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1. Introduction

Chiral Bosonization of two-dimensional conformal field theories is a powerful
method of extracting correlation and partition functions. In addition to the original
work on fermions {1], the Wess-Zumino-Witten (WZW) models[2,3] of level one
admit representations of their currents and vertex operators as simple functions
of free bosons[4]. Also, the background charge method pioneered by Feigen and
Fuchs[5], and subsequent generalizations [6], effectively bosonize a large class of
models including the minimal conformal series[7]. The purpose of this paper is to
describe how to extract correlators and characters by embedding a theory into a
larger bosonizable one. In particular, we shall focus on embedding Zy Parafermion
(PF) algebras of Zamolodchikov and Fateev[8] into a direct sum of two affine level
1 Kac-Moody algebras su(N); @ su(N)1, where the subscript denotes the level 1

algebras.

The classification of two dimensional conformal field theories (CFT’s) is rele-
vant to the study of universality properties of statistical models, and for under-
standing the breath of possible string compactifications. One particular classifica-
tion scheme which embodies a large subset of known rational CFT’s is the coset
construction of Goddard, Kent and Olive[9]. Consider a WZW model with holo-
morphic and antiholomorphic (‘left’ and ‘right’) Kac-Moody symmetry algebras
G @ G. Let the stress tensor of the left sector be Tz and the central charge of G' by
cg. If H is a subalgebra of G with corresponding Ty and cg, then a coset model is
labeled by G/ H, and has a stress tensor Tg — Ty with central charge cg —cp. That
this construction yields an exactly solvable CFT is discussed by Douglas[10]. In
particular, the exactly solvable models based on the background charge method fall
under this classification, as do other general Zy models[8, 11]. The Zy PF models
to be considered are classified as both su(2)y/U(1) and su(N); @ su(N)1/su(N),.

While correlators and characters of the GG/ H theory are fixed by the informa-
tion contained in the G and H theories[10], for the case at hand we will argue that

the G/H theory can solved with information from the G theory alone. In particu-
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lar, differential equations for correlation functions, and for the characters of each
highest weight state, can be obtained from the bosonized SU(N); theories. We
denote this technique as Coset Bosonization , because it eliminates the need for

non-trivial information from the H theory.

An intriguing interplay between physics and mathematics occurs with WZW
models and their corresponding Kac-Moody symmetry algebras. The characters
[12] of the irreducible representations of the untwisted affine Kac-Moody (KM)
algebras are building blocks of the partition function of the WZW model[13]. The
characters decompose under the infinite dimensional Weyl group of the KM al-
gebra. Each character is a finite sum of string functions[14] multiplied by theta
functions which describe a sum over cosets of the Weyl Group. The string func-
tions are building blocks for the partition functions of the generélized parafermions
of Gepner[15]. So a direct calculation of the parafermion characters yields infor-
mation about the KM representations. Moreover, the field space of generalized
parafermions contains most of the non-trivial information of the KM representa-
tions. In particular, the characters for each highest weight state of the Zamolod-
chikov and Fateev PF models considered here are essentially the string functions
which generate the WZW characters of SU(2)n[16]. So one of the motivations for
the calculation of PF characters from conformal field theory methods is to generate

the structure of KM theory from a physics point of view.

The Zy PF theories are building blocks for large classes of interesting theories.
By combining them with a single free boson, one can obtain either the su(2)y
models discussed above or models with N = 2 world sheet supersymmetry[17]. By
combining them with Feigen and Fuchs bosonic models with background charge,

most known rational conformal field theories are generated[18].

The contents of this paper are organized as follows: section 2 is a review of the
operator content and algebra of Zy PF theories with emphasis on results crucial
to later results. In section 3 we describe the bosonization of the parafermion

current algebra, relations between bosonic su{/N); vertex operators and operators
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in the PF field space, and a sample calculation of the differential equation for an
order operator four point function. Section 4 contains relations between level one
characters of SU(N) and characters of the PF theory, and differential equations
are derived for these characters via a calculation of the parafermion two-point
function on the torus. Special integrable cases, including the Ising (Z2) model,
are discussed. We conclude with a discussion of our prescription and comment
on future applications in section 5. Appendix A contains background material
on bosonization of SU(N); and Appendix B describes an alternate method of
calculating the pa,réfermion two-point function on the torus based on an N-fold

cover argument.

2. Parafermion Current Algebra and Field Space

In this section, we review properties of parafermionic theories which were de-
veloped in [8]. The Zy theories contain parafermion currents 1;(z) and ()
(k=1,2,---, N — 1) which satisfy

Oxpi(2) =0 0:9x(2) = 0. (2.1)

The fields 1o and 1, are defined as identity operators. For the Z, case, 11 is the
Ising fermion. The parafermions t and 1, have Zy x Zn charge (k, k) and (k, —k)
respectively, where the charge is defined mod N. This labeling of charge under the
Zn symmetries is useful for discussing mutual semi-locality properties of fields, and
manifests the self-dual behavior. It is also convenient to express the charges (k,1)
in the form [k+1, k—1], defined mod 2V, in which case the parafermions 1, and
have charges [2k, 0] and [0, 2k] respectively. This basis is particularly useful when
comparing PF fields with those of the corresponding su(2)y models, as we will
discuss at the end of this section. Furthermore, holomorphic (antiholomorphic)
fields have charges [/,0] ([0,1]) in this basis; the parafermions generate decoupled
chiral algebras so we will focus mainly on the fields ;. since similar results for the

1y, fields can be easily transcribed. The conjugate is defined as z/);g = Yn_r. Fateev
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and Zamolodchikov have shown that the following choice for the dimensions of the

parafemions is consistant:
Ay = k(N —k)/N. (2.2)
The operator product expansion defining the parafermion algebra is
Pr(2)thi(w) = epa(z — w) "R N[y (w) + Oz —w)] k+1< N,
P (w) = oz = w) H OV ) + Oz —w)] k>1, (23

Yr(2)Pf(w) = (z — w) 231 + (284 /) (z — w)*T(w) + O(z — w)°].

Associativity of the OPE’s determine the c;;. Note that there is no O(z — w)
term in the t(2)yf(w) OPE, because any dimension 1 current would violate the
assumption that Zy x Zy is the maximal symmetry of the model. The stress

tensor T'(z) obeys the operator products

TN () = c/2 2T (w) O0uwT (w) o
()T (w) (z —w)t t (z—w)?  (z—w) +0(1),
M) | Dutbr(w) 24
T(2)ppi(w) = —— wPEL) + o).
(z—w)? (z—w)
The central charge of the Virasoro algebra consistent with (2.4) is given by
c=2(N-1)/(N +2). (2.5)

Generalizing the Ising model, there exist order and disorder operators o and
pr (k= 1,2,--- N — 1), with charge [k, k] and [k, —k] , and conjugates oy _g
and ppy_g. They are highest weight under the Virasoro algebra with conformal

dimensions (h, k) given as (dg, d,), where
2d, = k(N — k)/N(N + 2) (2.6)
(The value k = 0 corresponds to the identity.) The operator product of order and
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disorder fields contains the paralermion currents :

oz 2 e (0,70) = Qu(z = w) 2 (2 — )~y (w) + -],

(2.7)
ak(z,E);t};(w, w) Qk(z - w)Ak 2dk( )_zdk [¢L(w) + - ']’

where Qi = k(N — k)!/N! is determined by normalizing the two point functions
of ¥y, o, and ui. The Ising model is a special case where order and disorder fields

are self-conjugate, so that the operator product of o and y contains both ¥ and
Pr-
The parafermion field space is generated by applying parafermion currents

to the highest weight states under the PF algebra - i.e. the order and disorder

operators. It decomposes into a direct sum of subspaces specified by Zsx charges:

=3;O [¢[1 ']] (2'8)

The superscript denotes the highest weight order operator, the subscripts denote
Zan charges, where (1,1) = k mod 2Z. The factor of % denotes the double counting
of fields:

(k) (N-F)
¢ ¢[N+I,N+T]' (2.9)

In this language, the order (disorder) operators op () are ¢kk] (¢[k k]) and
the currents v () are ¢[2k ] (¢E(?)2k])' The modes of the currents ¥} and ¢k are
defined via the operator product expansions

oC

1/’1(2)¢E,L2](0 0)= ) Z_I/N+m_1A(1+1)/N_m¢§,]})](0,0),
mo (2.10)
$l(2)85(0,00 = D7 AVEmAL L L800(0,0).

Order and disorder operators are annihilated by operators A, and A}: for all v, u >



0. Upon each order operator the sequence QSEIL ])c] is generated as

¢E]l:_)|_2]’k] = Ag—142/N1Ag—142-2)/N-1> - Aasrynv-1ok 1=0,1,--- N —k,

1 1 _
A—(k+1—2l+2)/N’ T A_(l_k)/NUk [=0,1,---,k.

(2.11)

The operatorsA and ZT are similarly defined and the resulting fields ¢§Ik7)] have

k
¢Ek)—21,k] = Af—(k+1—zz)/1v

conformal dimension (dg), dg)) given by

dV = dp + (1—q)(k+1)/AN —k<I<F,

0 (2.12)
d) =dp + (- k)2N —k—1)J4AN k<I<2N —k.

Note that the disorder operator pj is in the field space generated by the order
operator o. All fields above are primary under the Virasoro algebra, and the

other fields in the spectrum differ in dimensions from these by positive integers.

As implied above, the Zy theory has a simple relation to the su(2)y WZW
model. Introduce a free massless boson ® = ¢(z) + ¢(%), with two point functions

on the conformal plane

(6(2)¢(w)) = ~In(z - ), (2.13)
(6(2)3(w)) = 0
The holomorphic stress tensor is T'(z) = —1:0,¢0,¢: ; it generates a Virasoro

algebra with central charge ¢ = 1. Holomorphic currents are defined by

JH(z) = VN (2):exp |+ %¢(z) )
J—(Z)‘—‘\/N;bl(z):exp —1 %qf)(z) : (2.14)

J° = V2N:0.4(2): .
All three currents are of dimension (1,0), and generate the correct operator prod-
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ucts for the su(2)y current algebra by virtue of (2.3) and (2.13) . The primary

fields under this algebra are given by the simple relation

Correlators of the PF and WZW theories are therefore equivalent up to free boson
correlators. The double counting (2.9) of the PF Hilbert space is related to the
Zy outer automorphism of su(2)y. The quantum numbers of the PF theory are
one-half the spin of the associated su(2) fields, and a Weyl reflection, m — —m,
applied to the antiholomorphic part of the representation converts ‘order’ to ‘dis-

order’ in the PF theory.

It is useful to decompose the fields as a product of holomorphic and antiholo-

morphic parts

o = 4008 (2).

Note that both the holomorphic and antiholomorphic fields have the same value of
k. More general constraints between the holomorphic and antiholomorphic parts

generate other models, as discussed by Gepner and Qiu {16].

3. Coset Bosonization of the PF vertex operators

In this section we will describe how correlation functions of the PF field theory
can be extracted from the correlators of su(N);. There are three basic principles
we shall combine. First, the highest weights of the PF theory are imbedded in the
SU(N) ® SU(N) highests weights. Secondly, the relations between coset model
correlation functions developed by Douglas[10] can be applied. Finally, the stress
tensor method of Friedan[19] generates simple differential equations for the PF

correlators because the stress tensor and parafermions are completely bosonizable.



3.1. COMPLETE BOSONIZATION OF PF CURRENT ALGEBRA

Since the central charges of su(N); @ su(N)i/su(N)z2 are equivalent to the
central charges (2.5) of the PF theories, it is natural to search for a combination
of bosonic vertex operators which reproduces the PF algebra (2.3). In fact, this
combination has been found by previous authors™ [20,21], and also applied by
Bernard and Thierry-Mieg [23]. Introduce (N — 1) + (N — 1) free bosons which
satisfy periodic boundary conditions on a 2(N — 1) dimensional torus, generated
by the sum of root lattices of SU(N) and SU(NN). The bosons ®* = o (z)+ ¢ (2)
and ®* = ¢t + ?(E), (z=1,---,N — 1), have the following two point correlators

on the sphere :

(6" (2)8" (w)) = =6* In(z — w),
(#(2)¢" (w)) = —6*In(z — w), (3.1)
(8" () #(w)) = 0.

Mixed holomorphic and antiholomorphic two point correlators vanish. We refer
the reader to Appendix A for a brief discussion of the bosonization of SU(N);.
The bosonic operator below is found to satisfy the parafermion operator products

(normal ordering is implied):

Pilz) o 3 explivo - (8(2) — ()], (3.2)

wel[i]

where w is a weight of the i** basic representation of su(/N) , which is in the i** con-
jugacy class of SU(N). In Young Tableaux notation, the representation is denoted
by i vertical boxes; the conjugacy class is given by the number of Young Tableaux
boxes mod N. The conjugate of the operator is given by interchange of represen-
tations [¢] — [N — ¢], which changes the signs in the exponential. Normalization

of the two point correlator determines the overall coefficient.

* We are grateful to L. Dixon for pointing out reference [21].
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A straightforward method of obtaining the stress tensor is to take the 11 and
¢I operator product and to extract the second leading term. (The linear term
always vanishes since the elements of each basic representation form symmetric
representations centered about the origin.) By comparision with (2.3) we find the

holomorphic stress tensor

Tpr(z) = N_:——E {—azx-azx—l—;expiﬁa-x}. (3.3)
where x = (¢— 5)/\/2, and the sum on « is over roots in the adjoint representation
of su(N) with non-vanishing weight. The stress tensor can also be obtained in
a different fashion. The diagonal su(N)z current is given by the sum of the level
one currents. The diagonal stress tensor is found via the Sugawara construction;
it is proportional to bilinears of the normal ordered diagonal currents. The PF
stress tensor is the difference between this and the total. This yields (3.3) up to
a factor proportional to cocycles which accompany the currents. We take (3.3) to
be the stress tensor consistent at the operator product level with our definition of

the parafermions (3.1), and with central charge (2.5).

From these explicitly bosonized representations, it is clear that any correlation
function of the operators (3.2) and (3.3) can be calculated on the sphere. On
the other hand, these correlators are also simple to calculate without the bosonic
representation[8]. This is because the parafermion fusion rules are simple — this
type of correlator has only one current block. We will apply these bosonized
operators to find correlators for the rest of the operators of the PF theory in
section (3.3). We will also use the bosonized version of the parafermion to calculate

parafermion correlators on the torus in section (4.1).
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3.2. ORDER OPERATORS AND THE PF FIELD SPACE

We now isolate products of PF fields and su(N); fields which combine into
bosonized vertex operators. The order and disorder operators of the PF theory
are of particular interest. The bosonic operators initially available are the highest
weights of the su(/N); theories, Gﬁ]) and GEL]) The index k denotes the k** basic

representation and the labeling of the elements of each representation is suppressed.

It is useful to define the holomorphic decompositions
(1) _ (D) =D
G[k]) I \% (= )QEL] (%),

~ ~(1) (1)
Gl = 34 ()77 (-
These holomorphic and antiholomorphic operators are exponentials of free bosons

gl = expliw- $(2)],

(w,®) € []. (3.5)
gy = expliz - 3(2)],

(1) (1)

The operators 9] and 91k} have conformal dimensions (AEI}]), 0), where

Af,f]) = k(N — k)/2N. (3.6)

The operators fj{[;]) and ’gvfz]) are defined as above with replacement of ¢ by 5, etc.
In the diagonal su(NN)2 theory, the highest weights , labeled as G% )} have the

holomorphic decomposition

Gty = gin (@ @). (3.7)

There is no explicit representation for these holomorphic fields in the bosonic lan-
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guage. The operator g[(l?;] has conformal dimension (Ag.z;}, 0), where
F(N =) N>i,720

2) N +1
v ol 3.8
) NNTY s, P

Y §N(N—+2)[(i(N — i)+ (N =)+
This is the explicit evaluation of the dimension formula A(R) = Ca2(R)/(N + 2),

where Cy(R) denotes the quadratic Casimir operator of the representation R.

Since the parafermion currents and the stress tensor are bosonized as functions

of x, there exists the symmetry

(¢, 8) = (=6, —9) (3.9)

under which (3.2) and (3.3) are invariant. Any two bosonic vertex operators equiv-
alent under this symmetry will have the same properties with respect to the PF
current and Virasoro operators. Secondly, Zy neutrality of non-vanishing correla-
tors 1s equivalent to Coulomb charge balance in the exponentials of the bosonized
operators. Hence Zy charges of bosonized operators are essentially specified by
their coulomb charge. Finally, the parafermion currents are not well defined op-
erators in the su(N); theories that the bosons describe, because the differences
between left and right momenta do not lie on the root lattice (this constraint is
discussed in Appendix A). Therefore, since operators in the PF theory are con-
structed by operating modes of these currents on highest weights, operators in the
PF theory will not in general be well defined operators in the su(N)1 & su(N);

model.

The operator products with parafermions provide a way of identifying Zy

charges. Consider the operator product
¢’1(Z)G§}1])(0’ 0) ~ Z_k/N[GI[k](Oa 0)+-], (ww)elk, (3.10)

where Gik] is the excited field onto which the OPE factors. This and the OPE
with ¢, imply via (2.10) that Gfé]) behaves as the order operator oy , with charge
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[k, k], under the PF current algebra. The OPE of GE”) with Tpr shows that it

has dimension (dg, di.) under the coset Virasoro algebra. Similarly, G&]) behaves as
Gé}?]) under the diagonal Virasoro and current algebras. (The sum of the dimensions
AE]{:’]) and dj, equals Aﬁ]).) However, because of the symmetry (3.9) , éf}v)_ K has
the same properties under the PF algebras. We identify this symmetry as the
double counting (2.15) of the PF field space. This leads to the following consistent

identifications

v 2) ,(k
Gl = e,

A1
GO = 66, (3.11)

The rest of the PF field space is generated by applying parafermion currents to
these operators. For example from (2.10) and (2.11), the disorder operator u; =

Aoal, and has the contour integral representation
1 —
#1(0,0) = %fdf z~UN ;/)1(3)0'1(0,0) (3.12)

Insert CNr’%lz])(O,O) into both sides of (3.12) , and use (3.2) and (3.11) to evaluate the

residue of the simple pole. The result is

~

fo])ﬂl =expliw-¢+iw- 4], (w,m) €1l (3.13)

The bosonic vertex operators in this case are not su(N); fields of the original
theory. General formulas for the relation of holomorphic operators in the three
theories are

(1 —
9 = 9
(3.14)

) — @40
i = 9 9%

The exponentials g[(,:]) and 2]'[(,:]) defined by (3.5) have charges [k,0] and [—k,0]

respectively.
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The self-consistency of these identifications is illustrated by a calculation of
order-disorder operator products. We first check the normalization of order opera-
tors by interpreting the OPE of (3.11) with its conjugate (summing over elements

of the representation [k]) as

2 _oal®) __aa)
Y 6 2600,0 = (1) A sy,
o (3.15)

o(2,2)0}(0,0) = 272z 4.,
The order-disorder OPE is embedded in the following OPE of the bosonic theory:

_2AM)
>0 or(= DG (= 2)m(0,0GH (0,0) = (}) 77 [u(z) -] (3.16)
(w,w)€[F]

Application of (3.15) to identify the sz]) Gg,g]z) contribution to (3.16) and use of the

identity 2Aﬁ]) = Ay — dj, shows that the correct leading term in the order-disorder

OPE (2.7) is obtained. This also generates the normalization factor Q = (1;’)_1.

3.3. CORRELATION FUNCTIONS IN THE PF FIELD SPACE

We will now argue that correlation functions in PF field space can be calcu-
lated in terms of the bosonic correlation functions of su(N);. We will apply the
G/H conformal field theory ideas of Douglas [10] and the stress tensor method of
Friedan [19]. We have found above linear relations between the operators of the
G = su(N)1 @ su(N); and G/H = PF field theories. The G/H conformal field
theory relation between correlators of the three theories is for the holomorphic (or
antiholomorphic) decomposition. The full correlation function is reconstructed by
demanding crossing symmetry, and we will not consider this here. Let (G) be
a holomorphic correlator in the G theory, (H) and (F) be those of the H and
G/ H theories with the holomorphic operators related by the highest weight rela-

tions (3.14) , or excitations generated by modes of the PF currents (3.2) acting on
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(3.14). Then the correlators are related by
(G) 4 = (H)L(F),. (3.17)

The A indices denote the number of group invariants, i.e. channels, that can be
constructed from the group indices of the G and H operators. The group invariants
are the same for the G and H correlators in our case because of the identification
of the highest weights given by (3.11). This is a simplification of the general
case discussed by Douglas[lO]. The p index, which is summed over, labels the
number of primary fields that the H correlator factors into for each channel. The
sub-correlator (H)% is known as a current block [2]. More general cases have a
primary field label for the G correlator but for the bosonized level 1 theory, there
is only one primary on which the highest weights factor. The G/H correlator is
subsequently labeled by the number of G and H primaries, which in our case is
the single index p. If we know (G) 4 and (H)%, then (F),
But our philosophy will be to attempt to determine (F )p without knowledge of

can be determined [10].

correlators in the H theory.

At our disposal are the explicitly bosonized PF currents (3.2) and stress tensor
(3.3). Let Ag} be an operator consisting of PF creation operators defined via the
OPE’s (2.10). They commute with operators of the H theory

(@) = (HR (P (3.18)
The label (¢) denotes correlator obtained via the action of AS} on an initial set
of order operators. Different PF correlators are obtained by applying different
raising operators onto a set of order operators. If this results in enough different
non-vanishing correlators, then (3.18) can be used to determine the matrix (H)%,.
We conjecture that this can be achieved; that the number of primaries p in the

H theory is equal to the number of independent correlators in the PF theory

generated by the action of A,s onto order operator correlators. If there are more
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group invariants than primaries, then we take a subset of the invariant channels

equal in number to the primaries.

Next, if the PF stress tensor (3.3) is inserted into the correlators (3.18), then
the derivative with respect to insertion points of the PF correlators is obtained by
isolating the single poles in the OPE of the fields with the stress tensor [19]. This

is written as
(DG)Y) = (H)% (0, F)}) (3.19)

(2) +

where z is an insertion point, and (DG),’ is the bosonic correlator obtained by
isolating the single pole. Then by applying (3.18) to eliminate (H)?, , the following
(1)

matrix equation for the correlators (F')’,’ in terms of the calculable functions (G) X)

and (DG)E;) is found
. | | - |
(0. F){) = (PG (b6 | (3.20)

This is a useful equation because it generates differential equations generically of
order equal to the number of primaries p for each of the correlators (F )g), in terms

of calculable bosonic correlators of the G theory.

As an example, consider the four-pt. function

(81 (21) 6]V (22)81) (23) 0] (20)) (3.21)

This is the holomorphic part of the correlator (010;0101 ). The fusion rule for the

field qﬁgl) and its conjugate is

(M1 M] = (1) + (), (3.22)

where ¢82) is the holomorphic part of the energy operator ¢(!) [8]. These two
primary field channels are matched with the identity and adjoint of the level 2

theory.
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Hence two different sets of correlator relations are required, one of which must

contain (3.21) as the G/H factor. Two relevant equations are

<G>E41) - (g(l) (1) (1) 1‘(1)>A = { (2) 1) (2) 1‘(2)>P (¢gl)¢’{(1)¢gl)¢’{(1))p,

(190 901 9] Iy 9 9y 9p) /A
(3.23)
1)~1(1 2 2) (2 2
<G>E§) = <9[(;])9Ef1(]1)§f1])ggl(] ))],’4 = <9[(1])9E[1(] )9[(1])931(] ))i(¢§l)¢1(])¢(_1}¢f_(i))p-
The label A runs over the two ‘s’ and ‘t’ channel group invariants:
Il = 6w1 —wzéws—wu
(3.24)

I = 6w1 —wy 5w2—w3 >

where w; is the weight of the field at z;. Define the anharmonic quotient:

_ (21 — 29)(23 — 24) .
T = 1= 23) (2 —72). (3.25)

The bosonic four point correlation functions can be written as
i _oAD ;
(@Y = [(21 = 23) (22 — 20)] 72200 (G(2)) ), (3.26)

where (G(w))ﬁ) is a function of the anharmonic quotient only. Similarly, we define

the matrix
(DG)D = [(21 — 23)(z2 — 24)] 2200 (DG () ). (3.27)

We find the following by straightforward calculation:

1 1
] T 1-z
(G(z)W) = (z(1 = )YV 1 | .
z(1—z)1/~¥ 0
and
L N 1 _ N-1
(DG(:U))U) = —(.’L'(l — m))l/N z(1-z) z? z(1-=z) (i-z)2
o - —_— —
N(N +2) y~UN (AL Eﬁl——ﬂ) , I/Nz(li_z;
(3.29)

The indices (7) and A label row and column respectively. Insert these matrices into
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(3.20) to find the desired differential equation for (F);l):

N(N +2) NN+2)-2(1 1 \,. 1 "
{Q(N-i-l) 832+ 2(N +1) (:L‘ 1-;5)81 d1$2(1___$)2}(F>p1 =V,

(3.30)

where d; is the dimension (2.6) of the order operator ¢y, and the two solutions

correspond to the two primaries labeled by p. The N = 2 case of (3.30) was

originally found in [7] ; solutions to (3.30) are given in [8].

Note that the G/H Ising model case is special because the SU(2)2 H theory
is an Ising model plus a free boson. Then the GG correlators yield squares of Ising
correlators, up to trivial U(1) factors. Hence it is possible to generate the square
of Ising model correlators directly. This is equivalent to the approach taken by

Boyanovsky[24].

4. Differential Equations for PF Characters
4.1. How TO GENERATE A DIFFERENTIAL EQUATION

The partition functions for the Zy parafermion theories can be calculated by
relating them to characters XgN)(T) of the spin I/2 representations of su(2) 5, which
expresses the number of states generated by holomorphic current creation operators
acting on a highest weight state with spin //2. String functions ¢!, , (I —m € 27)

are defined by the relation[14]

N

W= Y d(1)Om (7). (4.1)

m=-—N+1

This expression is a decomposition of the character under the infinite dimensional
Weyl group of su(2)y; the theta function contains all of the translational subgroup

and corresponds to the U(1) current subalgebra of su(2)y. String functions are
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the holomorphic building blocks of the PF partition functions. More precisely, the

combination

Z0 = () (7) (4.2)

m

are the PF characters; how to generate the PF partition functions from (4.2) is
discussed in [16]. (The functions O, y and 7n(7) are discussed in Appendix A.)
The PF characters (4.2) describe the number of states in each sector, originating
from highest weight o7 and with Z;x holomorphic charge m , by the operation of

holomorphic creation operators in the theory. They admit two symmetries

z® = 78

Self-duality of the PF theory generates the first and the overcounting (3.9) corre-
sponds to the second. Equivalently, by relating the PF theory to su(2)y, the first
is SU(2) Weyl symmetry of the spectrum and the second is due to the Z; outer

automorphism of su(2)y. In addition, the charges are defined only mod 2N —

ZW =29, (4.4)

It is also useful to define Z,(Tll) =0 1if [ - m is odd.

One method to determine WZW characters is to apply the Kac-Weyl charac-
ter formula [12]. The characters also satisfy differential equations in the modular
parameter 7, as discussed in [25]. Via the GKO construction,they are related to
the conformal characters of the minimal models {26], which also satisfy differen-
tial equations [27]. In this section we will find differential equations for the PF

characters directly.

The essential tool for the analysis is the two-point function of parafermions

on the torus as determined by conformal field theory techniques. Because the
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parafermions are explicitly bosonized, this correlator can be calculated exactly in
the SU(N)1®SU(N); vacua, which are labeled by the highest weights of each of the
SU(N). The bosonic parafermion operators are not well defined vertex operators in
the level 1 theories; we calculate the holomorphic square of the correlator, because
the holomorphic square of the parafermion is a well defined operator in the level 1
theories. After the classical contributions (windings about the lattice) are properly
included and a Poisson resummation on one set of the windings is performed, the
resulting function is the sum over highest weights of holomorphic squares. We
interpret the holombrphic square root in each sector as the parafermion correlator

in a given level 1 vacuum sector:

($1(2)](0))ij = F(r)97241(2) Y Opga(~wz, 7)1 (+wz, 7). (4.5)
well] )
The notation [i] denotes the i** basic representation of su(N); ([j] denotes the
representation of SU(N )1), and the theta functions ¥, and Of;,; are defined in
Appendix A. The correlator (4.5) factors onto the product of characters XEil]):\jg])
with singularity 2241 as z — 0.

How is this used to generate differential equations? Because of the coset con-

struction, the level 1 vacua are a sum of products of su(N)2 and PF vacua :
(1) _ Akl (2)
X X = AiiXpg 2 (46)

The integer valued matrix A will be determined below. As 2 — 0, the leading term
of (4.5) factors onto (4.6). The second leading term of the 1/)11/)}L OPE (2.3) factors
onto the PF stress tensor, which on the torus is the modular derivative of the PF

partition function {19, 22]. Therefore, the second leading term is of the form
(1(2)$] () l:=0 = AFX{ 0 21, (4.7)

We will show that in general (4.6) eliminates X%Z]) from (4.7). This generates a
differential equation for the PF functions Z;. First we illustrate this with the Zj

(Ising) and Z3 cases.
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4.2. Zs AND Z3 CHARACTER RELATIONS

The relationships between characters of SU(2)1, SU(2)2 and Z3 theories are
given in [9], since the Ising model is the first in the minimal conformal series. To

simplify the analysis, it is useful to define

Qm(T) = Zpu (7)1 (7) (4.8)

where c is the central charge (2.5) of the Zy models. The differential equations
for Q! will simplify and involve only level one SU(N) theta functions we denote
as Of;), suppressing the level 1 subscript. The su(N )1 characters are given by
inl]) = @[i]/nN_l, up to an offset in the vacuum energy which is of no concern.
The factors of n(7) in these characters and in the definition (4.8) can be absorbed

in a redefinition of the level 2 characters. For the Ising model, the relation between

characters, reexpressed in terms of the Q! ., is given as

OO = )Q(O) *(2) ]Q(Q)

X[11

(1
OO = 21 A1, (4.9)

0 (2
OmOm = i@ + x5 67

The characters Zéo) , Z(g2), and Zl(l) have highest weights I, ¢, and o respec-
tively. The second term of the d?lwir OPE (2.3) factors onto the stress tensor. For
the flat, doubly periodic torus defined by the periods 1 and 7 in the complex plane,
the unnormalized stress tensor one point function is the modular derivative of the

partition function[19, 22]:
(T(z)) = 2m0: Z(7,7). (4.10)

When the partition function decomposes into a sum of a holomorphic square of
characters, then the expectation value of the stress tensor in a given sector (corre-

sponding to a character) is the modular derivative of the character of that sector.
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By applying this to the second term of (4.5) for the Z3 case, the following equations

are generated

HOWOW)' = (e Q" + X1y @

2 1
(OO’ = K", (4.11)

T

. 2 0) A(z 9
HOp O = Xfl)l] e [O])Q'( )

where / denotes .. Note that the OO equations are redundant because
Zfl ):Z(_ll). The equations (4.9) and (4.11) generate first order differential equations

for the @’s which are solved by inspection. The results are —

Q" o< 4[(Orm’* + O*)* + (0" — Oy) /4]
QY o (004, (4.12)

& o 1012 + Ot — (O — O],

Arbitrary integration constants are determined by demanding that the Zéo) high-
est weight is a singlet, and that the Zl(l) and Zéz) highest weights are doubly
degenerate; they correspond to the states (o, 1) and (1, %) respectively.

Products of SU(2); theta functions can be reexpressed as products of Riemann
theta functions by redefining variables in the definitions of the functions. The

relations relevant to the functions (4.12) are —

O W=
—d
N’

t;

OOy = (”[
A2
Opp” + Opp” =2 (0 0 ) : (4.13)

‘ 107\ 2
O’ — Opy’ =2 (ﬂ ) :

Applying these to (4.12) leads to the standard results.

r
D=
1
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The rules which govern the combination of characters become clear when the

(2)

Z3 case is displayed. Again, some factors of 5(7) are absorbed into X[

- ~(2
Op0}Or0) = Xﬁ)])Q( fz)l]Qo ;

(4.14)

——

OO = X i)o]Qg Lt xfz)]Q( )

~(2 2 ~(2 0
OO = X1 @0 + X n@b -

The characters Z(go), Z((,z), Z1(3), and Zl(l) correspond to the highest weights 7, €7, 1,
and o7 respectively. (The field €(1) is a Zy neutral field of dimension 2/5 discussed
in [8]). Therefore, (4.14) is two decoupled systems consisting of two equations with
two unknowns. This will lead to second order differential equations for the Q’s.
But since the information for the general case is at hand, further discussion of Z3

will be differed until the general structure is obtained.

First note that many combinations of level one characters yield redundant
information; label each combination of OOy byn=1i+j mod N (0 <n < N).
Then the products in the (N —n) class yield the same information as the n'*, by
the identity ©f;) = Oy _;], and the relations (4.3) and (4.4) . Second, in the Z; and
Z3 examples above, the level 2 highest weights (and associated characters) which
appear are in the product of the level 1 highest weights or their descendants.
Therefore they belong to the same conjagacy class n as the product of level 1
weights. All terms in the products appear which generate unitary representations
of su(N)2. (This restricts the highest weights to one or two columns of Young
Tableaux.) They are multiplied by characters of the PF theory, such that the sum
of conformal dimensions of the level-2 and PF highest weights equals the sum of
level 1 highest weights, mod Z. Third, the Zsy charge of the PF characters equals
the sum of the charges of the level 1 highest weights. (This charge is the difference
¢ — 7 mod N.) Finally, integer-valued coefficients which in principle multiply the
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products of level-2 and PF characters are all unity. This is surprising because the
highest weight of level-2 characters appears more than once in the product of level
1 states. In these cases however, the PF characters have degenerate highest weights

which account for this.

4.3. CHARACTER RELATIONS AND DIFFERENTIAL EQUATIONS

By the above discussion, the general case is deduced by including all level-
2 characters whose highest weights appear in the product of level 1 states, and
matching these with PF characters with correct charges and dimensions. The

general relation is

) ~(2 200—n
OuOmran-1= D RKana@ion’

2n>2a>n

~(2) (2(N—a)+n
+ Z X[a,n+N—a]Q2i—n )’
2a>n+N

(4.15)

where £k = 0 if 2n > 2¢ > n and « = 1 if 2¢ > n + N. For the second case, the
Zan charge of Q is converted to 2i —n — N by application of (4.3). The sum over
« is over all level 2 highest weights in the conjagacy class n. That they all appear
is discussed in [28], and we have verified this for simple cases. Note that ¢ > j in

this construction since the rest of the equations are redundant.

Let 8 be the Zyy charge of the PF characters, and n be the conjugacy class of
the product ©;0[;). Then

(4.16)

=5+ 8,
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for all N > 8 > 0 such that 3 —n € 2Z. The integer é}; is defined as

7B=0 n>p>0,

(4.17)

Since the products of theta functions and the level-2 characters are specified by n

and A , introduce the notation

A = OO,
0 a(2) (4.18)
X = X[ 50
with (¢, 7) given by (4.16) . The character relations (4.15)are equivalent to
A= 3 XY, (4.19)

N>~v2>0

These are defined only for B —n € 27 and v — n € 2Z. It is useful to define A%,
X3 to be zero if n — B is odd. Because of the symmetry n — N — n, we restrict

the conjugacy class n such that N > 2n > 0 with no loss of information.

It is not clear that we have enough data to solve for xj via (4.19) and generate
a differential equation for @ in terms of the theta functions, because the domain
of /3 is greater than that of n. The solution to this puzzle is to apply the relations
(4.3) to the Q’s , thus reducing the system to matrix equations. The analysis leads

naturally to the following quantities —

ns= AL LAY,

S (4.20)

The point of these definitions is A+ and x4 for N > 283 > 0, contain all the
information of A and y for N > 8 > 0. Note though , that (4.20) may in certain
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cases vanish identically ; this is true for N even and n — 8 odd. This leads to

different cases that will be discussed below. Similarly, we define

QN =0V £V, (N>2y>0),

™) = 1o 1 oW (4.21)
Q.:ﬂ = %(Q; + Q]\‘fr&ﬂ) (2y=N).
These definitions satisfy the matrix equations
(4.22)

ne=x",Q") N >2n,28,2y>0.

A sum over v is implied. The second term in the parafermion two-point function

generates the equations

AR = X0, Q) N >2n,28,2y >0,

, o) (4.23)
vuAls = x2,QF N >2n,28,2y > 0.

We have applied all the symmetries of the level 1 and PF characters ; (4.22) is
used to solve for x4 in (4.23) . Hence there is enough information in the two-point
correlator of parafermions on the torus to find differential equations for the PF

characters in the general case. The final equation clearly takes the form
QA = (N +2)A+QL. (4.24)

For manifestly integrable cases when the rank of Ay is one, the solution is clearly
Q < AYVN+2) Note that (4.24) generates a power series solution in the variable
q = €2™7 for all characters , given the dimensions of the highest weights as initial
condition information. We now consider the different cases and determine the
order of the differential equation equation for each element, given by the rank of

the matrix.
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N Odd

By observation of (4.20) the matrices At , x+ and Q4+ never generically vanish
when N is odd. Each matrix is square and of the form A%, with a =0,1,---,(N —
1)/2. Hence the order of the differential equation for each element, given by the

rank of the matrix, is (N + 1)/2.

The lowest order example is the Z3 case, with the ¢} matrices given by —

QY+

Qs = (4.25)
+Qf) QY
The differential equation (4.24) is specified by the A matrices
O’ +OnOp
Ay = (4.26)

+0p° OO

This system can be converted into ordinary second order differential equations in

a single variable. First note that Oy = Oy} for SU(3). Then rewrite Ay as

s 41
= (’)[HZM:L. (4.27)

where s = O[g)/Op;. The overall factor @[]]2 leads to the redefinition — Q1 =
(')[1]2/5R:4_.. Then let Ry = R4(s) . The factor of ds/dr cancels on both sides of

(4.24)and an ordinary differential equation in the variable s results —~

d d
— My =5M+—R4. }
Ry Is + =547 :i:dsRi (4.28)

This clearly generates two second order differential equations which after futher

studies yield series solutions.
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N Even and n Even

The matrix AL ; vanishes when n — 3 is odd Hence the matrices in (4.24) are
of the form A%g If N/2 is odd, the dimension is given by (N + 2)/4 for both Ay

and A_. The first example in this series is the Z5 sector

Q+ = QP + QY

(4.29)
A:h = @[0]2 + @[1]2

The other half of the Zy theory is in the n odd case. If N/2 is even, then the
dimension of the matrix A4 is given by (N +2)/4 & 1/2. The first in the series is

Q+:< ) +Q) 2@5‘”)
HOP + o) QY

the Z4 case —

(4.30)
Q-= e - Qf
with A matrices -
Ay = (@[012 + Opy’ 29[1@[31)
20?200y wa
A- = O’ - Oy’

N Even and n Odd

The matrix A%, vanishes when n — 8 is odd so the matrices in (4.24) are of

the form Aggi% If N/2 is odd, the dimensions are (N %+ 2)/4. The first example

in this series 1s the Z5 case —

(4.32)
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The second member of this series, Zg , has an integrable equation for A_

Q- =01 - @3,

(4.33)
A~ = OOp — Op3Opy-

The rest of the Zg system (A4 for n odd and A4 for n even) has rank two matrix

structure.

Finally, if N/2 is even, the dimension of the matrices is N/4 and the lowest

representative of this series is the Z4 odd sector

Q= QW £ QV,

(4.34)
A+ = O)Op) + OO},

This completes the analysis of the different cases. Only the Zs system is completely
integrable (first order). The Z4 and Zg systems are the only partially integrable

systems.

5. Discussion

The process of extracting information about a CFT via coset bosonization is
clearly not unique to the case of Zy parafermions we have discussed. To clarify

the general structure of this method, we offer the following prescription:

Let G be a bosonizable theory with current algebra we also label GG, and H the
theory of the closed subalgebra .

A. Find the chiral algebra fields of G/H. For the PF case, these are given by ;

and Tpr. We expect that such fields can in general be completely bosonized

because their simple fusion rules can be reproduced by bosonic vertex operators.
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B. Identify relations between primaries of the chiral algebras. Begin with the pri-

maries under G and deduce their coset decomposition by considering their charges

under the coset chiral algebra fields.

C. Understand the fusion rules of H and G/H fields. This fundamental informa-

tion of the H and GG/ H theories, is required to formulate the coset relations for

correlation functions.

D. Calculate correlation functions (F)g), via the differential equation (3.20).

E. Determine the relations between characters of the theories. Use symmetries of
(G and H and detailed analysis of highest weight relations (i.e. charge conservation

and level matching).

F. Factor chiral field correlators on the torus. This generates differential equations

for the characters. With no current algebra in the G/ H theory, the second leading
term of neutral non-vanishing chiral field two-pt functions factor onto the stress-

tensor, which is the modular derivative of the character of the particular sector.

This prescription immediately applies to the cases Gy C (G1)*, where G}
is the level £ WZW model of the semi-simple group G[30]. The currents of G
are the diagonal sum of the level 1 currents and the stress tensor is obtained
via the Sugawara construction. In particular, the roles of H and G/H can be
interchanged in our construction to discuss aspects of SU(N);. We also know of a
bosonic representation for the SU(3)2/U(1) parafermion, for which this formalism
can be applied. It is clear that elements of this prescription can be combined
to calculate G/H correlators on the torus, and that a formulation of these ideas
should be possible for arbitrary genus surfaces. We hope that this construction

can supplement other techniques and shed additional light on the structure of the

space of CFT’s.

Acknowledgements: We are indebted to J. Bagger, L. Dixon, K. Hornbostel, D.

Lewellen, M. Peskin, M. Walton, and S. Yankielowicz for insightful conversations.
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APPENDIX A

Bosonization of su(N);

The diagonal su(V); theory is represented by an even Lorentzian self-dual
lattice [29] compactifcation. It is equivalently formulated on a conventional N —1
dimensional torriodal compactification [31] with constant background metric and

antisymmetric tensor field, with action

5= QL / 220,08 -0F + B,, 0,04 :0"). (A1)
i

We now define the constant background metric g;; and antisymmetric tensor
field By, , following Ginsparg[32]. Consider the root lattice Ap of SU(N) generated
by the simple roots e¥, wherei = 1,---, N —1 labels the roots and g = 1,--- , N —1
denotes the euclidean component of each root. The dual vectors e;‘f satisfy e;ieé-‘ =
65 and generate the weight lattice Ay . The metricis given by gi; = ef'e/ /4 = Ai; /4
where A;; is the Cartan matrix of SU(N). Spacetime vielbeins are i the simple

roots. Points ®* and ®# + 27n'(te!) are identified to form the spacetime torus.

The constant antisymmetric field is defined as By, = bij(Qe;i)(Zef,j ), where

iy Z.<ja
bij = ¢ 0 v=7, (A.2)
—gij 1>]

One method of obtaining the spectrum of the model is by the path integral
approach on the world sheet torus. Represent the torus by the parallelogram
defined by the vectors 1 and 7 = 71 + ¢72 in the complex plane, where 72 > 0.
Two canonical homology cycles A and B correspond to motions in the 1 and 7

directions. The zero modes ®* = C*z + C"z, where C, and C" are constants,
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must undergo shifts by spacetime lattice vectors when carried about the cycles

%C”-{-%C“zrn'ﬁfﬂ
A A

S (A.3)
fC“ +‘7{Cl‘ = mm'el.
B B
The solutions to (A.3) are given by
CH = in[niT — m;|1et. (A.4)

The classical contribution to the partition functionis Zy = 3, .. exp[—Spm) where
Snm 1is the classical action of the solution (A.4). By application of the Poisson
resummation formula to the lattice vector m'e! /2, the classical partition function
becomes

Lo = Z exp(inTy: — imTY%). (A.3)
YL;TR

The sums on left and right momenta v, and g are over the integers (n, p;) where

pj is introduced via the Poisson resummation

*1

v = [pi — 3(bij — gij)nel,

o (A.6)
v = [pi — H(bij + gij)n’]e}.

The lattice (yr,vr) is Lorentzian even and self dual, which follows from v, —vg €

Ap and vL + 7R € Aw.

Theta functions of su(N); are given by

Ox(z,7) = Z explimkrTy? — 2wiky - 2], (A.7)
YEAR+A/E

where A is a weight vector. The notation ©;(z) is used to denote the su(N); theta

function with A € [¢], where [i] denotes the i** basic representation. The classical
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partition function (A.5) is given by

N-1
Za=Y_ O0p (A.8)

1=0

The quantum contribution to the partition function is easily found via the
stress tensor method. The two point function for the free bosons on the torus is

given by
(®*(2,7)87(0,0)) = —6*[1n |9(2)/n|* — 2x(Imz)?/72]. (A.9)

1
The theta function 9 = 9 E] is a Riemann theta function on the torus with zero
2

at z = 0. The general definition of these functions on the torus is

v [a] (z|]7) = Z exp [ir7(n + a)? + 27 (n + a)(z + b)]. (A.10)
b nez

The function n(7) = ¢/*[3°,(1 — ¢"). The stress tensor for the bosonic theory
is

T(z)=—1:0,9%0,0*: (A.11)

By taking derivatives of (A.9) , the quantum expectation value of the stress tensor
can be isolated; subsequent application of (4.10) generates the modular derivative
of the quantum partition function Zg,. The correlator (A.9) is normalized to factor

onto Zg, ; this normalization is fixed by the procedure. The result is

Zgu = 1971, (A.12)

Up to a shift —(V — 1)/24 in vacuum energy, the level 1 characters are XE,'I]) =
@{i]/nN“l and the full partition function is a sum over ¢ of the holomorphic square

of these.
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APPENDIX B

Cover-Space approach to the PF Two-Point Correlator on the Torus

It is natural to search for parafermion correlators on the torus by applying the
relative locality properties of the parafermion currents. In this appendix, only the
Z3 theory will be considered. The 2-point function between the parafermion
and its conjugate must be of the form

(26 = Jior— (B.1)
where ¥ = 9 [’2_’] as defined by (A.10) . The theta function ¥ essentially describes the
quantum congribution to the correlator, as discussed in section 4.1 and Appendix
A, including the relative semi-locality between parafermion and anti-parafermion.
The function F must describe the relative semi-locality between the parafermion
and the highest weights of the vacuum sectors. Consider the torus for large m
with 71 fixed. Then if z — z — 7 then the parafermion factors onto the highest
weight. This generates a phase of the form w”, where w = €2>7/3, and factors the
correlator onto another vacuum state, both as given by (2.10) . Under this action,

the parafermion adds charge [4,0] to the highest weight. For the case at hand there

are two sequences —

<¢¢T>1 - <¢¢T>¢ - <d)w>¢f - <¢)w>o (B.2)
( (ﬁgo) R ¢go) . ¢go) . ¢80)) 2

and —
(wit) = (wwt) = (w9), = (ve'), (B3)
I S S )
1)

3,3]"
Under z — z — 1, the parafermion circles about the highest weight and the cor-

For the second sequence, the identity (2.9) has been used to identify ¢; = qSE

relator also obtains a phase from the semi-locality with the highest weight. If the
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contribution to the phases from the anti-parafermion is factored out by normaliz-
ing the vacuum (identity) sector, then the following phases are obtained under this

transformation

(<¢¢*>I,<w*>ﬂ) - (<¢¢*>I,<W>Q) ,
( wt) . <¢‘“>01) —w ((W}w , <W>01> : (B4)
((69) 0 000,) = (), (097),)

The correlator returns to its original sector with no phase under the motions

<
<

z — z— 37 and z — z — 3. This situation is pictured by drawiﬁg cube root branch
cuts about the two cycles; the parafermion and anit-parafermion are connected
also by a cut — as the parafermion moves about cycles, it deposits this branch
cut. The cover of the torus with branch cuts is the three-fold torus, on which
the correlator is doubly-periodic (meromorphic). The functions F(z — w), which
generate no branch cut between z and w, are meromorphic on the cover. One
convenient representation of these functions is given by

a/12

Fo(z — wlr) = 19[ 0

}(4(z—w)|127') a=0,1,---,11L (B.5)
These functions give <7,Z)¢Jf>a = Fa/194/3 the required properties; the denominator
generates 9 poles of order 4/3 on the cover so the numerator has 12 zeroes as
dictated by the meromorphic constraint on the cover. The functions <1/)1/)T>a clearly

form a basis on the cover. Transformation properties of the Fj are

Fo(z 4+ 1) = wFy(z),

(B.6)
Fo(z + 7) = Foaga(2).

By comparing these transformation properties with (B.2), (B.3), and (B.4), the
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highest weights (I,€;) behaive as <1/rz/)1>a for a = 0 mod 4. The other sectors are

generated by motions about the B cycle.

There are four linearly independent functions <¢’¢T>a , with 7 dependent co-
efficients, which describe the different correlators for each sector. This freedom is
is reduced by two additional constraints. First, the correlator for the (I, €1) sector
is invariant under the interchange of ¥ and its conjugate since the highest weights

have no charge. This reduces the <1/)1,b7> I correlators to

(997, = erae) (97} #1007, (56, + (7))
(B.7)
Finally, there can be no U(1) currents in the theory so the second leading term in
the (z — w) expansion must vanish. This reduces the problem to two decoupled
systems with two unknown 7 dependent coeflicients. This is precisely the amount

of information supplied by the coset bosonization procedure of section 4 (compare

(B.7) to (4.5) and (4.14) ).
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