SLAC-PUB-4765
QOctober 1988
T

USING REPARAMETRIZATION INVARIANCE TO DEFINE
VACUUM INFINITIES IN STRING PATH INTEGRALS”

C. G. CALLANJr AND L. THORLACIUSJr

Stanford Linear Accelerator Center

Stanford University, Stanford, California 94309

and

Joseph Henry Laboratories

Princeton University, Princeton, New Jersey 08544
ABSTRACT

Path integrals for interacting world sheet sigma models play a key role in string
theory. For open strings, the relevant path integral is one-dimensional and has di-
rect physical interpretation as a source term for closed string fields. This means
that the vacuum divergences (M&bius infinities) of the path integral must be renor-
malized correctly. In this paper we show that reparametrization invariance Ward
identities, apart from specifying the equations of motion of spacetime background

gauge fields, also serve to fix the renormalization scheme of the vacuum divergences.
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1. Introduction

In the-‘Polyakov approach to string physics, (';pen strings are associated with
worldsheet boundaries and the effects of open string spacetime backgrounds are
associated with boundary interactions, in the form of Wilson lines. In this con-
nection, it is interesting to study the operator equivalent of inserting a single
boundary, along with its Wilson line, into a closed string worldsheet. This object,
called the boundary state and denoted by |B), summarizes the lowest-order effect
of background open string matter on purely closed string physics (gravity, in par-
ticular). It can be thought of as a stringy generalization of the matter spacetime

energy-momentum tensor.

| It has been shown that the boundary state is equivalent to the vacuum ampli-
tude of a one-dimensional field theory for D scalar fields (where D is the dimen-
sion of spacetime) [1]. This theory has an unusual dimension-one kinetic term,
a dimension-one interaction term given by the Wilson line built out of the back-
ground gauge field and, finally, a set of linear source terms coupling the boundary
fields to closed string creation operators. The source terms convert the vacuum am-
plitude of the one-dimensional field theory into a state in the closed string Hilbert
space and the state so constructed is the boundary state [2,3]. For a constant,
abelian background gauge field the one-dimensional action is quadratic and the
path integral can be explicitly evaluated. For a general background, there are non-
trivial interactions and the path integral defines a divergent but renormalizable

perturbation theory.

In order to evaluate the boundary state (stringy energy-momentum tensor)
associated with a given gauge field, it is necessary to specify a renormalization
scheme for all the path integral divergences. These are of two kinds: logarithmic
coupling constant divergences and linear vacuum divergences (referred to in other
string contexts as ‘Mbbius inﬁriitiéé). It has recently been pointed out that both
sorts of divergence can be absorbed by local Lagrangian counterterms [4] and, in

principle, dealt with by standard renormalization methods. Several low-loop order



calculations of the background field dependence of the open string path integral
now exist [5]. A crucial feature of any renormalization scheme is a set of conditions
to fix the finite parts of counterterms. In standard field theory applications, one is
indifferent to vacuum divergences since they cancel out of S-matrix elements. Here,
however, vacuum graphs provide a background-field-dependent normalization to
the path integral which must be correctly defined if the path integral is to be used
as a stringy energy-momentum tensor. An unconventional feature of this problem
is therefore that we need renormalization conditions for vacuum divergences as well
as coupling constant divergences. It seems to us that this problem has not been
dealt with in a systematic way in the above-mentioned treatments of string path
integral renormalization and it is the goal of this paper to derive, from basic string
invériance principles, correct renormalization conditions for all the path integral

divergences.

In standard field theory applications, renormalization conditions usually come
from Ward identities for some underlying symmetry. In the end, that will turn out
to be true here as well. Since local scale invariance (conformal invariance) picks
out the two-dimensional sigma models compatible with string theory, it is plausible
that we should require one-dimensional local scale invariance (reparametrization
invariance) of the open string path integral. (The notion that reparametrization
invariance is the fundamental dynamical principle of open string physics has been
explored by Kleppe et al. [6], but the connection of their work to what we shall
be doing here is not clear to us.) At the lowest level, this is achieved by choos-
ing the coupling constants (background gauge fields) so that the theory sits at a
renormalization group fixed point (zero of the beta functions). While this condi-
tion probably serves to specify the coupling constant renormalization conditions
(and provides critical physical information in the form of a stringy generalization
of Maxwell’s equations), it doesn’t say anything about the vacuum infinities and
1s not quite enougil for our purpo;s'es. As mentioned earlier, the path integral is
most properly thought of as generating a state |B) in the closed string Hilbert

space which defines the coupling of the open string backgronund to closed string



physics. It can be demonstrated [3] that, for consistent coupling, |B) must be
reparametrization invariant in the closed string sense. That is, it must be an-
nihilated by the closed string Virasoro generators which correspond to boundary

reparametrizations:
(Ln —L_p)|B)=0, —c0o<n<oo (1.1)

Although the details are a bit subtle, this version of reparametrization invariance
turns out to be just what we need: besides implying that the coupling constants sit
at a zero of the beta functions, it provides a precise specification for the vacuum
subtractions and gives precise meaning to the path integral. The bulk of this
paper is devoted to working out the implications of the unconventional set of Ward

identities implied by (1.1).

With luck and cleverness, we might be able to use this framework to study
some more fundamental problems in string theory. In the two-dimensional con-
formal field theory approach one would like to classify all such field theories, to
find theories which correspond to soliton solutions (topological sectors of string
field theory?) and to learn how to sum over field theories in order to construct the
string field theory path integral (or at least to quantize the collective coordinates of
string solitons). These desires are currently frustrated by our lack of a sufficiently
comprehensive understanding of conformal field theory. All of the above questions
can be asked in the open string context and can be answered if we can characterize
one-dimensional reparametrization-invariant field theory completely enough. Since
one-dimensional field theory is a fairly simple system (closely related to multivari-
able quantum mechanics), one might hope to make serious progress along these
lines. Conversely, one might hope to adapt the techniques described in this paper
to the equally important and unsolved problem of fully defining the closed string

path integral.

In this paper,:we study the above-mentioned issues in the context of bosonic
string theory. The extension to superstrings will be presented elsewhere. In Sec-

tion 2 we introduce the path integral representation of the boundary state in a



general background gauge field. In Section 3 we derive the Ward identity which
follows from reparametrization invariance of the boundary state. In Section 4 we
implement the Ward identity on the perturbation éxpansion of the one-dimensional
field theory. In Section 5 we derive explicit one-loop order results and compare
them to previous sigma model calculations [7]. Section 6 contains discussion and

suggestions for future work.

2. Boundary States

The lowest order open string loop correction to a closed string process comes
from adding a boundary to the world-sheet. The moduli of such loop amplitudes
are taken into account by attaching the boundary to the old worldsheet through
a cylinder, whose length is to be integrated over. In operator language a closed
string state, |B), is created out of the vacuum at the boundary and the cylinder
corresponds to a closed string propagator connecting the boundary state to a tree
level closed string process [2, 8]. The form of the boundary state is determined by
the open string boundary conditions and, in particular, may reflect the presence
of a background gauge field in spacetime. The boundary state can thus be viewed

as an open string source for closed string fields.

Let us first consider a free string in flat, empty spacetime. The boundary

condition is simply

B X (0, 7) =0

where 8, denotes the normal derivative at the world-sheet boundary. We take the
boundary to be at the end of a cylinder, at fixed world-sheet time 7, and we can

choose 7 = 0 for convenience. The mode expansion for a closed string is

1 . .
X = gh — Qph . § : = [AB ,—mT—imo ~ i _—mT+imao 2.1
(Ua T) q prT +2 = m [ame + Gy € ] ( )
m

(Our conventions are detailed in the Appendix.) In terms of modes the above



boundary condition reads

r=0,"
P (2.2)
ali?'ll + dlftl = 0 * )

Upon quantization, the mode coefficients become operators satisfying the commu-

tation relations

[a'lrtm O‘;/] = [&lrtna &V] =m 6m+ 1,0 oHY
’ " 7 (2.3)

[y, &3] =0.

As usual we take the ay and &, with n > 0 to be annihilation operators and those
with n < 0 to be creation operators. The free boundary state must be annihilated
by the combination of left- and right-moving creation and annihilation operators

in (2.2). It is easy to see that the desired state is [2]

IB) free = exp{— > _ ;%a_m -G } 0) (2.4)

m=1

where |0) is the SL(2,C) invariant vacuum of the closed string. If there is a gauge
field in spacetime the boundary conditions are modified. In general they imply
non-linear conditions for the closed string modes and the boundary state will no

longer be so simple to obtain.

In [3] it is shown how the boundary state in an arbitrary spacetime gauge
field is formally given in terms of a path integral for a certain one-dimensional
field theory. The result, obtained by viewing the string as an infinite collection
of oscillators and using some elementary properties of simple harmonic oscillator

quantum mechanics, is

oo

|B) = exp (Z %a’—m : &—m) /[15?15] tr Pexp ["’SU — 54— Sls] 0}, (2.5)
m=1



where

50[¢]:—-*fd3¢’+ ( )

Salél= o= § ds Au(6(5) dﬁf) (2:6)
Suldl= o fdsa(s) 2.

The ¢#(s) are D scalar fields defined on Sy, parametrized by s € [0,27]. Au(¢)
is the spacetime gauge potential and the trace and path ordering instructions are
called for when dealing with non-abelian backgrounds. The linear source is a sum

of closed string creation operators,

= 1
- —zms Iz 1ms
E : m ——m ta e )’

m=1

so that the whole path integral can be regarded as a state in the closed string
Hilbert space. A peculiar feature of the kinetic term is that it is written in terms
of a decomposition of ¢*(s) into its positive-, negative- and zero-frequency Fourier

modes:
¢ (s) = ¢f + ¢4 (s) + ¢L(s),
with

Z ¢m ——ims’ ¢u Z ¢u ims

m=1

The kinetic and interaction terms are linear in derivatives which has the conse-
quence that the perturbation expansion for this path integral will turn out to be

divergent (but power-counting renormalizable) rather than finite.

The kinetic te:rm, S, is very f)éculia,r indeed. For compactness of notation we
have written it in a superficially local form, but this has required a breakup of ¢#

into positive and negative frequency parts with respect to a particular choice of



parameter s on the worldsheet boundary. If we write Sg in terms of the undecom-

posed field, we obtain instead

This is both non-local and non-reparametrization invariant, but still well enough
defined for a perturbation expansion of the path integral to exist. In view of the
fundamental role of reparametrization invariance in this problem, and the fact
that the interaction Lagrangian is manifestly reparametrization invariant, it is a
bit surprising that the kinetic term should not be invariant to this symmetry! We

will eventually see that this resolves itself in a natural way.

The zero mode, ¢}, requires special treatment. It can be interpreted as the
center of mass position of the closed string which is created at the boundary. As
shown in [3], an important role of the boundary state is to provide source terms for
fhe equations of motion of massless closed string fields (for example a gauge field
energy momentum tensor term in the generalized Einstein equation). Since those
équations are local in spacetime, it makes sense to regard the boundary state as a
function of ¢4. Indeed, |B) is always to be regarded as a state in the oscillator Fock
space with projections onto individual Fock space states which are functions of the
c-number zero mode coordinate ¢f. Accordingly, the zero mode is not integrated
over in the path integral and this is indicated by the hat over the measure D¢ in
(2.5). It does not appear in the kinetic term or the linear source term but in general
the spacetime gauge potential, A,(¢), which enters in the Wilson line interaction,
is a {unction of ¢}. The result of the path integral is therefore a functional of the
closed string creation operators and the zero mode. When we study the response of
this path integral to reparametrizations of the boundary coo-rdinate s, this special
treatment of the zero mode, as well as the fact that the kinetic term refers to
a specific parametrization, will introduce unpleasant but, as far as we can see,

unavoidable complications.



In the presence of a spacetime constant abelian gauge field strength, Fj,,, the

path integral is Gaussian and easily shown to take the value [3,1]

(T wn) 0. @D

|B>F> - mexp(— Z

m=1

1
m

(For an arbitrary gauge field, the boundary field theory is not free, and the path
integral must be evaluated in a perturbation expansion.) That the dependence of
this state on the oscillators is correct is verified by the fact that the state is annihi-
lated by the appropriate quantized boundary conditions and that it reduces to the
free boundary state when F,, = 0. The specific F'-dependence of the determinant
factor is also known, from a variety of consistency conditions, to be correct [9].
An important subtlety is hidden here. The normalization constant is actually the
product of identical factors for each of the infinite number of string oscillators and
is, strictly speaking, infinite. The correct finite result is obtained by an astute use
of zeta-function regulation, while a more general view of the renormalization prob-
lem might lead one to conclude that the F-dependence of this factor is arbitrary!
The resolution of this puzzle is that in order for the path integral to describe string
theory, it must be renormalized so as to maintain reparametrization invariance. In
the rest of this paper, we will show that implementation of certain reparametriza-
tion invariance Ward identities completely and correctly defines the renormalized

path integral even for a general background gauge field.



3. Reparametrization Invariance

The free boundary state (2.4) is annihilated; for all n, by the combination
D, = L, — f,_n of closed string Virasoro generators. Since the D, satisfy the
Diff(S1) algebra (with no central extension), this is evidently the condition that
| B)

In fact this is a completely general condition. It is shown in [3] that the leading

free be invariant to reparametrizations of the S; boundary of the worldsheet.
effect of inserting an open string boundary into a closed string worldsheet is to

cause a shift, |4}, in the closed string vacuum satisfying

(Q+Q)1¥) =1B). (3.1)

Since the closed string BRST charge, Q@ + @, is nilpotent this equation implies the

consistency condition
(@+Q)|B)=0. (3.2)

Upon stripping off the (trivial) ghost part of the boundary state [2,8], the consis-
tency condition for the matter part of the boundary state is easily seen to be the

reparametrization invariance condition
(Ln —L_,)|B) =0. (3.3)

We take this as the fundamental string consistency condition on the boundary
state. There is, of course, the question of which Virasoro generators to use in this
equation. For the purposes of this paper, we take them to be the Virasoro gener-
ators of free closed string theory (i.e. the open strings are assumed to propagate
in flat, empty spacetime). The spirit of this calculation is that we are looking for
a solution of the open string matter equations in a given fixed gravitational back-
ground (implicitly:'speciﬁed by the choice of the Ly) and do not concern ourselves
with the ‘back-reaction’ of the open string matter on the metric. There are obvious

improvements one might make to this picture, but it is internally consistent as far

10



as it goes. |B) is in general a complicated functional of the closed string creation
operators and the zero mode, ¢}, so (3.3) is a quite non-trivial condition on possi-
ble configurations of the spacetime gauge field. As explained in [3] the projection
of (3.1) onto zero mass levels results in equations of motion for the dilaton and
graviton with sources provided by open string condensates. Thus it is apparent
that (3.1) should be regarded as a stringy generalization of Einstein’s equations,
with |B) as the energy-momentum tensor and that (3.2) should be regarded as
the stringy generalization of the energy-momentum conservation law. This remark
shows that the energy of an open string soliton, should we be able to construct
one, can be read off from the associated boundary state thus giving us another

reason for wanting to properly normalize |B).

Now we wish to recast (3.3) as a set of Ward identities for the correlation
functions of the one-dimensional field theory which can in turn be used to constrain
the renormalization procedure. Although (3.3) should be equivalent to invariance
of the one-dimensional field theory under reparametrizations of 51, on which the
ﬁeld theory lives, closer examination shows that the situation is not so simple. The

infinitesimal variation of the field ¢#(s) under reparametrizations s — s 4 f(s) is

dgk(s)
ds

Sy¢t(s) = f(s) (3.4)

(f is regarded as infinitesimal) and, although the interaction term in (2.6) is invari-

ant under this transformation, the kinetic term is not! Specifically,

o

6n50[¢] = 0p (% Z—_l m ¢m - ¢—m)
1 ot (3.5)
= é’ 7n(n - m) ¢m ) ¢n—-m .
m=1

where we denote i)y 8, the variation generated by D (’corresponding to an in-
finitesimal reparametrization by f(s) = ie™®®). The failure of reparametrization

invariance for the kinetic term stems from the fact that in writing it down we

11



chose a specific parametrization of the S in order to separate positive and nega-
tive Fourier modes. The Ward identities are significantly complicated by the fact

that the underlying symmetry is broken reparametrization invariance.

The derivation of the Ward identities proceeds as follows. The path integral
with the linear source term can be viewed as a generating functional for Feyn-
man diagrams where the Wilson line supplies interaction vertices (details of the
construction will be given shortly) and external lines terminate in a_, and &,
sources. In the remainder of this discussion the spacetime gauge field is taken to
be abelian, or at any rate to be in an abelian subgroup of the full gauge group so
that path ordering is not required in the path integral and the gauge group trace

may be suppressed. The one-dimensional path integral

e 0]

Zlayaéo) = [ Do expl=S[e]= i3 (ama-but don-6on)} (36

n=1
(where the one-dimensional action includes the kinetic and Wilson line terms, the
linear source term has been expressed in terms of modes and the functional integra-
tion does not include the zero mode) can be regarded as the generating functional
of all diagrams, both connected and disconnected. The generating functional, W,

of connected diagrams is defined in the usual way by
Z]a, &, go] = e~V @bl (3.7)

and a generating functional, T', of one-particle-irreducible diagrams (or effective

action) can be obtained by Legendre transformation of W:

Tlpat] = Wla, & ¢o] = Y (a-m - ¢ + G - ¢,)
m=1
ow ow
el __ s cl — R

¢7n - Zaa_m ¢—m Za&_m i (38)
Ao = or Qem = 1 or

b /7 2 aqsf_rll F —-m - a¢0_1m

5 = o

The boundary state itself, (2.5), has a simple expression in terms of the connected

12



generating functional:

o0

1 ) o
|B) = exp() —ap - Gem = Wa, & ¢0]) 10) . (3.9)
m=1
Note that the boundary state is not quite identical to the sum of vacuum diagrams
of the one-dimensional field theory. As is explained in detail in [3], the two objects
differ by a factor which, although a simple Gaussian, plays an essential role in

getting the right Ward identities.

Experience shows that the most convenient way to impose symmetry conditions
such as (3.3) on a renormalization scheme is to convert the symmetry to a set of
Ward identities for the one-particle-irreducible generating functional. To that end,

we express the Virasoro generators in terms of mode operators:

1
L, = 5 Z Cn—m * Qm (3.10)

represcnt the oscillator commutation relations (2.3) by replacing af for n > 0 with
n d/da" , and make the corresponding substitution for left movers. The zero modes
satisfy alf = &y = p* and we represent spacetime momentum by p# = —: /0% .

(this slightly unconventional normalization of af is discussed in the Appendix).
Using this representation for the Virasoro generators and (3.9) for the boundary

state, the condition (3.3) can be rewritten for n > 0 as

{ "z_:l [}—m(n —m)( oW oW _ oW )= (n—m)Gem - all ]
— 2 do—m Otmen Oca—m - O0tm_n T 0t
+’ fin *W . oW Qﬂf]
8(;50 Oo—n Oa_n ddo
= oW N oW .
; — MOy - o +(m—n)a_m - —3&n._m]} |B) =
| | (3.11)

(A similar expression holds for n < 0.) In this equation there are only closed string

creation operators, and no annihilation operators, acting on | B) so the expression in

13



curly brackets must vanish by itself. By making use of the Legendre transformation

and combining some terms, it can be cast in the simpler form

= : or cl _ = 1 ol cl O*W
m;oo(m + n)”—ad)% CPrmgn = mzzl 5772(71 — m) [qu cr—m + Jo aam—n]
- in—LW
a¢0 : aO‘—n .

(3.12)
The left hand side of this equation is precisely 6,1'[#], the variation of the effective
action under the reparametrization s — s 4 ¢¢'®*. Comparing with (3.5), we see
that the first term on the r.h.s. is the variation under reparametrization of the
classical action. Using the fact that the classical action is the tree-level effective
action, and separating the tree and loop contributions to I', we cast the Ward

identity into the following reasonably compact form:

n—1

1 il oW
8T1o0p = & sm(n — .y . .
oo 1; 3 M e Bame 00 oy (3:13)

This Ward identity evidently expresses broken reparametrization invariance of
the one-dimensional field theory. In fact, we have previously noted that repara-
metrization invariance seems to be broken by the kinetic term and by the special
treatment of the zero mode in the path integral, and, indeed, the terms on the
r.h.s. of (3.13) correspond to these two sources. It is perhaps disturbing that
strict reparametrization invariance of the boundary state does not translate into
strict reparametrization invariance of the underlying one-dimensional field theory.
Howéver, when we develop the renormalized perturbation expansion in the next
section, we will find that the ‘broken symmetry’ Ward identity is easy to implement

and contains all the right physics.

In fact we could have avoided having the last term on the right in (3.13)
by considering the boundary state as a function on momentum space rather than

spacetime itself. The Fourier transform to momentum space involves an integration

14



over ¢} (which removes the hat from the path integral measure in (2.5)) and adds
ip- ¢o to the linear source term in (2.6). The Ward identity is derived in the same
manner as before but since the zero mode is no longer singled out of the path
integral the last term in (3.13) does not appear.  This simpler form of the Ward
identity is convenient for formal discussions. However, the zero mode still has to
be projected out when we define the perturbation theory, so we will be using (3.13)

in the sequel.

4. Perturbation Theory

In this section we work out the perturbation theory rules for our one-dimen-
sional field theory and carry out the renormalization program, including the imple-
mentation of the Ward identities, to one-loop order. In the process, we will rederive
the known gauge field equations of motion and understand how the gauge-field-
dependent normalization of the boundary state path integral is unambiguously
determined. We use the background ficld expansion and proper time regulation,
following quite closely methods recently used by Guadagnini [10] to study general
coordinate invariance in the two-dimensional non-linear sigma model. His approach
turns out to be very well-adapted to our problem. As in all other string theory
applications of nonlinear sigma models, perturbation theory is an expansion in
spacetime derivatives: The three point-coupling in the one-dimensional field the-
ory turns out to be proportional to V)Fy,, and we make the approximation of
slowly-varying spacetime gauge field in order for perturbation theory to be valid.
In the same spirit, we will neglect terms with more than one derivative of £},

wherever appropriate.

To carry out the background field expansion we shift the field in the path
integral, ¢#(s) — ¢H(s) + m#(s), taking 7#(s) to be the new quantum field and
$*(s) to be an ariaitrary class'ical;"background. Then the action is expanded in
powers of the w-fields to get a set of propagators and vertices which depend on

the classical functions ¢*(s). By the usual rules, the effective action I'[¢] is the

15



sum of the one-particle-irreducible vacuum diagrams for the w-fields [11]. All the
information we need is contained in the inverse propagator Hy, = 625[¢]/6¢*6¢",
which summarizes the terms quadratic in 7 in the background field expansion of

the action: Formally, the one-loop effective action is
1
I = é-logDetH.

This expression needs regularization to be meaningful and it is convenient to use
the proper time method to define

re 1 OOdT —
I = -—-/TTr[e 4, (4.1)

€

o

In this expression, the trace is both over states of the one-dimensional theory and

spacetime indices of the matrix inverse propagator Hy,.

It is useful to introduce position and momentum eigenstates in the Hilbert
space of the one-dimensional theory. Call the one-dimensional position operator ¢
and write its eigenstates as |s). Define the momentum operator p = -z’% and call

its eigenstates |m). Summarize these definitions by the following relations:

qls) = s|s) p|m) = m|m)

6 |s) = [s' + 5) i |m) = [m + 1)

The operator H,, has two pieces derived from Sy and S4 respectively. Because of
the non-local nature of the kinetic term we cannot write Hﬂu explicitly in terms of

q and p, but it acts in a simple manner on momentum eigenstates

Hg,, lm) = @(SW |m) —oo<m< oo, (4.2)

<

The part derived from Sy4 is

Hjly =~ E[Fw(qf(q))zl +fwlel@)] (4.3)
- i(v,,,FM(aq)) + qupA(¢(Q))> é(a).

The background field vertices, derived from the cubic and higher terms in the

16



expansion of the action in powers of 7, are all proportional to at least the first

derivative of F,, and play no role in what follows'-:-,

We now want to express the Ward identity (3.13) as a condition on I';. We
first consider the response of I'; to a reparametrization of the background field.

Only H4 depends on ¢#(s) so

_ 1 Al _em
6 = 2T1 (6, H e ] (4.4)

The variation 6y H A has a simple operator expression
SpHy, = inf(a)Hpy, — iHy f(a)p. (4.5)

which follows from reparametrization invariance of Sa, ¢ (¢1]| H lf)y |¢2) = 0, and

the transformation rule of a scalar, 65 |¢) = f(q)a‘% |).

Next we show how the first anomalous term on the right hand side of (3.13)
can be cast in a form similar to the variation of T'y in (4.4) and that the two
combine to give a simple expression. Consider an infinitesimal reparametrization
by fu(s) = ie'™ and construct an operator using H

o, instead of Hl‘fl, in the right

hand side of (4.5). Let this operator act on a momentum eigenstate

. . 1
{ipfaHS, — HY, fup} Im) = — by [(m + n)|m] = |m + nlm] [m +n)
{ Su(m +n)m|m+n), if —n <m <0;

0, otherwise.

Then note that second derivatives of the connected generating functional are pre-

cisely matrix elements of the propagator of the theory:

O*W 1
= (— 1 — . 4.6
Ja dar (—m)| i [n —m) (4.6)
From these two observations it follows that
-1
STy 70 i H fup)—e B = =Y Zm(n —
5 Tr [(epfaH® — iH° fup) e ] 2. 2m(n m)aa_m Do

Assembling (4.4) - (4.6), we see that two terms in (3.13) combine very neatly to

17



give

n—1
1 ;w1
8Ty =Y sm(n—r — = S Tr[fe . :
1 2. 2m(n m)aa_m Fa - =31 [frne™ "] (4.7)

This is very similar to Guadagnini’s result for the one-loop general covariance Ward

identity [10] in the two-dimensional sigma model.

Finally, we must deal with the second anomalous term in (3.13), expressing
the breaking of reparametrization invariance due to zero modes. According to our
o'riginal definition of the path integral, we should not integrate over the zero modes
of = and, since our expression (4.1) for the one-loop effective action has ignored
that subtlety, the preceding calculations must be modified to take it into account.
Define Py as the projection of any state onto the zero mode. Then the proper
one-loop effective action is obtained by replacing Hy, in (4.1) by its projection

orthogonal to zero modes
HE, = (1= Py)Hyu (1 Py). (4.8)

The Ward identity involves the variation of the projected operator under a repar-
ametrization. Since the projection Py does not depend on the background field

(65FPy = 0) we get
SrHE = (1= Po)ssHo(1—Py)
= (1= P)(ipf Iy — il fp)(1 = Py) (1.9)
= ipfHY —iHY fp+ [Py HA(1=Po) + (1= Po)H 4 Pof'.
(The last step uses the identity pPy = Fop = 0.) The first two terms fit into the

arguments leading to (4.7) but the remaining two give an additional contribution

Te[f PoHa(1—Py) (4.10)

7P

to 6;I'1. Once again take f(s) = e to facilitate comparison with (3.13). The

trace can be taken over momentum eigenstates and the Py projection eliminates
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all but one term to give the following extra contribution to (4.7) :
1:
—ntr (0] HA(l—Po)—g—}j [n) .

We claim that this object is related to the generating functional of connected
Green’s functions by the following simple identity:
211

i%%? = tr (0] Ha(1=Fo)—s [n) - (4.11)
To the order we are working (balancing one-loop anomalies in reparametrization
invariance against explicit tree-level breaking) we only have to assert that this re-
lation is true for tree graphs. The quantity OW/Jo_y is just ¢¢" and is given by the
sum of all connected trees with one distinguished external leg corresponding to ot
all other external legs terminating on « sources and internal lines corresponding to
propagating non-zero modes. The vertices correspond to expansion of the interac-
tion Lagrangian in non-zero modes and, through their dependence on the spacetime
background fields, are functions of the zero mode coordinate. Differentiation with
respect to ¢g acts in turn on all the vertices. A particular term in the graphical
sum for 9?W/¢g - da_y has a differentiated vertex connected to the distinguished
éff external leg by a diagram having the topology of a propagator. Summing over
all diagrams will just convert such diagrams to the full background field propaga-
tor in the given ¢¢ background. The same summation converts the differentiated
interaction vertex to the matrix element of the background field quadratic action
between one zero mode and one non-zero mode. This cumbersome argument is
easier to see graphically than to state. The result is the claimed identity (4.11) as
a consequence of which the last term in the Ward identity (3.13) serves to cancel
the extra piece (4.10) of §¢T'1 which we found by treating the zero modes carefully.

The net one-loop Ward identity,
1
ET;L“_[f'e_fHP] =0, , (4.12)
is very simple indeed and identical to what we would have written down had we

ignored the various broken reparametrization invariance subtleties we encountered!
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In what follows, we will drop the superscript P from H,,, but the correct treatment

of the zera mode must be kept in mind.

5. Explicit Results

We now proceed to an explicit evaluation of the Ward identity. We will find
that to satisfy (4.12) for arbitrary reparametrization f and background field ¢, the
spacetime gauge field must satisfy certain equations of motion and the counterterms
needed to eliminate vacuum divergences must have specific finite parts. Taken
together, these conditions will completely specify the value of the boundary state.
The evaluation of the trace in (4.12) is complicated by the fact that the operator
H,, depends both on p and ¢. We use a procedure employed by Guadagnini [10]

which proves convenient here also. In a basis of position eigenstates the trace is

1, . 1 [d i
STelfle) = 2—;f'(s)tr(s|e H(p.q) |s) . (5.1)

We use the translation properties of the position eigenstates to write
tr (S| 6—6H(1’:Q) [3> = tr <0l e—ipse—cH(p,q)eips |0>

= tr <Ol e—fH(p,q+s) lO> (52)

Here q is an operator but s is a number. Furthermore ¢ annihilates |0) so it is a
good idea to Taylor expand H,,(p, ¢+ s) in powers of ¢. That gives a series which

can be arranged by powers of derivatives of Fj,,

Hu(pg+s) = HE,(p,s) + HyF (p,s,9) + ...

The two leading terms are
HE(,5) = HR() = 55 (4(5)) .
i (pys,4) = - ;i‘VAFfLy(é(S))qb’A(S)(qP +ra) | (5.3)
— L(VuFn(915) + VuFa (60))) 62 g+ 5).

Note that H¥ is a function of p and s and it is only the perturbation HV¥ that
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depends on the position operator. We write out the exponential in (5.2) using an

interaction picture trick:

1
o= C(HF+HF) _ —eli” _ €/da o~ (1=a)eH" [ VF ~acH*
0
1 1
+ ez/ada/dﬂ e—(l—a)fHFHVFe—a(l—ﬁ)eHF}]VFe—-aﬂfHF + ...
0 0

(5.4)
Each of these terms is to be sandwiched between two zero position states and all ¢’s
are then commuted to the left or right until they annihilate on |0). The resulting
expression involves only p operators and is easily evaluated by inserting a complete
set of momentum states, Zm#) |m) (m|, with the zero momentum state left out

because of the zero mode projection. The leading term in (5.4) gives

tr <O[ e—eHF(p,s) |0> _ Z tr [e—%e(l—F) + e—%e(l—%—F)}
m=1

Il
o+

1 1
! Lt%f(l“F) —1 + 6%6(1+F) _ 1]

= %“(1 —1F2) —D+0(

and the corresponding contribution to the reparametrization anomaly is

% ;l—;f'(s)tl” (%) (5.

This linear divergence was to be expected since we are dealing with bosonic string

[
(@31
N

theory. To eliminate it we simply include a counterterm interaction in our one-
dimensional Lagrangian which describes a coupling to a background of open string

tachyons. The general form of such a term is

- ds ] - .
Stldl = § 52T (405). (5.6)
vis
It is super-renormalizable but not reparametrization invariant. In fact its variation
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under a reparametrization is

55116 = - § o1 (9T (6(6)

so that the linear divergence in (5.5) is eliminated by choosing

T(4(s)) = %tr (%) . (5.7)

This counterterm also serves to eliminate the linear divergences of the theory and
we might imagine that we could add to it a finite but background field dependent
part. But the Ward identity restricts any such finite part to be at most a constant
independent of F,, which leads to only a trivial overall constant ambiguity in
the normalization of the path integral! We remark that the superstring has no
tachyons and the corresponding boundary theory has a supersymmetry in one

dimension which rids it of linear divergences of this kind.

The contribution of the second term in the expansion (5.4) is obtained in the

same fashion. After a few lines of algebra we find that

1
tr (0] (—e¢) / dae™ (=)l gV F gmachT )
0 (5.8)
dg*

)lva,FI//\(qs)_—— + 0(6)

= Qi(ﬁm s

so that the finite O(VF') piece of the reparametrization anomaly is

. [ ds it As .
5 () Ve 5 5:9)

The boundary state is reparametrization invariant only if this vanishes for all f(s)

and arbitrary background ¢*(s), which requires the spacetime gauge field to satisfy
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the equation of motion

(1 —1F2)WV“FM =0. (5.10)

Our conventions (see Appendix) are such that F,, contains a factor of 2ra’. The
equation of motion for the gauge field therefore contains terms to all orders in
o although it is only valid to leading order in derivatives of Fy,. At distances
large compared to the string length scale it reduces to Maxwell’s equation as it
should. It is identical to the equation of motion previously derived in [7] by im-
posing conformal invariance on the two dimensional sigma model with a Wilson
line interaction at a world-sheet boundary. This agreement provides a non-trivial
check that reparametrization invariance is the dynamical principle which picks out

acceptable boundary states in general.

We can now calculate the one-loop effective action itself, from which we can
derive the value of the full boundary state path integral. Substituting the first

term in (5.4) into (4.1) gives the leading contribution:

. .
Iy =— %/‘“ ]fd—str O™ @) )0y 4+  O(VF)

7 | on
*_lj{i/ood_ﬂr[ 1, ] (5.11)
27T ox T esT(1-F) _ 1 = ¢37(1+F) _
1 [ds 4 \
=_ 57{ 27rt1 [2(1 — F2) +log(l1+ F)+Ce+ O(c)].

The linearly divergent piece is canceled by the tachyon counterterm (5.7), which
we found before. At this order the functional form of the normalization of the
boundary state comes from the tr log (1+F') term. In a constant gauge field that
normalization is \/(—im. This result has been around for some time and is
"usually arrived at ﬁsing (—function; techniques which dictate a specific subtraction
procedure without any transparent physical motivation. We wish to emphasize that

in the present approach there is no room for any ambiguity in the F dependence
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of the boundary state normalization. The reparametrization Ward identity does
not allow a finite addition to the counterterm to_-;depend on the spacetime gauge
field. The constant of integration C¢ is logarithmically divergent, but it is simply
some number independent of F),,. This divergence simply reflects our freedom to

choose the value of the open string loop coupling constant.

The O(V F) contribution to the one-loop effective action comes from the second

term in the expansion (5.4) and is logarithmically divergent. One finds

OVF) _ijoped 95(_1__\™ d¢’
Iy _Zlogtj'é o (1 - F2(¢)) Vikn (@) (5.12)

4+ finite terms

The functional form of the remaining finite expression is rather complicated and we
do not write it down here. Evidently the one-loop beta function of the boundary
field theory vanishes when the equation of motion (5.10) is satisfied. In fact, it is
probably true to any loop order that the theory is required to sit at a renormal-

ization group fixed point in order for the reparametrization anomaly to vanish.

6. Discussion

We have begun to explore the connection between string theory in a background
of massless open string fields and a class of one-dimensional field theories. The field
theory supplies a boundary state, in the closed string Hilbert space, created via
open string physics at a world-sheet boundary. Reparametrization invariance is
the key principle which allows one not only to determine acceptable open string
backgrounds but also provides an unambiguous renormalization prescription for the
couplings of the one-dimensional theory, which is vital when the boundary state
is to be used to calculate the effect of open string matter on closed string fields.
This field theory framework may lead to some insights about deeper issues in string
theory. The two-dimensional conformal field theory program is in part aimed at

finding interesting classical configurations of closed strings. If we can learn how to
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sum over such field theories, or at least to quantize some collective coordinates of
string solitons, we would be a step closer to a quantum description of string field
theory. Corresponding questions can be raised in open string theory and we believe
that the way to get at the answers is through classifying reparametrization invariant
boundary states. Since the field theories involved are only one-dimensional, one
dares to hope that they can be characterized in some detail. In particular, it would
be interesting to find, or prove the existence of, open string instantons or solitons

(and calculate their energy-momentum).

Another reason to study boundary states is that they generalize the energy
momentum tensor of matter in spacetime. In a string theory generalization of
relativity open strings play the role of matter while the closed string sector cor-
responds to gravity itself. The boundary state is the open string source of closed
string fields which enters in the BRST anomaly cancellation equations. Since these
equations are the string theory generalization of Einstein’s equation, knowledge
about boundary states might shed some light on questions of energy positivity and
occurrence of singularities in stringy relativity.

Reparametrization invariancé of the boundary state manifests itself in the one-
dimensional theory as a set of Ward identities. They are not as simple as one
would have liked. Complications arise from the fact that the kinetic term explic-
itly refers to a specific parametrization of the one-dimensional manifold, and from
the special treatment of the zero modes, whose identification again refers to a spe-
cific parametrization. Despite these nuisances, we found that the Ward identity
at the one loop level can be stated in a very simple manner and leads to a simple
equation of motion for the spacetime gauge field which has the same solutions as
the variational equation of the non-linear Born-Infeld Lagrangian [7]. A straight-
forward extension of the present work would be to apply our Ward identities to
higher loop calculations in the one-dimnensional theory. It would also be desirable
to drop the restriction to an abelian subgroup of the full gauge group. Steps have
been taken in that direction in [3,5] but the problem is technically cumbersome

because of path ordering.



Needless to say, the issue of defining the renormalization of vacuum divergences
arises for the closed string path integral as well. Although it is not obvious how to
proceed, we expect that a generalization of the Ward identity approach we have

developed will be applicable in that context as well.

Our considerations are presumably connected with issues in statistical me-
chanics. The one-dimensional path integral is just the partition function of a
one-dimensional statistical system and our equations of motion for the background
gauge fields are just the condition that the system be at a critical point. One-
dimensional systems with long-range interactions do indeed have critical points
(the Ising model with r=2 interactions is the classic example) and our nonlocal
kinetic term is of that type. It is possible that existing results on one-dimensional
critical theories can be translated into useful information on open string theories.
The work of Cardy [12] on conformal invariance and surface critical behavior is

very interesting in this regard.

Although we have only been concerned with bosonic string theory in this paper,
most of the ideas and techniques presented carry over to the more interesting case

of superstrings. We will report on supersymmetric boundary states at a later date.

Acknowledgements: We wish to thank P. Argyres and J. McCown for numerous

helpful discussions.

APPENDIX

Here we state our conventions and normalizations. We use a Ituclidean world-
sheet metric and natural units & = ¢ = 1 throughout. A free closed string is
parametrized by o € [0,27] and its spacetime coordinates are periodic solutions of
the two dimensional wave equation

. 7 5 7 .y 1 ] g ) .
an o 2, 4 B —MmT—1Mmo ~ —mr4ima
XH¥(r,0)=q¢" — :)—l T+ Sl E - [af‘nc +ale ] (A.1)
- T om#0

The length scale ! is related to the string tension and the Regge slope parameter
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[ = =V2: (A.2)

The equal time commutation relations of X#(r,¢) and its conjugate momentum

PE(1,0) =T0, X*(r,0) are
[X#(7,0), PY(,0")] = 6*"6(c — o). (A.3)

Iﬁserting the mode expansion one finds that [¢¥, p”] = i6#" and the commutation

relations (2.3) for the mode operators.

Our conventions differ from those of Chapter 2 in [13] in that we use a Euclidean
rather than Minkowski signature on the world-sheet, and we parametrize closed
strings from 0 to 27 rather than 0 to 7. We find it convenient to take the string

length to be I = 2 which corresponds to o' = 2 rather than [ =1 and o/ = 1 as in

2
13].

To figure out the normalization of aff and &fj write X# as a sum of right and

left moving parts

X¥(r,0) = X{(1 +i0) + X[ (1T —io). (A.4)
The time derivatives of X E and X 2‘ are

o0

Ve - N z ¥ —mT—1
Xi(r +i0) = —glm;oo o e mo
e (A.5)
va(’l‘ _ ZO‘) — —%l Z &/ime—17tr+inzo"
- m=-00
Comparing with (A.1) one gets
G oap Ly ' '
ay =G = —élp (A.6)

which, on setting [ = 2, gives the momentum normalization used in Section 3.
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The boundary path integral action, before ¢ is taken to equal 2, and with

conventional normalization of the Wilson line is .

' &b d
516 = g fds by c%. + zj[ds A (9) %. (A7)

In (2.6) we have rescaled the gauge potential A, to include a factor of 27a/. This

makes the field strength F),, dimensionless and streamlines the notation.
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