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ABSTRACT

In our previous paper, we defined multistring vertices by conformally mapping
string states onto the complex plane. In this paper, we prove the combination
rules for these vertices: The contraction of two vertices by the natural inner
product on the string Hilbert space yields just the composite vertex which would
have been obtained by gluing together the two world-sheets in an appropriate

fashion.



1. Introduction

The theory of strings contains many facets in which opposite analytical
viewpoints—geometric or algebraic arguments, abstract or concretely physical
reasoning—are knit together elegantly by the underlying formalism. In this se-
ries of papers, we explore the foundations of string dynamics, the formulation
of a field theory of strings, in an attempt to unify various viewpoints on this
subject into a coherent-whole. Just as with string theory more generally, string
field theory has been discussed from an essentially geometrical point of view and
and from a viewpoint closely rooted in the Hilbert space picture of strings. On
the one hand, string field theory can be viewed as a way of breaking down the
analytic world-sheets of Polyakov’s space-time approach to string dynamicsm
into more elementary string interaction vertices. On the other hand, the the-
ory can be considered as summarizing the dynamics of the local quantum fields
associated with the various modes of string excitation. Both aspects have been

exemplified by the development of light cone string field theory.m

The relation between these two pictures is easy to imagine intuitively but
not at all straightforward to derive precisely. We have found it useful to connect
each viewpoint to conformally-invariant two-dimensional quantum field theory,
using the beautiful formalism of Belavin, Polyakov, and Zamolodchikov 131 (BPZ)

and its application to string theory by Friedan 4]

and Friedan, Martinec and
Shenker!®! In the first paper of this series (referred to henceforth as I), we
showed how to write the kinetic energy terms and couplings of string modes as
expectation values in the BPZ two-dimensional Hilbert space. We also sketched,
in the simplest special case, how the natural inner product in the space of string
modes, carried into the two-dimensional formalism following BPZ, takes on a
geometrical interpretation as a gluing of pieces of world-sheet, and we claimed
that this connection was, in fact, completely general. In Witten’s formulation
of the open string theory,la] which he presented entirely in terms of world-sheet

geometry, the proof of gauge-invariance depends on the form of the surface which



results from such a gluing procedure. Our method thus allowed us to prove the
gauge-invariance of Witten’s open-string action explicitly, in terms of transfor-
mations on the string field components, by connecting such transformations to

Witten’s geometrical operations.

In this paper, we will complete the analysis begun in I by deriving the con-
nection between the string mode expansion and world-sheet geometry in its full
detail, at least for the case of the bosonic string. In I, we constructed off-shell
multi-string vertices exblicitly in terms of mappings of conformal field theory
operators onto the complex plane. Here, we will study the new vertex produced
by the contraction of two of these vertices with the conformal field theory innner
product of BPZ. We will show that the resulting vertex is precisely the one which
results from mapping the original operators onto a new plane formed by gluing
together the planes used to define the original vertices. This structure was mo-
tivated in I by the analysis of a special case of the relation. Here we will present

the complete proof of this gluing identity.

Our analysis will procede as follows: We will assume that the reader is famil-
iar with the notation and formalism that we have presented in I. To this, we must
add some further elements of the formalism of 2-dimensional conformal field the-
ory; these will be reviewed in Section 2. In Section 3, we will review the precise
statement of the gluing identity and then begin the proof. This first part of the
discussion will concern the terms in the vertex containing coordinate mode oper-
ators. This discussion should already make clear how we interpret mode operator
contractions as building up analytic functions on the glued world-surface. The
remaining sections of the paper will extend this analysis to the other elements of
the vertex. Section 4 will present some further analysis of the coordinate mode
osciallators which extends to the coordinate zero modes. Section 5 will gener-
alize this analysis to general bosonized ghost system. Section 6 will present an
alternative argument for the reparametrization ghosts in their fermionic formu-
lation. Overall factors of determinants arising from the contraction are discussed

in sections 5.3 and 6.3. There we will demonstrate that these factors cancel as



expected when the total central charge of the string conformal field theory equals

Z€ero.

Throughout this paper we will not distinguish “Green functions” from “Neu-
mann functions” when we refer to them in the text. Also, we will frequently call
“function” what is really a conformal tensor, for example the Green “function”
of the fermi ghosts (b,,(2)c*(w)). In all cases of interest we define these objects

explicitly.



2. More Conformal Field Theory

The analysis of this paper relies on the formulation of string field theory in
terms of conformal field theory vacuum expectation values which was presented
in I. This treatment made essential use of the formalism for conformal field the-
ory developed by Belavin, Polyakov, and Zamolodchikov (BPZ); the essential
elements of this formalism were reviewed in Section 2 of I. For the analysis that
we will present here, we will need to make use of two further sets of results in
conformal field theory—the bosonization of fermions and the treatment of finite,
as opposed to infinitesimal, conformal transformations. This chapter will review

these new elements of the formalism.

2.1. THE BOSONIZED GHOST SYSTEM

Since this section is devoted mostly to fixing conventions, let us start by
listing the Euclidean actions for the conformal fields that will appear later. For

the open string we write the action for coordinate and free bosonized fields as

1
Sz,open = 5‘; / dzz\/ﬁgabaaX“BbX”n,w (2.1)

and

S4,0pen = ——;;/dzz\/ggabaa@ab — %/ds k® — %/dzz\/&R(z)@ . (2.2)

In (2.2), ds is the line element of the boundary, k is the extrinsic curvature of the
boundary, and R(?) is the curvature of the world sheet. Since we are working in
the conformal gauge, the world sheet metric g,p is just 643, up to some conformal
factor. The general tree-level world sheet of the open string may be mapped
conformally to the half-sphere, which we represent as the upper half complex
plane, and then g, = 6.5. We may locate the curvature at infinity, so that

R®) = 4x6 (00). This curvature then acts as a background charge, which we will



have to saturate in correlation functions. The action for the field ® describes, in
the conformal gauge, a ghost system equivalent to tensor fields b...., and ¢*'* of
type A and 1 — X. The curvature terms are weighted by @ = ¢(1 — 21). We also

allowed different statistics of the ghost systems, namely fermionic b, ¢ for € = +1

and bosonic character for e = —1.
For the closed string we choose

- 1
S:c,closed = a/dzz\/_g_gabaaxuabxunm/ (2'3)

and

__ ¢ 2 ab _Q _Q 2 (2)
Sb.closed = —5— / d2,/Gg**0.004@ — = / dsk® — = / d22,/gR®® . (2.4)

Here the tree level world sheet is taken to be the complex plane, with R(®) =
8mé (o).

If we keep the ghosts in their original fermionic form, the ghost action looks
the same for the open and closed string:

1
Sbe = 5~ d%2,/gg* beayc” . (2.5)

In the conformal gauge this action also describes ghost systems with arbitrary
conformal dimension A. However, the zero mode structure will of course be
different for each case. For the usual reparametrization ghosts of the bosonic
string A = 2, and this action is equivalent to (2.2) or (2.4) with @ = —3 and
€= +1.

We now display the two point functions derived from the above actions. For

the open string

Mz,Z2) XY (w,w =1 in|z — w|?z — w]?
(X ( ’ )X ( ’ )) 64’7 In | | i ‘ (2.6)
(®(2,2)®(w,w)) = Zlnlz —w|?|z —w|?



and if we decompose X#(z,z) = 1(z#(2) + 2#(2)) and similarly ®, then

(z#(2)2" (w)) = —n* In(z — w)

(¢(2)¢(w)) = eln(z — w) .

For the closed string

(XH(2,2) X" (w,w)) = —n*’In|z — w|?

2.8
(‘D(z,'z?)@(w,'w)) = Eln|z—-w|2 ( )

and we get, with X#(2,2) = z(2) + Z(z) and similarly for ® :

(z#(2)¥ (w)) = (&*(2)2"(w)) = —n*In(z — w)

(#(2)$(w)) = (3(2)d(w) ) = eln(z ~ w) . (29)

In this paper, we will study correlators on world-sheets with the topology of a
plane or sphere; then it will always suffice to study the analytic correlators, since
the two point functions satisfying the appropriate reality conditions are generated
by the decomposition of X (z,Z) in a canonical way. Let us introduce a shorthand

notation for this process and define the analytic averages

In(z — w)aa = %(ln(z —w)+In(Z-w)+In(z-w) +In(z - W)) (2.10)

for the open string and
In(z — w)a.a. = In(z—w) + In(z — W) (2.11)

for the closed string.



The fermionic ghosts have, for both the open and closed case:

1
zZ—w

{e(2)b(w)) =

(2.12)

This implies the correspondence ¢(2) = e#(?), b(2) = e=*#(?) for the reparametriza-
tion ghosts. The correlators for conformal fields can be translated into commu-
tators of their Fourier modes. Here we write down only the ones for the field ¢,

since all the others were already given in I. If we define

€d:¢(z) =j(2) = Z Jnz” "1, (2.13)
n=—oo
one finds

[jn,]'m] = €77'571.,—m . (2.14)

The field j(z) is the ghost current. It provides the link between the fermionic

and the bosonized formalism:

§(2) = = :b(2)el2) = Jim [~b(e)e(w) + ———] = dup.  (2.15)

2.2. FINITE CONFORMAL TRANSFORMATIONS

Even though classically j(2) is a primary conformal field of weight 1, normal

ordering induces an anomalous affine term in the transformation law:

fli(2)] = £1(2)3(F(2) + 2osIn(7'(2)) (216)

In the ¢-vertex this will be reflected in extra terms with coefficients Q or Q2
when we compare it to the vertex for the X-coordinates. The transformation law
(2.16) is of course precisely what is needed to leave the actions (2.2) and (2.4)

invariant, if we transform the metric (and the curvatures) at the same time.



An affine transformation rule also appears for the energy momentum tensor.
The coefficient in front of the inhomogeneous term is the well known conformal

anomaly. For example, if we define

1

T7,(2) = 2 : 9,zH(2)0,z,(2) :
TP(2) = =X : b(2)0,¢(2) : +(1 — X) : 8,b(2)c(2) := (2.17)
TZ(2) = 51:3(2)i(2) : ~Q2ai(2)] ,
then
FITAE)] = [FEPTAUE) + S45.2) (2.18)
where

f’"(z) B §(f”(z)
'z} 27 (=)

is the Schwartzian derivative and the coefficients of the conformal anomaly are,

{f2} = )2 (2.19)

in D-dimensional spacetime,

¢c*=D
(2.20)
e =% =1 — 3eQ?
Note that for Q = —3 and D = 26 the total conformal anomaly ¢X + ¢b¢ vanishes

and Ty, = TX + TS transforms as a true primary conformal field of weight 2.

The Fourier components of the energy momentum tensor L, generate in-

finitesimal conformal transformations. A finite transformation then has the form
f¥(2)] = [f'(2)]*¥(2) = Us¥(2)U;? (2.21)

where
Us =exp(v_nLn) . (2.22)

For a scalar field ¥, i.e. for d = 0, Uy has the representation Uy = exp(v(2)d.),

with v(z) = v,z27"~!. The vector field v(z) generates the transformation f, and

10



explicitly the two are related by the differential equation
w(2)0:£(2) = v(f() - )

Sometimes it is simpler to replace v(2) by tv(z), and derive a differential equation

with respect to the parameter £. If we set
fo(2) = ey, (2.24)

then it is easy to show that f;(2) satisfies

Oifi(z) = v(fi(2)) ;fo(z) =2 . (2.25)
Let us integrate this equation for v(z) = 2¥*1,v_, = 1. We obtain the solutions

k=0: fi(2) = etz

F£0:  fie) = 2 (2.26)

(1 — tkzk)1/k
Alternatively, we may develop f;(z) in a series around ¢ = 0. Then we obtain
t2 t3
ft(z) = z+tv(z) + —z—v(z)v'(z) + 30 (v(2)(v'(2))* + v2(z)v"(z)) +0(t%) . (2.27)
These results are useful because they allow us to check all our general formulae

about gluing explicitly using a perturbation expansion in small ¢.

A conformal transformation has a simple form when it acts on primary fields,
and since we defined operators as contour intergrals of such fields, the transformed

modes have the form

%] = § 2224 00)] (2.28)

27

The transform of the state (0] is of course (0| Uy, but this formula is somewhat
awkward, since the exponent of Uy contains creation as well as annihilation opera-

tors. It turns out that one can explicitly write down a normal ordered expression.

11



We will discuss here only the simplest case in detail, namely the nonzero modes
of the field X. The arguments easily generalize to all the fields we consider. Let

us now show that

(fl=(0|Us = (0| eXP[—%anN,{mam] (2.29)

where the coefficients N/, are precisely the moments of the mapped Green func-

tion (azxaw:z:)—

Nim= 2§ 32 (@) 32 f g™ () = (2:30)

2 27t fw))2”’

—which appeared in the mode representation of the vertex in I. We will assume

that f(2) is analytic in a neighbourhood of z = 0. First notice that, for all n,m

, even at negative values,

(fla-na—m--|0) = (fla-n]fla-m]--") . (2.31)

Therefore, (f| f~![a_n] = Ofor all n > 0. But by (2.21) this means (f] U}'la_n =
0, and since the S L(2) invariant vacuum (0| is uniquely determined by (0]a_, = 0
for all » > 0 and (0|0) = 1, we conclude (f| = (0| Uys. Note that {f| = (0| if and
only if f(2) is a SL(2,C) mapping. (2.31) is then derived as follows: by SL(2)

invariance we may choose f(0) = 0 and hence

Us = exp Z v_nLn | . (2.32)
n>2

Then of course U}'l |0) =0 and
O|Usa—na—m---10) = (0|Usa_nU;'Usa—mUs*---10) = (fla_n]fla—m]---)

(2.33)
by (2.21) and (2.28). Using similar methods one can establish

Tofol),=Urk. [0), = exp (——a_( "N m(—)ma_m) 0) 1 = {15 15)
(2.34)

where I is the inversion Iz = —1/z and | I4g) is the BPZ inner product, discussed

12



in I. With these definitions,

Uz_olfoz = exp Z Ven(—)"L_pn | . (2.35)
n>2

In the course of gluing we will encounter expressions of the form

(fi,t|¥(2)|Io fa,s01) , (2.36)

where ¥(z) is some primary conformal field located at z or a product of the latter
at different positions on the complex plane. Let us manipulate this expression

into the form
(g[e()) (2.37)

for some function g(z). First we write (2.36) as
O fre[¥(2)] U077 0) . (2-38)

We then note that U; contains only L, with n > 2, whereas U, ! is an exponential
of L_j with k > 2. There exists a theorem 7] in the theory of Lie groups that
assures us that for sufficiently small s and ¢ the product of the two may be written

as

exp th&l,ZLn exp | s Z v(_2,)n “Y"L_pm | =
n>2 m>2

(2.39)
exp Zv(_:a,),(—)"L_n exp Z v L

n>2 n>—1

for some vector fields v(®)(2) and v(¥)(2). In general, the right hand side of

this equation is multiplied by a constant, namely (0| U1U, 1 |0). However, if the

13



conformal anomaly is zero, (0| L, |0) = O for all n, and therefore this constant is
in fact 1. If we insert (2.39) into (2.38), the exponential containing v(4)(z) reduces
to 1, since all the Virasoro operators in the exponent annihilate the vacuum |0).

Applying the same reasoning once more we now write (2.38) as
(0l Urofaor  fl¥(2)] Upof,or0) (2.40)

and identify -fa with I o fl_,t1 o g oI to obtain (2.37). We may expand (2.36) to

obtain g(z) as a series in s and ¢:
9(2) = z + tv(M(2) + sIv(2) + %tzv(l)(z)azv(l)(z) + %ssz(Z)(z)asz(z)(z)

+ stv(1)(2)8,Iv?) (2) . + v (2)8,vV) (2) .\ + O(s3, 8%, st%,t3) .
zp+1 zp+1

p>2 p<—2
(2.41)
g(z) is not analytic around either 0 or co. Rather, it has a convergent series
expansion in powers of z only inside an annulus with finite radii. The outer
radius is the radius of convergence of f;(z), while the inner one is the inverse of

the radius of convergence of f3(z).

14



3. Gluing Coordinate Operators

We now begin the proper subject matter of this paper, the proof that operator
contractions of string field theory vertices act precisely to sew together regions of
Riemann surface to form the conformal field theory on the world-sheet. Specif-
ically, we will prove the following result, which we refer to as the Generalized
Gluing and Resmoothing Theorem (GGRT): Let <V{ Ai}Ci be a BRST-invariant
multi-string vertex of the form that we have presented in I. The Az denote strings
and, for each, a state in the Hilbert space of that string, defined by a boundary
condition on a unit circle. C denotes one additional string and an additional
state; we will act on this state with the Hilbert space contraction. The vertex
function is defined as the functional integral over the complex plane subject to
boundary conditions corresponding to the images of the boundary conditions
which define each string state for A¢, C under a corresponding conformal trans-
formation ha;, hc. This vertex can be written in terms of a conformal field

theory vacuum expectation value as

(Viaiye| H |4:) ® |C) = <H(hA.- [OA.-]) hc [00]> . (3.1)
i i

The physical interpretation of this expression, and its connection to more familiar
formulae for the multi-string vertex, has been presented in I. Let <V{ Bj} D| be
defined similarly. Let |Icp) be the BPZ inner product for the Hilbert space of
the string conformal field theory; this object is written explicitly in I. Our aim is

to compute the fused vertex

(Viaysiy| = (Viasye| (Visiyn| |1ep) (3-2)

Intuitively, this object should be given as a conformal field theory matrix element
on the Riemann surface formed by cutting out the images of the unit circles
defining C and D and then gluing the resulting pieces together, as suggested in
Fig. 1.

15



A more precise statement of the construction is shown in Fig. 2. We may
define the gluing procedure more carefully by mapping both holes to unit circles,
inverting the Bj plane in its unit circle by the mapping Iz = —1/z, and then
gluing the pieces together. If hc and hp are not transformations in SL(2,C)
neither they nor their inverses will map the exterior of the hole to the exterior of
a unit circle in a 1-to-1 manner. Thus, the glued surface will possess branch-cut
singularities. The Riemann surface, however, still has the topology of a plane.
Thus, there exists a mapping g which carries this covering surface into a plane,
smoothing out the branch cuts. The GGRT states that the contraction (3.2) is
given by mapping all of the string states Az, Bj to this smoothed surface in the

natural way:

(Vianenl []140 @ [1184) = <H(iu,. [04:)) T1(hs; [oB,-])> . (3.3)

1

where

hg, = g o hal ohy,

k)

(3.4)
hp, = g o IOhBl ohp, .

To prove this identity, we must compute the Hilbert space inner product
indicated in (3.2). In Section 7 of I, we carried out this computation for the special
case in which k¢ and hp were both SL(2,C) transformations. That assumption
allowed us some powerful simplifications which enabled us to perform the entire
analysis explicitly. We now confront the general case. Here we must deal with
two new complications. First, since the mappings hc and hp will, in general,
have singularities outside the unit circle, the property that the diagonal Neumann
coefficients vanish (eqs. (7.8), (7.22) of I) no longer apply. In addition, we lose
the special simplifications that we used in the off-diagonal terms (egs. (7.7),
(7.20), (7.23) of I). To carry through our analysis without these simplifications,
we will need to work at a higher level of abstraction, while still keeping the results

of the previous calculation as a guide.

16



As in our previous discussion, it is easiest to begin by analyzing the Neumann
coefficients of the glued vertex mﬁltiplying pairs of coordinate mode operators
a,. To compute these coefficients, we need to work out the following matrix

element:

1 X .
(Olo® 0lp exp(~JaSNEGaS, - afiNCac)
1
-exp(—EaDNDfz ﬂ — an JN ’D D)

eXp( c | i) ) 0} ®10)p

(3.5)
(In this equation, summations over ¢ and 7 and mode numbers n and m should be
understood.) Using the commutation relations of the mode operators, eq. (2.14)
of I, we can interpret the last exponential factor in (3.5) as yielding a contraction

whose value is

<af aﬂ) = Epm = (—1)"nébum . (3.6)

This contraction can be applied to the two exponentials arising from the vertices,

to reduce the matrix element (3.5) to the form

nm

exp (ag-‘ [N4CE(1~ NPPENCCE)~INPB] ap

1 _ . Aj
2 #; [NA C’E( NDDENC’CE) lNDDENC’A,]nmamJ

(3.7)

nm m

_ %aB, [NBsP ENCCE(1— NPPENCCE)~1 NDBx] aB,,)
‘D, .

The final factor D, is a c-number expressing the sum of all contractions which

17



A

. . B,
do not link to external operators aZ¢ or an’:

D, = exp (—gtr log(1 — NDDENCCE)>
.8
a2 (3-8)
= [det(l - NDDENCCE)] :

d = 26 is the dimension of space-time. Let us store this factor away for the

moment and-return to deal with it in Section 5.3.

Matrix products of Neumann coefficients of the sort displayed in (3.7) are
a familiar feature of detailed analyses of string field theory vertices, such as

(8]

Cremmer and Gervais' ' and Green and Schwarz o] have given for the light-
cone gauge. In this literature, however, their appearance, rearrangement, and
disappearance always seems a bit mysterious. Since we need to work with these
expressions in their full generality, it will be important for us to understand them
physically. In fact, the main idea of our proof of the GGRT is to endow these
objects with a clear physical interpretation—as the Fourier coefficients of Green’s

functions on the glued world-sheet.

Of the various terms in (3.7), the most accessible is the new quadratic term
which joins a‘,‘}*’ to aﬁ" . By extracting from the Neumann coefficients the Fourier

transform defined in eq. (7.11) of I, we can write this term in the form

afs apd T4 Ft [Gen(zw)] (3.9)
where
FLwa(e) = § 2 2 b (2)us(ha(2) (3.10)

for any one-form w,(z) and

1

— u)2] (EQ-NPPEN©CE)1)

Yep(z,w) = ?kcfu[( Kt

(3.11)

18



The complete term quadratic in a4

i operators is obtained by combining the
second line of (3.7) with the quadratic term present from the beginning in the

vertex. This gives as the full expression
. A A
a‘,‘:* anm’ ?,,'A;; -?'m,Jy [gCC(z, y)] ’ (3'12)
where

Geolzy) = (;*;1*;)-5+ 7'&[(,2_%)2]

(3.13)

- (BQ- NDDENCCE)_INDDE)M 78, [@——_%F] .

The term quadratic in aB? operators has a similar form.

The functions Gep(z,w) and Gee(z,y) have the form of Green’s functions
on the glued surface. A few properties of these functions are obvious from the
definitions. Each function has a domain of analyticity on its respective planes.
These domains are apparent in Fig. 2. Gcp(2,w) is analytic in 2 for 2 outside
the image of the state C on the A plane and analytic in w for w outside the image
of D on the B plane. Gcc(z,y) is analytic in each of its arguments outside the

image of C on the A plane, except for the double pole at z = y.

Now we can make a crucial observation: In our construction, the image of the
boundary of C on the A plane is mapped back to the unit circle in the F plane
and glued to the image in that plane of the boundary of D. The functions Gecc
and Gcp, carried by conformal mapping onto the F plane, define functions which
are analytic and singled-valued on the Riemann surface which covers this plane,
respectively, outside and inside of the unit circle, except for the double pole in
Gcece. Since these two functions are not dissimilar, it is plausible that Gop(z, w)
could in fact be the analytic continuation of the function Geoc(z,y) from the
exterior into the interior of the unit circle in the F' plane. If this were true, the

composite function would be a single-valued function on the covering surface of

19



F. The image of this function on the G plane of Fig. 2 would be a single-valued,
meromorphic function on this whole plane which falls off at infinity; further, this
function would be analytic except for one double pole. There is bnly one such
function,

1
(p—q)?”’

where p is the image of z and ¢ is the image of y and w on the G plane. Thus, if

9c(p,q) = (3.14)

we can show that Gop(z, w) is indeed the continuation of oo (2,y), we will have

characterized both objects completely in terms of the smoothing transformation
9(2).

To prove that Gocc and Gep are related by analytic continuation, we need
only prove that they agree at all points on the unit circle of the F plane. To
make this requirement precise, we must explain how the Gs transform as we move
from one plane to another. Eq. (3.12), which gives the new Neumann coefficients
between Az operators, expresses these coefficients as the Fourier transform of G
using the specific transform 7,;4’; appropriate to a field of conformal dimension 1.
More concretely, we expect that, if Goc(z,w) can be identified with a Green’s
function, it will be precisely (8, 8,,z) on the glued Riemann surface. Therefore,
Gcc should transform on each variable as a field of dimension 1. Specifically,
when we transform the point w on the A plane to r = h5'(w) on the F plane,

the image of Gcc should be

91(z,r) = hg(r) Goc(z,he(r)) (3.15)

To transform §cp(2,y), we move in two steps from y to s = h;'(y), and then
tot=Is= —l/hgl(y). The image of Gep is

Ga(2,t) = —(kp(s)/hb(s)) Gon(z:hn(s)) - (3.16)

By the statement that §op is the analytic continuation of Gcc, we mean, more
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precisely, that

G1(z,r) = Ga(z,7) . , (3.17)

on the covering surface of the F' plane. This equation is equivalent to the inden-

tification of all of the moments

f%r" Gilz,r) = fﬁtn 62(2,8) , (3.18)

2w
for ~co < n < oo.
Let us check (3.18) by inserting the expressions (3.11), (3.13), (3.15), (3.16).

A first simplification is found by converting the ¢ plane integral on the right-hand
side of (3.18) to the s plane. We find that we must verify

5(—17:—1:1'" h'c(r)gcc(Z,hc(r)) = f;:_i _s)—n hID(s)gCD(z,hD(S)) : (3.19)
that is,
(—n)f((in),u[gcc(z,u)] = (-1)"nFD, [QcD(z,u)] . (3.20)

Note that positive Fourier components of Gcp must be compared with negative
Fourier components of Gcc, and vice versa. This turns out to be just what we
need. For n > 0, the Fourier components of op can be simplified using the
relation

(-1 TR TR ] = NPP.(-1)* = (NPPE), . (321)

w7
A similar simplification applies to the left-hand side of (3.20) for n < 0. To

simplify the negative Fourier components, we need to evaluate

(=) FC ny 0 Ficn [ﬁ]

(3.22)
1

(hc(w) — ho(r))?

The ordering of the contours matters: The w contour is located inside the unit

1 [ dr dw _
~ %1 2me he(r) o *hi(w)

circle, but the r contour integral, generated by (3.18), is taken just on the unit
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circle. Since hc(r) is analytic inside the unit circle, we may contract the r contour
onto the double pole. All dependence on h¢ cancels in the residue, and (3.22)

becomes

1 1 [ dw
c c _ —1-k _
(-—n)f(_n)’vfk,u [m] = E f E‘l’; nw" = 6(n, ’C) . (323)
This argument also applies for n = 0 and gives 0 in that case. To Fourier

transform Gec, we also need to compute

FE myu [(z——luF] : (3.24)

with z located outside the image of the unit circle under hc. In this case, we
repeat the first half of the argument just given; since there is now no pole inside

the r contour, we find 0.

The identities (3.21), (3.23) allow us to compare the two sides of (3.20). For
n > 0, we find:
1
c , _ NDDpNCC -1 NDD i
fk,u[(z - u)2] (BE(t— NPPEN®CE)TIN E) ,-6(en)
1

= 7o) (B0-NPPENCCE)T) - (NPPE),,,

(3.25)

which 1s true identically. For n = —m < 0, we find

7k(,ju(z—_1u)_2 : {5(k,m)

+ (E(1—NDDENCCE)—1NDDE) . (N°CE),, } (3.26)

ke

_
(2 —u)?

- 7. ] (B0 NoPENeoRy), e

which is also an identity. By a remark in the previous paragraph, both sides

give 0 for n = 0. We have now completely verified that Gcc and Gep form a
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single meromorphic Green’s function on the glued surface. The series of matrix
products of Neumann coefficients then defines a multiple-reflection expansion of

this Green’s function.

We can now identify the image of the two Gs on the smoothed plane as being
given by Gi(p,q) of eq. (3.14). Note that the transformation law for dimension
1 fields preserves the coefficient of the double pole: The singularity (z — y)~2 on
the A plane implies that we must also find (p — ¢)~2 on the G plane. (3.14) is
the only function with this singularity. Mapping back to the A and B planes, we
find

o A 1
z,y) = hl(2)h! - - ,
Soele) = Kol iol) st
. (3.27)
z,w) = h(2)h) = = )
9ep(z,w) c(2)hp(v) Gole) = ho@)?
where
iLc:gOhal, hp :goIohBI. (3.28)

Inserting these relations into (3.9) and (3.12) gives precisely the form required

by the GGRT for the coordinate mode operator Neumann coefficients.
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4. Resummation

In the previous chapter the main argument for the proof of the GGRT was
laid out. We showed that the glued Green function has analytic properties that
identify it uniquely. This will be a recurrent theme in the next sections. How-
ever, in order to prove in general that the objects we obtain by gluing vertices
actually correspond to different representations of the same Green function we
need sharpen our tools a little and develop some additional technology. We will
explain the method for the nonzero modes of X , and then apply it to all the

other sectors of the vertex.

4.1. NONZERO MODES OF X

Recall that the terms in the exponent of the glued vertex which are bilinear

. I »
in a,, are given by

_ _l_a [NA iAj | NA CENDDE( NCCENDDE)—INC’AJ'] o

2 nm

e [NB ‘B +NB'DENCCE( NDDENCCE)_INDBJ'] o (4.1)

nm
+af [N4CE(1— NPPENE)'NPP| ol
We would like to prove that this is nothing but
—%a Vil afad — %a i NilDiapi — adi N Biagi | (4.2)
where
A f B v audynlhi(w) ~ b)) (ag)
and

hy, = g o hal 0 h4,
(4.4)
hB' = goIohBloth
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By a change of variables of the type
hgloha,(u) == (4.5)

or

Iohp'ohp(v)=w (4.6)

the Green functions appearing in (4.3) are all brought to the form
8,0y In(g(2) — g(w)) (4.7)

Since the mappings hc,p (u) generally are branched, the above change of variables
is not well defined for all z,w. However, the mappings are analytic and 1-1 in
a neighbourhood of » = 0, and therefore the formulas (4.5) and (4.6) do make
sense as long as hc(z) and hp o I(w) converge as power series. If we introduce
the radii of convergence Rc,p of hc,p , we may write these conditions compactly

as |z| < Re; |w| > Rp'.

We now compare the Green functions obtained from the gluing procedure.
After coordinate transformations like (4.5) ,(4.6) we obtain the following expres-

sions:

020y In(hc(2) — he(w)) +

1 [du _, _ DD _ NCCENDPDE)!
1 [dv _,
mf gt OPulnlholv) ~he(w)

(4.8)
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for |z|,|w| < R,

820w In(hp o I(2) — hp o I(w)) +

1 [du _, o o oot
L 9,0, 10(hp o 1(2) — ho(w) [ENCE(1 - NPPENCR)™]
= % v "848y In(hp(v) — hp o I(w)) ,
| ' (4.9)
for |z|,|w| > Rp*, and
S .0, In(ko(2) — ho(w) [E(1 - NPPENOCE)]
(4.10)
i ﬂ)—v_ma 1] ln(h (’U) —h OI(w))
mJ 2mi vrw D D ,

for |2| < Rc and |w| > Rp'. Of course, we wish to prove that these functions are
simply analytic continuations of one another, so that we can identify them with
9.0y In(g(2) — g(w)) by the uniqueness of the Green function. For that purpose

we will no show that, if R;! < |2|,|w| < Rc , all three expressions are equal to

;04 [ln(hc(z) — ho(w)) + In(hpoR(2) — hpoR(w)) — In(z — w)]

+ 2 )[ W "3,8,1n (hc(z) — hC(“)) [ENDDE(1 - NCCENDDE)“I]
nJ 2m Z2—u

L L ms,8,n ("C(”) - hc(w))
mJ 2m v — w
L1 f 19,0, In [ FRoEE) ~ ho(y) [ENCeE]
" 2my I(z) —u nk
|(1- NPPENCCE) ] 1 my o, 1n (o) = hpoR(w)
km m J 2m v — I(w)
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1 fde _, hpoR(z) — hp(u) CCpaDD Ry 1
— ¢ —u 8z3uln( T [E(1 - N°CENPPE) .
1 f A my,0,n (hC(”) _h"(“’))
mJ 2m v—w

1 ?( du 48,0, In (h"(z) — hC(u)> [E(1-NPPENSCE) ™

n 271 z2—u nm

_1.. _‘_ii)_ v—mavaw In (hD(v) — hDOR(w)) .

m | 2mi v— I(w)
(4.11)
The calculation is straightforward. First, note that the function
duv _,
2 ¥ 0.0y In(hp(2) — hp(u)) (4.12)

is not analytic across the integration contour, due to the singularity of the inte-

grand in z — u. By adding and subtracting a term In(z — u) this singularity may
be isolated:

du

—u""8,0,In (hD(Z) —hp(v)

Z2—U

27

) +nz"""1O(|2] > |ul) , (4.13)

where the © function in the last term is the Heaviside step function for the region

of the complex plane outside the integration contour. Now we observe that

1 d_u —n_l_ .d_uiw—mauawln(

U ;
n 2w 27

hp(u) — hp(w)

u—w

DD
N

) . (4.14)

i.e. that the integrand of the diagonal Neumann function coefficients may be

written as an analytic function in z — w. When we replace (4.12) by (4.13) in
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(4.9) , the extra terms can be summed. For example:

> st n()" NEE =
n>1

3y - <_l>n+1 (33_1 1 [fdw —m 8,8y In (hD(u) - hD(w))

n—1)!m]) 2mi

5 z u—w we0
_ ~1_ d_w'w—mazawln hp o I(z) — hp(w) .
271 I(z) —w
(4.15)

Of course, the conversion of contour integrals into derivatives is only permitted
if the integrand is analytic. That is the reason why one has to rewrite NPP in

the form (4.14) . Applying this resummation formula and the identity
(1- N°CENPPE)™" = 14+ N°CENPPE(1- N°“ENPPE)™"  (4.16)

repeatedly one finally arrives at (4.11). The conditions on the arguments of the
Green function that we stated for this formula are precisely those that imply that
the required extra terms in (4.13) are present and that the series they give rise

to can be summed in the way shown.

Let us discuss briefly the relation between this calculation and that of the
previous section. The method we employed here to demonstrate the equivalence
of (4.8) , (4.9) and (4.10) , namely deriving a common form of those functions in
the annular region R5' < |2|,|w| < Rc, had as its counterpart the calculation
of contour integrals. We chose RBI < 1 < R¢ and took moments of the Green
function on the unit circle |2/ = 1 or |w| = 1. For the a} oscillators the two
methods are obviously equivalent. However, while in the nonzero mode sector
taking contour integrals is a very natural thing to do, the zero modes are more
conveniently dealt with by the resummation technique we just described. Let us
now apply the new method and study the the terms in the exponent of the glued

vertex which are bilinear in al.
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4.2. ZERO MODES OF X

We will now discuss the following terms in the exponent of the glued vertex:

1 _ .
5 4, pas |10 (hay(0) ~ ha,(0)) + NAEMED Ngd|

i’j a.a.

. , .
EZ})B‘ PB; [ln (hB'.(O) - th(O)) + Ng'EMS,gNgoBJ]

i,j a.a.

, B;
+eXpa, o, [N EMBINDE]

1,7 a.a. ? (4'17)
where we have defined
MS3 =|ENSCE(1 - NPPENSCE) ™|
L nm
MED =|ENPPE(1 - N°CENPPE) ]
L nm
r B (4.18)
MZ? =|E(1- N°°ENPPE) ™|
L nm
MBS =|E(1- NPPENCCE) ]
nm

and used momentum conservation 3" p4, + Y- pB; = 0 to simplify the expressions.
The absolute values appear in (4.17) by virtue of the decompositions that link
(2.6) with (2.7) and (2.8) with (2.9). The Green functions that appear in (4.17)
take, after the change of variables (4.5) and (4.6) , the form

In(ko(z) — ho(w)) + 5‘% "3, In(ho(z) — ho(w)
(4.19)
o1 [ iy n(ho(v) — ho(w))

mJ 2mt
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for |z|,|w| < Rg¢,

In(hp o I(2) — hp o I(w)) +

1 du _,
— ¢ o—uT"d, In(hp o I(2) — hp(u))
ccl £8Y —my in(hp(v) = hp o I(w))
"o ] 2w
(4.20)
for |2|,|w| > Rp', and -
1 du _, pc 1 v .,
—= ¢ 5= u "duIn(ho(2) ~ho(W)MIT — ¢ o vy In(hp(v) ~hpol(w)) ,
(4.21)

for |2/ < Rc and |w| > Rp'. These formulas differ from (4.8) , (4.9) and
(4.10) only by the derivatives 3,, 8. The reason is quite obvious: momentum
conservation lets any possible integration constants disappear. It is now clear
how we proceed. Resummation yields just (4.11) without 8., 8, . We have
therefore shown that the glued Neumann coefficients are given in terms of a
function which in both arguments is analytic on the glued surface, except for a
logarithmic singularity as the two arguments approach each other. We therefore
identify it as the scalar Green function, which has the form In(g(z) — g(w)), up to
functions depending on one of the arguments only. These do not appear in the

vertex by virtue of momentum conservation, and hence (4.17) can be written as

1 rAiAj 1 rB;Bj
Z EPA,-Noo "PA; +Z EPB:'NOO 'pB;

17#] T#]
(4.22)
1  <A;B; 1  oB:A;
+Z EPA.-Noo JpBJ- +Z EPB.-Noo JPA,- 3
1"] t’]
where
N = In(hi(0) — hs(0))_ (4.23)

It is now clear that the above analysis may be taken almost verbatim and applied

to the terms in the vertex linear in the zero and nonzero modes of X. The only
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term in the vertex fused vertex we have not yet addressed is D,. It will be
discussed in Section 5.3, together with the corresponding factors from the ghost

sector, to which we now turn.
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5. Gluing Bosonized Ghosts

For the boson field ® representing the ghost system, there is an anomalous
momentum conservation law on the sphere due to the é-function of curvature
on the world sheet. This fact introduces various complications into the gluing
procedure. Some of those are purely technical in nature and mainly lengthen
the formulas the reader should now be familiar with from the previous sections.
These results are described in section 5.2. More fundamentally important is the
effect on the factors in the glued vertex which do not contain mode annihilation
operators. In Section 5.3, we will show that the whole set of these factors—arising

from the X and the & dynamics—combine and cancel.
5.1. VERTICES

Let us begin by describing the changes which occur in the definition of the
vertex. We construct the vertex for the general bosonized ghost system in a way
almost identical to the procedure for the X field. However, the bosonization
rules imply the affine transformation law (2.16) for the ghost current, which is
taken into account by a term in the exponent that is linear in the operators j,.
Also, the momentum eigenvalues are no longer continuous, but form a discrete

set. The vertex therefore reads (for arbitrary Q):

k
(Vik| = Z §lar+-+ak+Q) H (—a1 — Q|;

S IAPY*}

exp(z leqz(Q+qf Ngg+ Z SearNggar+ ) 2 LeQslK!

I¢J T no12
+Y D eq NI+ > —GJINIme>,
I,J n2>1 I,J n,m>1

(5.1)
where the Neumann function coefficients N1 are the same we defined previously

for the X-part of the vertex and

K= 90 =13, In(k, (w)) (5.2)

2m
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The terms in the exponent containing the coefficient @ are a direct consequence
of the transformation law (2.16) and the definition of the vertex (3.1). Using
momentum conservation and (—¢ — Q|jo = (—¢q — Q| ¢ the exponential can be

simplified to:

eo(Y Y eil Nihil) 53)

I,J n,m>0
with
0 . I=1J,
1J __
NOO - ——% ln (azaw ln[hl(z) - hJ('U))] =0 > I # J ’
1 dw (5.4)
IJ —_ . m —
NIT = om P 2V Oy In (8w3z In[hr(w) hJ(z)]lz=o) L
1 dz 1 dw
g _ - e -n W .y m -
NEJ = — o=t p o —w 820y In[h1(2) — hy(w)] .
The new Green function coefficients are related to the old ones by
1J 17 _ Yo 1oy
Noo = Noo - §Noo - §N00
Wi = NE - 3K, (5.5)

1J _ nIJ
N nm N nm
They correspond to different contractions of operators which are equivalent to the

usual ones inside correlation functions. For example, by momentum conservation

the following equations hold:

<f[j(z)]eq1¢(zl) .. .eqn¢(zn)>

= [E ¢:0; In(f(2) — z) + %Qazln f’(z)} <eq1¢<zl)...eqn¢(zn)>

33



= ZQi [az In(f(2) — z) — %az In f’(z)] <eq1¢(z1) ...eqn¢(zn)>

= Zqi(—)%az In (8;3;,- In[f(2) - z,~]> <eq14’(z‘) x -eq"¢(z")> . (5.6)

In the last line we find the contractions whose moments are the coefficients N1J

in equation (5.5).

It is impértant to realize that the A’s are based on a different Green function
than the N’s, since the transformation properties are affected. Under coordinate

transformations
z— f(2), w— g(w) (5.7)

the functions change in the following way:

In (z - w) —In (f(z) - g(w)) (5.8)

—% In (6z6w In(z — w)) — —-;— In (3z3w In(f(2) - g(w))) . (5.9)

Let us rewrite the last line so that the affine transformation rule becomes explicit:
In (z - w) — In (f(z) - g(w)) S f(z) - L Ing'(w) . (5.10)
2 2

Whereas in section 4 we patched together the Green function according to (5.8),

now we will have to use (5.10) when we compare different representations.

Writing the vertex in the fashion (5.3) eliminates all the explicit dependence
on the background charge @ from the exponent. By this trick the X-exponent
has been put on the same footing as the ®-exponent. Upon replacement of ¢ with
—n#¥ the expressions derived below will reduce to the formulas obtained in the
previous sections for the case Q = 0. Of course, various terms will drop out as a
consequence of proper (instead of anomalous) momentum conservation. Also note

that SL(2)-invariance is now manifest, since the function 8,8, In[h(z) — hs(w)]
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obviously does not change under SL(2,C) transformations, i.e. under hr jy —
T o hy,y with T(2) € SL(2,C).

As a simple example of such a vertex we construct the two point function
(InBl =) _(pla®(-P—Qlp exp( Z —(-) "+117‘f15> : (5.11)
r n>1
Its inverse is the inner product:
|Isc) = Z exp(z —(—)“*15B,5C, ) ) ®|-9- Q)¢ - (5.12)
n>1

For later convenience we also define the one point function

(f, 4= Ql=(-g— Qlexp |3 D" jnN{fim (5.13)

n>0

and its ”inversion”

Ifa_q—Q> = <fa_q_Q|A |IA)

= exp ZJ (=) INEL (=)™ —g - Q) . (5.14)

n>0

We have now displayed all the ingredients needed to evaluate the fused vertex

(3.2). Using coherent state techniques, in particular the identity

SMITES

P n2>1

exp(—|an|?) exp(—\/%anj-n) |p) (—p—QIexp(T aln)]|

(5.15)

one performs the contractions and obtains

(Viasn| = Z 52% +Z¢IB +Q)H —qa; —

94;:9B;

H (—aB; — Q‘B,-
j

D; - exp( determlna.nt term ) - exp( q-q term )

- exp( j-q term ) - exp( j-j term ) ,
(5.16)

where the various terms will be explained below, one at a time. We will show that
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D; and the exponential of the determinant term, multplied by the correponding
terms arising in the gluing of X, give just the trivial factor 1. The cancellations
that take place are somewhat delicate, and are treated in detail in section 5.3.
The remaining terms then define a new vertex, based on the Green functions of

the glued surface.

5.2. AFFINE GLUING

We will first describe the j-j term, i.e. the nonzero modes of ¢. It was
already noted in (5.5) that the Neumann coefficients coincide with those of the
nonzero modes of X. That happens simply because the pair of derivatives 8,39,
annihilates the affine terms that appeared in (5.10). The result of gluing is

therefore almost identical to the analogous formula (4.1) for X, namely

j_j term = %J:' [NA.‘AJ' + NA.'C'ENDDE(l _ NCCENDDE)_INCAj] ]'rjr‘zj

nm
€

t3

;B [NB‘BJ' + NB:PENCCE(1 - NDDENCCE)—INDBJ-] ;B

nm
- A4 [N4CE(1 - NPPENCCE) TINPB] il

€ AA.A- i
_ ‘A; xTAiAj A
= ZJIn nm ° ]mJ +

E.B..AB'.B..B. '.AA'_B..B.
5 ___Jn N J J 7

2 nm ~Jm’ + f]'nA nm ~JIm
(5.17)
The last equality was shown in sections 3 and 4, and the hatted Neumann coef-

ficients are defined in (4.3) and (4.4).

The real challenge in the study of the bosonized ghosts lies in the zero mode
sector. Two subtleties arise, one associated with the identification of the correct
Green function, and the other with the cancellation of determinants. Both are
of course closely related, but we can understand the solution of the first without
addressing the second by studying the j-q term. Recall that now the Green

function defining the coefficients N{; transforms with an affine term. It it given
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—%aw In (awaz In[hr(w) — hJ(z)]> : , (5.18)

We may identify it uniquely by its affine transformation properties, i.e. its an-
alytic structure for well separated arguments, and its short distance expansion,
which we study in coordinates where I = J. Then (5.18) takes the form

11

s g(w—z){hl-,w}—}-O((w—z)z) , (5.19)

where {hy,w} is the Schwartzian derivative which already made its appearance
in section 2.2. The important observations are that there is a pole in w — z with

residue 1 and no term of order (w — 2)°.

Now that we have characterized the affine Green function, let us examine

its mutiple reflection expansion that we obtain from the gluing procedure. The

contractions yield

j-q terms =
Z € Jn ‘44 (NA' T+ NA CMDD] NG — [NA-'CMDc] Nﬁc’,’)
nm nm
a.a.
Z € Jn"qB; (N S NA‘CMDD] NGS — [NA.-CMDC] Nﬁf")
nm nm
a.a.
Z € Jn 'qA; (NB S + NB CMCC] NDD _ [NB-DMCD] NcAJ)
" nm a.a.
Z ¢ jBigp, (Nfigfj n [NB.-DMCC] Nggj _ [NB.-DMCD] N
] nm nm
" a.a.
(5.20)

In the usual way we extract by a change of coordinates the Green functions

corresponding to (4.8), (4.9), (4.10) and derive the function analogous to (4.11),
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thus establishing the analyticity of the affine Green function. We will not write
down all of these formulas. The interested reader can easily derive them by taking
a z-derivative of the formulas (5.32) to (5.35) below. We will, however, display

one set, namely for |z|,|w| < Rc. The Green function then has the form

_%az In (azaw In [he(z) — hc(w)])

1 . 1
- L HS(IMEPGS(w) + § HS@MESGR(),  (s21)
where
() = 1 § 2% 43,9, nfho(2) — ho(u)] (5.22)
i nJ 2m BT
HP(z) = 1 § 2% 45,0, Injhp o I(2) — hp (u)] (5.23)
i n/J 2m
and
GS(z) =1 § 2 45,10 [8,0, In(ho(2) — ho(w))] (5.24)
i nJ 2w
GP(2) = 1 § B yn5,1n (8,8, In(hp o I(z) — hp(w))] . (5.25)
i nJ 271

Let us examine this function for small (z — w). The first term we already know
to have a simple pole in (2 — w) with residue 1, and no term of order 1. The
characterization of the affine Green function is complete if for z = w the last two

terms cancel, i.e. if
H (M7 Gr(2) = Hi (2)My G (o) . (5.26)

We have checked this identity for mappings hc,p(z) close to the identity (or

SL(2) transforms of it). More precisely, we introduced parameters s and ¢ ,
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constructed the expansion (2.27) and verified (5.26) perturbatively for small s, ¢.

The general argument follows from equation (2.37). The short distance expansion

—%6zln <6z8wln[f(z)—f(w)]) _ _lw—%(z—w){f,w}+0(|z—w|2) (5.27)

¥4

holds for any function f which is analytic around z. We now observe that the
contraction (5.21) is generated in the correlation function of conformal fields. For

example, it appears in

(hc,0|j(2)e?r#(1) ... e0n¢(wn) T o hp o I,0) (5.28)
with Y~ ¢; = —Q, which we know from the argument following (2.37) to be given
by

(f li(2)1f [e"“"(“")] - f [eq"“‘("’")D (5.29)

for some function f(z). Hence (5.27) holds and we have characterized the affine
Green function. We can now claim that in fact f is identical with the smoothing

function g. Therefore (5.20) may be put into the form

A AA; .B: (B;B; .B: (vB;iA; A: (VA B;
I Moo ™ qa; + €52 Moo 2 aB,; + €52 No i qa; + 52 Mg s, ,  (5.30)
where
jrg = L4 o np (0280 nlfs(z) ~ ho(w)]| ) (5.31)
n n | 2w w=0/ a.a.

is the Neumann function coefficient generated by the glued surface just as we

expected. This concludes our dicussion of the j-q terms.

Now let us extend the analysis to the terms in the exponent of the fused

vertex that are bilinear in zero modes. First we display the result of performing
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the contractions in (3.3). One obtains

determinant term + q-q term =

__2. ZqA‘. qu ln <6z6w In (hA,.(z) et hAJ.(w))
t£7

€
+5 E . gA; 9A;
4,5 .

z=0>
w=0/ a.a.

A;CarsDD /C Aj A;CrgsDC (DD
I:NO nMnm NmO _NO nMnm NmO

DD CD /C Aj; DD CC DD
"NO nMnm NmOJ +N0 nMnmNmOJ

a.a.
€

1 Z 4B; 4B; In (azaw In (hBi (2) - hBJ‘ (w)) ,=o)

275]. w=0 a.a.
€ B, .
+5_45. a5, [ NG ZMEINDT — NBDMSS NED
1]
B.
— NBPPMBS yDEi 4 us’,?Mf,,?Nae]
a.3.
€

_5 Z 94; 9B; In <azaw In (hA:' (2) - hc(w)) 2=0 )
i,j w=0 a.a.

€

"5 Z qA; QB,- In (azaw In (hD (Z) - hB.i ('U))) =0 )
i,j w=0 a.a.
+€3 " aa, a5, [—Na*fsM,?mff + NACMPD oo
1,7
(5.32)
B.
- NETMBINDE + NPRMESNED:]

a.a.

These expressions bear a close resemblance to (5.20) . After all, the Green func-
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tions defining the coefficients differ only by a derivative and integration constants.
Therefore we proceed in analogy to the discussion of the j-q terms. The affine

Green function
1
~3 In (azaw Infhr(2) — hJ(w)]> . (5.33)
is determined uniquely by its transformation properties under analytic coordinate
transformations, and its short distance expansion. For I = J and small (z — w)
we expand it as follows:

In(z — w) — —115(2 - w)*{hr,w} + O ((z — w)?) . (5.34)

Again, the crucial observation is that terms of order (2 — w)° are absent. Clearly,
then, we will need relations of the type (5.26) to identify the affine Green function
properly. This might not be entirely unexpected. The careful reader may have
noticed that, while the vertex (5.3) does not contain any term diagonal in the
zero modes, i.e. with coefficients qii or q%j, the fused vertex (5.32) certainly
does. Note that we cannot use momentum conservation to solve that problem,
because we would introduce new terms linear in @ and g4, or ¢p,, and the point
of (5.3) was to eliminate all expressions of that type. If life were simple, the
terms multiplying qi._ and q%j in (5.32) would cancel, an expectation that gains
credibility by an inspection of the j-q sector, and we would be finished. This
is not what happens. A few paragraphs ago we noted that there is a second
subtlety in the gluing of ghosts, which was not touched upon by our discussion of
the j-q terms. We will explain below that by converting (5.32) in the usual way
into the four different representations of the affine Green function, one misses the
expected function (5.33) by a constant, which may depend on k¢ and hp, but
not on z or w. In (5.32) this constant, let us call it k, gives rise to a contribution

of the form

€ €
_E Z qA;9A; + Z 9B;4B; + 2ZQA;QB,~ k= —5 Q2 k 5 (5.35)
L2Y) t,7 t,J

and this is something we should have been waiting for all along. The determi-
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nants D, and Dj need to be cancelled; we will show later that they are just the
determinants of the scalar Laplacian, and therefore we expect a mechanism that

works by adding up (2.20) to zero:
c®+c¢®=D+1-3eQ%=0 (5.36)

The Q? part of that equality just appeared in (5.35).

Now that we have explained how the various pieces in (5.32) fit together, let
us present the calculations. First, the constant k is given by
1
k=KSMESNDD + NEOMESNED + ZKSM,?,,?Kﬁ : (5.37)

m

We will motivate its form in section 5.3. The technique of resummation, applied
to (5.32) plus (5.35) yields the equality of the following four representations of

the affine Green function: for |z|, |w| < Rc¢,

1 1
+ 7 CR(Mr Go(w) —  GR (M7 G (o0)

) ) (5.38)
— £ GR(0)MERGS(w) + § GR(00)MESGE (o0)
for |Z], ]3] < Bp,
_-;- In <6z3w In (hD o I(z) - hD o I(w))) -k
+ 5 GSOMBRGS(0) — ¢ GS(0)MESGE (w)
. . (5.39)
~ 1 GREMERGL(0) + ; GR(IMESGR(w) ;
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for |2| < Re , || < Rp,

_% In (8z3v In (hc(2) — ho(v))

)
) ¥

g (auaw In (hp(w) — hp o I(w))

4+ 5 GSEMBRGS(0) ~ § GS (MBS GE(w)
) . (5.40)
~ 1 GP(eo)MERGE(0) + 1 GR(e0)MESGEw) ;
and finally, for |z|,|w| < Rc and |%| , |%| < Rp ,
1
-3 In ( 820y In (he(z) — he(w))
1
-3 In <6z6w In (hD oI(z) —hpo I(w)))
—In(z —w) -k
+ 2 FE()MBRFS(w) - § FS (MBS FR(w)
. . (5.41)
- LR MEEE () + L FPOMESFR W),
where
cin_ 1 [du _, hc(z) — he(u)
FS(z) = ~pg—u 8y In [8,8y In — ] (5.42)
FP(x) =1 2 y=rg,1n XA hp o 1(z) — hp(u) ]. (5.43)
" nJ 2m¢ I(z) —u

The identification of the Neumann function requires the correct short distance

expansion. The identities that guarantee the absence of terms of order (z — w)°
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are

1 1
k= ; FE(IMEPFS(2) — 3 FO(:)MESFE(2)

nm m

. ) (5.44)
-5 Fr?(z)MCDFC(z)_,r_ i Ff(z)MCCFD(Z) ,

nm m nm m
and coordinate transforms of this equation. Again, we have checked them in
a perturbation expansion of hc,p around the identity, which we performed to
third order in small parameters. The general argument proceeds as before in the

paragraph after (5.27). The Green functions (5.38) - (5.41) appear in

(he, 0] eB#(03) ... e88(Wa) | T o hpy o T,0) = <f [eq1¢(w1)] o f [em(wn)] >
(5.45)
with some f(z). This implies the proper short distance behaviour, and hence
we can write (5.38) through (5.41) as In (8,0, In[g(2) — g(w)]) and bring the
exponent (5.32) into the form

€ G AA; € ¢y B; B;
—Z ZQA;Noo 'qa; —Z 798: Noo' ' 4B;

4
i] i#j
€ (7 AiB; € o BiAj
- Z E dA; Noo ’(JBj - Z E qB; Noo JqAJ- (546)
tJ 1,7
€
+ 5 Q2 ka..a.. ’

where

NI = In <azaw In (h(2) — hs(w)) ,=0> (5.47)

and the functions h A; s h B, are defined by equation (4.4).
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5.3. THE DETERMINANT

The only pieces of our gluing formula (5.16) that we have not explained yet

are
-1/2
D; = |det(1- NPPENCCE) , (5.48)
and its counterpart for the X- oscillators,
) —-D/2
D, = |det(1- NDDENCCE)‘ (5.49)

The task is now to make sense out of these rather unwieldy expressions. First,

we will motivate our final result by demonstrating that in fact

—1/2

det’'A ¢,
2 Z9(2) , (5.50)

det’A,

j =

i.e. that we are dealing with determinants of the Laplacian. Then it is quite
obvious why these determinants should vanish, namely by an argument 4 la
PolyakovEl] and the fact that we are in the critical dimension and therefore
the conformal anomaly is zero. However, the actual proof must be somewhat
involved, since it is well known since the days of light cone string field theory
that in general, the above determinants are not trivial at all, but provide crucial

measure factors in the calculation of scattering amplitudes.

Let us first take a look back at section 4.1 and display some moments of the

Green function 9,0y, In(z — w) . Define

1 dz _,.1 dw _,.
D_, _m = n ﬁiz %w 020w In(g(2) — g(w))
1 dz ,1 dw .
Dy = - %Z — %w 020w In(g(z) — g(w))
(5.51)
1 dz 1 dw _
Driom = L f ami® m f g 020w lno(2) —o(w)
1 dw .1 dz _,
D_pm = — mw " ﬂ;z azawln(g(z) g(w)) ’
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where for the first two expressions the order in which the contour intetgrals are
performed is irrelevant, whereas in the last two formulae the order is crucial. We

derive then from (4.11)

D_py-m = [(1— N°CENPPE) ™' NOC]

nm

Dnpm = l[ENDDE(l—NCCENDDE)‘I] L

n nmmm

) (5.52)

o DD ccpm 1
Dy = ;(I—N EN E) nm
_ ccpabDD -1 1

D_pm = (1——N EN E) nm iy

and observe that

D_, D, _ -1
det e T = det (n [1 — NDDENCCE] m) . (5:53)
D—n,m Dn,m nm

The determinant we are evaluating is a determinant of moments of the Green
function. The moments correspond to the nonzero modes of the field X. Since
the Green function is just the inverse of the Laplacian, we may write the above

equation as:
det'Ag(z) = det<n [1 — NDDENCCE] . m) : (5.54)

D; is then essentially the ratio of the determinant associated with the glued
surface to the determinant we obtain for NPP = N€C =0, i.e. the expression
we get if the map ¢ can be taken to be the identity. It is now clear that this
factor is just the change of the determinant of the Laplacian under the map g,
and the work of Polyakovm and Alvarez!’® has made it clear that this factor
must vanish between the matter and the ghost fields, if we are in the critical

dimension. This cancellation must occur for any g.
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However, from the calculation of the 4-point scattering amplitude in light-
cone string field theory we know that this vanishing happens in a nontrivial

manner. There one obtains

dT A . B;
det(1— NCENPPE)? = ——exp | D N§¢¥ + N&*&* + T — f(i, 55)
1=1,2
(5.55)

In this formalism the determinant provides the jacobian for the change of vari-
ables from the propagator length T in the p-plane to the positions 0,1, z,00 of
the vertex operators on the z-plane and some normalization factors involving
the string lengths «;, ﬂj.[sl Obviously these determinants are nontrivial and can

combine to 1 only with other terms in the vertex.

We will now show how that happens. In the same way we proved (2.29) in

section 2 one can prove that

(fi—4— Q= (~q—-Qlexp|s Y jakfifiim| =(~¢—QIT;.  (5.56)

n,m>0

Note that (—¢ — Q| jo = (—¢ — Q| ¢ , and hence
[TofoI,0)c =(f,0|p|Ipc)

=exp[2 Y ()" N () iom +€Q Y () NES] )

n,m>1 n>1

= UI_olfoI 0)¢c -
(5.57)
In the two pieces (5.56) and (5.57), the vacua are transformed by unitary trans-
formations generated by moments of the total energy momentum tensor T,, =
TZ, + T¢,. But this energy momentum tensor has zero central charge and there-

fore, on the sphere, all of its correlations in the vacuum vanish: 3]

(T22(2)) = (—Q|T22(2) [0) =0, (T22Tww)=(—Q|T2Tww|[0) =0, etec.
(5.58)

47



We thus obtain

(—Q|UnsUitlo)y=1. , (5.59)

This leads us finally to the formula

1= (hc,_QIIOhDOI,O> = exp {_1_)7_ -NCCENDDE)-{-%sz:]

a.a.

_D+1
2
a.a.

= det (1 - N°“ENPPE)
€ 1
xn| § @* s (w22 - Jue2)
€ 1 1
+5 0" (NBR-1KP)MES (NBR - 1KE) (580

-5 @ KomBRKs]

a.a.
We derived (5.60) using general arguments, but we also checked it perturbatively,
in the same way we demonstrated the equations (5.26) and (5.44). This is of
course the way to find k. We now combine (5.60) with (5.46) to establish the
GGRT. The fused vertex contains precisely the terms which the vertex definition

for the glued surface requires, as stated in equation (3.3).
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6. Gluing the bc System

The basic strategy for the proof of the GGRT in the context of fermionic
ghosts is the same as in the previous sections. However, now we have to account
for the different tensor character of the conformal fields we are considering and
the associated zero modes. Here we will concentrate on the reparametrization
ghosts of the bosonic string, but the generalization of our results to general ghost

systems will be straightforward.

The two point function was defined in (2.12), and since the conformal weights

of b and ¢ are 2 and -1, the coordinate transformations (5.7) have the effect

_ 1 w1
) =225~ P T@ - -

(6.1)

The field ¢(2) has three zero modes, namely Z;(z) = 2**! for ¢+ = —1,0,1. Their

transformation behaviour is given by

1

2t f(z i+l 6.2
Eetie) (6:2)
In I the vertex was constructed out of the Fourier modes of these quantities. We
obtained
k
Vial = TT6 [ ew( - X aMabh + Y cNGAS)
I=1 $15$0,$—1 m>—1 n>22
) (6.3)
with
dz dw _ .. [h}(2)]? ~-1
IJ — - —n+1 _ m—2 I 6.4
Nonim omi” f(zm' 'y (w) (h1(2) — ha(w)) (6-4)
and
dw 1
A s LI (X . 6.5
M = f g s 2 (w) (65)
A simple example is the 2-vertex (I4p|, based on ha(z) = z and hp(z) = —1/=2,
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1.€.

(Ian| = (3, ® (3|5 [ . exp( ((=)b4; — bP)

Then, with

£ 3 ((2) bAE + (—)"+1csb£))

n>2

lac = <3|A €xp Z ——nblr: Z bc—)n ﬁ)

and the definition

n>-—1 n>2

(IaB|IBC) = 1aC

we obtain the inner product

= [ ew ( pil(=)icA; + ¢P)
P1:P0,P~

(6.6)

6.7)

(6.8)

4 Z n+1bA B nt ( "cfnbén)> IO)A ® |0>B

n>2

(6.9)

In the vertices (6.3) and (6.6) one has to pay close attention to the range of

the index sums ),

matrix notation:
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(6.10)



The indices 7,5 run over the set {—1,0,1}, while n,m > 2. A lower index 0 on a
matrix indicates that we are summing on the right side of the matrix only over
indices j that come from ghost zero modes. For example, the vertex (6.3) now

takes the form

k
Vil =]] (3[,/ exp(cIN”bJ+c’NIng —gM"b"—gMOJbJ) , (6.11)
I=1 $1,505$~1

It is most convenient to begin the gluing procedure by performing the nonzero

mode contractions. This gives the result:

(Viasyiy| = (Viane| (Vis,yp| lep)

-TewIes [ [ [ b
T N1,M0,M-1 01)00,0—1 P13Po,P—1

J

exp ( et (NAiphs 4 NAiGipAs)

+NACENPE(1 - NCENPE) ™ (NC4spAi 1+ NOgiphs) |
+ePi | (NBPpBs 4 NPiJibPs)
+NZCENPE(1 - NENPE) ™ (NOP3bP5 4 N°PibP ) | (6.12)
~ANACE (L~ NPENCE) ™ (NPPibPs 4 NP5

— BNBLE(1- NOENPE) ™" (N4 + NOGivts)
+ 6'C+nB+Ap+ﬂDp+n€p)

where

Db = det (1 — ENPEN©) (6.13)
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and where we have defined the row vector
A =—cANASP

+cAN4CE(1 - NPEN®E) ™" (NP Eo - NP ENG P)

B, (6.14)
— CB‘NB'(I)JEO
+c®NPPE(1 - N°ENPE) ™" (N§P - N°ENDEo) |
the column vectors
B = — MPibPi — M77bPi + MPE(1 - NCENPE)™".
6.15
[NCA;bA;+NCg;bA; _NCE (NDijBj +ND§ijj>] : ( )
C = — MAib4 — MJbA + MCE(1 - NPENCE) ™.
6.16
[NDB;bB; + NDg;bB; _ NDE (NC'AJ'bAJ- + Ncgijj)] , ( )
and the (3 by 3) matrices
D = M{P - MCE(1- NPEN°E) ™" (NP Eo — NP ENG P) (6.17)
and
£ = MPE, — MPE(1 - NCENPE)™ (Nf;‘P . NCEN(?EO) . (6.18)

In the exponent matrices are multiplied according to the following rules: each
upper index C is connected to an upper index D through a matrix F; only zero
mode matrices allow the connection of upper indices of the same type, via the link

P. (6.12) is of course not the final form of the glued vertex, since the expression
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is still written in terms of three fermionic integrals, of which we will have to
perform two. The expressions simplify if we do the 5 and the p integrals. The
above formula is then multiplied by the zero-mode determinant dp. = det £, so

that the exponential contining 8, p or n gets replaced by

det & -exp [0 (C—DET'B) — AE71B] . (6.19)

We will show that this expression is precisely the vertex expected from the
geometrical gluing picture, multiplied by a factor that cancels the X-determinant

D.. More explicitly, in the critical dimension,

<V{A‘.}{BJ,}| =D;! H (3|I/ exp (cIN”b‘I-i—cIﬁIIng—GMIbI—HMc{bI) ,
I’J 1,Y0,V-1

(6.20)
where the indices I, J take the values A;, B; for all 1, and the hatted Neumann
coefficients are given by the hatted versions of (6.4) and (6.5). The argument
relies again on the analyticity and singularity structure of the glued Green func-

tions, which we will now prove.

6.1. NONZERO MODES

The Neumann coefficients are just moments of the Green function. The gluing
procedure provides us with four different forms of this function, and in this section
we will outline how one proves their equality. The conversion of Fourier modes

into Green functions and the change of coordinates (5.7) is accomplished by the
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following replacements:

NA.'A_,' N [h,c’(z)]z —1
.. h”C(w) hc(z) —_ hc(‘W)
N 2) = ﬂu"n—— [h, (z)]2 -1
NA f 95( ) - f 271 ’ h?c,(u) hc(Z) — hC(u)
B a0 -1 o
CAi _ ¥C(w) = ¢ ——y—m+1LC 0 =
NS Hom () f(,zm‘ " hl(w) he(v) — ho(w)
: 1 | i+1
M4 — h(2) ko))
for |z|,|w| < R¢ and
NBiBi _, [(RD o I)'(2)]? 1
S h5(w)  hp(z) —hp o I(w)
2 o = f Bl o @R
R B N O T ORI
i B ) 1 o
f J—t wj = __U_v-—m ! o2 y
NDB Hom (w) f o ¥ (hp o I)'(w) hp(v) — hp o I(w)
M. Bi 1 [hp o I(w)]*!

“" 7 (hpoI)'(w)

for |2|,|w| > Rp'. Using these substitutions we derive the representations

[he (=)} —1
ho(w) he(2) — ho(w)

+ 6S(2) [E(l ~ NDENCE)“NDE] HE (w)

nm

+ 65 (2)

PEIMPE(1- NCENDE)“I] H (w)
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— 6S(2)|E(1 - NPENCE)™" (N{,’Eo - NDENSP)

(6.23)
E'MPE(1-N®ENPE)™!|  ¥S(w)
for |z|,|w| < R¢, and
_ 6S(z) | E(1 —NPENCE)™'|  ¥D(w)
- 1 i+1
- 67 (2)[PE I]i:‘m[(hD o I)(w)P*
- 6°(2) [P&“MDE(I —NCENPE)"'NCE| ¥2(w)
+ 65(2) | E(1 - NPENCE) ™" (NP Eo - NPENGP) 5*1}
I nj

[ [(hp o I)(w)}i*
(hp o I)'(w)

+ |MPE(1-N°ENP ) "'NCE]|

im

Nf,?(w)]

(6.24)

for |2| < R¢ and |w| > REI. The most convenient way of showing the equivalence
of these two expressions consists of applying the contour integral method. Since in
this paper we wish to be explicit in the proof of the GGRT, let us do this exercise
in some detail as a model for all the other cases, t.e. the other forms of the Green
function and the different representations of the Killing vectors. The contour
integral in w is taken in the strip Rc > |w| > Rp', or Rp > |w™!| > RZ'. We

now list a set of identities which are well defined and in which the ordering of
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contours is determined by virtue of the bounds on |w| and |w~1|.

(M,-f for k> -1

—w — [he(w)]T! =4
f 2m h’c(w)[ ()] 0 for k < -2

\

(0 for k > 2

f dw w_k-—2_1—[hc OI(w)]i+1 =

2mi (hc o I)'(w) — [MPE], fork<1

\

dw _k_2ycC _ —k—2
2 M (w) = 2
Obmpr fork> -1
e 70 e S
2ms hio(w) hc(v) —he(w) ) NSC for k < —2
dw _k_2yD _ dw _y_s
f omi Mo (w) = o
—Epmk for k> 2
f i () =
271 (hp o I)!(w) hp(v) —hpo I(w) | — [NDE] . for k<1
(6.25)

Upon substitution in (6.23) and (6.24) one sees after a little algebra that the
two expressions indeed represent the same function. Notice that the precise
mechanism is different for the zero modes, i.e. for k = —1,0,1 and for the nonzero

modes, t.e. for |n| > 2.

It is now clear how to proceed for the other two representations of the Green
function. Alternatively, we could have employed the resummation technique and
rewritten (6.23) and (6.24) in terms of the analytic function

[he(w))? 1 _ !
hiz(2) he(z) —hec(w) z—w

(6.26)
and its coordinate transforms. Again, after some algebra the equality of the two
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representations becomes apparent. Therefore, we may identify the expressions

given above with the function

') Y w

g'(2) (z) —ow) A, )[g @, (6.27)

where a; are arbitrary constant coefficients. This ambiguity arises because we can
determine the Green function from its analytic structure only up to the addition
of zero modes. However, just as in the X-system, where momentum conservation
made the zero modes irrelevant, these extra terms do not contribute to correlation
functions. This follows from the Fermi statistics of the ghosts and is made obvious
in the formula (A.2) in the appendix of I, where we represented the correlator as
a determinant of a matrix of zero modes and two point functions. Of course, this

assumes that we can prove the correct zero mode structure of the ghost sector.

6.2. ZERO MODES

The coefficients M;;] are the n-th Fourier modes of the analytic vector fields
labelled by . At tree level we have to show that the corresponding quantities,
i.e. the coefficients of the fermionic variables ¢, are also just moments of linearly
independent analytic vector fields. Thus we determine the correlation function of
three ¢(z)-fields, or, equivalently the Vandermonde determinant of the zero modes
(eq. (2.26) of I), up to a constant. The correct normalization of this correlator
is proved by studying its short distance properties. At this point we have to
take recourse to a perturbative expansion of the functions hc,p. This situation
sounds worse than it actually is, because we will prove the proper normalization

to all orders in the parameters we expand in.

First, however, let us prove analyticity. As usual, we show that the two
expressions we obtain for each vector field actually represent the same object.

The two functions we then have to compare are

(ho(2)) !
ho(2)
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+ <MCEND + De—lMD>E(1 —~NCENPE)'s| ¥S(2)
for |2| < Rc and
_tpe-11 UhpoD)(2)[*!
[De ]ij (hD o I)I(z)
—[(MC + De—lMDENC>E(1 —NPEN®E)™'| ¥2(2)

for |z| > RBI. The methods shown above are again applicable to prove that
these are but two equivalent representations of the same vector field. Notice that
both functions are linear in M€ or M§. Hence linear independence of the glued
vector fields follows from the linear independence of the vector fields 1, z, 22 for

the original vertices.

We now examine the ghost correlation function

_ l9(2) — g(w)llg() — 9(w)]lg () — o(v)
(gle(=)lgle(w)lgle(w)]) = pren s . (629)

For |z — w|, |z — u|, |w — u| < € this function is equal to
(z — w)(z — u)(w — u) + O(?) (6.29)

if € is sufficiently small. This is the result we seek to prove for the glued zero

modes. We start by asserting that the glued correlation function is given by
(hc|e(2)c(w)e(u) |[Iohpol) , (6.30)

where (hc| is the part of the vertex (V{ A.-}CI that depends only on k¢, and

|Iohpol)=(hp|Ipc). Now we make use of a result that will be proved in the
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next section, namely
{hc| = (0| Up,; [ Tohpol)=Up) /10y . (6.31)

SL(2) invariance guarantees that both hc(z) and hp(z) can be chosen to be

analytic around 2 = 0, with h¢,p(0) = 0. Therefore

Uns =exp | Y vC, Ly (6.32)
k>2
and
Ujohpor = €XP Z vD (—)*L_y (6.33)
k>2

for some vector fields v© and v?. We replace v€ by tv€ and vP by svP, with
s,t small so that a perturbation expansion in these parameters makes sense.

According to equation (2.39) we may rewrite (6.30) as

(0] hcle(2z)e(w)e(u)]Ua |O) (6.34)
where
Ualo) =exp | Y vfLe | |0) (6.35)
k>2

and the vector field v4 is given by some complicated formula in terms of tv®, svP.
At this point it is obvious that (6.30) is equal to (f[c(z)c(w)c(u)]) for some
function f(z) that we may write as f(2) = z+ d(2), where d(2) is of order s or ¢.
From the form of f(z) one immediately derives (6.29), and concludes the proof
that the ghost zero modes are correctly normalized, to any order in s,t. Note
that f(z) is generally not analytic around z = 0 or z = oo. This is the reason
why (hc|e_1c0¢1|0) # 1, contrary to the expectation one might have had from
{(hc|e-1c0c1 |0) = det M = 1.
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6.3. DETERMINANTS
As the final step in the proof of gluing for the bc system let us derive the

cancellation of determinants. Again we start by deriving (f| = (0| Us. However,

due to the existence of ghost zero modes the expression

(0|UfU 10y =0 (6.36)

does not yield the desired information. We therefore define

(f,0| = (f| = (3| exp Z emNELb, — Z niM;1b,
n1,M0,M7—1 n>—1 n>-—1
m>2 -
(6.37)
(f,31 = @lexp | D emNLibn
Y
The 1-point functions {f,0,3| are uniquely characterized by
<f70| Cony °°- b“'ﬂ-k |0> = <f[c—n1] e f[b—nk]> ) (f,0|3) =1
(fs8]c—ny *++b_n, 0) = (c—lcoclf[c—m] o f[b—nk]> ) (fa3|0> =1.
(6.38)
Consequently
(f,0| fHen)=0 for n>2
(6.39)
(f,0| fl[bn]=0 for n>-1
and
(f,3| f'en] =0 for n>-—1
(6.40)

<f’3|f—1[bn]:0 for n>2.
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Together with f[0] =U fOUJT1 these equations imply

(£,00=0\Us ;  (f,3=3Us. | (6.41)

Then

(flaTaB) = Ursor0) (6.42)

and now the product (kc, 3| o hp o I,0) is nontrivial. But then we can again ap-
ply the logic used atl the end of Section 5.3. By combining the ghost factor the the
factor (hc|I o hp o I) from the X dynamics, we find a structure (3| Uy, U;[,l o),
with transformations Uj generated by an energy-momentum tensor with central

charge ¢ = 0. As before, we find that inclusion of the terms from X gives
(hc,3|IohpoI,0)=1. (6.43)

All that remains is to translate this result into the specific form needed for the
proof of (6.20). If there are no external states, all the terms with indices A;,
Bj vanish; in addition, use of (hc,3| eliminates the variable §. The remain-

ing fermionic integrations give the zero mode determinant det £ we encountered
before. Then, finally,

1 =det (1— N°“ENPPE) ™" det (1~ N°ENP) det ¢

(6.44)
- Dancdbc .

This completes our proof of the gluing identity.
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FIGURE CAPTIONS

1) Simple representation of gluing.

2) Precise representation of gluing.

64



11-87 5895A12

Fig. 1



Fig. 2



