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1. Imtroduction

Due in part to the progress made in the compactification of superstrings, the
study of U(1) chiral bosons [1~] has blossomed in the past year [2]. Non-abelian chiral
bosons have also been studied [2b,3], although much less so than their abelian limits.
Much work [1,4] has also been done on the supersymmetric extensions of the U(1)
theories. Studies of the supersymmetric, non-abelian theory are also present in the
literature [5]. In this letter, we will present some of the results we have obtained
for the (1,0) supersymmetric theories. Further details on this work will be publish
elsewhere [11].

Our non-linear sigma model actions will be presented in the next section. We
will also derive the self-duality constraint there. Following this, in section III, a
discussion of the super Kac-Moody invariance and its associated super-currents,
will be given. Section IV will describe possible couplings to non-abelian gauge
superfields. The superconformal 7theory and‘ the coupling to supergra'vity will be
presented in section V. This will include the conditions for consistent propagation
of the leftons (left moving) and rightons (right moving). Our notation will generally
-be that of our previous work [4c].

During the completion of this work we received a preprint by Gates and Siegel

[10] in which some of the results obtained here are discussed.

II. Lefton And Righton Non-Linear Sigma Models

The non-linear sigma models for non-supersymmetric leftons and rightons have
recently been given [2b,3]. In this section, we will present the superspace actions
for the unidexterous theories. This is done by extending our previous works [4a,4c]

on the U(1) theories.



Following Ref. [6], we define the non-abelian group element superfield, i, which
satisfies YUt = 1. This matrix superfield can be expressed by U = exp 1D - t].
The real superfield, ®(c+*,¢*), represents a lefton or righton and ¢ represents the
hermitian generators of the group G. Our super world-sheet has bosonic light-cone
coordinates 0** = (r £+ o) and a real Grassmann coordinate, ¢*. In wfiting the
Wess-Zumino(WZ) terms we will introduce a third coordinate y with 0 < y < 1.
This will allow us to define the superfield, ®(cF*,¢t,y), over the solid ball, by
d(oxt, ¢ty = 1) = O(oFE,¢t) and &(o*%,¢t,y = 0) = 0. Then the mapping is
{l = exp[t® - t]. (Here we assume that the second homotopy group of G is trivial,
m2(G) = 0.) It will also prove useful to define [Ty = U~ D4U where D4 represents a
supersymmetric, covariant derivative. A similar definition for 14 holds with ¥ —
and 1, = 0-1%12.

Our actions will be of the form S(U) = Sw zw (U)+5r(U) = S, (U)+nSw z (U)+
Sa(U); where n € (nL, ng) is an integer [6] which in general has different values for
the lefton and righton sectors. Here Sy zw is the Wess-Zumino-Witten action, S,
is the sigma model action, Sy z is the WZ term, and S, is the Siegel term which
leads to the self-duality of U/.

In the (1,0) theory, both the leftons and rightons will have the S, and Swz

actions defined as follows:

Sol) = —iuy / Pode~ TriMI__] (2.1a)
Y 1 -~ ~ ~
Swz(ll) = ——'irg;/d%rdg_/ dy Tr(ll,(D+II-_ —8__1I4)] .  (2.1b)
0

For leftons, we employ the notation ¥ — Uz and {§ — ;. The rightons will be
adorned with a “R” label.
The component form of this action at the special coupling (ll2 - %) =0 has

the form |5]
Swaw () = Swawl(u) —i%/dZUTf[ﬂ+ 0-_B+] (2.2a)
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where u is a group element of G and 8, is a Weyl-Majorana fermion in the adjoint

representation of G. It is defined via:
U = uw, DU = iupy . ) (2.2b)

The variation of the actions (2.1a) and (2.1b) with respect to U are the following:

6S,(U) = i‘—},/dzodg‘ TrU-'6U(B-_Tl, + DI__)] ,  (2.3a)
5Swz(l) = 1;7 d?od¢~ TrlU=SU(B-_TI, — DI__)], (2.3b)
For the special coupling ({5 — =) = O the variation of the WZW action takes
the form
§Swaw(l) = islfd%dg- TrlU-6Ua__TL4] , (2.3¢)
I

I11.1 Non-abelian (1,0) Leftons:

As a generalization of the abelian leftons superfields, ®%, which a priori obey
8__®% =0, i.e. D% = ®%(oFF,¢T), we define a lefton matrix superfield, UL, by

d__Ur = 0. These group element leftons can be constructed from the former leftons

- vialp = elxp[iq) -t]. The chiral nature of the matrix superfields U/, is achieved by

“adding to the Swzw (UL) the following lagrange multiplier (A1~ ~) or Siegel term

SalUr) = - z‘_;,/ d?od¢™ Ay~ Tri-_(Bn__D)] (2.5)
The variation of this term with respect to §U is given by
55a(U) = iy / Pode~ Trllp'sUsd__(Ax——T_))].  (2.6)

Using the variations (2.3) and (2.8) it is straightforward to verify that both Sw z (UL)
and S,(UL) + Sa(UL) are invariant under the Siegel transformations

5’ru1, = T__a~—uL ’
-
5‘rA+—"‘ = —D+T_— -+ T__B __.A+__ .
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In addition the action for the non-abelian leftons is invariant under the global super-

chiral transformations:
u— au , ’ U—-uB=t . ' (2.8)

Where A and B are constant matrices and are elements of G. The associated chiral

super-currents are

JE =iy + P ®) i) o
IBy = i - R ®)
Jo = —i(%—%)muwfl —4 2%1\;—3__%11{1 o)
Jfb_)(,) = —i(%-F%;;)a——ULUL_I , |

where the right current is associated with the first transformation in eqn. (2.8).
Using the expressions for the variation of the various terms of the action with

respect to U1, we get the following equation of motion

1 - 1 n -
(5= 2Z)Dp(Up™'0-_UL) + (7 +22)a-—_(Ur~*Dillyr)
2 4r - 12 4rn (2.10a)
, - .
+ F0--(A+7TU o__UL) = o,
The second equation of motion associated with the variation of A, ™7 is
(UL‘la__UL)Z = 0, (2.10b)

This equation of motion, as will be clarified below, is potentially anomalous. To

_ solve these equations we take
a__Ur, = 0. (2.10c)
From the equation of motion (2.10a) we get the current conservation laws:

D+J£L_)(£) + 8__in)£) = 0. (2.11)

The vector and axial supercurrents J ¢) = [J(1) £ J(r)] are obviously also conserved.
Note, however, that now unlike the abelian case [3,4c| the vector current is not

topologically conserved as the equation of motion (2.10a) must be applied.



II.2 Non-abelian (1,0) Rightons:

Just as for the leftons we now generalize the abelian rightons. The latter are
superfields that a priori obey D, ®* = 0. We define a righton matrix superfield Ur
by D.Ur = 0 . This means that the component plus-spinor, f; defined in eqn.

(2.2b), vanishes. The lagrange multiplier (A__**) term takes now the form

Sa(Ur) = —i/ d?ods™ At Tr[ LT B (B 4 e, (B, (BRI, (B)]
(2.12)
Notice that the second term is needed to compensate for the Siegel transformation

of the WZ term. The variation of this Siegel term with respect to Uy is

§Sx(Ur) = i/d%dg— Tr{Unt6Up{ 2Dy (A——tFTIE)) + 044 (A__T+I{D))]

+izaDy (At

(2.13)
The full action, S(Ug) is invariant under the Siegel transformations
byUUr = TYY0,4Ur — 13DyY D UR ,
bprA__TF = —9__Ttt 4+ THto A _tt - i§D+T++D+A__+(+ . \
- 2.14

“Here again the action is invariant under the chiral transformation of (2.8). The

associated chiral currents are now

(B _ _y L _re -1

J+(’) - 7'(412 167‘,)D+URUR y

R L1 ng . _ 1 n _
T = ~ilge t gep)0--Unlin™ (g — gg)A-- T DellnD Uz

1 _ : .
—ion A ttoL Urlir™ — ZD4A-_FFDLURURTY

(R) _ 1 ngr 1

Ty = 1(@74’16—”)“’3 DilUr ,

(B = il — 2R U (L ++R R
J——(’) z(412. 161‘_)UR d--Ur (412 + 167r)A_'" nyony

K3

+W[A__++UR_13++UR - ‘i%—D+A__++UR—1D+UR] y

(2.15)



From the variation of the action (2.13) plus (2.3), with respect to Ug, we find the
equation of motion associated with the action S(Ug) = S,(Ur) + nrSwz(Ur) +

Sx(Ur), -

1 ng — 1 nr -
(7 = 4, ) P+Uzr to--Ur) + (g+)0--(Ur *D,Ur)
+ %D+[A__++UR‘18++UR — i3(DyA__tUr"'DyUR]  (2.16a)
S 1 n
+ z(m+fé‘;)p+[,&_-++n‘f’ng’f)] -0

Similarly, the A__*+* variation, which again is potentially anomalous, leads to

1 -1 -1 . MR -1 3
S D a — D =0 . 2.16b
zWUrT I DrUR)(UrT 014 Ur) + it (UrT D1Un) (2.16b)
To solve these equations we take
Dillp = 0 . (2.16¢)

In analogy with the leftons, the chiral super-currents of the rightons here too, are

conserved due to eqn. (2.16a).

III. Super Kac-Moody Invariance

It is well known that at the special coupling (71; — &) = 0 the ordinary
WZW theory [6], the chiral non-supersymmetric WZW action [2b,3], and the su-
persymmetric (1,1) non-chira] WZW action(5] have a fixed point where the theory
is conformal and Kac-Moody invariant. In a complete analogy we will show that
this property holds for our case as well. Using eqns. (2.3) and (2.6) for the variation
of the leftons’ action, it is straightforward to verify that at the fixed point, the ac-
tion is invariant under {{ — U/ B~!(o**). Note however that unlike the non-chiral

theory, here the second Kac-Moody invariance Y — A(o~~)U is absent due to the

Siegel term eqn. (2.12). A reversed situation appears for the rightons’ action where
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the second super Kac-Moody transformation generates a symmetry while the first

does not.

These properties can be revealed easily also from the chiral super-currents. For
the leftons at the fixed point, JEL_)(,) = 0 and therefore we get the super Kac-Moody

current

.n —_—
7 =z§[l’[+(l‘) + AT (B (3.1)

which is anti-holomorphic, namely d__J (L)

) = 0. The components of this super

current are

(L _ (L nr, o
J‘(+’(’)) = J-(f-(l))l = - S [ﬁ+ - 'LA-}— u la____u,]

. . n o L

J'E'L'lg(l) = ——'LD+J‘("I(I))1 = 87Lr {[ﬂ"‘ﬁ-}- + 'L(u 18++‘U, -+ A++ u 18——11»)

~ AT [(uTre-mu)Br + OB —Pi(uTiO-—u)}

(3.2)

Expressing the super-current as J) = gLas

+(0) +() £ one can check that the algebra of

jf_’:& is the Kac-Moody algebra with the level equal to ny. On the other hand,

the form of the conservation law of the right current in not changed and hence there

is no affine symmetry in this sector

For the righton case at the fixed point, Ji}(iz) = 0 and therefore Dy JSR_)(') =0
namely
R .NR -
JE_)('.) = +1a—8‘7r"[uR 13.._UR
(3.3)

+A__FtYUR944Ur — 3D A__FYURTIDLUR]

is now a super-Kac-Moody current. The component current j_(_li)(: ) is holomorphic

and has the Kac-Moody algebra with the level equal to ng.



IV. Coupling To Non-Abelian Gauge Superfields

Next we want to couple the (1,0) chiral WZW actions at their fixed points to
non-abelian gauge fields. We present here two possible couplingé: the vector and
the chiral couplings [3]. In the first approach we gauge the vector transformation
U — AUA-L. This is done by introducing the gauge superfields 'y and I'__
covariantizing the vector current by replacing ordinary derivatives with covariant
derivatives D4y — D4 +¢[T4, |, and constructing an action whose variation with
respect to the gauge superfields yields the covariantized vector current [9]. The

result is the following action
Sinaw)y = Swaw(Ur) + Sa(Ur) + Swy(T,UL) ,

Sw =i / dods™ Tri04JB, + T__J))

—i;‘_fr/d?adg- Tr[D U, 'T__U, — T4T__
AT (Do UT__Up™ — T__T__) .

to be added to the lefton action (2.2} and (2.5). To get the corresponding action
for the rightons, one has to replace (in (4.1)) the indices L with R and add, in-

stead of the last line, the following expression: 2&8[A__*+(UR'T Ur —T4)T44 +
LDy A _FHUR'T URT — A _FHUR'DLURTT+]. The Sp action for the
rightons is given in eqn. (2.12).

It follows from the equations of motion derived from these actions, that the

vector super current is still conserved. However, the axial current gets an anomalous

divergence
(%) (R)  _ 1
D+J__(a) + a—_.J+(a) = +n(;) '4'—7FW.— ) (4.2)
where W_ = D, T__—-8__T4+4';,T__] . Thisresult is just the supersymmetric

generalization of the bosonized version of the non-abelian anomaly of chiral fermions

[3].



In the chiral coupling, the left and right super-currents are coupled to non-
abelian gauge superfields for the lefton and righton cases respectively. The corre-
sponding actions can be derived by supersymmetrization of the action given in Ref.
[3]. The resulting interaction terms are:

Suy =3 / dods~ Tri0 2+ T__J{))]
L ) - (4.3)
+z-i%-—7;/d20'd§ TrlC4T-_ + A4~ T__T__]
for the leftons. Replacing the L indices with R, 1 with r and changing the last term
+2e [d?0d¢™ Tr(l4T-— + A__*H([4T44 +T%)], leads to the interaction
term in the righton’s model. Similar to eqn. (4.2) the divergence of the chiral
super currents are anomalous. The expresion one gets is just the supersymmetric

gengeralization of the results given in [3].

V. Coupling To Supergravity

Just as the D=2 superconformal theory is anomalous, the super-Siegel sym-
metry is also potentially anomalous [2,3,4]. For the U(1) theory the anomaly is
-removed by one of two methods. The first requires the stringy prescription of a
multiplet of chiral bosons. The second requires the addition of a Liouville term to
the action. The removal of the anomaly fixes the “coupling ” constant of the latter
term just as it singles out a value for the number of leftons or rightons.

It»is known [2b] that for the non-supersymmetric theory, the Polyakov proce-
dure of adding a Liouville, tree-level, anomalous counter-term to the sigma model
action, is not well defined. Although it is possible to supersymmetrize this Liouville
term, it suffers from the same pathology. It is the trace of a Lie-algebra valued
construct and thus vanishes. So it appears that the O(N) model must quantum

mechanically conserve Siegel symmetry by some other means. However, two points
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concerning the Liouville term are worth mentioning. Firstly, if the group element
contains at least one U(1) factor [3], then the trace no longer vanishes. Of course
this is defeated if the group, G, is taken to be semi-simple. Secondly, if one al-
lows the lagrange multiplier to be Lie-algebra valued, then it must be included in
the trace which is then non-trivial. Such a matrix superfield would be the O(N)
generalization of the family of U(1) lagrange multipliers given in Ref. [4a].

Coupling self-dual superfields to supergravity requires more than the naive
procedure of covariantizing the action leading to the classical conservation of two
symmetries, supergravity and Siegel. One is not guaranteed consistent removal of
the pure and mixed anomalies. Less covariantizing must be done. Indeed, the super-
Siegel transformation laws are those of a truncated supergravity theory coupled to
matter [1]. Sensible coupling of supergravity to leftons and rightons is achieved by
treating the supergravity schizophrenically, when realized on these supgrﬁelds [4¢].
The schizophrenic general-supercoordinate transformation laws (with super-
parameter K**) for the lefton and righton group elements are as given in Eqns.
(2.7) and (é.14) but with T¥* = —K** and R « L [4c]. We minimally covariantize
)with respect to these transformations. The realization of the (1,0) supergravity
algebra on the U and Ug is exactly as given in Ref. [4c] for the abelian leftons
and rightons. The locally supersymmetric and super-dilatation invariant action
is then the sum S(U.,URr) = So(Ur,Ur) + Swz(UL,Ur) where So(UL,Ur) =
So(UL)+So(Ur) and Swz (UL, Ur) = nLSw z(UL) + nrSw z(Ur) with the density
E~! inserted into the measure and D4 — V4. (Our notation is explained in
Ref. [4c].) In our discussion we will assume that the group G = Gs X G4, where
G 4 is a product of some number, Ny = N + Nag, of abelian factors from the

lefton and righton sectors. With this we take Gs to be simple and compact, as
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in Ref. [2b]. Furthermore, we include D space-time coordinates. Then our locally

supersymmetric and super-dilatation invariant action is
ScLr = -—-i‘—ll,-/d20d§~—E‘l[V+&Av__&é]r]AB
—ir;,/dzadg—E—l TrR EIR__(B) 4 R (B)p__(R))

. 1 :
i / Pade~ B! / dy Tringl, BV(Vof__(B - V__§,(2)

T nall, (VLR — v__§,0)],
(5.1)

where now R4 = U~V 4 and the internal &’s are U(1) valued. A discussion of the
first action (for the latter superfields) was given in Ref. [4c|. The super-dilatation
(with S as its local super-parameter) transformations under which the simple action

is invariant, are

bRy = 1SR, , 5sNyiy = SNi; sslly, = 0, bsE = 3SE,
(5.2)

with similar transformations for the R A.. By construction, the abelian and space-

time coordinate actions are super-Weyl invariant. For the superstring, {2 = —7c/.

Eqn. (5.1) reduces to

Scrr = Sc + Sar + Sar + Ssr + Ssr ,

S¢ = —iﬁ,/dzadg_E‘l[V+XﬂV__Xa_] ,

Sap = —iﬁ,/dzadg‘[b+&>L-8__<i>L + H__*tD.&,.6,,%.],
Sar = —irg,/dZUdg~[D+<i>R-a__<i>R + Hy 70-_&g-0__&z) ,
Ssp = _i‘—,l,/d%dg— Tr On__&) + H__t,®n, W) (5.3)

1

—ire [ dPodsm / dy Trlfl,(M(__ O, (B — O _(0))
0

+ ‘—gL/ d2ode™ H__+t+ T, (B 11, (O11, (B)] |
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Ssgp = —i‘_ll,/dzadg‘ Trll,®1__® + g, -1 _RB__#)

1
—irm / d%dg‘_/(; dy Tr(fL, P (f__ (D, B {1, (Wf__(7)] |

This is an-exact {to full non-linear order) result. As explained in our earlier work
[4c], there is a reversal, R ++ L, in the coupling to the gauge superfields. Super-
gravity only couples to the “physical movers” in the superfields. Now, the Ug’s are
coupled to H;~~ exactly as in Eqns. (2.1) and (2.5).

We now inquire as what other conditions are required for consistent quantum
superconformal coupling at the fixed point, 7.e. we look for anomalies. The left and

right energy-momentum tensor elements may be read off from Eqn. (5.3). They are
Ty 4B = DyX-8:4X + D& 8,48, + Tri B, 1B
+ 43 Tr[IL (B, BT, (B

TR = 8__X-3_-_X + 0__8p-9__%p + TrI__Bn__B)] |
] ' (5.4)

for the fixed point ngp = ny = n = 4F. As is well known [7], the traced terms may

-

be written in terms of the super-Kac-Moody currents. Furthermore, the resulting
Aexpression must be suitably normalized in order to obtain the Virasoro algebra or
correct OPE’s. The normalization factor is %, where & = ¢y +n. The constant, cy,
~ is the second Casimir of the adjoint representation defined by facd fo¢d = ¢, §9b,
With dg = dim G, generically and G = Gs1, X Gsgr denoting the factoring of the

group G into simple groups, the critical dimension formulae are {7,8]

2 dg 1
D + NAL + §1+%L + §dGs[, = 10 ’
. (5.5)
D + Nap + i—:—i:——ﬂ = 26 .
n

The first equation is from the lefton (supersymmetric) sector and the second is

from the righton (non-supersymmetric) sector. For semi-simple groups, the dg

12



terms become sums over each factor in the group. Solutions of eqn. (5.6) for

Nar = Nap = 0 have been given in Ref. [8].

One of us, S.B., would like to thank S.J.Gates Jr. for discussions.
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