
SL
A

C
-PU

B
-95-6850

Work supported by Department of Energy contract DE–AC03–76SF00515.

B
e
a
m

D
i
s
t
r
i
b
u
t
i
o
n
F
u
n
c
t
i
o
n
a
f
t
e
r
F
i
l
a
m
e
n
t
a
t
i
o
n
�

T
.
O
.
R
a
u
b
e
n
h
e
im

er,
F
.-J

.
D
eck

er,
J
.
T
.
S
eem

a
n

S
ta
n
fo
rd

L
in
ea
r
A
cc
elera

to
r
C
en
ter,

S
ta
n
fo
rd

U
n
iv
ersity,

S
ta
n
fo
rd
,
C
A
,
9
4
3
0
9

A
b
stra

ct

In
th
is
p
a
p
er,

w
e
ca
lcu

la
te

th
e
b
ea
m

d
istrib

u
tio

n
fu
n
ctio

n
a
fter

�
la
m
en
ta
tio

n
(p
h
a
se-m

ix
in
g
)
o
f
a
fo
cu
sin

g
m
ism

a
tch

.
T
h
is
d
istrib

u
tio

n
is
relev

a
n
t
w
h
en

in
terp

retin
g
b
ea
m

m
ea
-

su
rem

en
ts

a
n
d
so
u
rces

o
f
em

itta
n
ce

d
ilu

tio
n
in

lin
ea
r
co
l-

lid
ers.

It
is
a
lso

im
p
o
rta

n
t
w
h
en

co
n
sid

erin
g
m
eth

o
d
s
o
f

d
ilu

tin
g
th
e
p
h
a
se

sp
a
ce

d
en
sity,

w
h
ich

m
a
y
b
e
req

u
ired

fo
r
th
e
m
a
ch
in
e
p
ro
tectio

n
sy
stem

in
fu
tu
re

lin
ea
r
co
llid

-

ers,
a
n
d
it
is
im

p
o
rta

n
t
w
h
en

stu
d
y
in
g
e�
ects

o
f
tra

p
p
ed

io
n
s
w
h
ich

�
la
m
en
t
in
th
e
electro

n
b
ea
m

p
o
ten

tia
l.
F
in
a
lly,

th
e
resu

ltin
g
d
istrib

u
tio

n
is
co
m
p
a
red

w
ith

m
ea
su
red

b
ea
m

d
istrib

u
tio

n
s
fro

m
th
e
S
L
A
C
lin

a
c.

I.
IN

T
R
O
D
U
C
T
IO

N

In
a
co
n
serv

a
tiv

e
sy
stem

,
w
h
ich

a
lin

ea
r
a
ccelera

to
r
o
r

sto
ra
g
e
rin

g
w
ith

o
u
t
sy
n
ch
ro
tro

n
ra
d
ia
tio

n
clo

sely
a
p
p
ro
x
i-

m
a
te,

th
e
six

-d
im

en
sio

n
a
l
p
h
a
se

sp
a
ce

d
en
sity

is
co
n
serv

ed
.

S
im

ila
rly,

if
th
e
th
ree

d
eg
rees

o
f
freed

o
m

a
re

u
n
co
u
p
led

,
a
ll

tw
o
-d
im

en
sio

n
a
l
p
ro
jectio

n
s
o
f
th
e
six

-d
im

en
sio

n
a
l
p
h
a
se

sp
a
ce

a
re

a
lso

co
n
serv

ed
.
A

co
n
serv

a
tiv

e
em

itta
n
ce

d
ilu

-
tio

n
a
rises

w
h
en

th
e
tra

n
sv
erse

o
r
lo
n
g
itu

d
in
a
l
d
eg
rees

o
f

freed
o
m

b
eco

m
e
co
u
p
led

.
In

th
is
ca
se,

th
e
6
-D

em
itta

n
ce

is
p
reserv

ed
,
b
u
t
th
e
p
ro
jected

em
itta

n
ces

a
re

in
crea

sed
.

It
ca
n
ea
sily

b
e
sh
o
w
n
th
a
t
co
u
p
lin

g
o
f
tw
o
p
la
n
es

a
lw
a
y
s

in
crea

ses
th
e
sm

a
ller

o
f
th
e
tw
o
p
ro
jected

em
itta

n
ces.

B
eca

u
se

th
e
em

itta
n
ce

d
ilu

tio
n
s
a
re

co
n
serv

a
tiv

e,
th
ey

ca
n
b
e
co
rrected

,
i.e

.
th
e
th
e
em

itta
n
ce

ca
n
b
e
u
n
co
u
-

p
led

,
p
ro
v
id
ed

th
a
t
th
e
d
ilu

tio
n
h
a
s
n
o
t
�
la
m
en
ted

(p
h
a
se

m
ix
ed
).

F
ila
m
en
ta
tio

n
a
rises

b
eca

u
se

th
e
b
ea
m

h
a
s
a

sp
rea

d
in

o
scilla

tio
n
freq

u
en
cies

d
u
e
to

th
e
en
erg

y
sp
rea

d
in

th
e
b
ea
m
,
n
o
n
lin

ea
r
�
eld

s,
sp
a
ce

ch
a
rg
e
fo
rces,

e
tc
.
T
h
e

e�
ect

o
f
th
e
�
la
m
en
ta
tio

n
is
to

ca
u
se

a
p
h
a
se

m
ix
in
g
w
h
ich

m
a
k
es
it
d
i�

cu
lt
to

co
rrect

d
ilu

tio
n
s
o
f
th
e
p
ro
jected

em
it-

ta
n
ce.

O
n
ce

a
d
ilu

tio
n
�
la
m
en
ts,

it
is,

fo
r
p
ra
ctica

l
p
u
r-

p
o
ses,

u
n
reco

v
era

b
le

(sy
n
ch
ro
tro

n
o
scilla

tio
n
s
in

a
sto

ra
g
e

rin
g
p
ro
v
id
e
o
n
e
o
b
v
io
u
s
ex
cep

tio
n
to

th
is
sta

tem
en
t).

In
th
is

p
a
p
er,

w
e
w
ill

d
iscu

ss
th
e
b
ea
m

d
istrib

u
tio

n

fu
n
ctio

n
a
risin

g
a
fter

�
la
m
en
ta
tio

n
o
f
a
fo
cu
sin

g
m
ism

a
tch

.
W
h
en

a
b
ea
m

is
in
jected

in
to

a
sto

ra
g
e
rin

g
o
r
lin

a
c,

it
sh
o
u
ld

b
e
m
a
tch

ed
to

th
e
p
erio

d
ic
o
r
n
a
tu
ra
l
la
ttice

fu
n
c-

tio
n
s.

A
m
ism

a
tch

ed
b
ea
m

w
ill

�
la
m
en
t,
w
ith

co
rresp

o
n
d
-

in
g
em

itta
n
ce

g
ro
w
th
,
u
n
til

it
is
m
a
tch

ed
to

th
e
la
ttice.

In
a
sto

ra
g
e
rin

g
,
th
e
b
eta

fu
n
ctio

n
is
ch
o
sen

to
b
e
p
erio

d
ic

b
u
t
in

a
lin

a
c
th
ere

is
ro
o
m

fo
r
a
m
b
ig
u
ity

sin
ce

o
n
e
n
eed

s
to

d
e�
n
e
in
itia

l
v
a
lu
es

o
r
b
o
u
n
d
a
ry

co
n
d
itio

n
s.

A
ctu

a
lly,

m
o
st

lo
n
g
lin

a
cs

a
re

co
n
stru

cted
fro

m
a
d
ia
b
a
tica

lly
v
a
ry
-

in
g
p
erio

d
ic

fo
cu
sin

g
cells.

T
h
e
n
a
tu
ra
l
la
ttice

fu
n
ctio

n
s

a
re

sim
p
ly

th
o
se

d
e�
n
ed

b
y
th
e
p
erio

d
ic
cells.

U
n
d
ersta

n
d
in
g
th
e
b
ea
m

d
istrib

u
tio

n
fu
n
ctio

n
a
fter

�
l-

a
m
en
ta
tio

n
is
relev

a
n
t
w
h
en

in
terp

retin
g
b
ea
m

em
itta

n
ce

m
ea
su
rem

en
ts

a
n
d
lo
ca
tin

g
th
e
so
u
rces

o
f
em

itta
n
ce

d
i-

�
W
o
rk

su
p
p
o
rte

d
b
y
th
e
D
e
p
a
rtm

e
n
t
o
f
E
n
e
rg
y
,
c
o
n
tra

c
t
D
E
-A
C
0
3
-

7
6
S
F
0
0
5
1
5

lu
tio

n
.

It
is

a
lso

im
p
o
rta

n
t
w
h
en

co
n
sid

erin
g
m
eth

o
d
s

o
f
in
crea

sin
g
th
e
p
h
a
se

sp
a
ce

d
en
sity

b
y
d
elib

era
tely

m
is-

m
a
tch

in
g
th
e
b
ea
m
.
F
in
a
lly,

it
is
im

p
o
rta

n
t
w
h
en

stu
d
y
-

in
g
tra

p
p
ed

io
n
s
in

a
n
electro

n
b
ea
m
.
In

th
e
n
ex
t
sectio

n
,

w
e
w
ill

d
eriv

e
th
e
d
istrib

u
tio

n
fu
n
ctio

n
fo
r
th
e
b
ea
m

a
c-

tio
n
J
a
n
d
th
e
p
ro
jectio

n
in
to

th
e
x
p
la
n
e.

T
h
en

w
e
w
ill

p
resen

t
so
m
e
m
ea
su
rem

en
ts
fro

m
th
e
S
ta
n
fo
rd

L
in
ea
r
C
o
l-

lid
er

(S
L
C
)
lin

a
c,
a
n
d
�
n
a
lly,

w
e
w
ill

d
iscu

ss
th
e
a
p
p
lica

-
tio

n
s.

II.
T
H
E
O
R
Y

In
a
p
erio

d
ic

lin
ea
r
fo
cu
sin

g
ch
a
n
n
el,

a
p
a
rticle

w
ill

p
erfo

rm
b
eta

tro
n
o
scilla

tio
n
s
a
n
d
its

p
o
sitio

n
a
n
d
a
n
g
le

(d
x
=
d
s
=
x
0)
ca
n
b
e
ex
p
ressed

in
a
fo
rm

a
n
a
lo
g
o
u
s
to

th
a
t

o
f
a
h
a
rm

o
n
ic
o
scilla

to
r
[1
]:

x
=

p
2
J
�
(s)

co
s( 

(s)
+
�
)

(1
)

x
0

=

s
2
J

�
(s) �sin

( 
(s)

+
�
)
+
�
(s)

co
s( 

(s)
+
�
) �

(2
)

H
ere,

J
a
n
d
�
a
re

th
e
p
a
rticle

`a
ctio

n
'
a
n
d
`a
n
g
le'

co
o
r-

d
in
a
tes

a
n
d
a
re

co
n
sta

n
ts

o
f
th
e
m
o
tio

n
.
In

a
d
d
itio

n
,
th
e

fo
cu
sin

g
la
ttice

is
d
escrib

ed
b
y
th
e
p
erio

d
ic

la
ttice

fu
n
c-

tio
n
s
�
(s)

a
n
d
�
(s)

a
n
d
th
e
p
h
a
se

a
d
v
a
n
ce
 
(s),

w
h
ere

�

a
n
d
 
a
re

g
iv
en

b
y

�
�
�
12

d
�d
s

 
(s)

� Z
s

0

d
s
0

�
(s
0)
:

(3
)

F
in
a
lly,

th
ese

eq
u
a
tio

n
s
ca
n
b
e
in
v
erted

to
so
lv
e
fo
r
th
e

a
ctio

n
in

term
s
o
f
th
e
p
a
rticle

co
o
rd
in
a
tes

J
=

12 �
1
+
�
2

�
x
2
+
2
�
x
x
0+

�
x
0
2 �

:
(4
)

N
ex
t,
co
n
sid

er
a
p
a
rticle

b
ea
m

th
a
t
o
ccu

p
ies

so
m
e
a
rea

in
x
-x
0

p
h
a
se

sp
a
ce

a
n
d
h
a
s
a
d
istrib

u
tio

n
fu
n
ctio

n
g
(x
;x
0).

T
h
e
rm

s
em

itta
n
ce

o
f
th
e
b
ea
m

is
eq
u
a
l
to

�
� q

hx
2ihx

0
2i�

hx
x
0i
2

(5
)

a
n
d
th
e
b
ea
m

ca
n
b
e
d
escrib

ed
w
ith

a
n
ellip

se
w
h
o
se

o
ri-

en
ta
tio

n
is
sp
eci�

ed
b
y
th
e
seco

n
d
m
o
m
en
ts:

hx
2i,

hx
x
0i,

a
n
d
hx
0
2i,

a
n
d
w
h
o
se

a
rea

is
g
iv
en

b
y
�
�.

W
ith

co
m
p
lete

g
en
era

lity,
th
e
seco

n
d
m
o
m
en
ts
ca
n
b
e
w
ritten

in
term

s
o
f

th
e
b
ea
m

em
itta

n
ce

a
n
d
tw
o
p
a
ra
m
eters

�
?
a
n
d
�
?
w
h
ich

w
e
w
ill

refer
to

a
s
b
ea
m

p
a
ra
m
eters:

hx
2i

=
�
?�

hx
0
2i

=
1
+
�
?
2

�
?

�
hx
x
0i
=
�
�
?�
:

(6
)

T
h
ese

b
ea
m

p
a
ra
m
eters

�
?
a
n
d
�
?
d
escrib

e
th
e
o
rien

ta
tio

n

o
f
th
e
b
ea
m

ellip
se

in
th
e
(x
;x
0)
p
h
a
se

sp
a
ce

a
n
d
a
re

n
o
t

n
ecessa

rily
rela

ted
to

th
e
la
ttice

fu
n
ctio

n
s
�
a
n
d
�
.

T
h
e
b
ea
m

d
istrib

u
tio

n
fu
n
ctio

n
ca
n
b
e
ex
p
ressed

in
term

s
o
f
th
e
a
ctio

n
-a
n
g
le

co
o
rd
in
a
tes,

b
u
t,

in
g
en
era

l
it

w
ill

d
ep
en
d
u
p
o
n
b
o
th

J
a
n
d
�
.

In
stea

d
,
w
e
ca
n
w
rite



the position and angle of particles in terms of the beam
parameters �? and �? and an amplitude and phase, J?

and �?:

x =
p
2J?�? cos �? (7)

x0 =
p
2J?=�?(sin�? � �? cos �?) : (8)

Now, assume that the beam distribution is rotationally
symmetric in the normalized phase space x and �?x+�?x0;
this is true of bi-gaussian beams and most other distribu-

tions of interest. In this case, the distribution function will
be independent of the phase �? and is just a function of J?.
Furthermore, the rms beam emittance � is simply equal to
the expectation of the amplitude hJ?i.

The action-angle coordinates can be related to the am-
plitude and phase as:

J = J?
��

�?

�
+

�
�

s
�?

�
� �?

s
�

�?

�2�
cos2 �?

+ 2

�
�� �?

�

�?

�
cos �? sin�? +

�

�?
sin2 �?

�
(9)

and

tan� =
�

�?
tan�? +

�
�� �?

�

�?

�
: (10)

If the beam parameters are equal to the lattice functions,

then the beam is `matched' to the lattice. In this case, the
action J is equal to the amplitude J? and the angle � is
equal to �?. In addition, the beam distribution function,
written in action-angle coordinates, will be independent of
the angle coordinate and the rms beam emittance is equal
to the expectation of the particle actions hJi. If the beam
�laments as it is transported through the lattice, e�ectively

randomizing the angle coordinate �, the beam emittance
and distribution remain unchanged.

In contrast, if the beam is mismatched to the lattice
and the beam �laments, the beam distribution function will
change and the �lamented rms emittance �f will increase.
The emittance increase is trivially calculated from Eq. (9)
and can be expressed in terms of the Bmag parameter [2][3]:

�f = Bmag� ; (11)

where

Bmag �
1

2

�
�?

�
+

�

�?
+

�
�

s
�?

�
� �?

s
�

�?

�2�
: (12)

The calculation of the beam distribution function after
�lamentation is a little more complicated. Assuming that
the angle coordinate is independent of the action after the
�lamentation, we can express the distribution as

g(J)dJ =

Z
2�

0

d�?

2�
g?(J?)dJ? ; (13)

where J? = J=X(�?) and

X(�?) = a sin2 �? + 2b sin�? cos �? + c cos2 �? ; (14)

with

a =
�

�?
b = �� �?

�

�?
(15)

c =
�?

�
+

�
�

s
�?

�
� �?

s
�

�?

�2

: (16)

If the initial beam has a bi-gaussian distribution in x
and x0, then the distribution g?(J?) is an exponential dis-
tribution:

g?(J?) =
e�J

?=�

�
; (17)

and Eq. (13) is straight forward to evaluate. In the trivial
case, where b = 0 and �? � � or � � �?, the distribution

for J is just a �-squared distribution with one degree of
freedom. In the general case, we can evaluate the integral
by �rst performing a rotation to eliminate the cross term
in X(�?). In this case,

X(�?) = �1 cos
2(�? � �) + �2 sin

2(�? � �) ; (18)

where

�1;2 =
a+ c

2
�

1

2

p
(a� c)2 + 4b2 (19)

� = tan�1
�
c� a
2b

�
1

2b

p
(c� a)2 + 4b2

�
: (20)

By changing the variable of integration from �? to 1=c2 �
1=X, the integral can be expressed in the form of a tabu-
lated integral [4] and the result can be expressed in terms
of the Bmag parameter:

g(J) =
e�JBmag=�

�
I0

�
J

�

q
Bmag

2 � 1

�
; (21)

where I0 is the modi�ed Bessel function, Bmag is de�ned in
Eq. (12), and � is the injected beam emittance before �la-

mentation. As expected, when Bmag = 1, the distribution
is an exponential and when Bmag ! 1, the distribution
becomes a �-squared with one degree of freedom.

Finally, we can calculate the projection into the x plane
which is the beam distribution that would be measured.
The projection is

f(x) =

Z
1

�1

dx0
g
�
J(x; x0)

�
2�

; (22)

where J(x; x0) is given in Eq. (4). In the general case,
the distribution function can be expressed in terms of a
degenerate hypergeometric series of two variables. Unfor-
tunately, such an expression is not any easier to evaluate
than the integral Eq. (22). In the limit where Bmag !1,
the projection simpli�es to

f(x) =
e�x

2=8��f

p
4�3

p
��f

K0

�
x2

8��f

�
; (23)

where K0 is the modi�ed Bessel function and �f = Bmag�.
The in�nite value at x = 0 arises because we have essen-
tially assumed a one-dimensional injected beam. A similar
expression was derived in Ref. [5] where the author was
considering the distribution function for trapped ions in an

electron beam.
The distribution f(x) is plotted versus the rms beam

size
p
�Bmag� for di�erent values of Bmag in Fig. 1. Notice

that as the mismatch becomes larger, the relative ampli-
tude of the central core of the beam increases while long



tails contribute to the rms emittance. In the limit of large
Bmag , the density of the core can be written:

lim
Bmag!1

f(0) =
1

�3=2
p
Bmag��

ln(
p
128Bmag) : (24)

The core density decreases as ln(Bmag)=�x rather than
1=�x as it would if the distribution did not change as the
emittance increased.

0 1

0.4

0.8

1.2

f (
x)

0

x (σx)4–95 7940A1

2 3

Figure. 1. f(x) versus the rms beam size for Bmag = 1:0

(solid), Bmag = 1:25 (dashes), Bmag = 2:0 (dots), Bmag =

5:0 (dash-dot), and Bmag = 50:0 (dashes).

III. MEASUREMENTS

Figure 2 shows the measured pro�le of a �lamented
beam in the SLC with large non-gaussian tails. The beam
was created by an error in a solenoid at the low energy
end of the SLAC accelerator. The beam distribution was

measured after the beam had �lamented; this can be de-
termined by comparing the beam pro�les measured at dif-
ferent betatron phases. In Fig. 2, the resulting mismatch
had a Bmag � 5. The data was �t with a phenomenological
`super-gaussian' function [6] which shows reasonable agree-
ment. The small asymmetry that is visible in the data is

likely due to transverse wake�elds.

IV. DISCUSSION

In this paper, we have described the beam distribu-
tion function arising from a �lamented focusing mismatch.
Understanding the beam distribution can aid interpreting
emittance measurements in a linear collider as well as assist

in the diagnosis of the problem.

Another situation where this distribution is relevant oc-
curs when considering machine protection schemes for fu-

ture linear colliders. If mis-steered, the very small beams in
future linear colliders could puncture the vacuum chamber
in a single pulse. This is not a desirable feature when com-
missioning components. One possible method of protecting
the collider is to generate a large mismatch Bmag � 1000

0

40

80

120

–1.6 –1.4 –1.2 –1.0 –0.8 –0.4
10-94 7826A6

Figure. 2. Strong non-gaussian tails form a `Christmas

tree' like distribution which indicates that there is a large

mismatch of the beam.

which would then �lament and decrease the beam den-
sity. This approach has the advantage of not perturbing

the beam centroid so that wake�eld e�ects, steering, etc.,
are not changed. Understanding the evolution of the core
density is important in evaluating this technique.

Finally, the �lamented distribution also describes the
distribution of ions generated by collisional ionization and
trapped in a long train of bunches [5][7]. In this case, the
ions are created with a transverse density pro�le equal to

the transverse beam pro�le but the ion thermal energy is
typically small compared to the potential energy in beam
�eld. Thus, the ions are mismatched relative to the fo-
cusing �eld of the beam. As ions continue to accumulate,
the density evolves into the �lamented distribution with
Bmag = Epot=Eth � 1 and ��f = �2=2, where � is the rms
electron beam size.
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