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Abstract

Two Dimensional Gravity with R2-term is quantized around the R%- Liou-
" ville solution in the semiclassical way. Renormalization, regularization (infra-
red,ultra-violet) and a topological term (9(¢d¢) ) are carefully treated. All
(I-loop) divergences are renormalized by the cosmological constant (x) and
the R2-coupling-constant (3) for the case 3 > 0. Quantum meaning of the
topological term is clarified. The renormalization group beta-functions of the
couplings 8 and p are obtained. It is found that the theory is conformal ( i.e.
the beta-functions=0 ) for w = (8/A) - (167 - 487/(26 — ¢,,)) > 1 (where A
is a fixed area) exactly when the coupling constant £ of the topological term
takes the value of 1. As for 0 < w < 1,8 is asymtotically free for ¢,, < 26
and u is asymptotically non-free.
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1 Introduction

The quantum gravity (QG) is a mysterious world in modern physics. We do not
know yet how to quantize the theory of gravity correctly. Three decades have passed
since Feynman [1],in 1963, tried to quantize gravity in an analogous way to QED. In
the last ten years,however, the understanding of QG has been greatly improved both
in conceptually and technically, especially for lower-dimensional Euclidean models.
One of important achievement is the result of the 2 dimensional(2d) Euclidean quan-
tum gravity, where some exact or non-perturbative features are obtained by using
the conformal field theory. We already know,for the ordinary 2d QG, the form of
the partition function Z[A] for A — 400 [2, 3, 4]. It is also known that quantizing
the 2d Euclidean manifold leads to the fractal structure of a surface in the confor-
mal limit. Having in mind this recently accumulated precious knowledge, we aim
at clarifying some basic problems of 2d QG field theory, such as renormalization,
regularization (infra-red and ultra-violet) and the treatment of the global topology.
For the analysis we use the standard method of the semiclassical quantization[5).

In 2 dimensions, the Einstein action gives a purely topological quantity and
does not. give the local dynamics. Therefore the lowest (derivative) order term that
~ describes the local interaction and can play the role of ‘kinetic’ term is the R%-term.
This term controls the value of the scalar curvature R. It can be expected that
adding this term (with a proper sign) makes the 2d manifold smooth.

The R2-gravity has been studied recently by several people. It was first care-
fully treated by T.Yoneya[6] for the Lorezian (not Euclidean) metric. He took the
Hamilton-Jacobi formalism and solved the Wheeler-DeWitt equation. In lattice
simulations, R?-gravity was studied by [7] in the early stage of the lattice gravity.
They regarded R2-term as an irrelevent term and expected it does not influence the
final critical behaviours. Ref.[8] recently examined the higher-derivative model in
the sameé method with high-statistics. They have clearly found a cross-over phe-
nomenon in the measurement of < [d®z,/gR? > . Ref.[5] has given a theoretical
explanation for this at the lowest-order of the semiclassical quantization. (Present
paper gives the next-order analysis). The importance of R%*-term as the ultravio-
let regularization was implied in [2]. The renormalizability was shown in [9] using
the background-field method. The R?-gravity was treated as a conformal theory by
Kawai and Nakayama(KN)[10] and the partition function is obtained for the region
B — co. In [5] the comparison between the semiclassical result and KN’s is made.

Various approaches are taken ,at present, to clarify the dynamics of 2d QG.
Using analytical approaches, we have the method of 2 + € dim gravity [11, 12, 13]
, the semiclassical method[14, 15, 5] and the matrix model{16, 17, 18]. They have
small perturbation parameters € (the deviation of dimension number from 2), %
(Planck constant) and 1/N (the inverse of the matrix size) respectively. As for the
numerical approach, we have the lattice simulation[18, 19, 20]. It has no perturbation



parameter and is a completely non-perturbative approach. Each approach tries to
clarify the dynamical meaning of the conformal limit provided by the conformal field
theory approach, which is ,by itself, a nonperturbative analytical approach but does
not clarify the dynamics very much.

The analysis of renormalization properties is very important to understand the
dynamics. It was formally done using the background-field method in [21, 9]. But
the connection with the conformal result is not very obvious. The renormalization
analysis is obscure in 2 + € dim gravity[22], and is partially successful in the ma-
trix model[23]. It is still at the primitive stage in the lattice simulation[24]. The
correponding procedure in the conformal approach is essentially the so-called grav-
itational dressing[2] or e**-term in [3, 4]. They introduce an additional parameter
,2without the dynamical explanation, in order to find a non-trivial conformal solu-
tion. The present paper clarifies the renormalization properties in the semiclassical
approach, where we take the formalism of [5].

2 Semiclassical Quantization

In this section we explain the semiclassical quantization of the R?-gravity[5].
q g y

2.1 General Formalism

. Let us take the Euclidean action,

Stot = Sgra + Sm s Sgra[gab; G,ﬁ7 p’] = fd2$\/§(éR - ,BR2 - :u) ’
Sm[gaba q); cm] = “f d21}\/§(% zcgl aaq)i : gab : abq)i) ) ( a, b= 172 ) ) (1)

under the fixed area condition A = [ d?z,/g . Here G is the gravitaional coupling
constant, p is the cosmological constant, 3 is the coupling strength for R*-term and
® is the cp,- components scalar matter fields.

By taking the conformal-flat gauge, g.o = €¥ 64 , the action (1) gives us, after
integrating out the matter fields and Faddeev-Popov ghost, the following partition
function|[25]:

G
Z[A] = [ Dy etx5ll §([ Pz e — A) (2)
Solp] = [ @z (3500% — B e7(0%0)* + £:0u(009) ), = (26 —cm) ,(3)

b

Z|A] = [ B2 {captSin} 6(f d*x /g — A) = expi (B — pA) x Z[A]

where we have used the following relations for the Einstein term and the cosmological
term: [ d?z,/gR = 8x(1 — h), h = number of handles, [ d?z,/g = A'. Vsc is the
gauge volume due to the general coordinate invariance. £ is a free parameter. The

1The sign for the action is different from the usual convention as seen in (2).
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total derivative term (we call it topological term) generally appears when integrating
out the anomaly equation 68Sin4[p]/bp = %32(,0 . This term controls the global
condition and turns out to be very important 2. We consider the manifold with the
fixed topology of a sphere ,h = 0, and with a finite area A. Furthermore we consider
the case v > 0 (¢, < 26). h is the Planck constant. 3

The Laplace transform of Z[A],(2), is written as

20 = [" 241 dA = [ Dy expl +3530e]]
Sale] = Sale] — A / &Pz e . 4)

Conversely, Z[A]( the micro-canonical partiton function) can be obtained from Z[A]
(the grand-canonical partition function) by the inverse Laplace transformation,

z14)= [ %Zm = | %;‘\ YIA,)]

VAN = [ Dy eap %[ Solil = M( [ dze® — A)] . (5)

The -integral should be carried out along an appropriate contour parallel to the
imaginary axis in the complex A-plane.

Here we need the renormalization procedure, but we ignore it, for simplicity, in
this subsection. We will consider the procedure in detail in the improved formal-
ism of sec.4.2. The integral Z[)\] can be calculated loop-wise by the semiclassical
expansion around a solution of the classical field equation.

o(z) = po(z; ) + VR 9(z)
COND.1 %S,\[cp]l‘pc =0

Then we have
2= eap pSiled x 297D
27\ = [ Dy exp{Silpe + VAP = 2| v - Silee} (7
= [ Dy exp{i5% |, 00 + O(VR)}

where the quantum effect up to 1-loop is explicitly written in the last expression.
The stationary point A. defined by

Y[A, A = exp T/[A)]
COND.2 £Tf[A N[5, =0 , A=A +hA+--

, (8)

2The uniqueness of this term, among all possible total derivatives, is shown in [5].
3In this subsection only,we explicitly write h (Planck constant) in order to show the perturbation
structure clearly.




will give the dominant contribution to the contour integral (5).
ZIA % TYIAN] L Y[AM = eap iT[AN] (9)
In the following, we will evaluate I'*//[A4, \.] up to the 1-loop order (order of A').

2.2 Classical Configuration of R?-Gravity

In this subsection we discuss the lowest order (4%). The classical equation , 656*; =
0, is explicitly written as
6 1
%M - ;az‘P + B{e79(0%p)* — 20*(e7*0%¢)} — Xe® =0 . (10)
We take the constant curvature solution(Liouville solution). *

—R|,. = e ¥0%p, = const = % , (11)

where. a.is a dimensionless constant which should satisfy

COND.1 o?p — %/—a —MM=0 , =2, (12)

@

“as the consequence of classical field equation (10).
In this paper we consider only the case of the positive curvature: a > 0 . The
spherically symmetric ® solution of (11) is known to be (cf.[28, 29, 15]),

2

1+ P=E+e)? (13)

[0

¢o(r;a) = =In {8

It gives _f.d2a:\/§RI = —[d*r 8%p, = 87 , which implies that the manifold de-
Ye
scribed by the solution (13) has the topology of a sphere. The area, [ dzx\/gl =
. Pe

Jd*z ¥ = 8T A | can be interpreted as the effective area covered by the classical
solution. The equations (12 -13) constitute a solution of (10).
Si[e] is then given as

Slped = (1+ €)% Ing — 167af’ + C(4)
C(A) = SR 4 S8 In(1 4 L2/4) = (L2/A)/(1+ (I2/4)) } . (19)

4The importance of the constant-curvature configuration in 2d QG has been pointed out by
[26, 27].
%in the (z,y)-plane



where C(A) does not depend on § and a , while L is the infrared cut-off (r? < L?%)
introduced for the divergent volume intgral of the total derivative term. See Fig.1.
The eq. (8) at the classical level is written as,

dS)‘[tpc] _ 47 1 _
oA (ZLarg-uep ) r2sa} =0 . (9)
where we have used a relation : 1 = 224 = ( 2af' — )—°’ , which is derived

from (12). This equation fixes the stationary pomt which dommates in the contour
integral (5):

COND.2 20'0® — (1674' + a+ (1+ )L =0 (16)
which has two real solutions:
af = {l6nf + 1+ [(16xp)2 + 5 — €325} (17)

when the condition D = (167 3')? + {32:[3 (167rﬂ' ) + —4— > 0 is satisfied.
The relation (12) then determines )\f(ﬂ) = MB,aE(8)). Note that the determinant
of the above quadratic equation is positive definite for all real g if we take ¢ to be

in the-region : —1 < ¢ < 41 . In the following,we consider this case and use
“w = 1678’y instead of B or B'. We depict the graphs of the above solutions in
Fig.2a and Fig.2b. For the choice { =1, we have

_{%} w>1 : +_{87rw21

87 w<1 Togn1-0 % w<l1

lim a
§{—1-0

(18)

In summary two unknown parameters a and A, are fixed by two conditions

COND.1 and 2; they are expressed by three physical parameters £ ,v ,A and
~ one free parameter £. In [5] the behaviours of the above solutions are analysed
closely. a; -solution explain the simulation data very well. In particular three phases
appear for w = 1673’y < -1, |w| <« 1, and w > 1. The behaviour of af-
solution contradicts the results of numerical simulation[5]. Therefore we consider
quantization only around a; -solution in the following. ( a-solution is discussed in
[5] in relation to the result of [10]). In [5], the free parameter £ was chosen to be
£ =1 in order to adjust the classical prediction of Z[A] with the known conformal
result for ¢,, — —oo. In the present paper the meaning of £ = 1 will be clarified in
the standpoint of the renormalization group.

3 Quantization on the Sphere and Ultra-Violet
-Regularization

Let us evaluate the (1-loop) quantum correction. It is given,from (7), as

Z[A]l’lo"p = [Dyezp S; ,
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1 828,
2 62

Sz

= [ dPr{(E + 285 )00 + £0.($0u)
—L(Bem*(0%p.)? + Ae¥e)p? — Be=%-8Mpdp}
= [ P2{~$OF()0*$0™ + 3Z90° — ZAF(r)7¢* + £0:(w0uv)} , (19)
0= Z=1l_40f Q=8(af +2) F(r)=01+3)? ,
80 +Z+4+3:0=0 , (20)
where a = a7 (8') , A = AJ7(B’) (eqs.(12,17)). The last relation (20) comes from

(12). In order to evaluate (19) we change the coordinate from plane coordinates
(z,y) to polar coordinates (8, ¢).(See Fig.3).

zz\/Zcosd’ , y=\/Zsin¢ ,

tan 3 tan 3

(L=tang¢ , rP=2z2+y?=Acot?l )
ds? = e*<((dz)* + (dy)?) = g-(—l—+—1;_§_—)—2-(d:c2 + dy?) = 24(d6? + sin®0d¢?) . (21)
By use of the relations
FOP =51, -1 = gniatam t en
£& =4sin0dp do , F(r)=(sin §)* , (22)
we can obtain
S, = 1 [ dgdfsing {—80(L*p)? — 2=y L%y — 10y?} | (23)

where L? is the square of the angular momentum operator. The topological term is
- dropped because we will soon see the term does really vanish. Now let us define the
path-integral. As the general quantum variation 3 ,we take the series expanded by
the complete and orthonormal set {Y),,} on the sphere.

Y=Y et GmYim(6,6) , LYin(0,4) =11+ 1)Yin(8,8) , (24)

where Y, ,,(0, ¢) are spherical harmonics. We can confirm the topological term in

(19), [ d%{%@a(z/)aad))},does vanish for the above general variation. This fact

must be compared with the fact that the topological term at the classical level,

f dzx{i%aa((pcaagoc)},which appeared in the evaluation (14), gives a divergent value.
8

We notice the Liouville solution ¢, = In{8 sin*2} cannot be expressed as (24) with

convergent coefficients. The path-integral (19) is defined by
- Sy = — zl,m(cl,m)251 s
a(w) = H{BOR(I+1)2 + 2Z1(1 4+ 1) + 30}
= H{I(l+1)-2}{80I(1+1) - 19} , (25)
2% = [ DyeS = I, [ dermerp{—(am)er}
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where the relation: 80 + = 4+ 100 = 0 is used. In the summation of (25), we
may omit the modes [ = 0 and | = 1. The I = 0 mode is a constant term in
(24) which can be absorbed into the freedom of the global Weyl transformation of
the background metric (ge)ap = bape?s (the eq.(10) is invariant under the constant
translation: ¢ — @ +cp , B — Pe®® | A — Ae”®0). The | = 1 mode does
identically vanish in the sum of (25) due to the relation: ¢y = 80 + = + %Q =0.

If the classical solution is stable against the quantum fluctuation, the energy
eigenvalue ¢; should satisfy ¢, > 0 for all [ > 2. In this case our semiclassical
approximation is valid. It will soon be verified for an appropriate range of w. Thus
we have

Ao = 2D = Tl T
= const x exrp [—% 2?22(21 + 1) In 61] . (26)

Now we introduce the ultra-violet cut-off length: a ,or equivalently the cut-off number
N for the sum in the exponent of the above equation. Then the summation in the
exponent of (26) may be regularized as

ISP = et Q(N)=-LyN. 2+ 1) Ineg

2

Tho(2l+1)=N*4+2N+1=4 | (27)

where TN (20 + 1) is the degree of freedom of the regularized system. a? is re-
garded as the unit area of a triagle when the 2d manifold is approximated by the
traiangulated surface.

4 Renormalization

The quantity Q(N) of (27) is divergent as N — 400 (a — +0) (ultra-violet
divergence). Following the famous calculation by 't Hooft[30], where the 1-loop
quantum effect around the instanton is skillfully and beautifully evaluated in (4
dim) QCD, we perform two procedures to define a finite quantity meaningfully: i)
Normalization of Z[A]N°”?, ii) Renormalization of the theory.

4.1 Normalization

We normalize Z[\]y ' as

- > 1—-loo ~
PN = BT K = 2N e (28)

Here we normalize the_partition function in such a way that the quantum effect
vanishes at the asymptotic region ' = +oo . (This procedure corresponds to,in

8



ordinary field theory, the removal of vacuum bubble diagrams: Z[J] = Z[J]/Z[0],
where J is the external source in Schwinger’s formalism). The normalization factor
is obtained by considering the extreme case: ' — +o0 in (20).

E(too) =~ , Q(+oo) = -4 O(+o0) = +3E |
e(+oo0) = {1+ O+ D) +201 - +2)(I-1)>0 for 1>2
ZNNP =exp QIN) , Q(N) = -1, (21 +1) In 284, (29)

ei{+o0)

The normalization factor K = ezp[—~1 5[ (21 + 1) In /(+00) ] depends only on
v and { and does not affect the dynamics. K can be essentially regarded as an
(infinite) constant.

4.2 Renormalization

The 1-loop effective action Q(N),(29),is still divergent at N — +oo (or a — +0).
We must therefore renormalize the theory.
We present ,in this paragraph(between eq.(30) and eq.(33)), the formalism for
the renormalization. Collecting the contents of sect.2.1 up to eq.(7), we already have
- the followmg formula before renormalization.

Z[A] = fdA 6+T % C:ZIPE(M - ”A + SA[@C;H]) % Zloop[/\. B] ,
Zhoor|; B] = [ Dy exp{Salp. + Ve; B] — MI ¥ = Siles B} 5 (30)
COND.1  £Silpifl|, = 0 ,

where 3-dependence is explicitly written for the immediate use. Generally the quan-
* tum effect 27 is divergent. We absorb those divergences into the ambiguity of the
bare cosmological constant py = p + Ap and the bare higher-derivative coupling
By = B +ApB . (We will soon see renormalization for G , v , £ and . is not
necessary. )

Z'[A] = [dX et F x exph{ ZC — (4 + Ap)A + Silps B+ AB) }
x g 217 (; B + AP
= ezph{ T — (u+ Ap)A } x fAAEY[A, X8+ A
COND.1’ %SA¢M%+Amk =

, (31)

K, is the normalization factor which is, by itself, a divergent constant and is defined
below. The M-integral is approximated by the saddle point A, defined below.

Z7[A] ~ expl{ ZUH (u +Ap)A } x £Y[4, A;, B+48) , (32
COND .2 :
K, = Z""’”[A’(ﬁ +AB); B+ Aﬂ]la'—+oo : (33)

9



Ap and A can be fixed perturbatively (with respect to %) in such a way that the
quantity (32) becomes finite.
We now obtain the explicit forms of Ay and ApS.

)w>0

We consider first the case w > 0 . Using the Euler-Maclaurin formula,

T g(l) = N g(a)de + [ 3g(z) + &' (@) — 750" (@) + - 1, (34)

we can evaluate Q(N) as
QN) = —{(InFR) x & + (- %6 ~ AR x In&
+FiniteTerm + O(%) (35)

where the relation (N + 1)2 = A/a? is used.

_ In the above formalism of renormalization, we have considered the general order
case. At the lowest order, Ap and A can be obtained in a simple way: First shift
the parameters p and 8 (¢ — p + Ap,8 — B+ AB ) in the lowest-order ‘total’
effective action: T/ [y, 8] = 8 — pA + T/ |0 = 82 — pA + Z(1+& In %ﬂ —
——j—a (w) + 2=(a (w))? + C’( ) and then fix Ay and ApB in such a way that the

167~y C
variation due to the shift cancelles the divergent parts of Q(N) .

Au=Mw,§) x % , Aw(=161728) =7 W(w,€) In 4
M(w,f) 1 In 4_:(1%5 ’ (’UJ 6) i—(l_{é as w)/(l - 161|—) : (36)

- We need not do renormalization for the Einstein coupling G , the matter-parameter
v , the topological coupling ¢ and the gravitational field ¢.. ® The renormalization
group beta-function, B, , for the R?*-coupling is given as

wb(a) = w + Aw ’
‘B, = limy— 40 wp(ae”!)=wp(a) _ 29W(w,£) . (37)

t

Fig.4 shows the behaviour of W(w,{) . We see the negative (semi)definiteness of
B, , which means the R*-coupling is asymptotically free for w > 0 7. (Note that
we consider the case v > 0 (¢ < 26) ). The asymptotic behaviour, for the general
£ (-1 <¢<1),is given as

Wi(w,€) = 47'(1+€) ’ 38
] (,€) { mmw(1+0( w) , O<w<l (38)

6No wave-function renormalization means we need not introduce the so-called gravitational
dressing: e¥ — e*¥ ,at least in the perturbative approach.

"This means the surface becomes smoother as we average’ the small-scale configurations because
the R2-coupling controls the smoothness of the surface[5]. This outcome is natural.
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For the special case £ = 1, we obtain

w>1 limg10 W(w, &) =0
0<w<1l , limgyo Ww,é)=—-5(2-1) . (39)
This clearly shows the choice £ = 1 guarantees the conformal symmetry
forw > 158,
The renormalization group behaviour of the cosmological constant is given as
po(a) =p+Ap
Bz = lim,_, 4o £elee)lmen(@) 5 42 — oM (w, £) . (40)

Fig.5 shows the behaviour of M(w, ). We see the positive (semi)definiteness of B,,,2
, which means the cosmological constant is asymptotically non-free for w > 0. This
fact implies the cosmological constant decreases as the scale-size becomes larger.
The asymptotic behaviour of M(w,§) ,for the general { (—1 < ¢ < 1), is given as

=14 0(h) w > 1
— 4 w w? L)
M(w,{)—{ —lnw+Fw+0w?) , O<wkl (41)
For the special case: £ = 1 ,we see
Cw>1 limgy0 M(w,€) =0
O<w<l |, limfﬁl_o M(w,{) = —%ln w>0 . (42)

This result again shows the choice { = 1 guarantees the conformal symmetry for
w > 1.

Hw=0
Q(N) is evaluated as
QIN) = -3 TiL (21 +1) In L
= -1 T2+ Diingd; — In( + 1+ 20}
=+3 In %+;<%%2—%> x In%
—3(Ing 4+ 1) x & + FiniteTerm 4+ O() - (43)

Although the second and third term of the last expression can be renormalized into
B and g as in the case (i), the first term cannot be. We conclude, for the case

= 0 ,the system is stable against the quantum excitation (¢, > 0 for | > 2)
but the ultra-violet divergence cannot be renormalized. This is simply because the
higher-derivative term R? does not contribute in this case.

8This result reminds us of the similar situation in the combined system of chiral-model+Wess-
Zumino-term . In this case the system becomes conformal(WZNW-model) for the special choice
of the coupling of WZ-term[31]. The topological term in the present paper plays the similar role
to the WZ-term.
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i) w < 0

In this case ,the situation is worse than (ii). ¢;(w) becomes negative for | > I*
where I*(I* + 1) = Q/(320) = 2 — 167 /(aw). The system is unstable against the

quantum fluctuation.

5 Discussions

We have presented the quantum analysis of 2d R?-gravity with the topology of a
sphere. As far as the R?-coupling is positive (8 > 0) ,the quantum theory is well-
defined in a perturbative way. The infrared regularization L and the ultra-violet
regularization a are introduced in order to treat those divergences unambiguously.
The topological term is carefully treated and its importance in the quantum level is
eonfirmed as in the classical analysis of [5]. The general renormalization procedure is
presented for the present model of quantum gravity. The 1-loop explicit calculation
is done and the renormalization group beta-functions for the R%-coupling ( B,, ) and
_for thé cosmological term ( B,,2 ) are obtained. Generally they are asymptotically
free and asymptotically non-free respectively. The topological term controls the
conforrrial_ behaviour. The special choice { = 1 guarantees B,, = 0 and B, = 0
for w > 1. This clearly shows the choice makes the theory conformal for w > 1.
The case B,,» > 0 means that the cosmological constant decreases as the scale-size
becomes larger. This fact suggests that,in the real world, the origin of the vanishing
cosmological constant could come from such a renormalization effect.

For w < 0, the quantum effect cannot be evaluated using this method. Since
the classical vacuum explains the simulation data very well including the negative
B (or w)[5] , the quantum effect should be small. For the region |[w| < 1 the surface
is strongb; fluctuating (fractal surface)[5], so the simple separation of quantum and
classical, as in the semiclassical approach, might not be valid. For the region w < —1
,the instability due to the term BR? is not be controled by the present approach.
The evaluation of the quantum effect for the case w < 0 is an open question at
present.
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Figure Captions

Fig.1 Infra-red cut-off L in the flat coordinates and the sphere manifold. For
simplicity, the picture is for a = 8. For general «, (z,y,r,VA, L) is substituted by

\V8/a x (z,y,r, VA, L).
Fig.2a Curvature for the solutions af = A x R* for £ = 0. w = 1673'.
Fig.2b Curvature for the solutions af = A x R* for £ = 0.99. w = 1673'.

Fig.3 Plane coordinate and polar coordinate for a sphere. The same note as in
the caption of Fig.1.

Fig.4 Behaviour of B, /(2y) = W(w,§).

Fig.5 Behaviour of B,,2/2 = M(w,¢{).
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