t

.(4.4)We may express the accelerating voltage directly in terms of the input power, using

G Q u r Q PV r Pr L P R

w w ing in s in s

0 0 2 1 2 0 1 2 0 1 2 1 2 1 2

( ) = ( )�Ł�ł�=�Ł�ł�= ( ) = ( )

w w a t

/ / / /

,where we have introduced the shunt impedance of the structure as a whole, Rs=rLs, with Lsthestructure length, just NL, with N the number of cells. The voltage with no beam present (no-load voltage) is then

V PR e PR e

NL in s in s

= ( )^- = ( ) - ( )^�Ł^�ł - - 2 1 1 2

1 2 1 2 1 2

t t t t t / / /

(constant impedance).(4.5)Exercise 4.1 Show that the maximum no-load voltage for fixed input power and shunt impedance in aconstant impedance structure occurs for t

»

1.26, and is

V P R

NL in s

» ( )

0 9 1 2 . /

. Compute the ratio ofmaximum to average gradient in this case, and the ratio of maximum to minimum power dissipation per unitlength.75

Exercise 4.2 U s i n g t h e T M 01 pillbox scalings to estimate [R/Q] and wall Q, roughly what no-load voltagecould you expect from a 10’ long p/2-mode constant impedance structure operating at 2856 MHz, withgroup velocity of 0.01c and 20 MW of input power. What is the fill time? Power to the load? Compare yourfigures to those for the Mark III structure, with r

»

47 MW/m, and other parameters the same.Such a constant impedance structure is conceptually the simplest travelling-wave linac, butit has a few undesirable features. These include peak gradient higher than the average gradient,nonuniform power dissipation, and some subtle features related to higher frequency modes in thestructure. We are free of course to consider more elaborate designs. If we wish to obtain a moreuniform field profile, we could taper the group velocity Vg(z) in such a way that stored energy perunitlengthisconstant(constant gradient structure). This implies a narrowing of the iris radius asone proceeds down the structure. Let us solve for the required group velocity taper. We have

ddz V u u dVdz uQ

g g w

( ) = = - w 0

,so that

V z V Q z

g g w

( ) = ( ) -0 0w

.The power flowing through the structure takes the form

P z Vu P P L P zL g s ( ) = = ( ) + ()

- ( ) { } 0 0

,and in terms of the attenuation parameter, defined with respect to the power to the load,

e P LP

- = ( )( ) 2 0 t

,we may write,

P z P e zLs

( ) = ( ) - -() � � - 0 1 1 2t

.(4.6)We may also express the initial group velocity in terms of t, using

dPdz P e L uQ QV P

s w w g

= - ( ) -( ) =-=-

( ) ( ) - 0 1 1 0 0

2 0 0

t w w

,so that

V LQ e

g sw 0 1 0 2 1 ( ) = -( )- w t

.With this in hand we note the fill time,76

T

dz

V

Q L

Q V

Q

f g

L w s w g

w

s

= = - -

( )

�

Ł

�

� ł

�

= �

0

0

0

0

1

0

2

w

w w

t ln.Finally we compute the no-load voltage,

V GL uQ r L Q V P r L

R P e

NL s w s w g s s in

= = � Ł� � ł� = ( ) ( ) � Ł� � ł� = ( ) - ( ) - w w t 0 1 2 0 1 2 1 2 2 1 2 0 0

1^{/ /}

/ / ,

(constant gradient) (4.7)making the approximation that r is constant.Exercise 4.3 Using the TM01 pillbox scalings to describe [R/Q] and wall Q, roughly what no-load voltagecould one expect from a 10’ long 2p/3-mode constant gradient structure operating at 2856 MHz, withinitial group velocity of 0.02c, fill-time of 0.8 ms, and 20 MW of input power. What is the power to the load?Compare to the SLAC 10’ structure with r

»

53 MW/m.Exercise 4.4 The SLAC 10’ structure is a constant gradient 86-cell 2p/3 mode travelling-wave structurewith nominal 2856 MHz operating frequency. Fill-time is 0.83 ms and attenuation parameter is t

»

0.57.Shunt impedance per unit length is r

»

53MW/m and initial group velocity is V g / c

»

0.0204. You haveN=245 20-MW klystrons with 3-ms pulse length, and an unlimited number of SLAC 10’ structures.Assuming that you couple one klystron to one structure, fill in the following numbers: a)VNL for onestructure and Vnet=NVNL,b) total accelerator length, c) average site power. In calculating the acceleratorlength, assume that 5% of the length is taken up by quads and instrumentation. In calculating the sitepower, assume a klystron wall-plug efficiency of 10% and a repetition rate of 120 Hz. Suppose next thatthe power from each klystron is divided in half m times, to feed 2m structures. Calculate the net unloadedvoltage and total accelerator length and evaluate these results for m=1 and m=2. 4.2 Steady-State Beam-LoadingHaving considered the no-load accelerating voltage provided by an external power source,let us turn off the external power, and consider the beam-induced voltage in a travelling-wavestructure. The beam-induced gradient

G zb ( )

at point z in the structure corresponds to a power

P zb ( )

flowing through the structure, with

P Gr b b = 22 a

,and Gbthepeakoron-crestgradient.Conservationofenergytakestheform

dPdz IG P

b b b b

= - 2a

,with Ib the beam current (charge per bucket times frequency). In terms of the beam-inducedgradient, this is77

d dz

G r

I G

G r

b b b

b

2 2

2a = -,or

dG

dz d

dz

G rI

b

b b + -

�

Ł

�

ł

= a

a a

a

1

2

.Defining

m a a a t a

a = ¢ -

�

�

�

�

�

�

= ( ) -

( )

( ) � Ł� � ł� �^{d z d}_{dz}^{z z} z

0 1 2 1 2 0 ln

,this may be expressed as

ddz G e rI e b b m m a=

or

G z e G e dz rI e

b z b z z b z ( ) = ( ) + ¢

- () - ( ) ¢( )_�

m m ma 0 0

.On the other hand, Gb(0)=0sincethebeammusttravelafinitelengthbeforelosingenergy.Thus,

G z I e dz re

b b z z z

( ) = ¢

- ( ) ¢() � m ma0

,(4.8)and we take current to be constant for a relativistic beam. We may then express the beam-inducedvoltage as an integral,

V z dzG z mI

b L b b s ( ) =- ¢ ¢( ) = - �0

,(4.9)where the minus sign reminds us that the beam-induced voltage is decelerating. The beam-loadingcoefficient for the structure is

m dze dz re

L z z z s = ¢ ¢ ¢

� �- ¢( ) ¢ ¢ ¢( )0

m ma

.(4.10)The net voltage when the structure is powered may then be expressed as

V V mI

net NL b

= -cosy

,(4.11)where y is the phase of the applied rf. For a constant impedance structure, a and r are constants,so that

Gz rI e

b b z

( ) = -( )-1 a

,(constant impedance)(4.12)

m R e s = - -

�Ł� �ł�-

1 1 tt

,(constant impedance)(4.13)78

with Rs=rLs.Foraconstantgradientstructure,onecanshowthat

a x = - =

-

1

2

1

2

1

V dV

dz z g g

,with

x t = - -^L_es 1 2

.In this case m=0, and one has

G z rI z b b ( ) = - 1 2 ln xx

.(constant gradient)(4.14)After an integration one finds

m R e s = - - � Ł � ł 12 1

2^tt

.(constant gradient)(4.15)Exercise 4.5 A travelling-wave linac is designed to produce a net no-load voltage VNL.IfthelinaccurrentIb is chosen to optimize power transfer to the beam in steady-state, what is the net loaded voltage?Exercise 4.6 Considering a structure excited only by a beam, show that power to the load takes theform

P L R I ee

b s s b

( ) = -( )_-() � - 2 2 2 21 2 1ttt ; constantimpedance

constantgradient

,What is the result for a 100-mA beam in the SLAC 10’ structure (53 MW/m, t

»

0.57, constant gradient)?

W

IbAejfz=0z=L79

Exercise 4.7 A constant impedance structure has the output coupled through a phase shifter andattenuator, and fed back into the input, as illustrated in the adjacent sketch. Assuming the structure isexcited only by the beam, compute the steady-state voltage in the structure, and determine what inputpower would be required to produce the equivalent no-load voltage. Evaluate this for a 50-cell, 2p/3,91.39 GHz constant impedance structure, with group velocity 0.09c, driven by a 0.5-A beam bunched atthe 11.4 GHz subharmonic. Neglect the finite bunch length.4.3 Coupled-Cavity ModelThe transmission line model is quite adequate for understanding the scalings for idealtravelling-wave structures. In general however we may be interested in the effect of tuning errors,transient input waveforms and other more realistic features of accelerator operation. Theseproblems are simplified by analysis of the structure as a series of coupled cavities. The picture isthat of Fig 4.2.

VF#1#2#k#n

VRVkVk-1Vk+1QeQwFIGURE 4.2. Model of a travelling-wave structure as a series of coupled cavities.Let us consider the accelerating voltage in the first cell. The first cell is a cavity coupled to awaveguide, another cavity, and the beam. The model for such a system follows from Eqs. (3.10)and (3.28),

¶¶ w ¶¶ w wk w ¶¶ w ¶¶ 2 2 1 1 1 2 1 1 2 3 2 2 1 1 1 1 1 12 2

t Q t V V Q Vt rQ It L e F b + + � Ł � � ł � = + + Ø º Œ ø ß œ Ø º Œ ø ß œ /

.The first cavity reflects a voltage

V V V R F = -1

back up the connecting guide toward the source. Theloaded Q includes the wall Qoftheunperturbed(noports)firstcavity

1 1 1

1 1 1

Q Q Q

L w e = +

,and the external Q due to the connecting guide. For interior cells k=2,3,...N

-

1, the cell voltage evolves according to80

¶

¶

w ¶

¶

w w k k w

¶

¶

2

2

2 2

1 2 1 1 2 1

1

2 t Q t

V V V

r

Q

I t

k wk

k k k k k k k k k

b k

+ +

�

Ł

�

� ł

�

= +

( )

+

Ø º

Œ

ø ß

œ

Ø º

Œ

ø ß

œ

- - + +

/ /,and the output coupler cell, k=N, evolves according to

¶ ¶ w ¶ ¶ w w k w ¶ ¶ w ¶ ¶ 2 2 2 2 1 2 1

12 2

t Q t V V Q V t r Q I t NLN N N N N N NeN FN N N b N + + � Ł � � ł � = + + Ø º Œ ø ß œ Ø º Œ ø ß œ - - /

.The subscript on the beam-current term reminds us that there is a finite transit time to cell #k.Having stated the most general model we will ever need to call on, let us now considersome simplifying approximations. It is typically the case that shunt impedance varies slowly withcell dimension, and so, for our purposes here may be thought of as a constant. If the output load iswell-matched, the term VFN vanishes, as there is no power reflected back into the output cell. WallQ varies slowly with cell dimension and may be taken as a constant. To avoid a profusion ofsubscriptswewillsimplydropthecavitysubscriptonthebeamcurrentterm.Interiorcellsarethendescribedasachainofcoupledoscillators,drivenbythebeam,andultimatelytheinputcell,

¶¶ w ¶¶ w w k k ¶¶

2 2 2 2 1 2 1 1 2 1

12 2

t Q t V V V k It

kw k k k k k k k l b + + �Ł� �ł� = +

( ) +- - + +/ /

,where we refer to the loss-factor for the fundamental mode, kl. Our procedure for analyzing thestructure will be to analyze propagation in the interior cells. We then return to the first cell andexamine the requirements imposed on cell resonance frequency w1, and external Q e 1 to insure agoodmatchtothestructure.FinallywevisitthelastcellandexaminetherequirementsimposedonwNandexternalQeNtoinsureagoodmatchoutofthestructure.4.4 Coupled Cavity Model, Constant Impedance, No Beam First consider the perfectly periodic structure. Our model for interior cells is simply

¶¶ w ¶¶ w wk

2 2 0 02 02 1 1 12 t Q t V V V

w k k k + + �Ł� �ł� = +_{( )}-+

.In steady state at angular frequency w, we may express this as a simple difference equation,

~~ V V V

k k k - + + + = 1 1 2 0 a

,just as for a standing-wave structure, with

a w w wwwk

= - -2 02 002j Q w^/

.We wish to insure a travelling-wave, not a standing-wave solution, so we seek a right-propagatingsolution of this difference equation. We leave some of the work to the next exercises.81

Exercise 4.8 Show that the dispersion relation for structure voltages ^{V j t k} k � -^{( )} exp w g, takes the form

g q = + j 0 G

, with

cos q^{w w} w k 0 02 2 02 = -

,(4.16)and an attenuation in nepers per cell of

G » w w k q / sin^0_0Q w

,assuming that G<<q0. What is the relation between drive frequency and the cell resonant frequency for (a)a p/2-mode structure, (b) a 2p/3-mode structure?Exercise 4.9 Show that group velocity in this constant-impedance structure is given by

b wq k q qk q

g Lc dd

= = -( ) 1 2 1 0 00sincos

, or

k b q q b q bq q

= + »

g g g

12 2

sin cos sin

(4.17)and show that the attenuation parameter,

t k q qb

= » » »

N NQ NQ NQ w w g e

G_{sin} 0

.Given the macroscopic parameters characterizing the structure (group velocity, phase-advance per cell, attenuation parameter) one would like to determine the circuit parameters requiredfor the coupled-cavity model. The last exercises developed the relations between these macroscopicparameters, and the circuit parameters for interior cells. Let us consider conditions on the end cells.The voltage in the input cell satisfies

¶¶ w ¶¶ w w k w ¶¶

2 2 1

1 12 1 12 1 2 1 1

12 2 t Q t V V Q Vte F + + �Ł� �ł� = +

,where the forward-going voltage in the connecting guide has been transformed to VF , and reversewaveform VR, satisfying

V V VF R

1 = +

. The loaded Qofthefirstcellis

1 1 1

1 1 1

Q Q Q e w = +

.The input cell resonance frequency, and external Q, Qe1areadjustedtoinsurenoreflectedsignalinsteady-state (V 1= V F), corresponding to a match on the transmission line to a forward-wave withphase-advance per cell q0. Thus

- + +

�Ł� �ł�= -( ) + - w w w w w k w w q 2 1

1

1

2

1

2

1

1

1 12 1 2

0QjeQjj eG

,with w the drive angular frequency for synchronism. Equality permits us to solve for the inputcoupler cell parameters,82

w

w k q

1

1

2 1 0 1 1

=

- -

( )

G cos,

1 1 1

2

1

1 1 1

1 0

1

2 1 0 Q Q e w

= +

- ( )

- -

( )

k q k q

G

G

sin cos.(4.18)Similarly, the output cell should be matched, and this requires

- + +

�Ł� �ł� = +_{( )}

w w w w w k q

2 2 212 10 N

N

N N N j Q j e G

,This implies,

w w k q N N = - +( ) 1 1 12 0G cos

,

1 1 12 1

1 1 0

12 0 Q Q eN w N N

= - + +( )

- +()k qk qG Gsin cos

. (4.19)Based on this analysis, one may expect to find that input and output cells are detuned from those inthe interior of the structure.Equations (4.16)-(4.19) determine the circuit parameters from the macroscopic quantities:wall Q, phase-advance per cell, group velocity, angular frequency. With them one is freed fromdependence on the transmission line picture, and can engage in realistic modelling of the structurebehavior, in particular, observables, such as transient waveforms viewed from couplers at theinput and output, no-load voltage under transient conditions, effects of cell-tuning errors, and thelike.Perhaps the first application one might make of the circuit model is the calculation of the S-matrix for the structure. We will consider a perfectly tuned structure for illustration, where theproblem is solvable analytically. Given that one is most often interested in assessing errors intuning, the primary value of such a result will be as a check of the numerical circuit solution thatwe will shortly be discussing.Let us drive a perfectly tuned structure from the input, at angular frequency W, the S-matrixelements are

S VVF

11 1 1

W WW

( ) = ()() - ~~

,

S VNF

21 W W

( ) = ()() ~

.(4.20)In this notation, we have transformed the impedance of the connecting guide to that of thestructure. We may compute the terms explicitly as follows. The cell excitations in general consistof forward and backward waves,

Ṽ Ae Be

k k k = + - -( ) -() 1 1 g g

,where A, B and g are functions of W. We wish to determine A and B, the propagation constant weknow is

g q= +j G

, with

cosq w w k W W ( ) = -0202

,

GW W W

( ) = ( )/sin wkq 0 Q w

.The forward and backward wave amplitudes, A and B, may be computed from the conditions onthe end cells,83

j

Q

A B Ae Be j

Q

V

e

F

w w w k

w

g g 1

1

1

2 2

1

2

1

1

1

1

2

2

W

W

W

+ -

�

Ł

�

� ł

�

+

( ) = +

( )

+

- ~,

j

Q

Ae Be Ae Be

N

N

N

N N

N N

N N

w

w w k

g g g g

W

W + -

�

Ł

�

�

ł

�

+

( )

= +

( )

- -

( ) -_{( )} - -_{( )} -_{( )}

2 2 1 1 2 2 2

1

2

.Abbreviating

D W W k k k k j Q = + - w w^{2 2}

,we may express this as an equation for the two unknowns, A and B,

D D D D W 1 1 2 1 2 1 1 1 2 1 2 1 1 2 2 1 1 2 2 1 1 1 2 10 - - - [ ]^-[ ] � Ł� � ł� �Ł� �ł� = �Ł� �ł� - - -( ) - -( ) w k w k w k w k w g g g g g g e e e e e e A B j Q V N N N N N N N N e F̃

.with the solution,

AB e e e e e e j Q V

N N N N N N N N e F � Ł � � ł � = - [ ]^{- -}[ ]- [ ]^- � Ł � � ł � � Ł � � ł � - -( )- -_{( ) -} 1 10 2

12 2 1 1 12 12 1 12 2 1 1 12 12 1 1 1 X D D D D W w k w k w k w k w g g g g g g^~

,where

X D D D D = - ( ) -

[ ]-( ) -[ ]- - -( )- -( )1 12 12 1 12 2 11 12 12 1 12 2 1wk wkwk wkg g gg g ge e ee e eN N N NN N N N .

The S-matrix elements are then

S A BV j Q e e e e

F e N N N

N N N N N 11 1 1 1 2 2 1 1 2 2 1 1 2 1

W W WX D D

( )^{+ =}

+ ()= -[ ] - -[ ]( )- -( ) - -( ) ~ , w

w k w k

g g g g

S Ae BeV j Q N N F e N N 12 1 1 1 1 2 2 1 W W WX

( )^=

+()=- -( ) -( )g

w w k g

~ cosh

.These results are most easily visualized by numerical calculation for particular examples.Exercise 4.10 Calculate and plot the modulus of the S-matrix elements for a constant impedance, 7-cellstructure, with group velocity 0.09c and 2p/3 phase-advance per cell. Assume the structure is perfectlytuned to operate at a frequency of 91.39 GHz, with a wall Q of 2500. Make a similar plot for the cases (a)first cell detuned by +0.1%, (b) cells perfectly tuned but Qw=500.4.5 Numerical Solution of the Circuit EquationsFor simulation of bench measurements and calculation of the effect of fabrication errors,we can solve these coupled oscillator equations in the frequency domain. For calculation oftransient waveforms we will solve them in the time-domain. We set down the numericalformalisms employed in either case. The coupled circuit model consists of N 2nd-order differentialequations,84

¶

¶

w ¶

¶

w w k k

w ¶

¶

d

2

2

2 2

1 2 1 1 2 1 1

1

2

2

t Q t

V V V

Q

V t

n n

n n n n n n n

n en

F n

+ +

�

Ł

�

� ł

�

= +

( )

+

- - + +

/ / ,,with

dn,1 the Kronecker delta function, dn,1=0 unless n =1, in which case d n,1=1. In the frequencydomainatdrivefrequencyW,wehave

- + + - �

Ł � �

ł � - = - - + + 1

2

1

2

2 2 1 2 1

2 2 2

1 2 1 1 w k w w w k w d n n n n

n n n n n n n

en

F n V j Q V V j Q V / / ,

~ ~ ~~

W W W

.This is a tri-diagonal matrix equation and may be inverted quickly, using, for example, thesubroutine tridag from Numerical Recipes.25 In this way one can quickly evaluate Eq. (4.20)for the S-matrix components. In a similar fashion, adding a drive to the output cell, one cancompute S12 and S22.In the time-domain one may solve the second-order equations directly, or make an eikonalapproximation,preferredforspeedofcalculation.Inthefirstcaseonewritestheequationsas

W Vt n n = ¶¶

,

¶¶ w w w k k w ¶¶ d W t Q W V V V Q V t n n n n n n n n n n nen F n

= - - + +

( )^+

- - + +212121

12 2

/ / ,

,and proceeds to a discrete time step, using a leap-frog approach, where W is computed atmidpoints tl+1/2,andViscomputedatthetime-centeredpoints tl.Thus

W V Vt

nl nl nl

+ += -

12 1

/_D

,

W Wt Q W W V V V Q Vt t

nl nl n nl nl n nl n nl n nl nen F l n

+ - + - - - + +

- = - +

- - -

�Ł �ł+ ( )

1 2 1 2 1 2 1 2 2 1 2 1 1 2 1 1

212 12 2

/ / / /

/ / ,D

ww k k w ¶¶ d

.More explicitly, starting at time tl, with

Wnl-12/

and

Vnl

known, one proceeds to the next time stepusing,

W tQtQ W D t tQ

nl n nn n nl nl n n + - = -+�Ł� �ł� - +�Ł� �ł�

12 12 1 2 1 2 1 2 / / w

w wD

,

V V W t

nl nl nl + + = + 1 12/ D

, (4.21)where we abbreviate

D V V V Q Vt t

nl n nl n nl n nl nen F l n

= - - � Ł � ł + ( )

- - + +

w k k w ¶

¶ d21212112 12 2/ / ,

. (4.22)This approach requires 60 steps per rf period and is unnecessarily time-consuming for a narrow-band drive. This approach is useful, however, as a check of the following eikonal (slowly-varying85

envelope) technique in the case of a short pulse excitation.In the eikonal approach we assume a narrow band rf drive taking the form

V t V t e

F F j t

( ) = ´ ( )

{ }W̃

,where "narrow-band" means,

¶ ¶ ~~

Vt V F F << W

.We look for a solution for cell voltages also taking the form of slowly varying phasor amplitudesmodulating the signal at the carrier frequency W,

2 12 2

2 2 2 1 2 1 1 2 1 1 j V t j Q V V V j Q V n n n n n n n n n nen F n W W W W ¶ ¶ w w w k k w d ~

~ ~ ~~

/ / ,++-�Ł�ł�=+

( )^+

- - + +

.Letting

D W W

n nn n j Q = + -

w w 2 2

, (4.23)the time-centered discrete form of the equations for n-th cell voltage at time step a,

Ṽna

, is

2 2 12 2 2 2 1 1 2 1 2 11 1 1 2 11 1 1

j V Vt V V

V V V V j Q V na na n na na n n na na n na na nen Fa n

W D D W

~ ~ ~~

~ ~ ~ ~~

/ / , + +

-

-

+

-

+

+

+

+ - + + = + + +

�Ł� �ł�+wkkwd

,and this may be rewritten as

- + +�Ł �ł - = + -�Ł �ł +

- -+ + + ++ - -+ + + + 1 4 2 2 1 4 1 4 2 2 1 4 2 1 2 11 1 2 1 2 11 2 1 2 11 1 2 1 2 1

wk wk wk wk

n n n a n n a n n n a

n n n a n n a n n n

V jt V V V jt V V / /

/ / ~ ~~ ~ ~W̃DWDa nen Fa njQ V+ +1 12 Ww d̃ ,

. (4.24)Thus the eikonal form of the equations can be solved by a time-centered difference and one tri-diagonal matrix inversion at each time-step. Since the number of time-steps is governed only by thestructure and drive bandwidths, this approach can be much faster than solution of the full 2nd-order system.4.6 Cell Tuning ErrorsHaving rested our hopes on resonant energy storage for acceleration, let us consider theeffect of deviation from resonance, on accelerating voltage. The net voltage experienced by aparticle entering the first cell at time t0maybeexpressedas86

V t V t t

NL k k k

N

0 0

1

( ) = + ( )

= �,where tk=(k

-

1)L is the beam arrival time at cell #k (we take V=c). Expressed in eikonal form thisis

V t V e V e

NL NL j t k j t j t k N_k 0 1 0 0 ( ) = ´_{( )} =´ + =� ~~ w w w

,or

~~ V V e

NL k j k kN = -( )

=� 11j

,where

j w= L c/

is the synchronous phase-advance per cell, and we assume no errors in celllength. In this form

Ṽ k

, the phasor in the rotating frame, may yet have some time-dependence. Forsimplicity, we specialize to the steady-state case. We consider a uniform complex phase-advanceper cell

g q = +j G

at the drive frequency w. Then,

~ ~ exp~

V V k j V e e

NL kN N jj

= -( ) -()

{ } = - -

= -( )-( )

�1 1 1

1 11

d dd

G GG

,(4.25)where d=j-q.Considering a constant impedance structure, evaluating this for d=0 (corresponding tosynchronous phase-advance), and identifying the attenuation parameter t=NG , we recover Eq.(4.5). Evidently the quantity d provides a figure of merit for the useful accelerating bandwidth ofthe structure,

d j w q w j w q w qw w w dw

= ( ) - ( ) =

( ) - ( ) - -( ) + = -�Ł� �ł� +

s s g

dd Lc LV K K

,or

d p l dww b dw

» - » - 2 1 L T s g f

, (4.26)where ws i s t h e d r i v e f r e q u e n c y f o r s y n c h r o n i s m , a n d L i s t h e c e l l l e n g t h . T h u s t h e u s e f u l b a n d w i d t h v a r i e s i n v e r s e l y w i t h t h e f i l l t i m e a n d i s m u c h n a r r o w e r t h a n t h e t r a n s m i s s i o n bandwidth.Exercise 4.11 Plot the loss in no-load voltage as a function of a uniform deviation from synchronism, d,for t

»

1.26.Exercise 4.12 The Mark III accelerator at Stanford was a 2856 MHz linac consisting of twenty-one 20MW klystrons each powering one 3.05 m constant-impedance l/4 structure. Fill time was Tf=1 msec, andwall Q �10,000. Shunt impedance per unit length was r

»

47.3MW/m. Calculate the loss in no-load voltage87

for the Mark III for a drive frequency error of 100 kHz. What are the implications for temperature regulation?(Recall that the temperature coefficient of expansion of copper is

a » · �-

1 7 10 5

. / K

).For a constant-gradient structure, the analysis is similar to that for a constant-impedancestructure, except that the term

G = 0

,

~ ~ ~ sinsin

V V e e V e N

NL j Nj j N

= -- =^{( )}_{( )} -() 1 1 1 12 12

11 12 d d d dd

.Thus, for a small deviation from synchronism, one has

Ṽ_{V N T} L NLNL f s g d d d w p l d ww b ( ) ( ) »--( ) » - ( ) » - �Ł� �ł�0 1 16 1 1 16 1 16 2 12 2 2 2

. (4.27)Next we consider the more general problem of cell-to-cell detuning. We will consider atransmission line consisting of coupled cavities, with all but the m-th cavity perfectly tuned, asillustrated in Fig. 4.3.

#m1RTError

FIGURE 4.3. We consider first the case of a travelling-wave structure with a single tuning error. Thetuning error results in a reflected signal R, and a transmitted signal T.In steady-state, with a wave launched into the structure from the input cell, a reflection willoccur at the m-th cell, and the voltage in the k-th cell will take the form

V e e Re k m

Te m k

k k j m j k j k j = + [ ] £^£ � � � - +( ) -+

( ) +( )

- +( )

q q q q G G G G 2 ;;

,where continuity requires T=1+R, and perfect tuning would correspond to R=0. We can computethe reflection coefficient, R, in terms of the cell-detuning by applying the coupled-cavity model,

dw w w ww w k k

m m mw m m m m m m

j Q V V V

2 2 2 2 12 1 12 1 12 + - + � Ł� � ł� = +

( )-+/ /

.Explicitly this is88

d w w w

w w w k w k

q q q q q

m m

m w

m j m m

m j m j m j m m

m j

j

Q

Te e e R e Te

2 2 2

2

1 2

1 2 1 2

1 2

1 1

2

1

2

+ - +

�

Ł

�

� ł

� ( )

= +

[ ] ( ) +

- +^{( )}

-

- - ( ) +( ) - +( ) -( ) +( ) +

- + ( ) +^{( )}

G

G G G G

/ /,and after rearranging terms, and making use of the tuning condition,

w w w w w k k q q m m

w m m m j

m m j j Q e e 2 2 2 1 2 1 1 2 1 1 2 - + = + ( ) ---^{( ) +( )} +^{- +( ) +( )} / / G G

,one can show that

R j m m m m = - + + ( ) - d w

d w w k q q22212

/ cos sin G

.Thus we find that transmission through cell #m with detuning corresponds to a transmissioncoefficient

T j m m = ( ) exp d

, where the term dm is in general complex, but to a good approximationis just

d dww qb

m mm g

» 12 22

.(4.28)With this result, we proceed to calculate the loss in no-load voltage due to cell detuning. Tosimplify the problem, we will assume that all detunings are quite small, and neglect multiplereflections, making the approximation

~~ V e T T T V

k k k k

= - -( ) -1 g L

,where

g q= +j G

is the propagation constant for the tuned structure. This is expressed moresimply as

~~ V e e V

k j k k = - -( )

e g1

,where ek isthecumulativeerrorinphase-advanceatcellk,

e d k m m k= =� 1

.The no-load voltage is then

~ ~~ V V e V e e

NL k j k kN k j kN j^k

= =-( ) = -()-( )=� �11 1 11j j g e

.In this form it is straightforward to compute the no-load voltage, given small errors in cell tuning.To appreciate the tolerances implied for fabrication and assembly, it is helpful to havesomething still more explicit, so let us consider the case of a large number of structures, fabricatedwith a particular distribution in cell detuning errors. For simplicity, we assume the distribution indm , for any m , is a Gaussian, with rms sd. The average (over a large-number of structures) no-loadvoltageisgivenby89

~~

V V e e NL

k j k

N j k

=

-^{( )} -^{( )}

= �1 1

1

j g e,and to compute the average,

e j ke

, we note that the cumulative error

e k

is distributed according toa Gaussian, with rms

s s e d k k 2 2 =

. This implies that

e d j

j k k k

k k k k e e e e

e ps e es s

= -�Ł� �ł� = -�Ł �ł

-¥� 12 12

22 2

exp exp

.The average no-load voltage is then

~ ~ exp exp

V V k j k

NL kN

= -( ) -()

{ } -^�_Ł^�_ł

=�1 1 2

1 12

j g s d

.This is just a geometric series and easily summed. For illustration, consider the case of a constantgradient structure, with no error in drive frequency,

~~ exp sinhsinh

V V N N N NLNLs s s d d dd ( ) ( ) =-+( )( ) ( )( )0 112 2 14 214 2

.For

Ns d2 4 1

/ <<

, this is simply

~Ṽ V N

NLNLs s d d ( ) ( ) »-+( )0 1 12 1 2

.(4.29)Comparing this with the result for a uniform frequency error, we can see that the structure is moretolerant of random errors by a factor of

» N /3

.Exercise 4.13 Consider a 91.39 GHz, 60-cell, 2p/3-mode constant-gradient structure, with initial groupvelocity 0.09c. Calculate the rms fractional cell frequency error tolerance for an average loss of 1% in no-load voltage. Estimate the absolute tolerance in microns, assuming

d dww

L L/ / =-

.Exercise 4.14 For the structure of the previous exercise, write a short program to check the analyticestimate. For each of 10 values of sd , generate a sample of 100 structures with Gaussian-distributeddetuning errors, compute the no-load voltage reduction for each, and make a scatter plot of no-loadphasor amplitude versus w, with the theoretical mean overlayed.90

5. EPILOGUEThese notes are intended as an introduction to electrodynamics as applied to microwavelinacs. However, let us not leave without mentioning the challenges at the forefront of research inelectromagnetic accelerators. The ultimate goal of accelerator research for high energy physics ishigh energy, and to reach high energy in a reasonable length, one requires a high gradient. Forexample, a 5-TeV collider fitting on any existing laboratory site would require a gradient of 1GeV/m or more.To place such a gradient in context, let us take note of the phenomena known to limitgradient, and gradients achieved to date. A glimpse of these may be seen in Fig. 5.1. This plotincludes results for a laser wakefield accelerator (LWFA), a plasma beat-wave accelerator(PBWA), and several 0.5-TeV collider concepts.9 The block marked "SLC" extends from 20MV/m as for a typical structure, to 40 MV/m as for certain higher gradient structures on the linac.The phenomena of concern are field-emission, breakdown, trapping, and pulsed heating.10-210-110010110210-310-210-1100101102

G (GeV/m)l(cm)LWFAPBWACLICNLCSLCBreakdownTrapping120 �C80 �C40 �C

Figure 5.1. Current state of the art in high-gradient accelerator research.Field-emission refers to the extraction of electrons from a surface in the presence of a largeelectric field. The picture associated with this process consists of a potential well binding electronsto the bulk of the solid, modified by the presence of the applied electric field. Electrons tunnelthrough the modified potential barrier at the surface and escape. For such a quantum-mechanicaltunneling process, one can show that emitted current density J varies roughly as

ln /

J D E »-

with D a constant depending on the work function, and E the electric field. In practice, in high-power rf work, the exponent inferred from collected current is 50-200 times as large as one wouldexpect based on the expected surface electric field. To operate at a gradient of 1 GeV/m one wouldrequire a much lower field-enhancement, on the order of 5, to control loading and structuredamage.Known mechanisms for enhancement of field emission are (1) a roughened surface,91

causing geometrical enhancement of the local electric field, and (2) surface impurities, tending tolower the work function. Control of field emission is an ongoing research activity at present,concerning itself with surface finish, coatings and cleanliness.26 At the same time, there isexperimental evidence that field emission is inhibited on short, nanosecond time-scales,27 and thissuggests that to reach high gradient, one could consider structures with natural fill times on thenanosecondscale.Thisimpliesashortrfwavelength,ontheorderofmillimeters.F i e l d e m i s s i o n i s s o m e t i m e s a s s o c i a t e d w i t h breakdown.28 F o r h i g h - p o w e r p u l s e d r f systems operated at high vacuum (10-9-10-7 torr) as employed on rf linacs, breakdown refers to acollection of three coincident symptoms: (1) a sudden change in the rf waveform, e.g., a suddenincrease in the reflected voltage from a resonant device, (2) an increase in x-ray emission, (3) adegrading of the vacuum. The field level at which breakdown occurs for a given structure isknown to depend on the history of the structure (fabrication, assembly, cleaning, handling), inparticular, its previous exposure to rf (conditioning cycle). In general one may say that breakdownoccurs at a higher field level for a shorter pulse and this too suggests that for high gradient,structuresoperatingonshortertime-scaleswouldbedesirable.Trapping refers to the acceleration from rest of field-emitted or injected electrons in thes t r u c t u r e . T r a p p i n g f r a c t i o n i s a f u n c t i o n o f t h e p r o d u c t

G l

of the gradient

G

and the rfwavelength

l

. This is easy to see. We express the accelerating electric field in a travelling-wavestructure as

- = eE eE

z 0 cos y

, where the phase

y b w

= -s t

, with

b

the wavenumber for the rfsignal. The angular frequency of the microwave system is w. Given an initial value for anelectron’s phase and energy, we may track its longitudinal motion according to

dds Vz

y b w = -

,

dds mc eE 2 0 g y ( ) = cos

.One can show that for an electron injected into a speed-of-light structure

w b/ ,=

( )c

with initialspeed

b0 c

and phase

y 0

, that at any later time, its phase

y

, and speed over

c

,

b

are relatedaccording to the "binding-field" expression,

sin sin

y y a b b

= + -+ - -+ � � 0 0 1 1 1

,with

a b = eE mc0 2/

, just the normalized product of gradient and rf wavelength. Analyzing thisresult one can show that the minimum value of

a

required for trapping of particles from rest is

a = 1 2/

. More generally, one can show that the fraction of a monoenergetic beam trapped in aspeed-of-light structure is given by

ftrap = + - -+

�Ł� �ł� - 12 1 1 1 1 1 0 p a b sin

.To control the trapping of parasitic electrons at high gradient, one requires either (1) control of fieldemission or (2) a short rf wavelength, or both. The curve in Fig. E.1 corresponds to a=1 and atrapping fraction of 50%. Pulsed heating refers to the deposition of heat, by Ohmic loss, in the conducting structure,in a single pulse. Heat flow within the conducting surface is governed by the diffusion equation,92

C

T t

E

T ¶

¶

s k

¶

¶ x

= -

2

2 2,with

s E 2

the local volume rate of Ohmic energy deposition,

k

the thermal conductivity, and

C

the heat capacity. For room-temperature copper

k = � -

401 W K m /

and

C J K m

= · � -

3 45 10 6 3 . /

. The depth to which heat diffuses in a time

t

varies as

t 12/

, andaccordingly, the temperature rise within the conductor varies as

D T E t

� 212/

Curves of constantpulsed temperature rise are shown in Fig. E.1, for pulse length equal to the natural fill-time of aconstant-gradient travelling wave structure with attenuation parameter

t » 1

.Taking all these considerations together, the phenomena limiting gradient all imply that highgradient requires short wavelength. For a 1-GeV/m linac, interest begins in the W-Band, 75-110GHz. A cross-mark has been added in Fig. E.1 as a helpful landmark, corresponding to 1 GeV/m.T h e m i n i m u m f r e q u e n c y i s c l o s e t o 9 1 . 4 G H z ( 3 . 3 m m ) , t h e 3 2 n d h a r m o n i c o f t h e S L C fundamental frequency, 2.856 GHz. However, the curves of pulsed temperature rise, in Fig. E.1,m a k e c l e a r t h a t s u c h a W - B a n d l i n a c w i l l s u f f e r s e v e r e p u l s e d h e a t i n g , a n d t h e conventionaltravelling-wave structure, the paradigm for fifty years, will fail. To be sure, it is yet an openquestion exactly what cyclic pulsed temperature rise a structure can withstand, and this is thesubject of ongoing research on materials under conditions of high-power pulsed rf.29 Otheressential research problems include structure fabrication,30 wakefields,31andpower sources.32Ultimately the question for any linac concept is: what is the maximum achievable gradientfor a concept and technology scalable to a high energy collider? This question is asked for theconducting geometries, as well as the dielectric, for the tube-powered linacs, as well as laser andbeam driven linacs. The answers are largely unknown. For the conducting structures, conceptualinnovation is required as well as materials research. For the plasma accelerators, basic parameterssuch as [R/Q] have yet even to be calculated, and the collider concept itself is non-existent. Thefield today is wide-open, and as Fig. E.1 implies, opportunities for research abound.93

APPENDIX A: NUMBERS AND MATHA.1 Constants A few constants are hard to live without, and are listed for convenience in Table A.1. It isnatural to ask: why these constants and not some others? Questions like this are why we have highenergy physics programs at many of the national labs!

TABLE A.1.

Constants for electrodynamics in this universe.

mc

2

0 5110

= . MeV

electron rest energy

c = = ·

1 2 9979 10 0 0 8 e m . m/s

speed of light

r e mc

e^{= = ·} - 2 0 2 15 4 2 8179 10 p e . m

classical radius of the electron

Z 0 0_0 376 7 = = m e^. W

wave impedance of free space

I mce 0 0 3 4 17 03 = = p e . kA

Alfven’s constant

a pe = = e c2_04 1137 036 h .

fine structure constantTo reduce quantities to practical units one needs in addition the charge of an electron, -e,with

e = · -

1602 10 19 . C

, and

mc e/ .= · --

1 7 10 3 T m

. Occasionally it is helpful to know the ratioof proton to electron mass,

m mp / » 1836

, Avogadro’s number

NA = ·

6022 1023 .

, andBoltzmann’s constant,

kB

, where

k TB = 1 387/ . eV

for T=300�K. It is never necessary toremember

e0 12

8 85 10

= · - -

. Fm 1

,

m p 0 7 4 10

= · - -NA 2

, nor the mass of the electron

m= · -

9109 1031

. kG

.Exercise A.1 A photon of angular frequency w carries energy

hw

. Using the constants from Table 1.1,and the electronic charge in coulombs, show that a photon of 1 mm wavelength carries energy of about 1eV. (Evidently one does not need to remember that Planck’s constant divided by 2p is

h= · -

1051034

. Js

.)Exercise A.2 The binding energy of an electron in the ground state of a hydrogen atom is

mce 2 2 2a /

.Compute this in units of electron-volts.In addition, there are a few combinations of numbers that come up so frequently they alsoshould be second nature. In speaking of couplers, attenuation and the like, decibels come in handy,

10 2 3 10 log ( ) » dB

,

10 3 5

. One someday may wonder whether an error of

–01. dB

is94

important. Since

20 0 99 0 1 10 log . .

( ) » - dB

, the answer is yes if one is working at the 1% level involtage, otherwise no. If the error is

– 1 dB

then since

- » ( )

1 10 0 810

dB log .

, the uncertainty is oforder 20% in power. Mention of units for amplitude reminds us too of units for phase,

p » 3 14159 .

and

1 57 3

radian = �.

. Next, one may need to communicate results in some strangeyet conventional set of units, so let us contemplate our choices.A.2 Units For All OccasionsThe conventional set of units is the International System of Units, colloquially, MKS. Thatsaid, in some places, to get something machined one needs

1 2 54

inch cm = .

and

1 0 001 25 4

mil inch m = = . . m

. If surface finish is a concern, for a machined part, Class XXmeans XX minches roughness average or

R a

. Roughness average is the average peak-to-valleydepth over the surface. A rough surface exhibits greater losses than a smooth surface, for oversuch a surface the wall currents must traverse a greater path length. In addition, rough surfaces arerumored to have lower breakdown thresholds at high power. So a good finish is a good thing. AClass 1 finish has a roughness average of

1 250 minch A »

. Other units that may come up:

1 3 3

m ft = .

,

1 5280 1609

mile f m

= =t

. Electrons in linacs often come in bunches a few mmin length, where

1 3 3

mm ps » .

.Area too is a broad subject. Accelerators are often built based on the expected cross-sectionfor some event. Cross-sections are usually measured in picobarns (10-12 barn) or, worse yet,femtobarns (10-15 barn) nowadays and so one may need

1 10 28 barn m 2 = -

. Oftentimes one hearsexperimenters speaking of inverse picobarns; what they are referring to is a number (integratedluminosity) they can multiply by their expected cross-section to determine the number of eventsthey could produce. Most likely they couldn’t produce that many. Area is also significant in thephysical layout of an accelerator, with units such as 1 hectare =100 m

·

100 m, 1 acre=43,560 sq.ft

»

0.4 hectare.Meanwhile, time is of the essence, so we mention, 1 week=168 hour,

1 8760 315 107

year hour

= = ·. sec

. Speed we appreciate; electrons in linacs typically travel atabout

c ft ns

» 1 /

. Signals in coaxial cable (RG-214 or RG-58A, say) often travel at 0.66c

»

1 m/5ns. Let us also take a moment to enjoy the many units for pressure,

101 10 760 5 . · » » �( ) » »Pa1.01bar760mmHg0Ctorr14.7psi

.Exercise A.3 A 10-GeV electron beam travels through 8 girders, each girder consisting of 40 feet ofaccelerating structure. At the end of each girder the beam induces a signal on RG-214 cable. All cablesmust be run 50 feet up to exit the accelerator housing, and then must be run to one location, directlyabove the end of one of the girders, to permit acquisition of the signal by a single gated analog-to-digitalconverter (GADC). Cable lengths must be such that all signals arrive simultaneously. At which of the eightlocations should the GADC be located to minimize the length of the longest cable?Accelerators consume a lot of joules, and this may show up on the power bill in Britishthermal units,

1BTU1.05kJ =

. If horsepower is needed,

1hp 0.746kW =

; at the other extreme,

1mW0dBm ”

, i.e., dBm means decibels relative to milliwatt. Speaking of energy and power, itis amusing to note that a typical industrial 5 hp motor will run at 70-80% efficiency, as can a homefurnace, or a fluorescent light bulb. Makes one wonder what an accelerator can do.95

Exercise A.4 The Stanford Linear Collider (SLC) collides two 46-GeV, 1-mm long bunches, each withabout 6 nC of charge, at a rate of 120 Hz during normal operation. What is the average power in onebeam? The peak power? If the power drawn by the site during 120 Hz running is 50 MW, what is thepractical efficiency of the SLC?A.3 Vector IdentitiesA vector recall is a thing with magnitude and direction. For example, wind "velocity" is avector since it consists of a speed (e.g., 100 miles per hour) and a direction (e.g., from the East).The dot-product (or scalar product),

r r A B•

, of two vectors,

rA

,

rB

is just a number,

| | | | cos

r rA B q

,where

| |rA

is the length (or magnitude) of

, and q is the angle between

and

. The c r o s s - product of two vectors is yet another vector, at right angles to

rA

and

rB

. To picture the cross-product

r r A B·

, one places one’s right thumb on

, and index finger on

; the palm then pointsin the direction of the cross-product. At some point, use of hands becomes tedious and we resort toan algebraic approach,

r r A B x x x

A A A

B B B x A B B A x A B B A x A B B A

· = = -( ) + -() + - ( ) ^ ^ ^ ^ ^^

1 2 3

1 2 3 1 2 3 2 3 2 3 1 3 1 3 1 2 1 2

,referred to an orthogonal right-handed coordinate system with basis vectors

^ , ^ ,^

x x x

1 2 3

, for example

x x x x y z

1 2 3

, , , ,

( ) = ()

, corresponding to directions forward, left and up.It is when a cross-product is involved that the more outrageous of the Vector Identitiesarise. However, the secrets of these Vector Identities can be unlocked with the anti-symmetric 3-tensor,

eijk

. If (ijk) is a cyclic permutation of (123), then

eijk=1

. Thus

e e e 123 312 231 1

= = =

.Moreover if (ijk) differs from (123) by an even number of transpositions, then

eijk=1

. Atransposition is an interchange of indices, such as

ijk jik ikj kji

( ) fi ( ) ( ) ( ) , ,

. If (ijk) differs from(123) by an odd number of transpositions, then

eijk=-1

. If any of the indices (ijk) are identical,then

eijk = 0

. Using these rules, one may check, component-wise, that the cross-product of twovectors may be expressed as

r rA B A B A B

i j k ijk j k ijk j k

·( ) = = = =� �1313 e e" "

,where we adopt the abbreviation that repeated indices are summed over the values 1,2,3. Thissummation convention saves one a lot of time and paper. One can also check, component-wise, thesecret to all curl identities

e e dd d d

ijk ilm jl km jm kl = -

, where

dkl

is the Kronecker delta,

dkl =1

if k = l , and

dkl=0

otherwise. One can go on todemonstrate infinitely many identities; Exercise A.5 includes three of the more popular ones.96

Exercise A.5 C o n f i r m t h a t

r r r r r r r r r

A B C C A B B C A • · ( )

= • · ( ) = • · ( )

,

r r r r r r r r r

A B C A C B A B C · · ( )

= • ( ) - • ( )

,

r r r r r r r r r r r r

A B C D A B C D A D B C · ( )

• · ( ) = • ( ) • ( ) - • ( ) • ( )

.We can also use

e ijk

to derive some relations for gradient, divergence and curl. First though, let usdefine these items.A.4 Vector CalculusGiven a real-valued (scalar) function

f rr( )

, one may sketch the surfaces of constant f(equipotentials); the gradient of f,denoted

r r � ( )f r

, is a vector normal to the surface passing through

rr

, given in Cartesian coordinates by

r ) )

� = + +

f x fx y fy z fz

^^¶_¶^¶_¶^¶_¶

.Recall that the partial derivative,

¶ ¶f x/

, is just an ordinary derivative with respect to x, when theother independent variables, y and z are looked on as constants. This ordinary derivative is just theinstantaneous slope of the curve f vs x.As for divergence, first consider a vector field

r rA r( )

, i.e., an assignment of a vector

rA

toeach point in space

rr

. For example, we may consider particles of hail in a thunderstorm---specifically, the flux of hail particles, defined as the local number density of hail multiplied by itslocal velocity. (Units would then be number of hail particles per square meter per second, or m-2s-1.) The divergence

r r � • A

at a point

rr

is just the rate at which particles are leaving a small volumeenclosing

, divided by the volume. Symbolically, we say

r r r r

� • = • fi � A V A dS V V lim 0 1 ¶

.The limit symbol means the value when V becomes small. The surface of the volume V is denotedby

¶V

and this surface has been divided up into small squares of area

dS

. The vector

dSr

hasmagnitude dS and points outward, normal to the surface. The dot product

r rA dS•

simply countsparticles flowing through the square. The integral sign indicates a sum over each little square. Inwords, the rate of accumulation in a volume V is the rate at which flux enters.Given this definition it isn’t surprising that for a finite volume V, one has an identity,

r r r r r

� • = • � � Adr AdS V V 3 ¶

,also referred to as the divergence theorem, or sometimes Green’s theorem (although George Greendeveloped several, as we will see). On the left-side, the volume V has been divided into little cubeseach of volume

dr3 r

; one can picture a cube of dimensions

dxdydz · ·

, in which case97

d^{r dx dy dz3 r =}. In Cartesian coordinates, divergence takes the form

r r � • = + +

A Ax A y A z

x y z ¶ ¶ ¶ ¶ ¶ ¶

.Finally there is the matter of curl. The curl of a vector field

rA

is another vector, denoted

r r � · A

, and is most easily defined component-wise. To compute the component of curl along adirection

)n

, at a point

rr

, let us draw a small closed contour (a circle, if you like) around the point

rr

, with normal

)n

. The curl is defined as

r r r v ) � · ( ) = • fi � A

S

A d l

n S Slim

0 1 ¶

.where the area enclosed by the path (the area of the circle) is S, and the contour (the perimeter of S)is denoted

¶ S

. This contour has been divided into small lengths

dl

and the vector

d lr

is orientedtangent to the contour, with magnitude dl. The integral sign indicates a sum over each lengthelement. Such an integral is referred to as a circulation integral, since it provides the localmagnitude and direction of the circulating component of the flux. For a finite surface S, one hasStoke’s Theorem,

r r r r v � · ( ) • = • � � A d S A d l

S S¶

.In Cartesian coordinates, the curl of a vector may be expressed as

r r � · ( ) = A A i ijk j ke¶

,where we adopt the abbreviation

¶ ¶ ¶ j jx = /

.Exercise A.6 Confirm that

r r� · =r 0

and

r r r

� • ·( ) =

r a 0

, where

ra

is a constant vector.Exercise A.7 Verify that

r r r r r r r

� · � ·

( ) = � � •( ) -�

A A A2

,

r r r r r r r r r

� • ·( ) = • � ·( ) -•�· ( ) A B B A A B

,

r r r

A B A B A B

a b a b b b a

·�·( )

{ } =-¶ ¶

,

r r r r � · ( ) • � ·( ) =

( ) ( ) - ( ) ( )

A B A B A B

a b a b a b b a

¶ ¶ ¶ ¶

.In analyzing waveguide, we will make use of Green’s second identity, also called Green�stheorem,

y y y y y ¶y¶¶

1 2 2 1 2 2 1 2

� +� •�

( ) =

^ ^ ^ ^

� �rS Sd r n dl

,where

y1

and

y2

are functions of

rr^

, the area integral is over the waveguide cross-section S, andthe line integral is around the waveguide circumference

¶S

, as indicated in Fig. A.1.

¶y ¶2/ n

isthe derivative of

along the outward oriented normal.98

�n¶SFIGURE A.1 Geometry for application of Green’s theorem to a surface S and boundary

¶ S

.A.5 Cylindrical CoordinatesCylindrical coordinates are frequently used in accelerator problems, as very often thematerial geometry (the beamline) possesses cylindrical symmetry about some axis, usually denoted

ẑ

or

ŝ

. Notations we will use for position are

r r r

R r z z r s s x y z r r z z

= + = + = ( ) = +

^ ^^,^

,where the radial coordinate r, and the angle f are determined from

x r= cosf

,

y r= sinf

, so that

r x y

2 2 2 = +

. Unit vectors are

^ ^^ r r x x y y

= +( ) 1

,

f = - + ( ) 1 ryxy

.The gradient operator is

r� = + + = + +

^ ^ ^ ^ ^^

x x y y z z r r r z z ¶

¶

¶

¶

¶

¶

¶

¶

f

¶

¶ f

¶ ¶1

.and a few other operators are handy to have,

r r� • = + +

A r rrA r A Az r z 1 1 ¶

¶

¶

¶ f

¶

¶ f

,

r r� · = -�^Ł� �^ł� + -�^Ł� �^ł� + -�^Ł� �^ł�

A r r A Az Az Ar z r rrA r A

z r z r ^ ^^ 1 1 1¶f¶f¶¶f f f

,

� = + +

2 2 2 2 2 2 1 1 f r rr fr r f fz ¶ ¶ ¶ ¶ ¶ ¶ f ¶ ¶

.The volume element in cylindrical coordinates is

dr dVrdrd dz 3r= = f

.Exercise A.8 Check that, for any constant coefficients

fm

,99

f f r e m

m m jm =

=-¥

+¥ � f is a solution to

� = 2 0 f

. In the x-y plane, sketch the curves of constant

r re j

cosf f =´

, and

r r e j

2 2 2 2 cos f f =´

.A.6 Integrals and Special FunctionsThe bottom line on integrals is Gradshteyn and Ryzhik.33Atthetopofthelistis

dx e x-

¥� =2

0 12 1 2_{p /}

.This can be checked as follows:

dx e dx e dx e dx dy e d dr r e du e

x x y y x r u - ¥ - -¥ ¥ - -¥ ¥ - -

¥ - ¥ -

� � � �

� � �

�Ł� �ł� = �Ł� �ł�Ł� �ł� =

= = =

2 2 2 2 2 2 0 2 02 0 0

14 14

14 4 4

f p p

p^.

In the first line we used the fact that the integrand is even, so that the integral is just one-half of thatover the entire real axis. In the second line we identified an integral over the entire x-y plane. In thethird line we changed to polar coordinates in the x-y plane, and changed variables again from r tou=r2. The remaining integral was just an exponential integral. We can also dress this integral up abitwithachangeofvariables,

dxe x x - + -¥ ¥� = �Ł� �ł� �Ł� �ł�

m n pm nm

2 2 1 2 2

/ exp

.Next, there are a few special functions that are essential; all can be found in NumericalRecipes.25 The definition of the regular Bessel function of the first kind, of order n, is

J d e e

n jn j

x p qp q x q

( ) = � - 1 2 02 sin

,and this may be expressed also as a Taylor series expansion,

J k n k

n n k k

x x x

( ) = �Ł� �ł� -( )+ ( ) =¥�2 0 14 2! !

.One can show that

x x x x x

2 2 2 2 2 0

dd dd n Jn

+ + -

( )�Ł�ł�=

,100

that is to say, the Bessel function can be employed to construct solutions to the Helmholtz equationin problems with circular symmetry,

0 1 22 2 2 2

= - + � Ł� � ł�_{( )} = � +

( ) ()[ ]^

e r r r r mr J r J r e

jm c n c c n c jm f f ¶¶ ¶¶ b b b b

.This function and a few others are plotted in Fig. A.2.

-2-1012012345J0J1Y0Y1FIGURE A.2. A few Bessel Functions for illustration.Exercise A.9 Confirm that

f J re e

m c j t z jmz

= ( ) -( )

b w b f

is a solution to the wave equation,

� -�Ł� �ł� =

2 2 2 21 0

c t f¶¶

,provided

w b b

2 2 2 2

= +( )

c c z

.A number of Bessel function integrals can be found in the references; one is particularlyhelpful,

d J J J J J

n n n n n

x x a x b x d a a b a b 01 1212 0

� ( ) ( ) =

( ) ( ) = ( ) =

+, , if

.In solving the wave equation in an enclosed cylindrical geometry, it is helpful to have

jmn

the n-th zero of Jm , and

¢j mn

be the n-th zero of

¢J m

. A few of these are listed in Table A.2, and a101

more exhaustive listing may be found in Abramowitz and Stegun.22 It is worth remembering

j 01 2 4 » .

and

¢ » j 11 1 8.

, the others one can look up.

TABLE A.2.

A few zeroes of Bessel functions.

j n0 J j n 1 0 ( )j n1¢ ( )

J j n

1 1¢j n

0^{J j} n0 0^{¢( )}

2.404830.519153.83171-0.402763.83171-0.402765.52008-0.340267.015590.300127.015590.300128.653780.27145

j n2¢ ( )J j n2 2¢j n1J j n1 1¢( )

11.79153-0.232465.13562-0.339671.841180.5818714.93092+0.206558.417240.271385.33144-0.34613A.7 Delta FunctionOne most helpful tool in the analysis of waveforms is the delta function,

d ds s x x ( ) = ( )fi

lim0

,where

d ps s

s x_x

( ) = -_�^Ł�_�^ł� 1 2 2 22exp

.Given the integrals established in the previous section, one can see that

dx xd s ( ) =

-¥+¥� 1

.In fact, one can see that for a continuous function f varying slowly on the scale s,

dx x a f x dx x a f a f a a a d d s e se

-( ) ( ) » -()()

» ( )

-+ -+ � �

,provided e is larger than a few s. Based on these relations one can determine the rules by which d-functions are employed,

dx x c f x c a f c a c b b c ab d -

( ) ( ) =_<()

< << � � 0

.A related item is the step-function,

Hx x x

( ) = <=< �0 001 012

.102

One relation is particularly handy, note that

d p s s p

w w s w

s_x t d j t

( ) = -

�

Ł �

� ł � = - + ( ) -¥ ¥^� 1

2 2

1

2 2 2 1 2 2 2 exp exp

,so that in the sense of our limit,

d p w w

t d e j t

( ) = -¥� 1

2

.Exercise A.10 The current waveform for a single electron bunch in a linac often takes the approximateform

I t Q t t t ( ) = -�Ł� �ł�

2 2 22 p s sexp

,for some bunch length

s s z tc=

. Confirm that Q is the charge in the bunch. Suppose that such a currentwere passed through a resistor, R. Compute the energy dissipated,

U dt I R

= -¥+¥� 2

and the loss-factor

k U Q

= / 2

.A.8 Fourier AnalysisThe Fourier transformation is the map of an integrable function

f t( )

to its Fourier transform

f̃ w( )

,

f t f dte f tj t

( ) fi ( ) = () - -¥+¥� ~ w p w 12

.Since notations differ, it pays to check the normalization when checking another’s results. Inreading physics papers one often makes the substitution

j ifi -

. Notice that one has an inverseFourier transform

12 12 1212

p w w p w p p w d

w w w w w d e f d e dt e f t dt f t d e e dt f t t t f t

j t j t j t j t j t

~ ( ) =¢ ( ) = ¢ ¢( ) = ¢ ¢( ) - ¢( ) = ( )-¥+¥-¥+¥-¢-¥+¥-¥+¥-¥+¥-¢-¥+¥

� � � � �

provided the order of integrations may be interchanged, which is to say, if f is sufficiently well-behaved.Exercise A.11 Show that the Fourier transform of the current waveform for the Gaussian bunch ofExercise A.10 is103

~

exp I

Q

t w

p w s ( )

= -

( )

2

1

2 2 2.Confirm that the energy loss in Exercise A.10 may be expressed as

U d I R

= -¥+¥� w ~_2

.Exercise A.12 (Convolution Theorem) Show that if

~ ~~ f g h

w w w

( ) = ()()

, then

f t d t g t h t t

( ) = ¢ ¢( ) - ¢()

-¥+¥�

.For a well-behaved function defined on a finite interval, it is often convenient to use aFourier series. The Fourier series for

F f( )

on the interval (0,2p) takes the form

F e Fjn n n f f ( ) = =-¥+¥�

,where the coefficients are obtained according to

12 1212 12 2

02 02 02

p f f p f p f p p d f p f p ff p f d e F d e e F

F d e e F F

jn jn jm m m m m jn jm mm m n n

- - = -¥+¥

= -¥

+¥ - = -¥+¥

� � �

� � �

( ) =, .

Exercise A.13 Consider the Laplace equation in two dimensions,

� = + =

^2 2 2 2 1 1 0

f r rr fr r f

¶¶ ¶ ¶¶ f

.Argue that at any fixed radial coordinate r, f(r,f) should be a periodic function of f. Go on to decompose faccording to

fr e f rjn n n , f f

( ) = ()

=-¥+¥�

.Determine the equation satisfied by each

fn

, and in this way show that the solution given in Exercise A.8 isthe most general solution of the problem.A.9 Numerical IntegrationWhen confronted with a system of ordinary differential equations, it is often easiest tosolve the problem numerically. For example, in the simplest case, one might wish to solve104

d X

dt

F X

2

2

=_{( )}.We reduce the problem to a first-order system

dX dt V dV dt F X

= = ( ) ,

,and we employ time-centering to insure a stable numerical integration,

X Xt V

n n n + + - = 1 1 2

D_/

,

V Vt F X

n n n

+ -- = ( )

1 2 1 2

/ /D

.This method can be applied to more complicated-looking systems, for example, a travelling-waveaccelerator, consisting of a chain of coupled oscillators.Exercise A.14 Consider the leap-frog algorithm applied to the simple-harmonic oscillator problem,

F X X

( ) = - W 2

. Show that the angular frequency of oscillation of the numerical system,

Wn

, may beexpressed in terms of the time-step Dt as

WW WD WD n tt

= ( ) ( ) -sin1 1212

,and confirm that for 60 steps per period the frequency is correct to within 0.5 parts per thousand.34A.10 KinematicsSome features of particle kinematics are assumed in the text, and in any case are helpful inappreciating the demands on accelerators for high-energy physics. We review them here. TheLorentz factor for a particle with velocity

rV

is

g = -�Ł� �ł� -

1 22 1 2 r V c /

,and if the particle’s mass is m, then its momentum is

r r p m V= g

, and its total energy is

e g = = + ( ) mc p c m c

2 2 2 2 4

1 2r/

. This is different from its kinetic energy which is

mc2 1g-( )

.There is one particular kinematic event that has a distinguished place in accelerator physicswork, and that is the collision of two-bodies. The algebra behind the great machines of our time,and their gradual evolution over the decades, is the kinematics of the two-body collision. Theproblem consists of two particles flying together and other particles flying out. Without knowingthe details of the interaction, one can make strong statements about the kinematic features of suchan event, using simply energy and momentum conservation. To simplify this problem, let usperform a change of reference frame, moving into the "center of momentum frame."We consider two particles, indexed by i=1,2, of mass mi, momentum

rpi

and energy ei, sothat105

e 1 1

2 4

1

2 2

= + m c p c

r, _{e 2 22 4 22 2= +m c p cr}.The total energy in the lab frame is

e e e

tot_{= +}1 2

, and the total momentum in the lab frame is

r r r

p p p

tot = +1 2

, a n d i f t h i s i s n o n - z e r o w e b o o s t t o t h e c e n t e r o f m o m e n t u m f r a m e , m o v i n g a t velocity

r r V p ctot tot

= 2 / e

. Calling this direction z, the Lorentz-transformed momenta take the form

¢ = - �Ł �ł

p p Vc z z 1 1 2 1 g e

,

2 2 2 2

,with transverse momenta unchanged. The Lorentz factor is

g ee

= - = - 1 1 2 2 2 2 2 r r V c c p tot tot tot/

.It is straightforward to check that the sum of the two momenta is zero in this boosted frame. Theparticle energies in this frame are

¢ = -( ) e g e

1 1 1

Vp z

,

2 2 2Vp z

,and the total energy in this frame is

e e e g e e e e q

com tot tot z tot tot z

Vp c p m c m c c p p

= ¢ + ¢ = -( ) = -

= + + -() - - 1 2 2 2 2

12 4 22 4 1 2 2 1 2

2 r r cos .

with q the angle between the particle momenta in the lab frame,

cos / q = •r r r r

p p p p1212

.The two common situations where these scalings are employed are the collider and thefixed-target experiment. In a collider, the lab frame and the center-of-momentum frame are roughlythe same, and the center-of-momentum frame energy is twice the energy of one beam particle,

e e com = 2 1

.(collider)Thus if one wishes to produce a 91.2-GeV particle, one needs two 45.6-GeV particles. At theother extreme, in a fixed-target experiment, one of the participants in the collision is initially at rest.Suppose this is particle #2, then

e e com m c m c m c

» + +

12 4 22 4 1 2 2 2

.If e1>>mic2,wehave

com m c

» 2 1 2 2

,(fixed target)and the energy in the center of mass frame is scaling as the square root of the incident particleenergy.The questions one might ask at this point include: (1) What particles can be produced andcollided? (2) What center of momentum energy can be reached? (3) What interaction rate can beachieved? Each of these is a question posed to accelerator physicists. So for example one couldask: what beam energy is required to make

ee- - - -fi mm

energetically possible? This reaction106

would be new and therefore interesting. Evidently we would need e m com m c

‡ = ·

2 2 106

2^{MeV}

.This implies an incident beam energy of

e e 1 2 2 2 2 2 106

2 0 511 44

= = ·_{( )} · =com em c MeVMeV GeV.

.This might be interesting insofar as this energy is achievable with the SLAC beam.Inspired, or at least not disappointed, by this brush with muons, one may wish to inspectthe many other particles available. One can get a glimpse of these from the Review of ParticlePhysics, published each year in Physical Review D35 . I list a few in Table A.3 that you willcertainlyencounter.

Table A.3

Particles with personality.

NameMass(MeV)

T y p e

L i f e t i m e

Decay Mode

g 0gauge¥

e_–

0.511 lepton¥

m_–

106 lepton2.2 ms

m n n^m

- -fi e^ep_0

135 meson0.1 fs

p gg

0 fip –

140 meson26 ns

p m n m - - fip

938 baryon¥ ?

n

940 baryon887 s

n pe e

fi_-nt –

1.78 x 103lepton0.3 ps

t n nt

- -fi l lW–

80.3 x 103gauge FW 2.1 GeV(hadrons)

Z0

91.2 x 103gaugeFW 2.5 GeV(hadrons)The Higgs (H) has not yet been discovered---the Superconducting Supercollider (SSC)was intended to be the instrument for that. For the future, folks look toward the Large HadronCollider (LHC) or the Next Linear Collider (NLC) to be the instrument for discovering the Higgs.The Z was discovered at CERN about 15 years ago, together with the W. The Z is the focus of theSLD studies at the SLC, and determines the energy requirement for the linac. Note that two-bodykinematics for

ee Z

+ - fi fi stuff

require the energy of one beam particle to satisfy

e > =mZ / .2 45 6 GeV

. SLAC’s two-mile accelerator can reach this energy thanks to SLED pulsecompression and the 5045 klystron.107

APPENDIX B: "LOW-FREQUENCY" ELECTRONICSA number of excellent texts on electronics can be found in the bookstores. At the mostelementary level, the short guide by Warring is quite readable.36 T h e t e x t b y S c h w a r z a n d O l d h a m 37 provides an excellent introduction to electrical engineering, with numerous solvedproblems. The text by Horowitz and Hill38 is widely acclaimed. An excellent general reference onconstruction of apparatus is the text by Moore, Davis and Coplan,39 and the text by Leo is wellworth reading.40 In the meantime, however, it is good to have a concise review of "low-frequencyelectronics"beforeploughinginto"microwaveelectronics."B.1 Basic Electronics The basic circuit elements are illustrated in Fig. B.1. An ideal voltage generator maintainsits voltage at spec (V in the figure) regardless of the load. The current through the voltage source isdetermined by the external circuit to which it is attached. An ideal current generator maintains itscurrent at spec (I in the figure) regardless of the external circuit. The voltage drop across thecurrent source is determined by the external circuit.

Wvoltage source current source capacitor inductor resistor switch

�IFIGURE B.1. Basic electronic circuit elements include a perfectly regulated voltage generator with nointernal impedance, a perfectly regulated ideal current source with no internal admittance, a capacitor (withno inductance or resistance), an inductor (with no capacitance or resistance), a resistor (with nocapacitance or inductance) and a switch.A capacitor is a circuit element which may accumulate charge Q, in which case the voltagedrop across the capacitor is Q/C, where C is the capacitance, measured in units of farads. Energy isstored in the electric fields within the volume of the capacitor in the course of charging it up. Aninductor is an element which develops a voltage drop across its terminals when a current I, varyingwith time t, passes through it. The voltage drop is LdI/dt, with L the inductance, measured inhenrys. Energy is stored in the magnetic field within the volume of the inductor, in the course of108

establishing the current flow through it. A resistor is an element that develops a voltage drop acrossits terminals when current flows through it. The voltage drop is IR, with R the resistance measuredin ohms. A resistor does not store energy; it is, as we see in Chapter 1, simply a collection ofcollisional conduction band electrons waiting to be pushed around, so they can go and beat up onthe ions. A switch is an externally controllable element with two states. When the switch is closed,current may flow, when it is open, current may not. The voltage drop is zero across a closedswitch, i.e., it is a short circuit.Kirchoff’s laws can be employed to figure out how circuits composed of the elementsabove work; they are (1) the sum of all currents entering a node is zero, and (2) the sum of allvoltage drops around a close circuit is zero. The current law derives from the definition of currentas time rate of change of charge, together with conservation of charge. Implicit in the voltage law isan assumption about frequency and the elements employed. In this case, as far as terminal voltagesare concerned, we are dealing with an electrostatics problem, and voltage may be identifieduniquely as work per unit charge. In this case, the voltage law corresponds to conservation ofenergy.Very often circuit analysis is aided by the notion of equivalent circuit, replacing a complexlooking circuit component with a simpler element of the same impedance, as illustrated in Fig B.2.The wavy line inside the symbol for the voltage generator simply indicates that we will beconsidering an alternating current (AC) signal. That is to say we will consider a voltage varying in

IW

�CRLV�Z�circuitequivalent circuit

IFIGURE B.2. Circuit analysis is aided by the notion of equivalent circuit.time according to a sinusoidal pattern,

Vt Ve Ve Ve V t

j t j t j t

( ) =´ ( ) = +()

= +( ) *- ~ ~ ~ ~ cos

w w w w f 12

,where

´

denotes the real part, and

Ṽ

is the voltage phasor, a complex quantity,

~ ~ ~ cos sin

V V e V j j = = +( )

f f f

.Notice that we are always free, in a circuit such as in Fig. B.2, to add a crow’s foot to it, toindicate a choice of "ground." This does not mean in reality that this point of the circuit will be atthe same potential as the water pipes. Merely that for purposes of circuit analysis, we have chosena reference point in the circuit, and chosen to analyze voltages with respect to it. For powercircuits, and for analysis of pulsed noise ("pick-up" or "ground-loop"), one might be morecircumspect about the concept of "ground."109

IW

�VI1I2I3

IFIGURE B.3. Notation for analysis of the RLC circuit.B.2 Circuit AnalysisLet us analyze the circuit of Fig. B.2 as it will appear rather frequently, oftentimesdisguised under a mass of symbols, that would otherwise mask its simplicity. From Kirchoff’svoltage law, the voltage drop across each element is the same, thus, with notation illustrated in FigB.3,

V L dIdt QC RI

= = =

3 2 1

.The total current drawn through the generator is, by Kirchoff’s current law, just the sum of thecurrents drawn through each element,

~ ~ ~ ~ ~ ~~

I I I I VR j C V Vj L

= + + = + +

1 2 3_w^w

,and we switch to phasor notation for simplicity. With this result we may summarize our analysis ofthe circuit, insofar as the generator is concerned, by a single impedance, "seen" looking into thereference plane marked by the dashed line in Fig. B.3:

Z VI=~

,where

1 1 1

Z R j C L

w w w ( ) = + -

�

Ł

� ł

.This result will often appear "dressed up" in the form,

Z R jQ w w w w w

( ) =^{+ -}

( )10 0/ /

,where we have made the abbreviations,

w0 1= / LC

,

Q RCL = /

.110

In general we may characterize any two-terminal passive circuit by its impedance. That’snot to say that impedance determines everything about the circuit element, merely how it behaves inpublic. (For example, it doesn’t convey the peak electric field within the element). We may wishalso to distinguish between the real part of the impedance,

´ Z

, the resistance, and the imaginarypart,

` Z

, the reactance. These distinctions become important when we consider energy flow.From the definition of voltage and current we can see that the rate at which the voltage generator isdoing work is

P t V t I t

( ) = ( ) ( )

,or, more explicitly,

P t V e V e I e I e V I e V I e V I V I V I e V I j t j t j t j t j t j t j t ( ) = +

( ) +()

= + + + ( ) = ´ + ( ) * - * -

* * - * * * 12 12 1412 2 2 2 ~ ~ ~~

~ ~ ~ ~ ~ ~ ~~

~ ~ ~~

.www

Averaging over one cycle we find that average rate of work done by the generator is zero --- unlessthe load (Z) has a resistive component,

P VI Z I Y V

= ´ ( ) = ´ ( ) =´ ( ) * 12 12 122 2

~ ~ ~~

.In the last line we introduced the admittance,

Y Z= 1

,and we will refer to

´ Y

as the conductance, and

` Y

as the susceptance.B.3 Simple FiltersWith just these basic elements quite a variety of items can be built. Let us consider the threein Fig B.4, for an appreciation of them will come in quite handy. These examples of filters areeasily understood qualitatively by noting that (1) a capacitor at low frequency is an open circuit (nocurrent flows) and at high frequency is a short circuit (no voltage drop), (2) an inductor at lowfrequency is a short circuit, and at high frequency is an open circuit. In fact these considerationsmake for simple rules one can use to judge the behavior of circuits. To see the high-frequencybehavior, short the capacitors, and erase the inductors.Exercise B.1 Referring to Fig. B.4, compute the transfer function for each filter, i.e., compute thevoltage on the right terminal, assuming that terminal is an open circuit, and assuming the voltage on theleft terminal is specified,Exercise B.2 Solve also for the response of the circuits in the time-domain, by considering theresponse to a delta-function applied voltage. Why is the low-pass circuit also called an integrator, and111

under what conditions is the output voltage faithful to the integral of the input voltage? Under whatconditions on the input voltage is the high-pass filter a differentiator?Exercise B.3 In steady-state, driven at angular frequency w, what is the energy stored in the LC-circuitof the bandpass filter?

�lowpass filter

�highpass filter

�bandpass filter �

I

W

I

WI

W

IFIGURE B.4. Examples of handy items one can construct from the basic passive circuit elements.Exercise B.4 For each of these filters, derive an exact integral expression for the voltage output.Breaking the time-axis into discrete points, and approximating the integral between points using thetrapezoidal rule, devise a simple numerical (digital) algorithm for applying each filter to an input voltagespecified at discrete time steps. In your algorithm, do not assume the time-step is small compared tocharacteristic circuit time-scales. Implement these filters as numerical subroutines in the language or withthe software of your choice, and test each against an exact solution.Exercise B.5 Making use of a standard fast-Fourier-transform package, devise an algorithm fornumerical implementation of these filters, assuming an input voltage specified at discrete time-stepsnumbering 2N .Two additional circuit elements will come in handy, and they are illustrated in Fig. B.5.One encounters the diode in modulator circuits, and in a special variety of diode for microwavedetection, the crystal detector.41 T r a n s f o r m e r s o n e f i n d s i n t h e m o d u l a t o r c i r c u i t , a n d m o r e importantly, we will find ourselves calling on the notion of transformer when we adopt a circuitanalogyforcertainmicrowaveproblems.112

diode transformerFIGURE B.5. Two very common, but not-so-elementary circuit elements.B.4 DiodesA diode consists of p and n type semiconductors sandwiched together as one crystal, on amount. A p-type semi-conductor has positively charged holes as the majority carriers; n-type hasnegatively charged electrons as the majority carriers of current. When a positive voltage is appliedto the p-side of the junction (forward bias), both p and n carriers flow through the junction inopposite directions. For the opposite, reverse bias, little current flows. The I-V characteristic for adiode takes the form,

I I es eV k TB = - ( ) / 1

, and the sign convention for the diode symbol is given inFig. B.6. The saturation current Is

»

10-8 - 1 0 - 1 4 A i s a p r o p e r t y o f t h e j u n c t i o n a n d T is thetemperature, with kB, Boltzmann’s constant. To gauge the behavior of circuits, it is often adequateto replace diodes with ideal rectifiers, for which I>0fi V = 0 , a n d V<0 fi I=0. More precisely,I>0fi V

»

0.7, V<0.7fi I

»

0 for silicon.

+-IFIGURE B.6. Sign convention for a diode.B.5 TransformersAn ideal transformer, as depicted in Fig. B.7, is characterized by the turns ratio N1 / N 2 . Theratioofvoltagesisjust

V N21 21=

,and the ratio of currents is just

I N 2 1 1 2=-

.113

If the voltage on the load-side (the voltage on the secondary winding) is high, this is a step-uptransformer. Otherwise it is a step-down transformer.

N1:N2

-+V1V2I1I2FIGURE B.7. An ideal transformer. The solid dot marks the positive terminal side. The winding on theside of the power supply is the "primary," and the winding on the load-side is the "secondary." In thisdrawing there is no indication of which side is the primary or the secondary.Figure B.8 provides a glimmer of how a transformer can be devised. The application ofvoltage across the wire causes currents to flow and sets up a magnetic field within the magnet. Thefield is concentrated in the magnet due to the high m. Thus one can control the magnetic field withthe external circuit. However, this does not imply that one has direct control over the magneticinduction, for the magnet consists of many domains of magnetic dipoles, and these two respond tothe applied magnetic field. The actual local magnetic induction is then the outcome of a statisticalprocess by which atomic dipoles align themselves. By Faraday’s law, the voltage drop acrossterminal No. 1 must be proportional to the time rate of change of magnetic flux enclosed by thecircuit, and similarly for terminal No. 2,

V N ddt

1 1= F

,

2 2= F

.Evidently then the voltages are transformed according to the turns ratio. As to the currenttransformation, the magnitude can be understood from energy conservation (neglecting losses inthe magent), and the sign from Lenz’s law. In connection with transformer circuits there is a notionof transferring a load to the primary circuit. The principle is illustrated in Fig. B.9. The impedance"seen" by the generator is

¢=�Ł� �ł�

Z NN Z12 2

.Thus a step-up transformer, lowers the impedance referred to the primary circuit.114

N1 turnsN2 turnsI1I2FIGURE B.8. A transformer might consist of two coils of wire, magnetically coupled through a highpermeability material, such as iron.

N1:N2V1V2I1I2ZFIGURE B.9. To illustrate transformation of load impedance, when referred to the primary circuit.115

APPENDIX C: CAVITY MODES AND PERTURBATIONSThe development of the theory of the accelerator cavity in Sec. 3 proceeded from anisolated resonance of a closed, lossless cavity, and considered perturbations: a beam, Eq. (3.5),wall losses, Eq. (3.6), a waveguide, Eq. (3.12), and iris-coupling to another cavity, Eq. (3.26).Since these results are central to the development of linac theory it is useful to set down a moreformal treatment of these perturbations.We consider fields and sources of the form

r r r

E r t E r e j t

, ~ ,

( ) = ´ () ( ) w w

,

H r t H r e j t

( ) = ´ () ( )

,

r r r

J r t J r e j t

, ~ ,

( ) = ´ ()

,

r r w w r r r t r e j t

, ~ , ( ) ( ) ( )

,and the charge density is subject to continuity,

~ , ~ ,

r w w w

r r r

r j J r ( ) ( ) 1

.Maxwell’s equations reduce to the form

r_{� · = -}~~

E j H w m

,

r_{� · = +} ~ ~~ H j E J w e

.Gauss’s law is satisfied identically, as one can check by taking the divergence. We consider aclosed cavity with perfectly conducting walls in the absence of source terms. Boundary conditionsare

)n E· =~ 0

,

)n H• =~ 0

, and the fields each separately satisfy the Helmholtz equation,

� + ( ) = � +( ) = 0 0 k E k H

~ ,~

,where

k2 2= w m e

. These amount to eigenvalue equations for the mode frequencies. Let usenumerate the modes and label them with index l. The eigenvalues we denote

, and the modefrequencies,

l

. We select basis functions

E

to be real, and adopt the normalization

d rE E 3� • =¢ ¢

r_{~ ~} , d

.To demonstrate this for

l l„ ¢

, one employs, in the case of non-degenerate modes, the Helmholtzequation, and conducting boundary conditions:

k k drE E dr E E E E dr E E E E dS E E E

l l l l l l l l

l l l l

l l l

2 2 3 3 2 2 3 - ( ) ( ) = � • · � ·( ) - · � ·( ) { } = • · � ·( ) - · � ·

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ � � r r r r r

r r r

~ ~ ~ ~ ~~

~ ~ ~~

~ ~ ~~ l ( ) { } = 0.

.In the case of degenerate modes, we assume Gram-Schmidt orthogonalization has been employed.We define the basis functions for the magnetic field according to116

r � · =

~~

H k E

l l l ,

r

� · =

~~

E k H

l l l

,and one can show that these too satisfy orthonormality. For this idealized system, a generalvacuum oscillation may be expressed as

v r r

E r t E r e t , ~~ ( ) = () ( ) � l l l

,

r r r

H r t H r h t ( ) �_l l l

,where the time evolution is given by Faraday’s law in the time-domain,

Z ht e

0 ¶¶ w

l l l = -

,and Ampere’s law,

¶¶ w l l l

e t Z h = 0

,corresponding to an undamped simple harmonic oscillation in each mode,

¶¶ w l l 2 2 2 0 t e + � Ł� � ł� =

.On average, equal amounts of energy are stored in the electric and magnetic fields.Next let us consider a weakly perturbed cavity, one for which the original basis functionsare no longer exact solutions. Let the fields in steady-state at angular frequency w take the form

~ , , ~ ,

E r H r r r w w ( ) ( )

. We define mode amplitudes for the perturbed problem according to

~ ~ ,~

e d r E r E r l l w w ( ) =

• ( ) � 3 r r r

,

h d r H r H r

� 3r r r

,with integrals over the unperturbed cavity volume. To obtain equations for these mode amplitudes,we take the dot product of Faraday’s law with

H̃ l

, and we take the dot product of Ampere’s lawwith

E

, and we integrate each over the volume. Faraday’s law takes the form

- = � ·( ) • = � • ·( ) + • � · = • · + •( ) = + • · � � � � �

j h d r E H d r E H E H dS E H d r E k E k e dS E H

mw l l l l

l l l l l l

~ ~ ~ ~ ~ ~~ ~ ~ ~ ~ ~ ~ . 3 3 3 r r

r r r

r

r r v

and Ampere’s law takes the form

j e dr H E drJ E dr H E H E drJ E kh dS E H drJ E

w e l l l l l l l l l l

~ ~ ~ ~~ ~ ~ ~ ~ ~~ ~ ~ ~ .

= � · ( ) ( ) - � • ·( )

{ } - • = + • ·( ) � � � � 3 3 3 r r r

r r r r

r r r r

Abbreviating,

~ ~~ J d r J E l l = •� 3

,these are just117

- = + • ·

�

j h k e d S E H m w

l l l l

~

~

~~ r,(C.1)

j e k h d S E H J ew l l l l l ~

~ ~ ~~

= + • · - � r

.(C.2)The integrals are over the unperturbed cavity boundary. We consider next different kinds ofperturbations.C.1 Perturbation Due to Lossy WallsWith the addition of finite conductivity to the cavity surface, the boundary conditions on thephysical fields (as opposed to our modes l that were derived for different boundary conditions) areamended to read

~ ^~ E Z n H s = - ·

, where recall that

Z R j

s s= +( )

1 sgn

, with Rs t h e s u r f a c e resistance.Thispermitsustocomputethesurfaceintegrals.Wehave

S S s S s sS w w w w dS E H dSn Z n H H dSZ n H H n n H H Z dSH H

� � � � • · = • - ·( ) · = • •( ) ( ) { } = • r ~ ~ ^ ^ ~ ~ ^ ~ ~ ^ ^ ~~

~ ~ ,

l l l l l

where use is made of conducting boundary conditions on the unperturbed modal pattern,

^~ n H• =l 0

; likewise,

n E· =l 0

, so that

S S S

w w w

dS E H dSn E H dSH n E

� � � • · ( ) = • ·( )

( ) =

r ~ ~ ^ ~ ~ ~ ^~

l l l 0

.To simplify the wall loss term, we make the approximation

S S w w dSH H h dSH � � • » ~ ~~ l l l^2

,thereby discarding any mode coupling through the lossy wall currents. This is appropriate, forexample, for an isolated resonance, one that does not overlap another mode in the frequencydomain. In terms of the wall quality factor, Qwl,

1 2 22 22

Q dS H dS H

dV H

w S wallvolume w l l ll d d = = ~

~

~

.(C.3)we may write

S sS w w w dS E H Z dSH H Q j h � � • · = • = +( )

r_{~ ~ ~ ~ sgn}

m w w 1

.Putting the results together, we have

j e kh J

e w l l l l ~ ~~ = -

,

- = + +( ) j h ke Q j h w m w m w w

l l l l ~

~ sgn

.(C.4)118

We consider a weak perturbation, Qw > > 1 , n e g l e c t i n g t e r m s w h i c h a r e s e c o n d - o r d e r i n perturbations. In addition, we approximate

w w l »

in the term of order 1/Qw. The effect of thisapproximation must be slight, since Qw>>1. Note that wall-losses have produced a shift in the realpartofthecavityfrequency,wesubsumethatintoaredefinitionof

w l

,

w w l l 2 2 1 1+^fi/ Q w

.(C.5)We arrive at

w w w w w e l l l l

2 2 1 - - � � � � � � = - j Q e j J

w^{~~}

,or, in the time-domain,

d dt Q d dt e d dt J w 2

2 2 1 + + � Ł� � ł� = w w e l l l l

.(C.6)C.2 Perturbation Due to BeamNext we evalute the perturbation due to the current source in Eq. (C.6). For a ballistic"pencil" beam, the current density is

r r J z r I t z V b = ( ) -�_Ł �_ł ^ d 2

,(C.7)where Ibisthebeamcurrentwaveform.Inthefrequencydomain,

~ , ^ ^ ~ /

J r z r d e I t z

V z r I e j t b b j z V

r r r w d w

p d w w w ( ) =( ) -�Ł �ł = ( ) ( )^ -¥¥ - ^ -�2 22

.With this we may compute the source term

J̃ l

,

~ ~ ~ ^ ~~ ~ , ~ ,^//

J d r J E d r z r I e E

I dz E r z e I w

b j z V b cavity z j z V b

l l w l l w^{d w} w w = • =_{( )} ()

( ) • = ( ) =( ) = ( ) � �

� ^ - ^ - * 0 r r r r

and we abbreviate,

~ , /

w dz E r z e

cavity z j z v

= =( ) � ^ r_0

.This coefficient we may relate to the more conventional quantity, [R/Q], as follows. The voltagedrop (or gain) experienced by a particle travelling at speed V in the z-direction, and passing z=0 attime t=t0is119

V t dz E r z t

z

V

c cavity

z 0 0

0 ( )

= = +

�

Ł

� ł

� ^

r , ,.(C.8)We may express this in terms of the modal decomposition,

E r z t z V E r z e t z V z z r r ^ ^ = + �Ł �ł = =_{( ) +}�_Ł �_ł

�000 0, , ,ll l

,and in the frequency domain, as

~ ~ ,

~ , ,/ V d e V t dz d e e t z V E r z

e dz E r z e

c j t c j t cavity z cavity z j z V

w wp wp w w w l l

l l w

( ) = ()= +�Ł �ł =( )

= ( ) =( ) -¥

¥ - -¥

¥ - ^

^ � � �^{2 2 0} 0 0 0 0 0^r r

and we assume for simplicity that only a single mode, l, is excited. Evidently then

~ ~~ V e w c = l

, andour cavity equation, Eq. (C.6), may be re-expressed in terms of the more meaningfulnormalizations,

Ṽ c

,

Ĩ b

, according to

w ww w we

l l_{l l}

2 2 2 - - � � = -

j Q V j I w

w cwe bwJ ~~ ~~ 123

, or

w ww w ww

l l l 2 2 - - � � = - ØºŒ øßœ j Q V j r Q I w c b ~~

.(C.9)Here we introduce

rQ w

ØºŒ øßœ = 20

e w l

.The [r/Q] for the coupling of the beam to this mode l may be expressed in a normalization-independent manner as

rQ dzE r zedrE E VU

cavity z j z V cavity c Ø ºŒ ø ßœ = = ( )_{• =}

� �^l w

l l l l l e w w

0 22

0 3 2 ,~ /

,(C.10)where U is the stored energy in the cavity corresponding to cavity voltage

c

. To summarize, inthe time-domain,120

d dt Q

d dt

V

r

Q

dI dt

w

c

b

2

2

2

+ +

�

Ł

�

� ł

�

=

Ø º

Œ

ø ß

œ

w w w

l l l. (C.11)Let us note explicitly the relation

R Q r Q Ø º Œ ø ß œ = Ø º Œ ø ß œ 2

,between circuit and accelerator notations. In these notes we have consistently distinguishedbetween these two using upper-case and lower-case notations. In reading the literature it pays tocheck the definition being employed.C.3 Cell-to-Cell CouplingSince we are working to first order in perturbations, there is no impediment to consideringeach perturbation in isolation, later to return and add them all together to describe the completesystem. Accordingly, let us return to the closed lossless cavity, and consider perturbation by iris-coupling to another cavity. The evolution of the mode amplitudes is governed by Faraday’s law,

- = + ·( ) •� m ¶ ¶ l l l l 0 iris ^^{r r}

,and Ampere’s law,

e ¶¶ l l l l l l l

0 et k h J n E H dA k h

iris

= - + ·_{( )}

� ^^{r r}

.In the last line we have set the current term to zero and taken account of the conducting boundaryconditions satisifed by the unperturbed mode electric field. Combining these two results we obtaina single equation for the electric field amplitude,

¶¶ w w

l l l l l 2 2 2 et e c n E H dA

iris

+ = - ·( )

� ^ r r

.(C.12)Evidently the effect of the iris is known once the variation of the tangential electric field in thevicinity of the iris is known, and the integral computed. Note that if we take the variation in electricfield near the iris to be just the unperturbed variation, then the tangential field is zero, and so is theintegral. Evidently then the important feature of the iris is the redistribution of electric field lines,some passing into the next cavity, but some terminating on the iris edge.To compute this variation we should in principle solve Maxwell’s equations for the newgeometry. Happily however, for a small iris, the Helmholtz equation for the potentials reducessimply to Laplace’s equation

� +( ) = »�

2 2 20 k

. This approximation is adequate because, nearthe iris, spatial variations occur on the length-scale of the iris. The rf, meanwhile, is incapable ofresolving details much smaller than a wavelength. Thus our problem is considerably simplified.One has a circular aperture in a plane, and far from the aperture one has normal fields above andbelow, call them E1 and E2. One intuits that if E1„E2, some field lines will terminate on the plane,and some tangential field will result. Following Jackon’s derivation,17 we simply write down thesolutionforthistangentialfieldintheiris,121

r r

r

E r z

E E r a r

^

= ( )

=

-

( )

-

, 0

1 2

2 2 p ,where z=0 locates the plane of the iris,

rr

is the coordinate in the plane of the iris, a is the irisradius, E1 is the asymptotic field to the left of the iris (in cavity #1), and E2 is the asymptote to theright of the iris (in cavity #2). The basis functions and normalization for the unperturbed TM010mode are

r_{E J r E z} c l l b = ( )00 ^

,

rH J r Ec b f = - ¢ ( )00 ^

,

E LR J j

0 2 12 01 1 2

l p= ( )( )^{- /}

.The asymptotic field components are then

E e E

1 1 0 » l

,

2 2 0

, and we amend our notation,denoting by

e 1

the excitation of the fundamental mode in cavity #1, and

e 2

that for cavity #2.(There is no ambiguity here, since we are not considering other modes l, to which previously thesubscripts on the e’s referred.). With this it remains only to compute the port integral appearing inEq. (C.12),

^ . n E H dA d rdr e e J ra r rE

e e E a

port a cc · ( )^{• » -}

¢( )-

» -( )

� � �

r r l p l l f p b b 02 0 2 1 02 2 02 2 1 02 3 23

Our equation for the excitation of cavity #1 then takes the form,

¶¶ w kw 2 1 2 02 1 02 2 1 12 et e e e

+ = - ( )

,(C.13)

2 2 2 02 2 02 2 1 12 et e e e

+ = - -( )

,(C.14)and the second line follows from the first, by symmetry. The coupling constant is

k p= ( ) » 4

3

1

1 57

32 12 01 32 .

.(C.15)In retrospect it should be clear that the simpler, and intuitive derivation in Sec. 3, did no greatinjustice to this calculation, merely failing to produce an explicit result for k.C.4 Perturbation by Connecting GuideTo compute the coupling of a cavity to a waveguide, one again has a port-integral tocompute. However, in this case it is convenient to let our unperturbed modal basis refer to thesolution of the Helmholtz equation, with open-circuit boundary conditions at the port, and todesignate the port surface, Sp , a s a p l a n e l o c a t e d i n t h e s m o o t h c o n n e c t i n g g u i d e . S i n c e t h e waveguidemodesformacompletesetwemayexpandtheelectricfieldonSp,122

~~

E r E r V

a a a

^ ^ ^ ^

( )

=

( )

� , ^{~H̃ r H r Z Ia ca a} a

^ ^ ^ ^

( )

=

( ) �. (at port Sp)where the subscript

^

denotes components lying in the transverse plane in the waveguide, i.e.,Sp. In a similar way we may expand the cavity modes,

~~ E r E r Va a a ^ ^ ^ ^

( )^= () � l l

,

~~ H r H r Z I

a ca a a ^ ^ ^ ^

( ) = () � l l

,where the mode coefficients are just the overlap integral of the unperturbed cavity fields with the waveguide mode,

I Z d r H r H r a ca S a p l l = ( ) • () ^ ^ ^ ^

� 2 r ~~

,

V d r E r E r

a S a p l l = ( ) • () ^ ^ ^ ^

� 2 r ~~

.Making use of the orthogonality of the waveguide modes we have then

S a aa b cb b b a aa

p dS E H d r E V H Z I VI

� � � � �

• · = � �· � � =

^ ^ ^ r r ~ ~ ~~

l l l

,and similarly,

S a aa b cb bb aa a

p dS E H d r E V H Z I V I

� � � � �

• · = � �· � � =

^ ^ ^ r r ~ ~ ~~

l l l

.Thus the mode equations take the form

j e k h V Iaa a_{dS E H} Sp e w l l l l

~ ~_{~~}

= + � • ·r1 24 34

,

- = + =�_{• ·�}

j h k e V I k e a a adS E H Sp mw l l l l l l_l ~ ~~ ~~ r1 24 34

,and in the last equality we implemented the open-circuit boundary condition on the modal basis,

Ia l

=0. Combining these two results, we obtain a single equation for

e

,

w w we

l l l

2 2 1 - ( )^{= -} �

e j V Iaa a

. (C.16)This should be augmented by one additional condition, continuity of transverse electricfield at the port. The electric field at the port may be expressed in either basis,

~ ~ ~~

E r E r V E r e a a a ^ ^ ^ ^ ^

( )^=

» ( ) � � ll l

,and, taking the dot-product with a guide-mode, we have

V V e a a = � ll l̃

.(C.17)This relation closes the system of equations and permits one to solve self-consistently for the cavityfields and the forward and reverse signals in the waveguide. For example, we may compute theimpedance looking into the cavity, from Sp , (i.e. in the direction in which we have taken positivecurrent to flow)123

Z

V

I

11

1

1

= .Insofar as other modes are below cut-off we may solve approximately for the mode excitation interms of the driving current in the fundamental mode,

~ / / e I V j l l ll l

ew w w w w = - ( )111

,(C.18)so that

V V e I V j 1 1 1 1 2 1 = = - ( ) � �lllllew w w w w̃/ /

.Next we define the external Q, Qe l , f o r m o d e l c o u p l i n g t o t h e f u n d a m e n t a l m o d e o f t h e connectingguide,

1 1 12 1 1 2 1 2 Q V Z Z d r E E

e c c Sp l l l l l

ew ew

= = • �

Ł � �

ł � ^ ^ �^r~

,(C.19)in terms of which

Z VI Z Q j c e 11 1

1 1 1 = = - ( ) � llw w w w// /

.(C.20)Notice that Z11 i s l a r g e o n - r e s o n a n c e , c o r r e s p o n d i n g t o a n o p e n c i r c u i t , j u s t a s w e e x p e c t . M e a n w h i l e , o f f - r e s o n a n c e , Z 11 is small, corresponding to a short-circuit. This motivates thestandardnomenclatureforourchoiceofreferenceplane:theplane of the detuned short.To make contact with Eq. (3.12), let us define

V nV

F = +

,

R = -

, where n may bethought of as a turns ratio, transforming to an impedance

¢=Z n Z c c2 1

. Continuity of transverseelectric field takes the form,

V V V e

1 1 1

+ -+ = l l̃

, and this suggests defining a cavity voltage,

V nVe c = 1l l̃

, in terms of which continuity reads,

V V V

c F R = +

.The port current driving term may be expressed as,

Z I V V

c1 1 1 1

= -+ -

, and in the time domain oursystem takes the form

ddt e ddt VIa_a a 2 2 2 1 + � � =- � w e l l l

,and in the transformed units,

ddt V Q ddtV V

c e F R 2 2 2+ � � = -( ) w w l l

.(C.21)These calculations and the results Eqs. (C.1)-(C.21) complete the formal analysis124

underpinning the coupled cavity model introduced in the text, having developed with someadditional rigor the geometric origin of the coupled cavity circuit parameters: Qw, k,Qe , n, [R/Q ] . Historically, the formal treatment of a cavity in this way was first set down by Slater; however,t h e r e w e r e a n u m b e r o f a p p r o x i m a t i o n s i n h i s a p p r o a c h t h a t , f o r t h e p u r e m a t h e m a t i c i a n a r e somewhat unsatisfying. The first complete treatment of the problem is credited, by Collin, toKurokawa.42 We have side-stepped the full mathematical complexity of the problem by electing toconsider a single isolated, narrow-band cavity resonance. This is in fact not the totality of theproblem as one can see by inspecting a measured cavity impedance. Such an impedance will indeedinclude narrow spikes corresponding to cavity resonances, but broadband portions as well. Thusthere is a complementary problem of interest, calculation of broadband impedance. Such terms areimportant for a complete treatment of beam dynamics. They are not essential, however, forunderstanding the coupling of the accelerating mode, and its observational features, seen by meansof couplers looking into the cavity.There is one additional perturbation calculation that is sufficiently fundamental that it shouldbe included, and that is Slater’s theorem.C.5 Perturbation to a Conducting Boundary (Slater’s Theorem)We consider the effect on a mode resonant frequency of indenting a cavity wall. Given thedevelopment of Sec. 1, it is most straightforward to proceed by employing two results: momentumconservation and adiabatic invariance.We consider a lossless cavity that is ringing in one mode. Momentum conservationstipulates that if we slowly indent a cavity wall we must do work on the mode such that

d dx dx

U F T dS

a a ab S b a

= = �

,where S is the region of wall being indented,

a

is the average force on the wall,

ab

is the time-averaged stress-tensor and

r

is the wall displacement. Tangential wall displacements have noeffect since they carry conductor into itself. Thus we may consider a displacement along theoutward normal ,

dx dx r = n̂

, ,

a a

. Noting that

b b

, we have simply

d dx

U T dSnn S=

.(C.22)The diagonal element of the stress-tensor for the normal component at a conducting surface takesthe simple form

T E H

nn = -12 12 0 2 0 2 e m r r

,and is just the electromagnetic pressure on the wall. Next we employ a mode expansion in the exactmodal basis for the conducting boundaries as they are at time t,

E e t E r

( ) ( )

,

H h t H r

( ) ( )

.Recognizing that the mode resonant frequency may be changing in time, we choose to express the125

mode amplitude in terms of the cavity phase,

q w l

t d t t t ( ) = ¢ ¢_{( )}�

,according to

e t e t e j l l q

( ) = ´ ( ){ } ~

.Maxwell’s equations then take the form

d dt t e t 2

2 2 0 + ( ) �

�

�

�

� � ()=w l l

,and after some algebra this may be reduced to

d dt e t t

~ l lw

( ) ( )

{ } =0

,in the limit of an adiabatically varying resonant frequency. Taking account of similar results for themagnetic field amplitude, and noting the expression for stored energy,

U H E dV E dV e t V V = + { }^{= = ( )}�

12 12

0 2 0 2 0 2 0 2 m e e e l

r r r_~

we find

d dww d w

ll l U U U =- � �Ł� �ł�= 0

.(C.23)The adiabatic invariance of

U/ wl

("photon number") together with momentum conservationpermit us to solve for the increment in resonant frequency due to an indentation

dx

. We expressthe time-averaged stress on the wall as

T e t E H UE H

nn_= ( )_{-( )} ( ) 1 4 1 2 0 2 2 2 2 2

e l l l l l

~ r r r r

,to find

dww d dx dx

ll l l

= - = - = -( ) � � U

U

T dS

U

H E dS nn S S 2 2 r r

.(C.24)We may integrate this formally to obtain Slater’s theorem,126

w w d

l l l l

2

0

2 2 2

1 = + -

( )

�

Ł

�

� ł

� �

~~

H E V

V ,(C.25)for the perturbation to the resonant frequency of a mode due to an excluded volume V. In applyingthis result, it is good to keep in mind that the integration represented here employs mode profilesthat vary with the surface displacement,

" " d d x

V dS”

.127

ACKNOWLEDGMENTSThese notes have benefited from previous US Particle Accelerator School and StanfordApplied Physics courses I have taught with Jonathan Wurtele, Alexander W. Chao, Perry B.Wilson, and Roger H. Miller. I am particularly indebted to Perry and Roger for introducing me tothe subject of microwave accelerators. I have not attempted to identify in the notes their particularcontributions since they are all-encompassing. The impetus for formalizing these notes came withthe Japan-US-Europe Joint Accelerator School held in Shonan Village in September 1996, and wasdue to the encouragement of Perry Wilson, Mel Month, and Ted Wilson. These notes were thenrevised to accompany Electron Linear Accelerators, taught as Physics 412 in the US ParticleAccelerator School held in Berkeley in January 1997. This was a large class consisting of sometwenty students, graduate students and engineers. Many of the explanations, pictures and exercisesin this version of the notes arose in connection with the numerous questions put to me during thoseintense two weeks, and for that I am indebted to the students. A special thanks to Steve Lidia whoassisted with this course, and provided numerous helpful comments on the manuscript. Numerouscorrections and improvements were suggested by David Pritzkau.I would like to thank Prof. Shigenori Hiramatsu and Prof. Jun-ichi Kishiro of KEK fortaking me into their group as a post-doc and later a staff-person, and introducing me to the practicalmatters of microwave work in the lab. I am indebted to Albert Menegat at SLAC for continuing thiseducation in subsequent years. These notes owe much to helpful experiences I have had at the SLCand the help I have had over the years from the Klystron Department and Accelerator MaintenanceRF. I thank Bill Gates for introducing me to Clarisworks. Comments on these notes are appreciated and they can be directed towhittum@slac.stanford.edu.128

REFERENCES1 EdwardL. Ginzton, "The $100 Idea: How Russell and Sigurd Varian, with the help of William Hansen and a $100appropriation, invented the klystron", IEEE Trans. Elec. Dev. ED-23 (1976) pp.714-723.2 E. L. Ginzton, W. W. Hansen, and W. R. Kennedy, "A Linear Electron Accelerator", Rev. Sci. Instrum. 19 (1948)pp. 89-108.3 M. Chodorow, E. L. Ginzton, W. W. Hansen, R. L. Kyhl, R. B. Neal, W. K. H. Panofsky and The Staff, "Stanford High-Energy Linear Electron Accelerator (Mark III)", Rev. Sci. Instrum. 26 (1955) pp. 134-204.4 The Stanford Two-Mile Accelerator, R.B. Neal, editor (W.A. Benjamin, New York, 1968).5 G. Caryotakis, "High Power Microwave Tubes: In the Laboratory and On-Line", IEEE Transactions on PlasmaScience 22 (1994) pp. 683-691.6 Z. D. Farkas, H. A. Hogg, G. A. Loew and P. B. Wilson, "SLED: A Method of Doubling SLAC’s Energy", IXInternat’l Conference on High Energy Accelerators (SLAC, 1974) p. 576.7 J. T. Seeman, "The Stanford Linear Collider", Ann. Rev. Nucl. Part. Sci. 4 1 (1991) pp. 389-428.8 R. B. Palmer, "Prospects for High Energy e+e- Linear Colliders", Ann. Rev. Nucl. Part. Sci. 4 0 (1990) pp.529-592.9 International Linear Collider Technical Review Committee Report, G. A. Loew and T. Weiland, eds. (July 1995)SLAC-R-95-471.10 Neil W. Ashcroft and N. David Mermin, Solid State Physics (Saunders College, Philadelphia, 1976).11 Alfred Price, The History of US Electronic Warfare (The Association of Old Crows, Westford, 1984).12 Merrill I. Skolnik, Radar Applications (IEEE Press, New York, 1988).13 The "WR" designation is the Electronics Industry Association (EIA) standard nomenclature.14 Regarding connectors, a few acronyms come up so frequently one might as well know what they mean. APC-3.5- Amphenol Precision Connector 3.5mm, employed into Ka Band (27-40GHz), APC-7- A m p h e n o l P r e c i s i o n Connector 7.0mm, employed up to Ku Band, SMA-Sub-Miniature A - employed through Ku Band (12-18GHz),Type N- Navy Connector - through X-Band. The variety of connectors reflects more than just the frequency range.Type N was the predecessor for the APC series; APC connectors are intended to be used where repeated connectionand disconnection will be made. SMA is normally used inside electronics boxes, or wherever a relatively staticconnection is intended.15 R. E. Collin, Foundations for Microwave Engineering (McGraw-Hill, Singapore, 1966).16 N. Marcuvitz, Waveguide Handbook (Boston Technical Publishers, Boston, 1964), MIT Radiation LaboratorySeries.17 C. G. Montgomery, R. H. Dicke and E. M. Purcell, Principles of Microwave Circuits (McGraw-Hill, New York,1948), MIT Radiation Laboratory Series.18 J.D. Jackson, Classical Electrodynamics (Wiley, New York, 1975).19 R. E. Collin, Field Theory of Guided Waves (IEEE Press, Piscataway, 1991).20 L.B. Felsen and N. Marcuvitz, Radiation and Scattering of Waves (IEEE Press, Piscataway, 1991).21 W. W. Hansen "A Type of Electrical Resonator" J. Appl. Phys. 9 (1938) pp. 654-663.22 M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions (Dover, New York, 1972).23 E. A. Knapp, "Design, Construction and Testing of RF Structures for a Proton Linear Accelerator", IEEE Trans.Nucl. Sci. NS-12 (1965) pp. 118-127.24 D. E. Nagle, E. A. Knapp, and B. C. Knapp, "Coupled Resonator Model for Standing Wave Accelerator Tanks",Rev. Sci. Instrum. 3 8 (1967) pp. 1583 - 1587.25 W.H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery, Numerical Recipes, The Art of ScientificComputing, (Cambridge University Press, Cambridge, 1992).26 X. Xu, et al., �RF Breakdown Studies in X-Band Klystron Cavities�, 1997 Particle Accelerator Conference (to bepublished).27 F. Villa and A. Luccio, "Test of a High-Gradient Low-Emittance Electron Gun", June 1996 (Laser and ParticleBeams, to be published).

28 A.E. Vlieks, et al., "Breakdown Phenomena in High-Power Klystrons", SLAC-PUB-4546, presented at the XIIIthInternational Symposium on Discharges and Electrical Insulation in Vacuum (Paris, June, 1988); G. A. Loew and J.W. Wang, "RF Breakdown Studies in Room Temperature Electron Linac Structures", SLAC-PUB-4647, (ibid).29 D. Pritzkau, et al., �Experimental Study of Pulsed Heating of Electromagnetic Cavities�, 1997 ParticleAccelerator Conference (to be published).30 P.J. Chou, et al., �Design and Fabrication of a Traveling-Wave Muffin-Tin Accelerating Structure at 91 GHz�,1997 Particle Accelerator Conference (to be published).31 M. Seidel, et al., �Microwave Analysis of the Damped Detuned Structure�, Proceedings of the XVIII InternationalLinac Conference (CERN, Geneva, to be published).32 S.M. Lidia, et al., �W-Band Free Electron Lasers for High Gradient Structure Research�, 1997ParticleAcceleratorConference (to be published).33 I.S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products (Academic Press, New York, 1980).N.B. there are known errors in these tables as of the 1980 edition.34Charles K. Birdsall and A. Bruce Langdon, Plasma Physics Via Computer Simulation (McGraw-Hill, New York,1985).35 The most recent as of this writing is Phys. Rev. D 54 (1996) pp. 7 -720. The Particle Data Group at LawrenceB e r k e l e y L a b a l s o p u b l i s h e s a p o c k e t - s i z e l i s t i n g a n d h e l p f u l f o r m u l a r i e s . M o r e i n f o r m a t i o n c a n b e f o u n d a t http://pdg.lbl.gov.36 R.H. Warring, Understanding Electronics (Tab Books, Blue Ridge Summit, 1989)37 S.E. Schwarz and W. G. Oldham, Electrical Engineering (Holt, Rinehart and Winston, New York, 1984).38 P. Horowitz and W. Hill, The Art of Electronics (Cambridge University Press, Cambridge, 1994).39 John H. Moore, Christopher C. Davis, and Michael A. Coplan, Building Scientific Apparatus, A Practical Guideto Design and Construction (Addison-Wesley, Reading, 1989).40 W.R. Leo, Techniques for Nuclear and Particle Physics Experiments (Springer-Verlag, Berlin, 1994).41 Frederick Seitz, "Research on silicon and germanium in World War II", Physics Today, January 1995, pp. 22-34.42 K. Kurokawa, "The expansions of electromagnetic fields in cavities", IRE Trans. Microwave Theory Tech., vol.MTT-6, pp.178-187 (1958). See also, Kaneyuki Kurokawa, "My Personal Recollections of Microwaves", IEEEMTT-S Newsletter 145 (IEEE, Piscataway, 1997) pp. 57-69.