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ABSTRACT 

These lectures introduce the beam dynamics of electron-positron storage 
rings with particular emphasis on the effects due to synchrotron radiation. They 
differ from most other introductions in their systematic use of the physical prin- 
ciples and mathematical techniques of the non-equilibrium statistical mechanics 
of fluctuating dynamical systems. A self-contained exposition of the necessary 
topics from this field is included. 

Throughout the development, a Hamiltonian description of the effects of the 
externally applied fields is maintained in order to preserve the links with other 
lectures on beam dynamics and to show clearly the extent to which electron 
dynamics is non-Hamiltonian. 

The statistical mechanical framework is extended to a discussion of the con- 
ceptual foundations of the treatment of collective effects through the Vlasov 
equation. 
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1. INTRODUCTION 

The physics of particle accelerators is a microcosm of the whole of physics. 
An adequate understanding of the construction and control of particle acceler- 
ators and the behaviour of their beams requires the application of the deepest 
knowledge of many of the established branches of physics and technology along- 
side the more topical. 

Even if we look only at the area of theoretical beam dynamics, we can find 
considerable scope for the application of many of the traditional subdivisions 
of theoretical physics. For example, the somewhat dusty subject of classical 
analytical dynamics has found a new lease of life in the challenging problems of 
single particle dynamics in synchrotrons and storage rings. So also with classical 
electromagnetism and optics. The first step in the synthesis of a description of 
macroscopic matter from the behaviour of its microscopic constituents is the 
realm of statistical mechanics and we can expect this, too, to play an important 
Gle in accelerator theory. 

However the number of particles in a typical accelerated beam (loll or so), 
although large, is still many orders of magnitude less than in a macroscopic 
sample of bulk matter (1O22 or so); this leads us to expect some differences in 
the statistical description. At first sight it is not at all clear whether the concept 
of thermodynamic equilibrium has any relevance; if it does, then it surely only 
applies in the rest frame of the beam; if it does not, then we are on the less 
familiar ground of non-equilibrium statistical mechanics where we have fewer 
general principles and mathematical tools to guide us. 

In fact an ultra-relativistic electron beam is a system very far from true 
thermodynamic equilibrium. Electrons continually receive energy from accel- 
erating cavities and promptly lose it again by the phenomenon of synchrotron 
radiation. Since this energy loss has a random component due to the quantised 
nature of the radiation, the net effect is that of a random external force prevent- 
ing the beam from attaining equilibrium. Each particle in the beam acts rather 
like a channel, absorbing ordered energy from the power source and releasing it 
again in small random bursts. It turns out that, when one averages over many 
(independent) p ar ic es, t 1 they are found to be distributed in a stationary non- 
equilibrium state which nevertheless resembles a genuine equilibrium in some of 
its particulars. 

In proton beams synchrotron radiation effects are not noticeable up to en- 
ergies of several TeV. However several other kinds of statistical phenomena are 
important. Fluctuations from thermodynamic equilibrium arise because of the 
finite number of particles and these can be detected macroscopically (more eas- 
ily in the case of coasting beams) as the famous Schottky noise. This discovery 
led to the technique of stochastic cooling which has allowed all three of the 
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world’s high energy hadron colliders to collide beams of protons and antipro- 
tons with adequate intensity for high-energy physics experiments. Noise in the 
radio-frequency (RF) system can also introduce a degree of randomness in the 
equations of motion which may counteract the beneficial effects of stochastic 
cooling. A similar emittance blow-up arises due to scattering among the parti- 
cles in the bunch. This is known as intra-beam scattering and may be important 
in lower energy electron machines. 

The mathematical description of statistical phenomena in hadron beams 
does have some elements in common with electron ring theory. Nevertheless 
these lectures will concentrate on statistical phenomena in electron storage rings 
because the phenomena arising in proton machines are sufficiently different in na- 
ture to warrant a separate theoretical description. The reader will find thorough 
reviews of these topics and guidance through the literature in another School 
of this Series’ and elsewhere 2’4’5 but we point out some analogies with and 
differences from the statistical mechanics of hadron beams where appropriate. 

I have tried to introduce the characteristic physics of e+e- rings in parallel 
with a tutorial introduction to a selection of useful techniques from the theory 
of stochastic processes and the statistical mechanics of non-equilibrium systems. 
These topics are normally covered in quite different contexts with a view to 
different applications and I hope it will be found useful to introduce them in 
this way. Thus, while many of the physical results given may be obtained more 
quickly by simpler means, they will be seen in a broader context as preparation 
for more complicated problems. Along the way, we take the opportunity to cover 
much of the basic physics of electron rings. 

The plan of these lectures is as follows. 

A stored electron beam is a dissipative, fluctuating system far from equilib- 
rium. To describe such systems mathematically we first introduce a selection 
of concepts and techniques from non-equilibrium statistical mechanics. Among 
these are the appropriate generalizations of Liouville’s Theorem, stochastic dif- 
ferential equations, distribution functions, Fokker-Planck equations and some 
methods for solving them, stationary states’and the evolution of the expecta- 
tion values of dynamical variables. Our derivation of the Fokker-Planckequation 
is somewhat unconventional but is designed to point up its physical content and 
permit later comparison with the derivation of the Vlasov equation. In an aside 
we briefly discuss the relationship between the Fokker-Planck equations we de- 
scribe and the one used in plasma physics. 

The principal source of randomness in electron dynamics is the quantum 
fluctuations of synchrotron radiation. The statistical properties of incoherent 
synchrotron radiation are reviewed and adapted to the formalism of stochastic 
differential equations. From the study of the photon energy distribution func- 
tion, the Poisson distribution of the photon emission time and a generalized 
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version of Campbell’s Theorem, we construct a stochastic representation of the 
synchrotron radiation power. As an application, we discuss the problem of how 
photon emission can be simulated numerically. 

To describe the fluctuating radiation reaction forces, we add stochastic terms 
to Hamilton’s equations of motion. The essential ingredient for this is the rep- 
resentation of the instantaneous fluctuating power. By examining the extent to 
which these equations violate Liouville’s theorem, we are led to deduce a gener- 
alised form of the famous Robinson theorem on the damping rates in an electron 
storage ring. This version of the theorem is local and includes the quantum fluc- 
tuations; in cases where the total energy loss in one turn is small compared to 
the beam energy, the original Robinson theorem is recovered. 

We go on to follow how the radiation reaction forces develop in the trans- 
formation to the normal modes of particle motion about an equilibrium orbit. 
The idea of an equilibrium orbit in an electron ring is fundamentally statistical 
since no particle ever follows this orbit. Moreover the equilibrium momentum is 
not necessarily equal to the reference momentum (used to scale the field in the 
bending magnets) but we show how can be controlled by making small shifts in 
the RF frequency. 

Leaving out (temporarily) the fluctuations of the radiation power, we derive 
the radiation damping effects around the equilibrium orbit in each of the three 
degrees of freedom. This includes a detailed treatment of the physics of the 
damping aperture and damping partition number variation by means of small 
changes in the equilibrium momentum. The famous sum rule for the damp- 
ing partition numbers is derived and recognized as a concrete manifestation of 
Robinson’s theorem. 

Putting back the quantum fluctuations of the radiation power, we are led 
naturally to a unified description of radiation damping and quantum diffusion 
in single-particle phase-space by means of stochastic differential equations from 
which we can derive either Fokker-Planck equations or moment equations. The 
regime of linear damping and diffusion is discussed in some detail with exam- 
ples drawn mostly from longitudinal phase-space dynamics. The Fokker-Planck 
equation is used to find the equilibrium distribution, including the nonlinearity 
of the RF bucket, and perform the calculation of quantum lifetime. The mo- 
ment equation technique is used to completely solve a time-dependent problem 
describing the damping and diffusion which occur in the process of injection into 
longitudinal phase space. 

A subsidiary aim of our treatment has been to clarify the technical details 
of exactly how these statistical concepts are applied to accelerator problems. 
For example, the Fokker-Planck equation is often used in an ad hoc way, with 
coefficients fitted to reproduce familiar results in certain limits. Here it is derived 
from “first principles” starting from a consideration of the radiation reaction 
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forces on the electron and ending up with the familiar formulae for the energy 
spread, emittance, etc. 

To some extent, we follow the treatment first outlined in Refs. 6 and 8 al- 
though much more detail is given and the applications are somewhat different. 
Parts of these lectures were later used in a more condensed form in another 
summer school.” Some alternative approaches to the mathematical side of the 
problem of electron motion may be found in Refs. 11, 12 and 13 while the im- 
plications of the phenomena discussed here for the parameter choice and design 
of electron storage rings are discussed more extensively in, e.g., Refs. 14, 15, 17, 
19, 20 and 21. 

In the final chapter, we derive the Vlasov equation from the same general 
standpoint as we already derived the Fokker-Planck equation. The formalism of 
Klimontovich allows us to clarify the physical relation between the Vlasov equa- 
tion and Liouville’s theorem (or the equivalent BBGKY hierarchy of equations). 
This prepares the ground for the theory of collective phenomena. 

Prerequisites for reading these lectures should be about the same as for the 
other beam dynamics lectures in this school. Beyond the basic knowledge of clas- 
sical Hamiltonian mechanics and electrodynamics which is assumed, the reader 
should be familiar with single-particle dynamics in storage rings, as covered 

22,23,24 in earlier lectures. Strictly speaking, no specific knowledge of radiation 
effects on electron motion is required but, to reinforce understanding of these 
effects, it is well worth reading Ref. 19. 

Certain subsections, marked with a 4, contain material which, although 
important, it is probably better to skim through or skip entirely on a first 
reading. They can be returned to later and their temporary omission should 
not prejudice the understanding of later sections. 

2. STATISTICAL MECHANICAL PRINCIPLES 

This chapter supplies a general framework in which we can set the specifically 
accelerator-related problems of the later chapters. It draws on ideas from non- 
equilibrium statistical mechanics rather than the equilibrium theory which is 
more familiar to most physicists. However those with an engineering background 
will recognise elements of noise theory. 

A paradigm for many dynamical systems occurring in physics and elsewhere 
is provided by equations of motion of the general form 

k(t) = K(W) + Q(W)l(t), (2.1) 

where X(t) = (XI,... ,XN) is a vector of coordinates completely character- 
ising the microscopic state of the system, e.g. in a near-Hamiltonian system, 
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the canonical coordinates and momenta (ql, . . . , qn, pl, . . . ,pn), where N = 2n. 
For the moment we shall think of the “system” as one particle with a few degrees 
of freedom, perhaps a single particle in a stored beam; there may well be many 
other particles like it but they are presumed not to interact with the particle 
under consideration. This assumption will be relaxed later in our discussion of 
the Vlasov equation. 

The first term K(X, t) in the equations of motion (2.1) represents the de- 
terministic forces acting on the particle; these may include both conservative 
and dissipative forces. The second term contains a unit noise source E(t) and 
represents the fluctuating forces due to some external source of randomness or 
noise. The function Q(X,t) 11 a ows for the possibility that the coupling to the 
noise source varies with the phase space coordinates X. We shall discuss all 
these ingredients in more detail below. 

2.1 DETERMINISTIC SYSTEMS 

In the absence of the fluctuating term, the time-evolution of the system is 
completely determined (assuming certain mathematical conditions are satisfied) 
by the set of coupled ordinary differential equations 

k(t) = K(X, t). P-2) 

For the purposes of this discussion, the solution need not be stable with respect 
to small variations of the initial conditions or external parameters; all that 
matters is that the equations are supposed to be determined. Thus we naively 
include the case of deterministic chaos. Let us denote the formal solution of 
these equations by X(t). Th en an entirely equivalent description can be given 
in terms of the exact phase-space density for this solution, also known as the 
Klimontovich distributionf5926 

3(X, t) = 6 (X - X(t)) = fi 6 (Xi - x;(t)) . (2.3) 
i=l 

Here X is a free variable and X(t) is the realisation of the solution of (2.1) start- 
ing from some initial conditions X(0). Cl early, the Klimontovich distribution 
is a function which is zero everywhere in phase space except at the point X(t) 
where it has a b-function singularity. This singularity moves according to (2.2). 
The continuity equation for F is a simple mathematical identity, following from 
(2.2) and (2.3), 

a@, t) + Vx - [$)3(X, t)] = &3(X, t) + Vx - [K(X, t)3(X, t)] 
(2.4 = 0. 

and is known as the Liouville equation; the gradient operator Vx denotes the 
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vector of derivatives with respect to the components of X and the notation dt 
stands for the partial derivative with respect to t. 

2.1.1 Hamiltonian systems and Liouville’s Theorem. 

Now is an appropriate moment to discuss the relationship of the Liouville 
equation to Liouville’s Theorem-they are not the same thing. 

In the special case of a Hamiltonian system, the coordinate vector is the set 
of canonical variables 

x = (cl1 ,+.-,Qn,Pl ,“’ 7Pn > P-5) 

and, as a consequence of Hamilton’s equations, 

dH dH t3H -_- _- ‘“’ 9 apn 3 dql 9-s - 3 aqn 
> 

, Q =O, (2.6) 
the phase space flow is divergence-free: 

Vx-K=O. P-7) 

The gradient operator Vx = (d/dq,d/dp) in (2.4) may then be commuted to 
the right, past the k(t), giving Liouville’s theorem, 

W(w,t) + K(w,t) - Vx3(s,p,t) = 0, P-8) 

that the phase space density is conserved along the Aow lines determined by the 
equation of motion. In hydrodynamic terms, the flow is incompressible. This 
may be rewritten in terms of the Poisson bracket operation 

27 

dt3 = [H, 31. P*g) 
Note that this equation has the opposite sign from the equation of motion of a 
dynamical variable A(q, p, t): 

i=&A+[A,H]. (2.10) 

Whereas the evolution of A is generated by the Hamiltonian, the evolution of 
the function 3 must be such as to “undo” the effects of the time-evolution of the 
phase-space coordinates, X, in order to satisfy Liouville’s theorem. We must 
keep in mind the distinction between (2.8) and the more general (2.4). The 
latter equation can describe dissipative systems which may not conserve phase 
space density along the flow. However the total phase space density 

J 
3(X, t)Px = 1 

is conserved in any system (by construction of (2.3)). 

(2.11) 



2.2 FLUCTUATING SYSTEMS 

In our attempts to describe real physical systems we find ourselves forced 
in many cases to include fluctuating terms in the equations of motion. This 
approach was pioneered by Einstein in his theory of Brownian motion and is 
now a well developed branch of the theory of stochastic processes. In many 
problems, the random forces arise in the following manner. 

We begin with a description of a microscopic system with many degrees of 
freedom in terms of the fundamental laws of physics, in the form of equations of 
motion. To get something more manageable, we try to achieve a reduction of this 
description to just a few important macroscopic variables. The random forces 
are an attempt to describe the effects of the neglected microscopic degrees of 
freedom. We shall see that the random forces acting on an electron in a storage 
ring are due to the neglect of the many degrees of freedom of the electromagnetic 
field which couple to the electron. 

In the problem of Brownian motion, for example, we consider only the po- 
sition and velocity of the massive Brownian particle, subject to a deterministic 
viscous drag force and a random force whose average is zero. It is interesting 
to note that, fundamentally, these two forces have exactly the same origin in 
the thermal motion of the molecules of the background medium. Later we shall 
see that, in very close analogy to this, the deterministic and fluctuating parts 
of the dissipative forces acting on an electron in a storage ring have the same 
physical origin. However the randomness arises, not only from the neglect of . 
a large number of uninteresting degrees of freedom, but also from the intrinsic 
indeterminism of quantum mechanics. 

Brownian motion can be described by Langevin equations2* which are a 
special case (constant Q(X, t)) of the stochastic differential equations (2.1). We 
shall show in Chapter 4 that the electron equations of motion can be cast in 
a similar form. Let us therefore explain further how we are to interpret such 
equations. 

The state vector X(t) evolves in time according to the first-order stochastic 
differential equations (2.1). Here we consider only the case of a single noise 
source c(t). The generalisation to several noise sources is easy: for M sources, 
simply replace Q (X, t) with a N x M matrix and proceed to make the obvious 
generalisations of the following. In fact we shall find that one noise source is 
sufficient for our applications since the changes in the three canonical momenta 
of the electron due to a particular photon emission are correlated. 

When we speak of a realisation of r(t) we mean just one of the ensemble 
of possible histories of the stochastic process. Of course this ensemble would 
contain much more information than we could possibly cope with. To overcome 
this difficulty, we allow ourselves to consider mathematically what can happen 
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in a given realisation but bear in mind that we must afterwards average over all 
realisations with an appropriate weighting. The final results of the theory will 
therefore always be in the form of expectation values. 

Many problems become tractable when the stochastic quantity t(t) is taken 
to be gaussian white noise~g930’31’32 defined to have the formal properties 

K(t)) = 0 3 (E(w’)) = w - t’) * (2.12) 

with respect to this ensemble-averaging process (. . .). The two-time correlation 
function (e(t) r(t ‘)) g ives the correlation between values of E at two different 
times. The first of these conditions is no great restriction since we could always 
redefine the coherent force K(X, t) t o include any non-zero average of c(t) . The 
second condition asserts that the fluctuations at two different times are statis- 
tically independent and is a much stronger requirement. Since the correlation 
function of E depends only on the difference of the times in question, the process 
is statistically “constant” or homogeneous in time. 

These approximations turn out to work very well in many problems. In 
particular, it turns out that they are satisfied to an excellent approximation 
in the electron equations of motion, thanks to the properties of synchrotron 
radiation. We shall demonstrate this in detail later. 

To each realisation of c(t), th en, there corresponds a realisation of the solu- 
tion X(t) which we can consider, at least in a formal sense. 

2.2.1 An example: the Wiener process. 

To show how the formalism of stochastic differential equations works, we 
consider the simplest possible example, the Wiener process which is, in fact, 
essentially the spatial representation of the Brownian motion problem. 

Consider the case where a single particle coordinate is subject only to random 
kicks and we can set K = 0 and Q = constant: 

J$) = Qt(t). (2.13) 

Then, imposing the initial condition X(0) = 0, we can formally integrate a given 
realisation to find 

t 

X(t) = Q / ((t’) dt’. (2.14) 

0 

Averaging this under the integral with the help of (2.12), we find 

(X(t)) = 0. (2.15) 
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However if we first square (2.14) and then average with the help of the second 
member of (2.12) we obtain 

(X(t)2) = Q2 (1 dt j dt”#‘)[(t’)E(t”)) 
0 0 

=Q?jdt’jdt”l(t’-t”) 

=Q2: 
0 

(2.16) 

This is the well-known result that the mean-square deviation of a Brownian 
particle from its initial position increases linearly with time. The quantity Q2/2 
is the diffusion coefficient. 

2.3 DISTRIBUTION FUNCTIONS AND THE LIOUVILLE EQUATION 

The Liouville, or continuity, equation following from a given realisation of 
(2.1) is 

&3(W) + Vx - [K(X,t)3(X, t)] + Vx - [Q(X, t)l(t)3(X, t)] = o. (2.17) 

where the X(t) h h w ic enters into the definition of 3(X, t) in (2.3) is the appro- 
priate realisation of the solution of (2.1) starting from some initial conditions 
X(0). The Liouville equation is completely equivalent to (2.1). However since 
X(t) now depends on the values of the fluctuations c(t), 3(X,t) is also a fluc- 
tuating quantity; by averaging over its realisations, we can separate it into an 
expectation value and a fluctuating component whose average is zero: 

3(W) = F(X, t) + ?(x, t), F(X, t) def (3(x, t)). (2.18) 

It would be quite as difficult to deal with-let alone find-the ensemble of these 
solutions as it would be to deal with that of (2.1). However we are interested 
only in F(X, t) and intuition suggests that it ought to be possible to derive 
an autonomous equation describing its evolution. This is the subject of the 
next section. 
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2.4 FOKKER-PLANCK EQUATION 

To derive the Fokker-Planck equation describing the time evolution of the 
average phase-space density of a system, subject to deterministic drift K and 
diffusion Q, one must average (2.17) but take account of the way in which the 
fluctuations make the sharply-peaked phase space density (2.3) spread out to 
become, upon averaging, a smooth function F(X, t). In this process, informa- 
tion about the fine details of the distribution function is lost and we make the 
transition to an irreversible description of the time-evolution. 

2.4.1 4 Derivation 

We present a formal derivation of the Fokker-Planck equation intended to 
emphasise its physical origin and be easily comparable with the derivation of 
the Vlasov equation which we shall give later. Numerous alternative derivations 

30,29,33 may be found in the literature. 

Averaging the Liouville equation (2.17) over all realisations of c(t), we find 

&(3> +Vx.[K(3)]+Vx.[Q(~~)] =O, (2.19) 

where we suppressed the arguments (X, t) of all the vector functions, remem- 
bered that K and Q are deterministic, and used the first member of (2.12). Our 
goal of a closed equation for F = (3) is not yet in sight since (2.19) contains 
the unknown correlation function (r(t)@). T o e iminate this, we have to use the 1 
information contained in the fluctuating part of (2.17): 

dtk+Vx+@+Vx- [Q@(3)+ (k-((k))] = 0. (2.20) 

Here we used the identity 

@= 13- (C3)= E(3)++&(3) - w+) (2.21) 

=o 

and the first member of (2.12). 

Now we must think a little about how we model real processes through the 
strictly Markov idealization e(t). A real process ET(t) has some finite correlation 
time 7, requiring the replacement of the &function in (2.12) with some rapidly- 
decaying function of the time difference, e.g., 

(E7(t)(7(t’)) - Zf;,-lt-t’llr. (2.22) 

In the model process, 7 is allowed to tend to zero in an appropriate way. For 
this approach to be valid, the correlation time must be shorter than all other 
characteristic time scales of the system. 
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In (2.21) we have to deal with the terms 

# - ([P) = 3 (2.23) 

which can be identified as the fluctuating part of the product of two fluctuating 
quantities @‘. We therefore neglect all terms in the fluctuation equation (2.20) 
except 

&@(W) = -Vx[Q(X,t)~(t)(3(X,t))l. (2.24) 

In other words, we are assuming that the evolution of k on short time scales 
is governed by the average quantity (3) w ic h h evolves only on the slower scales 

(determined by K). 0 can compare this to the method of multiple scales 
34 

ne 
or, perhaps more closely, Bogoliubov’s “synchronisation hypothesis” in non- 

35 equilibrium statistical mechanics. This latter idea will be encountered again 
in our discussion of the Vlasov equation. 

Integrating (2.24) over all time preceding the present t, will guarantee that 
the influence of the initial conditions is negligible, so that 

t 
P(X, t) = - J Vx - [Q(X,t')E(t')(3(X,t')))l dt'. (2.25) 

-CO 

Introducing this into the average equation, (2.19), we obtain 

&(3(W)) + Vx - [K(Xt)(3(X,t))] 
t 

=vx- Q(X t> 1 , vx * [(E(t)E(t'))(3(x,t'))] & 
-CO 

(2.26) 

= fVX - {Q(W)Vx - [Q(W)(3(X,t))]}. 

where the integral was interpreted with the help of (2.12) and (2.22). This is the 
Fokker-Planck equation describing the time evolution of the average phase-space 
density of a system, subject to deterministic drift K and diffusion Q. At this 
point we are finished with 3 and shall simply write F for (3) from now on. 
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2.5 THE RECIPE 

The vector notation used in the previous section may have hidden some of 
the complexity of the Fokker-Planck equation for systems with several degrees 
of freedom. So that we can refer to it later, we rewrite (2.26), the Fokker- 
Planck equation providing an alternative but equivalent description of a system 
governed by the stochastic differential equations (2.1), as 

dtF = -c -& 
i 

i { ~i+q$Qj ')'"""&&[Qiu;:17) 
. 

The second term inside the curly brackets is known as the “spurious drift” and is 
evidently absent when the diffusion Q(X, t) = Q(t) independently of amplitude. 
Because it often vanishes, this term is easily overlooked but it is essential for a 
complete description. 

So, whenever we have a set of stochastic differential equations of the form 
(2.1), the corresponding Fokker-Planck equation is uniquely determined. But 
the converse is not true! Different stochastic equations may lead to the same 
Fokker-Planck equation and are therefore statistically equivalent descriptions of 
the same physical system. 

When we allow stochastic forces into physics we have to get used to the fact 
that, even when they are formulated in terms of the same dynamical variables, 
different equations of motion may yet be physically equivalent. The most obvious 
test for equivalence is, of course, to write down the Fokker-Planck equation. 

2.5.1 4 Interpretations of stochastic differential equations 

It is possible to avoid the apparent complication of spurious drift terms by 
writing stochastic differential equations which incorporate them into the defini- 
tion of K. One must then work with the so-called Ito calculusa6’37 in which the 
ordinary rules of differentiation are replaced by rules which bring in extra terms 
designed precisely to maintain the simple relationship between the differential 
equations and the Fokker-Planck equation. A change of variables is then rather 
more work than it is when one works in the Stratonovich interpretation as we 
have done so far. 

Since variable transformations will form a larger part of our work than writ- 
ing down Fokker-Planck equations, the Stratonovich interpretation will be the 
better choice, and we shall hold to it in the following chapters. In this scheme, 
Markovian stochastic differential equations are written down as limits of equa- 
tions governing real processes,. This will be implicit in the formulation of the 
electron equations of motion. It8 equations of motion can be written down to 
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describe the same physical system but, since the Fokker-Planck equation has to 
be the same, they will look different from the equivalent Stratonovich equations. 
The moral is that one must always be careful to know which interpretation is 
in use. 

2.5.2 Near-Hamiltonian systems. 

For a system, like the electron in a storage ring, which is close to being 
Hamiltonian, (2.1) would take the special form 

cl = Wq,p,t) 
aP 

+ &(w,t) + hQ,(w,t)t(t), 

ti = -aH(wJ) 
aq 

+ +h,P,t) + &Qp(w,t)E(t). 

(2.28) 

Here the ordering of terms with respect to the small parameter E has been 
chosen so that the dissipative terms have an average effect proportional to E At 
in a short time interval At. That this is so is clearer when, following the scheme 
of (2.27), we write down the Fokker-Planck equation corresponding to (2.28) for 
the average distribution F(q,p, t) 

dF=-dHdF+dHi3F 
t -- -- 

3Pi 8% 8th dPi 

(2.29) 

where summation over the repeated indices i and j is to be understood. The 
terms on the first line of the right-hand side represent the incompressible flow 
in phase space described by Liouville’s Theorem; the terms on the second and 
third lines represent a possibly irreversible drift (e.g. damping); finally, the last 
three terms describe diffusion due to the fluctuations. 
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2.5.3 Fokker-Planck equation for the Wiener process 

For a simple example, we turn again to the one-dimensional Wiener process. 
According to the above recipe, its Fokker-Planck equation is simply 

aF(X, t) Q2 a2F(X, t) 
at = 2 ax2 ) 

(2.30) 

which we recognise as the ordinary diffusion equation. Fokker-Planck equations 
reduce to diffusion equations in cases like this where the coherent forces K(X, t) 
vanish. 

2.6 SOLVING FOKKER-PLANCK EQUATIONS 

We speak of solving Fokker-Planck equations, rather than the Fokker-Planck 
equation, to stress that each problem has a different equation associated with 
it and remarks or progress made in connexion with one Fokker-Planck equation 
cannot always be generalised to others. 

In writing down a Fokker-Planck equation, we replace the problem of solv- 
ing a set of N stochastic, possibly coupled and nonlinear, ordinary differential 
equations with the problem of solving a single partial differential equation in 
N + 1 variables. Despite any nonlinearity of the stochastic differential equa- 
tions, the Fokker-Planck equation has the advantage of being always linear in 
the unknown distribution function F(X, t). 

This may-or may not-be a simpler problem to solve. For nonlinear sys- 
tems particularly, it is usually more tractable. And when the functions Q(X, t) 
have any non-trivial dependence on X, i.e. they are not constants, it is cer- 
tainly easier to work with. In such cases one cannot average the equations of 
motion, (2.1), directly since there may be some correlation between the values 
of the noise t and the X values appearing in its coefficient. The lack of such 
dependence for the Wiener process allowed us to use the approach of moment 
equations in the solution and will help us in some of our later examples. But it 
is not something that can be counted upon in general. When we try to write 
a moment equation for the longitudinal emittance, for example, we shall find 
that this strategy fails after serving us well in the same problem formulated in 
Cartesian phase space coordinates. 

Not surprisingly, it is hard to find cases in which a full time-dependent 
solution of a Fokker-Planck equation can be obtained analytically-yet there 
are a few. For the remainder of this chapter we shall restrict ourselves to cases 
where the functions K and Q have no explicit time-dependence. 
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2.6.1 Time-dependent solutions 

In 1943, Chandrasekhar38 published a fundamental solution (and, with a 
trivial extension, the Green function) for the Fokker-Planck equation associated 
with linear problems in one degree of freedom (essentially the harmonic oscilla- 
tor subject to damping and random noise). Recently Kheifets3’ took this as the 
basis of a perturbation theory and applied it successfully to a number of accel- 
erator physics problems. Another approach, applicable in cases where the time 
and phase space variables are separable, is to expand the solution as a series in 
the eigenfunctions; in stable systems these will generally be decaying functions 
of time, except for the constant equilibrium mode towards which most initial 
conditions evolve. In other cases numerical solutions can often be attempted. 

2.6.2 Stationary states 

In a broader category of cases it may be possible to find the equilibrium 
solution analytically, if it exists. The equilibrium solution is a function Fe(X) 
on phase space found by setting &F = 0 in the Fokker-Planck equation. Despite 
the terminology, it need not represent a true thermodynamic equilibrium; it 
would be more precise to speak of stationary solutions of the Fokker-Planck 
equation. Not surprisingly, the terminology arose in cases, like the Brownian 
motion, where the equation did describe the approach to a true equilibrium. 

Notice that, in general, there are no such stationary solutions of the Li- 
ouville equation. If the system is Hamiltonian and completely integrable the 
transformation to action-angle variables 

hp) ++ (A J) (2.31) 

can be found, in which the actions J are all invariant. Then any function F(J) of 
the invariants alone will be stationary. However there is no irreversible evolution 
towards such a state. 

In one phase space dimension, with time-independent coefficients K and Q, 
the equilibrium solution of the Fokker-Planck equation can always be found in 
the form 

IQPd 1 
Fo(x) = Z(X)IQ(X)I 

(2.32) 

where X0 is some suitable point in the phase space (perhaps the origin) and it is 
assumed that Q(X) d oes not vanish. We have supposed here that the system has 
some dependences on a set of parameters X; these would originate as parameters 
of K and Q although this is not indicated in our notation. Then, through the 
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analytic behaviour of the “normalisation constant” or partition function Z(A) 
regarded as a function of X, we may be able to deduce many of the properties of 
the distribution and even study whole families of solutions generated by changing 
the parameters. This technique will be exemplified later. 

The function 

J-&Y Q(X; A) = -log - 
( ) m) 

(2.33) 

is a generalised thermodynamic potential, in terms of which the equilibrium 
distribution has the simple form 

FOW) = Z(X) Lexp(-@(X;A)). (2.34) 

This is reminiscent of the canonical distribution of equilibrium statistical me- 
chanics although the potential <p need not bear any simple relationship to a 
Hamiltonian. 

Another point worth noting about (2.32) is that the equilibrium solution no 
longer contains any information about the dominant time scale of the problem. 
Analytically this means that, in most cases, only the ratio of the functions K 
and Q2 enters. Typically we shall find that some relaxation (or damping) time 
scale cancels from the equations at this point. 

In our example of the Wiener process, it is clear that the equilibrium distri- 
bution is a constant, Fe(X) = Z-l, provided that the phase space is bounded 
(in the common case of a phase variable, it may be a circle): 

X min < X < Xmax, 2 = Xma.x - Xmint (2.35) 

and we impose the boundary condition F(Xmi,) = F(X,,). Otherwise there 
is no limit on the diffusion of the process X and the distribution cannot be 
normalised. 

More generally, we can see that the existence of an equilibrium solution is 
intimately connected with the stability of the dynamical system in the absence 
of fluctuations. The equilibrium solution is a well-behaved non-negative func- 
tion on the phase space whose features correspond to topological properties of 
the underlying phase portrait. Its maxima will correspond to attracting fixed 
points, its minima to unstable fixed points, and it will be close to constant on an 
invariant surface. Asymptotically, it will tend to zero along the time-reversed 
trajectories starting from any attracting set (e.g., if there is damping at large 
amplitude, the tails of the distribution will decay). 

However the visibility of these features deteriorates as the intensity of the 
noise (magnitude of Q) increases. Thus we can view the featureless Wiener pro- 
cess as a limit of all other one-dimensional processes when the amplitude of the 
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noise overwhelms any deterministic terms in the equation of motion. Sometimes 
a deterministic system can become sufficiently ergodic that the Wiener process 
is a good model for it. 

2.6.3 4 Diffusion in Hamiltonian systems 

When a Hamiltonian system is non-integrable there can be no true approach 
to an equilibrium because of the conservation of phase-space density. However it 
may be that the motion of the system, at least in some regions of phase space, is 
sufficiently chaotic that it can be regarded as a diffusion process in some sense. 
In such cases there may be a r81e for a Fokker-Planck equation whose diffusion 

40 
coefficient may be calculated from theories of modulational diffusion, resonance 

trapping,4l 42 resonance streaming, or the combination of nonlinear resonances 

43 and external fluctuation effects. Thus we should keep in mind that, despite 
the separation between dissipative and Hamiltonian effects which is maintained 
here, the Hamiltonian of the system may be intimately involved with effects 
which at the macroscopic level may be indistinguishable from diffusion. Further 
information on this topic, especially as it relates to the beam-beam effect in 
hadron or e+e- colliders may be found in Refs. 42. 

2.6.4 4 The Fokker-Planck equation of plasma physics. 

Since some readers may be familiar with plasma kinetic theory:6’44’45’46 it 
may be helpful to briefly discuss the relationship of the Fokker-Planck equation 
used there to that given here. The overlapping terminologies often require some 
clarification. 

Mathematically speaking, these equations are not of the same form, but 
they are nevertheless related. Physically, of course, they describe quite different 
phenomena-this is one resemblance between high energy electron bunches and 
plasmas which turns out to be rather superficial. 

Here, the most notable difference is that (2.27) is always linear, while in 
plasma physics, the name is commonly applied to an equation (sometimes also 
called the Landau equation) in which the distribution function appears quadrat- 
ically in order to describe collisions between particles of the same, or different, 
species. Thus, while we have been exclusively concerned with single particles 
subject, in effect, to random external forces, the collision terms of the “plasma” 
Fokker-Planck equation describe forces acting between pairs of particles. This 
additional physical content makes it considerably more difficult to solve. Yet, 
when the distribution is linearised about the equilibrium Maxwell-Boltzmann 
form, an equation of the form, (2.27) is recovered. This is not surprising since, in 
that case, we may think of the equation as describing the distribution function of 
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a single test particle subjected to random forces arising from the thermal back- 
ground plasma. In this limit, the Rosenbluth potentials46 become independent 
of the perturbation of the distribution function and are related to the functions 
K and Q used here. 

2.7 EXPECTATION VALUES OF DYNAMICAL VARIABLES 

When we come to compare the results of theory with experiment, we are not 
so much interested in the distribution function as in the expectation values of 
dynamical variables. Dynamical variables are just functions A(X, t) of the phase 
space variables. Such functions may or may not be macroscopically measurable; 
whether they are or not does not prevent us from calculating their values. In 
the case of a Hamiltonian system, we have already given the equation of motion 
for A(X,t) in (2.10). For the general case, (2.1), we can calculate the rate of 
change of A(X,t) by the chain rule: 

i(X, t) = dtA(X, t) + 1;: - VxA(X, t) 

= &A(W) + K(W) - VxA(X,t) + ((t)Q(X,t) - VxA(X,t). 
(2.36) 

When we try to average this over the ensemble of realisations of r(t), we run 
into essentially the same problem that we encountered in the derivation of the 
Fokker-Planck equation: we do not know the correlation function 

(E(t)&&, t) - VxA(X t)) . (2.37) 

This time the problem is more severe since the expression of A(X,t) in terms of 
X may be quite complicated. For example, if it is an nth degree polynomial in 
the Xi then we should need to know a whole sequence of correlation functions: 

lxi>, (Xxi), (XiXjXk), - - - 9 (Xi,Xi,Xi, - - - Xi,). (2.38) 

It is clear that the problem is intractable in general. Of course, the Fokker- 
Planck equation was invented precisely in order to avoid this problem. If, having 
solved it, we know the distribution function, then we can calculate the expecta- 
tion value in question from 

(A(X,t)) = (/4X,43(W) d”X) 

J 
= A(X,t)F(X,t)dNX. 

(2.39) 

It is interesting to see what happens if we try to use the Fokker-Planck equation, 
in the form (2.26), to differentiate (2.39) under the integral sign. For simplicity, 
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let us suppose that &A(X,t) = 0; then 

$(A(w = / dNX A(X)&F(X,t) 

= dNX A(X) 
J 

xvx- -K(X, t)F(X, t) + ;QVx - (Q(X t)F(X, t)) 1 . 
(2.40) 

Assuming that F(X, t) -+ 0 sufficiently fast towards the boundaries of phase 
space (usually at infinity), we may integrate by parts to find 

$(a(x~N = / dNX F(X, t)K - VxA(X) 

- ; / dNX [Q(W) - VxA(X)] Vx - [Q(Xt)F(Xt)l - 
. / 

- ; / dNX F(W)Q(W) . Vx [Q(W) - VxA(X)] 

= -; (Q - Vx [Q - VxA]) 
(2.41) 

Finally, this yields the result that we attempted to obtain by means of (2.36), 

;(A) = (K -xA) + ; (Q . Vx [Q - VxA]), 

showing that, in general, autonomous equations of evolution for the expectation 
values of the dynamical variables of a fluctuating system do not exist. The 
evaluation of the right hand side of (2.42) will involve correlation functions of 
ever higher order. Sometimes it is possible to truncate the hierarchy by means 
of some approximation scheme, whereby correlation functions above a certain 
order are expressed in terms of those of lower order. In certain important special 
cases, there are great simplifications and we shall consider these next. 

2.7.1 Amplitude-independent noise 

In practice the noise intensity function Q(X,t) is often independent of X. 
As we noted before, this greatly simplifies the writing down of the Fokker-Planck 
equation. The moment equation (2.42) reduces to 

$(A) = (K . VxA) + :QiQj (aiF;iXj) * 
(2.43) 
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Things are particularly simple if A(X) is linear or quadratic in X, 

&I) = (Kdx)), 
&1x,) = (KdX)X2) + (K2(X)X1) + 9192, 

$(xf) = 2(K1(X)X) + Q;, 

(2.44) 

If, moreover, each of the KS is linear in the Xs, it is evident that the system of 
equations for the first and second moments is linear and can be solved completely 
(by simple diagonalization) without any truncation. 

2.8 STOCHASTIC CALCULUS 

We shall have occasion to formally integrate stochastic equations of the form 
(2.1) and we must therefore establish the rules for doing so; again this is some- 
thing which turns out differently in the It& and Stratonovich interpretations. We 
can establish the Stratonovich integration rule for the average part of (2.l)by 
substituting A(X,t) = X into (2.42), and then integrating formally; this intro- 
duces the Q-function and its gradient into the average evolution of X in the 
correct manner. Although we shall not demonstrate the result here, it turns out 
that the fluctuating part of the integral is given in the most obvious way and 
the final result can be written 

t 
X(t) = X(0) + 

J 
K(X,t’) dt’ 

0 
t 

+ f 
J 

Q(X,t’) - VxQ(X,t’) dt’ 

0 

(2.45) 

t 

+ 
J 

Q(X, t’)c$(t’) dt’ 
0 

For a fuller justification of this formula, the reader is referred to the literature 
29,30,37 on stochastic differential equations. 

On the other hand, as we have already mentioned, the Stratonovich interpre- 
tation allows us to apply the formal rules of ordinary calculus whenever we have 
to form the derivative of a function. Thus, taking (2.17) and (2.39), we might 
have done an integration by parts to justify our use of the chain rule in writing 
down (2.36). The other rules of stochastic differential calculus can be derived in 
a similar fashion. The rules of It8 differential calculus are more complicated. 
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When we come to change variables in stochastic differential equations, then, 
we can simply apply the chain rule and this is often rather easy. 

Sometimes it can be quite complicated but, when dissipative, fluctuating 
systems are close to being canonical, as in (2.28), their equations of motion 
contain a Hamiltonian part, upon which it is convenient to make canonical 

27 transformations. It is therefore useful to extend the formalism of generating 
functions to transform the dissipative parts too. The more complicated coor- 
dinate transformations of electron storage ring theory are facilitated by such a 
formalism. The radiation terms in the equations of motion are small on average 
compared with those describing the applied electromagnetic fields. 

In the following subsection we shall derive the appropriate extension of the 
canonical formalism for a particular type of generating function. 

2.8.1 4 Transformation theory for stochastic equations 

Consider the case of a free (i.e. such that old and new coordinates are inde- 
pendent) transformation from (q, p) = (ql, . . . , qn,pl, . . . ,p,) to new variables 
(Q,P> = (QI,..., Qn,Pl ,..., %). 

Call the old Hamiltonian H(q,p,t) and the new K(Q,P,t). Both in the 
old and new variables, Hamilton’s equations have to be supplemented by terms 
(a, b) and (A, B) which describe the dissipation: 

OLD NEW 
r . r . 

. dH 
q = ap +a(q,W), 

. f3K 
Q = ap + A(Q,W), 

. dH 
P = -dq + b(s,p,t), * = -g + B(Q,P,+ (2’46) 

In the case of (2.28) we should make the correspondence 

a(w,t) - ~Kq(w,t) + ~Q&mJ)E(t), 
b(w,t) - ~Kp(w,t) + &Qp(wJ)t(t)- 

(2.47) 

Since the transformation is canonical, there must exist a generating function 
t S(Q, q, t), depending on the old and new coordinates and no momentum, such 

that the relationship between old and new coordinates and momenta is obtained 

t This type of generating function, which is useful in the transformation to action-angle 
variables, is sometimes denoted Fl (Q, q, t). 
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by solving the system of equations 

l3S 
P=aq’ 

p=-as 
aQ’ 

K=H+g. (2.48) 

In a system with 3 degrees of freedom, 6 different types27 of generating function 
are necessary to generate all possible canonical transformations, and in practice 
each of them comes up sooner or later. The other cases can be worked by analogy 
to this one; for a different example, see Ref. 8. 

The equivalence of the two descriptions of the Hamiltonian system is guar- 
anteed by these relationships. Given that the two sets of equations in (2.46) 
are supposed to describe the same dissipative system, we need to know how to 
calculate the new dissipative terms (A,B). 

[As previously, we must now acknowledge that any stochastic terms are to be 
interpreted in the Stratonovich, not the It8, sense. The following results would 
be a great deal more complicated in the It6 calculus.] 

To avoid cumbersome notations, let us denote partial derivatives by sub- 
scripts where convenient; thus, 
trix 

as 
/---- 

%l 
f3S 

&la 

for example, we may write a vector or a ma- 

(2.49) 

By hypothesis, the arguments of the generating function provide a unique la- 
belling of points in extended phase spacef7 Hence, their differentials form a 
basis for the vector space of differentials of dynamical variables and any such 
differential can be expressed as a linear combination of them. In particular, 
from (2.48), we may use the chain rule to calculate 

dp = S,,dq + S,,dQ + S,,dt. (2.50) 

When the postulated equations of motion (2.46), are used to project this identity 
along the local direction of time-evolution of the system, we find 

dp = Sqq(Hp + a)dt 
+ sq~(Kp + A)dt + S,,dt 

i { 

+ 
S,,H, •t S,QKP + S,, = -Hq 

= -H,dt + bdt 
&a + S,QA = b. 

(2.51) 
where we separately identified the Hamiltonian and dissipative parts of the 
equality. 
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In an analogous way, we can calculate dP and conclude 

SQC$& + SQQKP + SQs = KP, 
-SQqa - SQQA = B. 

(2.52) 

Since the canonical transformation is free, the Jacobian determinant of either 
set of canonical variables with respect to the independent coordinates (Q,q) 
cannot vanish, i.e. 

dP dP dP aP 
a(P,q) - - 

-- 
'Q ‘q =, 'Q aq =&t*=d&sqQ#o. 

a(Q,s)= aq dq o 1 aQ 
(2.53) 

aQag 

Hence the matrix S,Q is invertible and it follows that the last members of (2.51) 
and (2.52) may be solved simultaneously to yield a linear * relationship between 
the dissipative terms in the old and new representations: 

A = [sqQ]-‘(b - &a), 
B = -sQqa - sQQ[s,Q]-‘(b - &,a). 

(2.54) 

By means of these formulae, the dissipative terms can be transformed in parallel 
with the canonical transformation; (2.54) may be regarded as a convenient recipe 
for carrying out complicated transformations. It should be remembered that, 
in the course of this work, all derivatives of the generating function must be 
expressed in terms of the variables (Q, q) and the expressions for q(Q, P) and 
p(Q,P) should only be substituted afterwards. Of course, exactly the same 
constraint applies while transforming the Hamiltonian. 

3. STATISTICS OF INCOHERENT 
SYNCHROTRON RADIATION 

As an electron is accelerated in a magnetic field, it emits photons. Because 
this is an intrinsically quantum-mechanical phenomenon, the emission times and 
the magnitudes of the quanta of energy carried away by the photons are random 
quantities. However, provided the energies and magnetic fields are not too high, 
certain average quantities, such as the mean emission rate and the mean radiated 
power, may be calculated with good accuracy within classical electrodynamics. 
Only when the magnetic fields and energies become so high that the mean of the 
classical synchrotron radiation spectrum becomes comparable to the electron 
energy does it become necessary to include quantum corrections to the total 
radiated power and the frequency spectrum. 

* When these terms have fluctaating parts this property is not at all trivial. It applies only 
as a consequence of our use of the Stratonovich interpretation. 
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It is somewhat surprising, but nonetheless true, that the randomness cannot 
be ignored even in the “classical” synchrotron radiation regime. 

Since electron dynamics is profoundly influenced by the phenomenon of syn- 
chrotron radiation it cannot be described completely in terms of a single-particle 
Hamiltonian. We must somehow add dissipative terms to describe the energy 
loss through radiation. A purely Hamiltonian description can be recovered only 
in the context of quantum electrodynamics by including the degrees of freedom 
of the electromagnetic field together with those of the particle. 

It is much easier, and quite adequate for our purposes, to add fluctuating 
radiation reaction forces to the classical equations of motion. 

The properties of incoherent synchrotron radiation~g’47’48’4g’26,50,20 play a 
governing r81e in the statistical mechanics of electron motion; we first review 
them, cast in a notation suited for our purposes. Paying special attention to the 
statistical properties of the radiation, we shall derive the principal result of this 
chapter, namely that the instantaneous radiation power may be represented as a 
stochastic function of the type postulated in (2.1). This provides the ingredients 
we need to construct the electron equations of motion in the next chapter. 

Since the orbital quantum numbers of electrons in typical storage rings are 
very large, we may use classical arguments to construct the equations of motion 
provided we do not pretend to describe the emission process itself correctly. 
We shall use a mathematically convenient model which approximates it as an 
instantaneous jump in energy. This is acceptable since, for an electron of energy 
E = ymc2 in a magnetic field B = E/ep, photon emission occurs within a time 

where n is any frequency characteristic of betatron or synchrotron oscillations. 
In addition, the fact that 

P-2) 

where we is the critical frequency 

def 3 cY3 WC = -- 
2P 

(3.3) 

means that the frequency (or energy) spectrum of the photons is locally well- 
definedtg The critical frequency serves as a useful scale parameter for the fre- 
quency distribution; the definition used here is one-half that used in Ref. 47. 

We shall restrict ourselves, to the orbital degrees of freedom of the stored elec- 
tron and neglect its spin. The evolution of the spin state is somewhat analogous 
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to that of the classical canonical variables in that it is primarily determined by 
the applied electromagnetic fields, in accordance with the Thomas-BMT equa- 
tion, but important secondary effects arise from the changes in spin state induced 
by photon emission (actually the spin may, or may not, flip when a photon is 
emitted). Just as quantum excitation causes a diffusion of orbital amplitudes 
around the closed orbit, so there is a corresponding spin diffusion around the 
precession axis. However no analogue of radiation damping exists for the spin. 

The quantum effects on spin motion can be taken into account by mathe- 
matical methods similar to those employed here. Further details on spin motion 
and polarization of electron beams in general will be found in Refs. 51 and 52. 

3.1 CLASSICAL PICTURE 

According to classical electrodynamics, a particle accelerated transversely by 
a magnetic field emits a continuous beam of radiation in a narrow cone around 
its momentum vector. Quantum mechanically, the momentum vector of each 
photon is almost collinear with the particle’s momentum. 

We start from the relativistic classical theory47*48 of radiation from a point 
charge moving in externally applied electric and magnetic fields E and B, ac- 
cording to the Lorentz force equation. We adopt the usual (timelike) convention 
that, if A = (A”,A) and B = (B”,B) are 4-vectors, then their scalar product 
Aa B is given by 

A.B=ApB,=A’B’-A-B. (3.4 

Proper time along the particle’s world line will be denoted by r. 

3.1.1 Radiated power 

The power radiated by a particle with 4-momentum pi‘ = (E/c,p) is given 
by the Lorentz-invariant expression47 

P = -g in any frame 

2 e2 dp” dpP = ----- 
3m2c3 dr dr 

If there exists a frame in which the electromagnetic field is purely magnetic, 
then, in that frame, the Lorentz force equation has components 

dpp -=e(O,pxB). 
dr mc (3.6) 
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If, further, the magnetic field is transverse to the direction of motion of the 
particle (p . B = 0), then (3.5) simplifies to 

where re = e2/mc 2 is the classical electron radius. This has been expressed in 
terms of the magnitude of the 3-momentum, p = IpI (which we shall later use as 
a canonical variable) and the normalised magnetic field strength b defined with 
respect to some reference momentum po by 

B=VxA=Eb 
e P-8) 

We have also written b for b. Let us pause to observe that the power is a 
function only of the momentum of the particle, through the factor p2, and its 
position, through the factor b 2. A similar functional dependence will hold for 
all other parameters related to the synchrotron radiation. Since it will be very 
important to evaluate these dependences correctly in terms of the dynamical 
variables defining the state of the particle, we shall indicate the dependence 
on the position and momentum variables by a subscript X. In addition, the 
physical position of the particle includes its azimuthal position s around the 
ring. This has special status as the independent variable of particle dynamics in a 
synchrotron (like time in ordinary dynamics) and the corresponding dependence 
will be indicated separately. Thus for the radiation power, (3.7), we shall write 
Px(s) when we need to be explicit; when there is no danger of ambiguity we 
may still write simply P. 

The motivation for the above assumptions is rather obvious: along most 
of a storage ring orbit, an electron moves in a magnetic bending field almost 
transverse to the direction of motion; synchrotron radiation in the electric fields 
of the accelerating system is negligible; finally, po corresponds to the value of 
the momentum on the reference orbit. 

The critical frequency (3.3) can now be expressed as 

w 
C 

= 3 cpo -P2bX(S). 2 (mc)3 (34 

Because of (3.8), po and b will appear to the same power in each expression. 
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3.1.2 Frequency spectrum 

Following Ref. 19 closely, we express (3.7) in terms of its spectral density 

co 

(3.10) 

0 

where, again according to the (approximate) classical calculation 

(3.11) 

0.6 

0.4 

0.2 

0 

Fig. 

0 0.5 I 1.5 2 2.5 3 
< = u/ug 

1 Frequency or energy distribution of synchrotron radiation 

Here we use the standard definitionslg 

and K513 is a modified Bessel function (see e.g. Refs. 19,47 and 48 for derivations 
of (3.11)). Th e universal functions F(t) and S(t) are plotted in Fig. 1. Note 
that a non-algebraic dependence pf P( w on the momentum and magnetic field ) 
arises through the factor we in the argument of S. 
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3.2 QUANTUM-MECHANICAL PICTURE 

Knowing that, in vacuum, a classical electromagnetic wave of frequency w 
corresponds to a photon of energy u = tLw we can reinterpret the frequency 
distribution of synchrotron radiation as the energy distribution of photons. 

3.2.1 Photon energy distribution 

Defining the energy spectrum of photons emitted per unit time by 

00 

P = 
J 

n&L;s)udu 

0 

we can compare with (3.10) and make the correspondence 

p w-4 nx(w) = h. - 

(3.13) 

(3.14) 

From this we may directly deduce the number of photons emitted per unit time 
at all energies 

00 
Nx(s) = J nX(u; s) du 

0 (3.15) 

which is independent of p. 

Given a photon of unknown energy we may ask: what is the relative likeli- 
hood of different energies ? This question is answered by the energy spectrum of 
the photons 

nx(u; s) 
fxhs) = Nx(s) 

5d3 (mC)3 F(u/uc) 
= 8 F2cpi-J p%x(s) ’ 

The total probability of any energy is, of course, 

00 

/ 

fx(u; s) du = 1. 

0 

(3.16) 

(3.17) 
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3.2.2 Moments of the photon energy 

Now we can evaluate the average or expectation value of the photon energy 

(u)~~ = jt f&u; s) du = $=$p2bx(s) = $-p, 
0 

(3.18) 

by means of which we can re-express the classical power as the average power 

From now on we shall always ‘have to indicate explicitly when we are speaking 
of the average power and when we mean the complete fluctuating power. 

Similarly, the mean-square quantumenergy is the second moment of fx(u; s): 

(u~)~~ = Ju2fx(u; s) du = ; (;‘)K$bx(s)2. 

0 
(3.20) 

We shall see that, together with the mean emission rate, the mean square quan- 
tum energy determines the magnitude of the quantum fluctuations in electron 
motion. 

3.3 SYNCHROTRON RADIATION AS A STOCHASTIC PROCESS 

Now that we have succeeded in evaluating some of the statistical proper- 
ties of the photon energy distribution, we can use this knowledge to construct 
expressions for a fluctuating radiation power which can be used in stochastic 
differential equations of the sort discussed in Chapter 2. 

An individual photon emission event, in which a photon of energy ui is 
emitted at .s = sj, is specified by the ordered pair of random variables (uj, sj). 
As we pointed out after (3.7), the distribution function of (uj, sj) depends only 
on the local magnetic field and the particle’s momentum. Since these quantities 
vary as the particle moves, there is no very meaningful way of relating time 
averages (along the trajectory of a given particle) and ensemble averages (over 
many hypothetical particles experiencing the same conditions). 

For definiteness, let us define the expectation value operation on a dynamical 
variable A(z,y,~~,p,,p~,p;s), associated with the instantaneous state of the 
particle, to be the average of A over all possible realisations of (uj, sj), that is 
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to say, all the ways in which the particle’s photon emission history might occur, 
weighted appropriately. As in Chapter 2, we denote such ensemble averages by 

(A(z,Y,zt,P,,Py,P;s)) or, more briefly and generally, (4x5 (3.21) 

as it suits us; here X is a shorthand notation for the set of (usually canonical) 
variables describing the instantaneous state of the particle in whatever repre- 
sentation we happen to be using and s is the azimuthal position around the 
machine. 

The averaging is understood to be taken while s and the phase-space coor- 
dinates X-and thereby the magnetic field felt by the particle-are supposed 
fixed. Parameters characterising the synchrotron radiation may be regarded as 
dynamical variables of the particle since they too are determined by X and S. 
For example, the critical energy may be thought of as a parameter determining 
the overall scale of the energy distribution of the photons which the particle has 
a propensity to emit. 

The exact density, analogous to the Klimontovich distribution (2.3), of a 
given realisation (holding X fixed) in (u, s) space is 

ax@, s) = c S(s - Sj)6(U - Uj), (3.22) 
i 

The sum is taken over all events which actually take place in that realisation. 
The expectation value of (3.22) is the distribution function of (uj,sj) (more 
correctly termed the probability density function) 

@X(% 4) = Nx(s)fx(u; s)/c, (3.23) 

The factorization of this expression reflects the fact that uj and sj are statisti- 
cally independent variables. Here, Nx(s) is the distribution function of sj, or 
the average photon emission rate, given by (3.15), and fx(u;s) is the energy 
spectrum of the photons, given by (3.16). 

The instantaneous radiated power is 

co 00 

Px(s) = c udu 
J J 

ds’ i-lx(u, s’)A(s - s’) 

(3.24) 
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where A(s) is a function which we may think of as describing the shape of the 
photon emission pulse. It has the properties 

co co 

s 
A(s) ds = 1, 

s 
Am ds III -$ (3.25) 

7 
-CO -CO 

i.e. it is normalised to unity and has a pulse width equivalent to the photon 
emission time (3.1). As r7 + 0, A becomes a b-function. 

- 

-A(s) 

Fig. 2 Representation of the photon emission pulse 

Strictly speaking, the value of rr is another fluctuating quantity but the argu- 
ments already given show that we need not concern ourselves with this compli- 
cation. Moreover we may choose any convenient form for the pulse function A 
provided it satisfies (3.25). One such choice is the simple bump: 

A(s) = % + d2)‘(d2 - ‘1 

fZ s < --Q/2 ; 

for -o/2 < s < o/2 ; 

for s > o/2 . 

(3.26) 

where cx = err and e(s) is the usual Heaviside step function; this function is 
shown in Fig. 2. 
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0.4 0.6 t/T,=s/ZnR 0.8 

Fig. 3 A realisation of Px(s) 

A typical realisation of Px(s), obtained by simulation, is shown in Fig. 3; 
the parameters are such that the expectation value of the number of photons 
emitted in one revolution period is 

Nx(s)To = 1000 (3.27) 

Counting the peaks, we find 1049 in this realisation, a 1.550 deviation. In 
preparing the figure, r7 was been taken to be fixed and equal to the width of a 
line on the printer so that the distribution of the heights of the peaks, displayed 
in units of the critical energy uc, is given by the function fx(u; s) defined in 
(3.16). It is worth remarking that, although half the energy is carried away by 
photons with u > ue, there are few such photons. In fact 91% of the photons 
have u < uc and 50% have u < O-1 uc. 

3.4 DISTRIBUTION OF PHOTON EMISSION TIME 

Let Pr(n, s) denote the probability that n photons are emitted in an interval 
of azimuth (0, s). Suppose that the emission rate per metre, Nx(s)/c = Nx/c is 
constant, i.e. there is no significant variation of momentum p or magnetic field 
B. Then, for a sufficiently small step As (the probability of 2 photons being 
emitted in As is supposed to be negligible), we can write the probability that n 
photons are emitted in (0, s + As) as the sum of the probabilities that 

a) n are emitted in (0,s) and none in (s,s + As), and 

b) n - 1 are emitted in (0, s) and 1 in (s,s + As). 
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This gives us the equation 

Pr(n,s + As) = Pr(n,s) ( ?As) + Pr(n - l,s,s)TAs. l- (3.28) 

Taking the limit as As + 0, we can form the derivative 

~3 Pr(n, s) 
= dime 

Pr(n, s + As) - Pr(n, s) 
dS + As 

= !!Jk [Pr(n - 1,s) - Pr(n,s)] 
C 

(3.29) 

A well-known technique for solving this type of differential equation, for all 
values of n, is to introduce a generating function 

G(k,s) = gk”Pr(n,s). 
n=O 

(3.30) 

From this we obtain a differential equation for G, 

cKi(/c, S) 
= 2 )\ kn IPr(n - 1, s) - Pr(n, s)l i4P n- .’ I . I, 

“0 ti 
n=O 

= e(k - 1) gk”Pr(n,s) 
C 

n=O 

= *(k - l)G(k,s). 
C 

(3.31) 

Since Pr(O,O) = 1 and Pr(n,O) = 0 f or n > 1, the initial condition is G(s,O) = 1 
and we may integrate (3.31) to find the solution 

G(k,s) =exp(F(k-1)s) 

=exp (-F) z (F)^s. 
(3.32) 

Equating coefficients between (3.30) and (3.32), we have the required probability 

Pr(n,s) = exp (-y) (F)n -$ (3.33) 

which is the familiar Poisson &stribution. 
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From this expression it is straightforward to calculate the expectation value 
of any function of the number of photons emitted in (0, s) using the formula 

(f(n)h = fJ f(n) Pr(n, 4. 
n=O 

(3.34) 

We already know the expectation value of n 

(n), = y, 

but (3.33) enables us to find its mean-square 

(n2>, = (4 + (n):. (3.36) 

(3.35) 

This result will be used in the proof of Campbell’s Theorem. 

3.5 MEAN OF RADIATION POWER 

As a prelude to Campbell’s Theorem, let us illustrate how we can recover 
expression (3.19) for the average power from the representation of the instanta- 
neous fluctuating power in (3.24). 

Consider all possible realisations of an electron’s photon emission events in 
some large interval (0, S). Ag ain, assume that there is no significant variation 
of p or B. Restrict consideration to those realisations in which exactly n photon 
emission events occur, i.e. those that can be written in the form 

Px(S)n = c f: ujA(s - sj). (3.37) 
j=i 

Then averaging over all the realisations in this subset, we have 

s S S co co 

- (~x(s))n=~/~/~.../~/dulf~(u1;~1)/du2fX(u2;S2) 

0 0 0 0 0 
co 

. . . / dun fx(un; Sn) 2 ujA(s sj) - 
=c~~~A(~-~j)~duj~~(uj;~j)uj 0 j=l 

S 

= 44x, / $A(s - sr), 

0 

(3.38) 

where we recognized that the, sum was composed of n identical terms and used 
(3.17). If we now assume that S > r7 so that, with high probability, we can 
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neglect the interference of the pulse A(s - sr) with the ends of the interval of 
integration, we may finally average over n, using 

b-4 Nx jirnm 7 = - 
+ c ’ 

(3.39) 

to recover (3.19). 

3.6 CAMPBELL'S THEOREM 

The exact power (3.24) may be split into its mean and fluctuating parts: 

Px(s) = (Px(s)) + Fx(s), (3.40) 

where, in a given realisation, the fluctuating part &(s) is just the difference 
between the classical power (3.19) and the instantaneous power. Obviously, it 
has zero average. 

The manipulations of the previous section were a preparation for the proof 
33 of a generalized version of Campbell’s Theorem, which in the present context 

gives us an expression for the two-time correlation function of the fluctuating 
part of the radiation power: 

(Fx(s)px(s’)) = cNx(s)(~~)~~A(s - s’). (3.41) 

The importance of this theorem for electron dynamics was first pointed out 
by Sands53 and a proof may be found in the article of S. Rice in Ref. 33. We 
give a less rigorous but simpler proof of a more general result in the following 
subsection. 

One important special case of Campbell’s Theorem is the famous Schottky 
formula for shot noise in thermionic tubes; this is important in the Schottky 

- 
scan diagnostics of coasting proton beams and in stochastic cooling theory. In 
this case the role of the synchrotron radiation photons is played by the protons 
themselves. The rSle of the photon energy is taken by the proton charge so there 
is only one random variable in this case. 

For purposes of calculation, it is convenient to take the limit rr + 0 and 
write (3.41) as 

(~;C(S)~~(S’)) = cN~(s)(u~)~~S(S - s’) 

= 2Lrehc4p~ p4bX(s)3qs - s’)q 
(3.42) 

24&i (m+ 

The b-function expresses the, fact that &(s) and &(s’) are uncorrelated at 
different times ( s # s’). 
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3.6.1 4 Proof 

To establish the generalised version of Campbell’s Theorem, we again con- 
sider the interval (0, S) and restrict our attention to those realisations in which 
exactly n photons are emitted. Using (3.24), we take the average of 

PX(s)nPX(S’)n = C2 2 2 ujukA(s - sj)A(s - Sk), (3.43) 
k=l j=l 

which is 

(pX(~)pX,~‘))n=c2~~~~...~~Jmdu~fX(u~;s~)... 
k=l j=l o 0 0 

Co a 
(3.44) 

. . . 
I 

dun fx ( Un; sn)ujukA(s - sj)A(s’ - Sk). 

0 

In the double sum we separate the n terms which have j = k and the n(n - 1) 
which have j # k to obtain 

(pX(s)pX(s’))n = C2 2 f % JmdUj fx(uj; sj)uiA(s - sj)A(s’ - Sk) 
j=l o 0 

+c2j$l~$?..]+~dulfx(ul;sl)... 

0 0 co . . . s dun fX(Un; sn)UjUkA(s - sj)A(s - Sk) 
0 

S 

= c2n(u2)x8 
J 

$A(, - sr)A(s’ - sr) 

0 

+ c2n(n - 1)~~)~~ j %A(s - sr) ] %a(,’ - ~2). 

0 0 
(3.45) 
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Using the result (3.36) for the P oisson distribution, we can average over n as 
before and push the limits of the integrations over s and s’ to foe, 

(Px(s)Px(s’))n = cNx(u~)~~ /m da A(s - sl)A(s’ - ~1) 
-03 

+c2 (Nx,)x8)2 /mdslA(s-sl) /mds2A(sf-s2) 
-CO --CO 
---- 

i i co 
= cNxb2)x.g / dsl A(s - sr)A(s’ - sr) 

+ (Px(s))(Z(s’)). 
(3.46) 

Finally, we deal with the remaining integral, using the representation (3.26): 

I= JdsrA(s-sr)A(s’-sr) = j?doA(c)A(s’-s+o) 

-CO -CO 
42 

1 =- 
a J 

daA(s-s’+a) 

--a/2 

I 07 if 1s - s’( > o/2 ; = 5 s:$2 da 8(s’ - s - u - o/2)O(s’ - s - o + o/2) otherwise. 
(3.47) 

-a/2 s-s' 42 
Fig. 4 Evaluation of the integral (3.47) 

The integral arising in the second case is evaluated with the help of Fig. 4. The 
integrand is zero everywhere except in the region shown in the figure where it 
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is equal to unity. Taking account of both cases in (3.47) by means of more 
Heaviside functions, we therefore have 

I = -$[a - 1s - s’l]e(s’ - s - ar/2)0(s’ - s + (Y/2) 

= A(s’-s) - 1” - ‘I+’ - s), 

+ 6(s’ - s) 
\Q 

+O 

(3.48) 

where, finally, we took the limit cy + 0 with Is’ - SI # 0 fixed; the last term 
vanishes in the case s = s’. 

This completes the proof of the theorem. 

3.7 REPRESENTATION OF FLUCTUATING POWER 

In terms of the unit noise source, t(s), introduced in (2.12)) we can construct 
the principal result of this chapter, a formal representation of the stochastic 
power 

Px(s) = P2C2[C1bX(S)2 + &lbx(s) 13’2 t(s)]. 

The constants cl and c2 are defined by 

def %$, 

c1 - 3(mc)3’ 
def 55refiPi 

‘a = 24&-+” 

(3.49) 

(3.50) 

These are not “fundamental” constants because they still depend on the absolute 
value of the bending field in the ring through the reference momentum po. 

With the help of (2.12), t i is easily shown that this representation correctly 
reproduces the essential properties (3.19) and (3.42). Statistically, there is no 

- way of distinguishing the conceptual model of discrete random photon emission 
and this formal representation. 

Noting that c2 oc FL, we see that, in this formalism, the classical radiation 
power has been corrected by a stochastic term of order fi. We also observe that, 
in general, the average radiation power and its quantum fluctuations depend 
nonlinearly on the particle’s coordinates through the spatial dependences of 
the magnetic field. This can generate interesting nonlinear effects but we shall 
not discuss them here; the interested reader is referred to Refs. 8, 6 or 10 for 
further details. 
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3.8 SIMULATING PHOTON EMISSION 

Some interesting statistical questions arise when we consider the problem of 
simulating the photon emission process on a computer. The principles involved 
in solving this illustrate some important conceptual points concerning distri- 
bution functions and are a good model for the simulation of other statistical 
phenomena. 

In simulating synchrotron radiation, there are two things which a program 
must decide, namely the time when a photon emission is to occur and, sub- 
sequently, how much energy the photon in question has to carry away. Thus, 
the two random quantities uj and sj have to be generated with the correct 
distribution. 

3.8.1 Generation of an event 

Let us consider the emission time first, supposing that the program advances 
the time, or azimuth variable, in discrete steps. The correct Poisson distribution 
is easily generated in the following manner: 

Divide each unit of azimuth up into Nx(s)/ c cells and then further subdivide 
each cell into Id steps, where Id M 10, say; so the basic time step size will be 
At = As/c = l/N&& Th e expectation number of photons emitted in one of 
these small steps is then 

Nx(s)At = Nx(s) 
~ ’ (Nx;s)I,) -K’ C 

(3.51) 

At each step, generate a random number R,, uniformly distributed in [O,l]; if 
R, < l/Id, an event which has the probability given by (3.51), then emit a 
photon in this step; otherwise do not. 

- 
To generate the random photon energies correctly, we must first calculate 

the cumulative probability distribution in energy 

Q~(u; S) = Pr(uj 2 U) = 
J 

Ic fx(u’; s) du’, (3.52) 

0 

i.e., the probability that the energy of a given photon falls in the interval [0, u]. 
Clearly, this function is monotonic-increasing with the properties 

@x(0; s) = 0, lim @x(u;s) = 1. 
u-00 

(3.53) 



Generate a second random number R,, with the same statistical properties as 
for Rt and solve the equation 

Qix(u;s) = R, (3.54) 

for the unknown u; this provides an energy value with the correct statistical 
properties. 

The algorithm just described was used in the program which generated 
Fig. 3. In practice, of course, the numerical integrations involved in calculating 
the function @x by means of (3.52), (3.16) and (3.12) need only be performed 
once to generate a set of numerical values for subsequent interpolation in solving 
(3.54). 

The technique described here for generating random numbers according to a 
specific distribution is quite standard and can be applied to numerous problems; 
as an interesting recent example, it has been used54 to simulate photon emis- 
sion in a regime where the quantum corrections to the synchrotron radiation 
spectrum become significant. 

3.8.2 4 Approximate simulation techniques 

In many simulation programs used in accelerator problems, particularly 
those concerned with single-beam collective effects or the beam-beam effect, 
the forces under study are localised in a small number of points around the ma- 
chine. It is common practice in such cases to replace the many random photon 
emission events occurring in a sector, [0, S] of the machine by the emission of a 
single “fat” photon whose energy is, on average, equal to 

(KS) = / px(s) d+ 
S 

(3.55) 

and has a fluctuation whose mean square value is chosen so that the correct 
value for the energy spread is obtained. Generally, (3.55) is expressed as a con- 
stant (energy loss for a particle on the reference trajectory) plus terms linear in 
the deviations of the canonical coordinates from those of the reference particle. 
Typically, it is also assumed that the orbital dynamics through the same sector 
of the machine is linear. With these assumptions, the evolution of the dynam- 
ical variables of the particle can be broken down into two separate mappings, 
one for the orbital dynamics (usually a matrix representation) and one for the 
synchrotron radiation effects. 

These simplifications allow substantial economies in running time which, 
for programs concerned with many particles and many turns of a large storage 
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ring lattice, can be well worthwhile. Indeed it would very often be practically 
impossible to run the simulations otherwise. 

The justification for this procedure can be given in terms of our stochastic 
representation of synchrotron radiation as follows: 

In a given realization of the electron dynamics in [0, S], the energy radiated 
can be decomposed into its mean and fluctuating parts: 

S 

Us = 
J 

Px(s) ds 

0 

= ‘(Px(s))ds+]px(s)ds. 
/ 
0 0 

(3.56) 

Evidently, (3.55) gave the correct value for the mean energy loss and, with the 
help of (3.40), (3.42) and (2.12), it is easy to see that the r.m.s. value of the 
fluctuation should be 

(fi:) = ] Nx(4 b2>x, WC (3.57) 

0 

Usually, the quantity Us is given a gaussian (normal) distribution with mean 
and variance given by (3.55) and (3.57) respectively. If the number of photons 
emitted is very large, 

S 

Is = 
J 

Nx(s) ds/c > 1 (3.58) 

0 

then the Central Limit Theorem55 can be invoked to guarantee that the special 
form, (3.16), of the photon energy spectrum will be “washed out” when the 
energies of all the individual photons are added and the distribution of Us will 
indeed be gaussian to a good approximation. 

There are two circumstances in which this common simulation technique will 
be inappropriate: 

a) The number of photons emitted in the lumped sector of the machine is 
small. This situation can be dealt with by using a more appropriate 
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distribution according to the number of photons, e.g. in the case of 2 photons 
being emitted, the probability that the sum of their energies lies in a small 
interval [u, u + Au] is given by the convolution 

00 00 

Pr(u 5 u1 + u2 5 u + Au) = Au 
/ 

dul fx(ul; sl) 
/ 

duz fx(u2; ~2) 

0 0 
x S(u - 211 - u2) 

co 
(3.59) 

= 
J 

dul fx(w; sl)fx(u - ~1; s). 
0 

(naturally, we define fx(u; s) to be zero for negative u) which is quite different 
from a gaussian. When n photons are emitted, we get an n-fold convolution; 
multiple convolution integrals of this form are precisely what one deals with in 
the proof of the Central Limit Theorem (see, e.g., the Appendix of Ref. 55). 

b) If the particle dynamics through the lumped sector of the machine is not 
linear, either through nonlinearities of the lattice or of the dependence 
of the synchrotron radiation properties on the dynamical variables of the 
particle, then the changes caused by the radiation and the other dynamical 
effects cannot be simply superposed. 

The second of these two cases is the main obstacle to the development of a 
**tracking” program for nonlinear orbital dynamics which correctly simulates 
the effect of synchrotron radiation on electrons. Thus, in most dynamic aperture 
studies for electron rings, the radiation effects are simply left out. It is quite 
difficult to achieve even the limited goal of a correct simulation of the determin- 
istic radiation damping effect in this context. For, if the fluctuations are simply 
left out for lack of an appropriate simulation technique, the longitudinal phase 
space volume of the beam will simply damp away to zero. 

The only truly satisfactory solution to the problem of simulating radiation 
effects on nonlinear motion would be to use the algorithm described at the be- 
ginning of this section to track particles through every single magnet in the ring. 
Clearly this would greatly increase the running time of any tracking program; 
however it could be (and is) argued that, since electrons need only be tracked 
for a few damping times, which may only be a few thousand turns in a high 
energy machine, the situation is more hopeful than in hadron machines where it 
is difficult to place any a priori upper bound on the number of turns necessary 
in tracking studies. 
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4. ELECTRON DYNAMICS WITH RADIATION REACTION 

It may turn out that the ultimate solution of the dynamic aperture problem 
for electrons may come from an analytical approach, perhaps through improved 
techniques for solving the Fokker-Planck equations, rather than the tracking 
approach which, despite the attendant practical and theoretical problems, has 
become so widely used. 

In order to establish our notation and conventions we briefly recapitulate 
the Hamiltonian formulation of particle dynamics. which will be familiar to the 
reader from other lectures in this Schoo1?2’24923 

But Hamilton’s equations are not the whole story: the main point of this 
chapter is to add the dissipative and fluctuating terms which describe the energy 
loss through radiation. The expression for the fluctuating power derived in the 
previous chapter is the essential ingredient for a formulation of electron dynamics 
in terms of stochastic differential equations of the type introduced and illustrated 
in Chapter 2. 

4.1 COORDINATE SYSTEM AND HAMILTONIAN 

As usual, we employ the curvilinear coordinate system of Courant and 
Snyder 56 and follow the conventions of most standard optics programs (MADLY 
TRANSPORT;' etc.). 

=r o(2~R) 

Fig. 5 The reference orbit and Courant-Snyder coordinate system 

For algebraic simplicity, we assume that the magnets are perfectly aligned 
in the sense that there exists a closed planar reference curve ro(s), passing 
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through all their centres which is also the closed orbit for a hypothetical reference 
particle of (suitably orientated) constant momentum pe which neither radiates 
nor couples to the RF accelerating fields. There is no difficulty in incorporating 
a closed orbit deviation from the magnet centres into what follows; even if there 
is some vertical bending so that the ring is not planar, the expressions simply 
become somewhat more cumbersome but no less tractable. 

The position of a real particle of kinematic momentum p is then described 
by giving the azimuthal position s of the closest point on this curve and its 
radial and vertical deviations x and y from that point, as shown in Fig. 5. 

If we neglect edge effects in the magnets and use the Coulomb gauge47 then, 
56 in many important cases, the fields can be derived from a single scalar function, 

the canonical vector potentials9 

As(x, y, t, s) = A - es (1 + G(s)x) 

= -y{xG(s) (1+ G(s);) 

+ ;Kl(s)(x2 - y2) + fKz(s)(x3 - 3xy2) + * - .} P-1) 

+ c f$(s - Sk) cos(q.ft + q5k). 
k 

The final term describes the fundamental accelerating mode of a set of “thin 
lens” RF cavities with peak voltages ck located at positions Sk; 6~ is a b-function, 
periodic on the circumference C = 27rR. Our assumption about the closed orbit 
of the reference particle implies that the normalised dipole field strength is equal 
to the curvature of the reference orbit: 

(where primes denote derivatives with respect to s). Following Courant and 
Snyder76’24 we take s as independent variable so that (x, y, t) may be taken as 
canonical coordinates and (pz, pY, -E) as canonical momenta. The Hamiltonian 
of a particle with kinematic momentum p is 

&(x,y,t,?h,Py, -E; s) = (p + (e/c)A) - es (1 + G(s)x) 

= -(e/c)As(x,~,t,~) (4.3) 

- (1 + G(s)x) dE2/c2 - m2c2 - pz -pi . 

The term m2c2 in the square, root causes some formal complications later; in 
hadron machines these give rise to the phenomenon of transition energy and are 
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related to the velocity of the particle. Since we are working with ultra-relativistic 
electrons (V N c), we do not wish to be concerned with these. Before going any 
further, it is therefore convenient to replace the energy, E, by the magnitude 
of the total momentum p; this requires a canonical transformation of one pair 
of variables, 

(t, -E) I-+ (zt, P), 

effected by means of the generating function, 

(44 

&(p,t) = -ctda, (4.5) 

and resulting in the new Hamiltonian 

Q,Y,Q,P~,P~,P;~) = -:A (z,y,t(zt,p),s) - (I+ G(+) 4-s 

(4.6) 
The new canonical variables are related to the old by 

p = 4 1 E2 19 - m2c2, 

zt = -ct\ll-mZc4/EZ 

= -(instantaneous velocity) X (time particle passes s). 

(4.7) 

i.e. zt is not immediately related to the path length, except while the energy is 
constant. 

4.1.1 Hamilton’s equations 

Writing out Hamilton’s equations explicitly, we find 

x’= (~+Gx)~+= (l+Gx);, 

y’ = (1 + Gz) d* 51 (1+ We? 

z; = -(l+ Gz) 

for the coordinates and 

p: = -G(p - PO) - po(G2 + KI)Z - ;poK2(z2 - y2) + .a., 

*l r7 I 
pi = PO.KY + -pansy t . . . , 2 

(4.8) 

(4-g) 

k 
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for the momenta. Our purpose in writing these out is not to revise the fundamen- 
tals of single-particle dynamics but to exhibit the dependence on the canonical 
momenta. In particular the factors ~~,~/p in the expressions for x’ and y’ are 
very important for the correct evaluation of the radiation damping effects. 

In these variables, the reference momentum po factors out of all terms in H 
except those describing the cavities. Thus, particle motion in magnets will be 
“geometric”, depending only on 6 = (p-po)/po and not on the mass or absolute 
value of p. No approximation was made here so this Hamiltonian can just as 
well be used for hadron machines with the same benefits, e.g. in constructing 
a particle-tracking program, the algorithms for tracking through magnets will 
be simplified. 

The price paid for these advantages comes through the more complicated 
expression of the time-dependence of A, in (4.6). There, t(zt,p) denotes the 
solution of (4.7) for t in terms of zt and p. This does not matter much since the 
motion of high energy electrons is extreme-relativistic and the third argument 
of A, in (4.6) may be set equal to -zt/c. Similarly, we can use the excellent 
approximation 

t’ m (1+ Gx)/c (4.10) 

Let us recall also the definition of the normalised magnetic field strength b in 
(3.8). 

4.2 RADIATION REACTION FORCES 

Knowing all the essential properties of the synchrotron radiation, we can 
include its effect on the motion of the electrons by adding radiation reaction 
forces to (4.9). As a prelude to formulating the correct expressions for these 
forces, we first consider a single photon emission event. 

- Since rr is short, the emission of a photon of energy uj at azimuth s = sj 
(when t = tj, say) will produce an abrupt change in the momentum but leave the 
particle at the same position in space-the particle cannot move instantaneously. 
At high energy the opening angle of the beam of radiation is4’ 

8 N L N Os26mrad 
max-27 

at Eo = 1GeV. (4.11) 

The S-momentum vector ui/c = uip/pc of the photon is therefore almost 
collinear with the particle’s momentum p. By applying momentum conserva- 
tion, we can evaluate the changes in the canonical momenta. We are neglecting 
a minute increase in zt due to the small reduction in the velocity of the elec- 
tron (see (4.7)) and a small momentum exchange with virtual photons of the 
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guide field. The latter momentum exchange can be found by applying energy 
conservation and is approximately6’ 

lumc2 u -- - 
( > 2c P =2cy2. (4.12) 

Calculating the change in each canonical momentum variable in its turn, we find 

uj Px 9 X’ 
pz++pz---=ppZ-c 

Uj X’ 

c P d1+ (x’)2 + (y/)2 
=pz--gp (4.13) 

ujY’ 
PyHPy----. c2 t’ 

Consider a time-interval surrounding the moment of photon emission; let it be 
so short that the probability of more than one photon being emitted can be 
neglected. Then we know that the energy of the emitted photon has to be equal 
to the time-integral of the fluctuating radiation power (3.24), 

8j+E 

Uj = 
J 

px(s) d+ (with probability + 1 as E + O+), (4.14) 
8j-& 

and we may reinterpret (4.13) as stochastic differential equations (or, if we like, 
finite difference equations) 

dp = 4x(s) dt/c = -P,(s)t’ds/c = -Px(s)z; ds/c2 + O(T-~) ds, 

dp, = -Px(s)(x’/t’) dt/c2 = -Px(s)x’ ds/c2, (4.15) 
- dpy = -Px(s)(y’/t’) dt/c2 = -Px(s)y’ ds/c2. 

To complete the equations of motion, we must restore the forces due to the 
direct action of the external fields given by Hamilton’s equations, x’ = aH/dp,, 
etc. Assembling everything, we have 

x’= aH dH Px(s) aH 

dP, ’ pi=-z-- c2 apz’ 
i3H 

y’= dpy, p/ = -aH MS) dH --~ 
Y dY c2 spy ’ 

LIH 
ZI=ap, 

dH Px(s) i3H 
PI=--&+7-&q. 

(4.16) 
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The Hamiltonian part of these equations has already been written out explicitly 
in (4.8) and (4.9), b u i is instructive to look at the radiation terms in detail: t t 

P; = -$f - (l+ Gx)PP&I+,Y,~)~ + ,/G~(x,Y,~)~‘~~(s)] 

def aH PO = -T&g + p, 

p; r - $f - (1 + Gx)PP&I+, Y, s)~ + ,/3(x, Y, s)~‘~ t(s)] 

def aHIPolI 
= -- 

dy c y’ 

(4.17) 

p’ = -g - (1+ G~)p~[crb(x,y,s)~ + ,bib(x,~,s)~‘~t(~)] 
t 

def dH pan = -- - 
dzt c t’ 

This also serves to define the radiation coupling functions III,, IIy and IIt. 

Notice the interesting dependence of the radiation terms on the canonical 
momenta: in the radial and vertical phase planes, the factors of l/p to which 
we drew attention in (4.8) have cancelled a factor of p in the expression (3.49) 
for Px(s). But this has not occurred in the longitudinal direction. This has 
some important consequences which are embodied in Robinson’s Theorem on 
the damping partition numbers.6°‘1g 

Fig. 6 “Feynman diagrams” corresponding to (4.17). 

In a heuristic semi-classical picture, not proper quantum electrodynamics,61 
the interpretation of (4.17) would associate the Hamiltonian terms with the 
(first-order) scattering of the electron off the virtual photons of the guide field. 
The radiation terms are associated with the (second-order) absorption of a vir- 
tual photon and its subsequent re-emission as a real photon (see Fig. 6). This 
association is manifested when the canonical variables are divided through by 
fi and the electric charge e is eliminated in favour of the fine structure constant 
a = e2/hc. 
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Averaged over time, the radiation terms are small, although at the moment 
when a photon is radiated, they may dominate the equations of motion. Classical 
treatments47’48 of radiation reaction and radiation damping effects assume that, 
in the rest frame of the particle, the radiation reaction can be represented as a 
continuous force, small in comparison to the Lorentz force acting on the particle. 

4.3 ROBINSON’S THEOREM AND GENERALIZATIONS 

In an important early paper:’ Robinson proved an elegant theorem concern- 
ing the damping rates of the normal modes of oscillation around the equilibrium 
orbit in circular electron accelerators. 

The principal application of this theorem is nowadays found in a technique 
known as damping partition number variation. When we discuss this in a later 
section we shall see in detail how Robinson’s theorem is satisfied in the repre- 
sentation of electron motion that we shall be using. However the theorem is 
rather more general than will be evident from this derivation alone so we shall 
pause here to give a more general and very much simpler proof, based on our 
formulation of the electron equations of motion (4.16). 

Since these equations are local and contain the quantum fluctuations of the 
instantaneous radiation reaction forces, we shall actually deduce a result which is 
more general than that given by Robinson. Another difference, which simplifies 
the proof somewhat, is that we avail ourselves of the power of Hamiltonian 
mechanics. 

The equations of motion (4.16) can be regarded as defining a flow in the 
6-dimensional phase space of an electron in a storage ring. In the absence of 
the radiation terms this flow would be incompressible and have other invari- 
ants associated with the symplectic structure of a Hamiltonian system. 27 These 
invariants are of course completely independent of the particular canonical co- 
ordinates which we use for our calculations; they may be evaluated in terms of 
x = (X,Y,%Pz,Py,P), or any other set. Similarly, if the radiation terms cause 
any of these invariants to change, then the rate of change of any invariant of the 
underlying Hamiltonian system can be calculated in terms of any set of canoni- 
cal variables. Let us therefore calculate the total dissipation rate for our system; 
this is defined to be the (fractional) rate of change of phase-space volumes i.e., 
the divergence of the Aow. This gives an invariant measure of the extent to 
which Liouville’s theorem is violated. 

If we write (4.16) in the suggestive hydrodynamic form 

x’ = V(X), (4.18) 
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then the components of the local flow velocity are given by the right-hand sides 
of (4.16) and we may directly compute the divergence 

+ 2Px(s) aH 
c2p dp ’ 

(4.19) 

where we recognized that, by virtue of Hamilton’s equations, all the terms which 
do not contain Px(s) must cancel each other (Liouville’s theorem). We also took 
advantage of the fact that Px(s), written out in (3.49), is directly proportional 
to p2 and independent of pz and py. 

Since we want this proof to be as general as possible, we shall compute 
the derivatives in (4.19) in terms of the exact Hamiltonian (4.6). The only 
part of this which might give us some trouble is the vector potential term, and 
this only insofar as it depends on the total momentum p through its functional 
dependence on t(zt, p). However these terms only matter if there exist values 
of s for which the Hamiltonian is time-dependent (e.g. an RF cavity) and for 
which the magnetic field (hence Px(s)) d oes not vanish. Since the synchrotron 
radiation induced by the oscillating magnetic fields in RF cavities is normally 
negligible and RF cavities are not placed in regions of static magnetic field, these 
terms may be neglected for all practical purposes. 

We are left with the evaluation of the terms arising from the kinematic part 
of (4.6), i.e. the square root of a quadratic form in the momenta. This is quite 
straightforward: we have, e.g. 

$ = t1 + G(s)x) cp2 -‘;2-:‘2)3/2 3 P, 2 PY 

(4.20) 

and when we assemble all the terms (taking due care over the sign change in the 
longitudinal component of V), we get 

Vx -V = -(l+ G(s)x) 4Px(s) 

C2dm’ 

(4.21) 
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This gives the phase space compression with respect to our independent variable 
s. To express it in terms of time t as independent variable, as Robinson did, 
we simply have to derive an exact expression for t’ from the Courant-Snyder 
Hamiltonian (4.3)) 

t’ = (1 + G(s)x) E(p)‘C2 (4.22) 

Effecting the change of independent variable, we have, for the rate of change of 
phase space volumes with respect to time, the simple expression 

Phase space compression 
per unit time > 

= -4Px(s)/E (4.23) 

Conventionally, the total damping rate is defined to be one-half of the negative 
of the rate of change of phase-space volumes (this is readily seen by looking 
at the definition of the damping rate for the standard textbook example of a 
damped harmonic oscillator) and is therefore given by 

atot = -2Px(s)/E. (4.24) 

This is the promised generalization of Robinson’s theorem. It holds locally at 
every point on the circumference of the machine and the only restriction on 
its validity is the one given above, that synchrotron radiation is not emitted 
in places where the externally applied fields are time-dependent (or that such 
effects are small). No kinematic approximations were made in deriving it. 

By virtue of the underlying symplectic structure of the phase space, it fol- 
lows that this quantity will be invariant under all canonical transformations to 
new sets of coordinates and momenta-provided the independent variable is not 
transformed. In addition, since it refers to fractional changes in phase space 
volume, it continues to hold after any resealing of some of the variables which 
preserves the Hamiltonian form of the equations of motion (we mention this 
since we shall do some such resealings later). 

In particular we can deduce that, when we later find a canonical transfor- 
mation to the normal modes of particle motion in the neighbourhood of an 
equilibrium orbit, then the damping rates of these modes must satisfy this sum 
rule. This applies even if one or two of the modes are anti-damped (i.e. unstable 
by virtue of radiation effects). 

The power Px(s) appearing in (4.21) is the full fluctuating power so we 
really now have a version of Robinson’s theorem which takes account of quantum 
fluctuations. We can use it, for example, to evaluate the change in emittances 
when a single photon is emitted. 
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Robinson’s version of the theorem may be recovered by averaging this result 
around the ring with the further assumption that the total energy lost by the 
particle is small compared to its total energy E. Then, if we define the total 
energy loss per turn as 

2?rR 

U= 
J 

Px(s)t’ ds, 
0 

(4.25) 

we find the approximate result 

atot = 2Ufo/& for U/E < 1. (4.26) 

This is the original version of Robinson’s theorem. 

4.3.1 4 Lorentz-invariant Robinson theorem 

From (4.21) it is possible to derive a Lorentz-invariant version of Robinson’s 
theorem. This is a simple matter of the transformation from the time in the 
laboratory frame of reference into the proper time for the particle. The rate of 
change of laboratory time with respect to proper time is 

dt 1 E 
z=Cy=----&y (4.27) 

and therefore the damping rate of phase space coordinates with respect to proper 
time is 

dt 2Px(s) 
ar = -pot = - mc2 , (4.28) 

which is manifestly a Lorentz scalar since both the radiation power and the mass 
of the particle are invariant under Lorentz transformations. 

Put into words, this says that the rate of compression of phase-space volume 
with respect to the particle’s proper time is equal to 4 times the radiation power 
measured in units of the particle’s rest energy. Conversely, the factor of E which 
appears in (4.24) or (4.26) can be seen as arising from a Lorentz transformation. 
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5. CLOSED ORBIT AND NORMAL MODES 

In equations (4.16) we have a complete description of electron motion under 
the combined influences of the applied electromagnetic fields and synchrotron 
radiation. Although much of their physical content is evident, the dynamical 
variables are coupled in complicated ways so that these equations are not the 
most suitable for practical calculations. 

Indeed we know, from the theory of beam optics, that a better way to 
describe particle trajectories is in terms of the three normal modes of linearised 
motion around the closed orbit in phase space. In the process one introduces 
a number of optical functions (dispersion, p-functions and the like), defined 
at each point of the circumference. These functions are determined by the 
magnetic structure of the storage ring and also determine the frequencies of 
the linear modes. In a planar ring, with no skew magnetic elements, such as 
we have assumed, the normal modes of linearised motion are the betatron and 
synchrotron oscillations. 

In the coordinates (z, y, zt), the Hamiltonian contains linear coupling terms 
between x and p due to the spectrometer effect of the (horizontal) bending mag- 
nets, but these may be eliminated by introducing the dispersion functions. The 
main point in describing this here is to show how the energy loss by synchrotron 
radiation is coupled into the transverse oscillations through these functions. 

We shall make the customary canonical transformation whereby the total 
momentum is replaced, in the list of variables, by its deviation from the refer- 
ence value po. In a less customary refinement we shall then further split this 
momentum deviation into two components S, and E; S, will define an off-energy 
closed orbit and E: will be the canonical momentum for synchrotron oscillations. 
It is important to keep this distinction clear. 

5.1 DISPERSION FUNCTIONS 

To simplify the Hamiltonian (4.6) we neglect higher order kinematic terms 
in the transverse momenta and in the momentum deviation 6; more explicitly, 
we approximate the square root term by 

(1+Gs)~&g& (l+Gx)p-Pz;P~ +... . (54 

Then we perform a simple resealing of the Hamiltonian and canonical momenta 
with the constant value po: 

H-Hl=H/po, p, H pz = PzlPO, 

P I-+ p =.PlPo P, I-+ py = PylPo, 
(5.2) 
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After these manoeuvres, all the momenta are 
coordinates and the independent variable all 
Hamiltonian is 

P2 

dimensionless and the canonical 
have dimensions of length; the 

+Py2 
HI(x,Y,z~,P~,P~,P;s) 11 -Gx(P - 1) + - z2p 

- 
c 

& 
-w - Sk) =+-fzt/c + &). 

k PoWrf 

One way of looking at the dispersion function q is to think of it as a device which 
eliminates the linear coupling appearing in the first term of (5.3). To this extent, 
its definition is universal. By allowing it to depend on momentum, however, it is 
possible to do away with some higher-order couplings at the same time; such an 
approach is very useful in nonlinear optics studies when synchrotron motion is 
neglected, e.g. for hadron colliders where the synchrotron oscillation tune is so 
small that p can be taken as a constant. There are at least two ways of setting 
up this 59 dependence. 

In an electron ring, on the other hand, the value of p oscillates relatively 
rapidly although still much more slowly than the transverse coordinates. Nev- 
ertheless p must certainly be included as a dynamical variable and it appears at 
first sight that the simplest approach would be to define q with respect to the 
reference momentum po; indeed this is the “ideal” dispersion function printed 
out by most optics programs. From the analytical point of view, this has the 
advantage that the Hamiltonian does not depend on a canonical momentum 
through functions which can only be calculated (and, eventually, differentiated) 
numerically. From the experimental point of view there is the convenience of a 
direct measure of the deviation of the off-momentum equilibrium orbits from the 
reference closed orbit, here presumed to pass through the reference points of the 
beam position monitors at the centres of the magnet apertures. This dispersion 
function will be denoted r](O,s) in what follows. 

We shall see that, depending on the precise value of the RF frequency, the 
equilibrium momentum of the beam may not be equal to po; synchrotron oscil- 
lations will then take place around a slightly different value of the momentum 
which we shall denote as pc(1 + 6,), with 6, < 1. In electron ring theory, then, 
a compromise definition of r] as a function of 6, seems the most useful. The dis- 
persion Q(&, s) and its conjugate function c(&, s) may be introduced by means 
of a canonical transformation 
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of the type whose generating function, 

~2(Pp,Py,V,Y,4 = Pp [x - V(L4(~8 +&)I + x1(Ls)(b + 4 + P,Y 

+ (1 + 68 + &) [a + Zo(s)] , 
(5.5) 

depends on the new momenta and the old coordinates. 

Here 20(s), &&,s) and c(&, ) s are to be interpreted as unspecified functions 
of s. We are at liberty to choose them as we will but natural choices will emerge 
in due course. In order to take proper account of chromatic effects in cases 
where the equilibrium value of p is other than po, they have also been allowed to 
depend parametrically on the constant 6,. Later we shall show how the value of 
6, is determined naturally by the RF frequency. When the equations of motion 
are constructed from the new Hamiltonian there is no need to differentiate Q or 
c with respect to 6,. 

According to the familiar rules:’ the relations between the old and new 
coordinates and momenta are given by 

aF2 

xp = app - = x - q(m) (43 + E) , 
3F2 

y=ap,=y, 

aJ’2 

z= a& 

= zt + Zo(s) - rlpp + <x/j + 7j~(6s + &), 

and the new Hamiltonian is 

Pz = a,F, 2 = pp + s(& + &>, 

aF2 p,=-= ay py9 
2 P=E -=1+6,+e, 
t 

(5.6) 

aF2 
H2 = HI + as =H-pp(b++‘+ [q+q(&+~)] (&+E)c’. (5.7) 

The splitting of the radial displacement x into its betatron and “energy” compo- 
nents should be familiar. It is perhaps less well-known that, in order to preserve 
the canonical structure (symplecticity), one must also use a new longitudinal co- 
ordinate, z, which takes account of local changes in the length of the particle’s 
orbit due to its betatron and synchrotron oscillations. Since we have assumed 
no vertical bending and a perfect machine, there is no vertical dispersion and 
the transformations in the y-p, phase plane are trivial. 
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Expressing the new Hamiltonian H2 in terms of the new coordinates, we can 
eliminate coupling terms linear in xp by imposing the conditions 

aH2 aH2 o -=-= 

ax/J a@ 
for xp = pp = y = py = z = E = 0. (5.8) 

Writing these out explicitly, we find that r] and 5 must satisfy a pair of first-order 
differential equations and a periodicity condition, 

c 
?l’= 1+& 

$’ = G - (Kl + G2)q - ;K2v2&, 
(5-g) 

q(&,s + 274 = T&s), 

which are nothing but the familiar equations defining the dispersion function. 
The separate notation for $(&,s) h as b een retained in order to show that (5.9) 
can themselves be derived from a Hamiltonian. To avoid confusion with other 
systems of notation, we stress again that 6, appears as a parameter and that 
primes denote differentiation with respect to s. 

A common practical means of determining these functions for a range of 
values of S, is to expand them as 

11bLs) = vo(s) + r]l(S)& + . . . , 5&s) = lo(S) + Sl(S)6, + . . . , (5.10) 

and equate coefficients of 6, in the equations (5.9). Then each function may be 
evaluated once and for all, independently of 6,. 

Since the canonical transformation was linear, we can work out the new 
equations of motion from (4.17) and (5.6) with little trouble: 

aH2 
xh = app - + &l/c, 

aH2 
y’=apy’ 

zI = 3H2 - - ml/c - nol/c, a& 

aH2 
pi = - axp - + (Hz + &c)/c, 

aH2 
PL = - ay - +q/lc, 

aH2 &I=- az - - I-It/c. 

(5.11) 

In more complicated cases we would need the analogue of the transformation 
formulae given in (2.54). 

Defining an effective quadrupole gradient for a particle with the reference 
momentum at the position of the off-momentum orbit, 

h(b) = K(s) + +2(4&46. (5.12) 
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we find, after a good deal of algebra, exploiting the cancellations 
(5.8) and dropping several constant terms, that the Hamiltonian is 

H~(~~,Y,z,P~,PY,v) = 5 
1 

& - (G2 + k&j2 (6s + E)~ S 1 

+ [Z;(s) - l] E + ;K~(E - 6,/2)(& + E)~ 
P; + P; G2x2 

+ 2(1+&) + 2 

+ ;kl(z;, - y2) + 32(x; - 3xpy2) 

- c 2.&(s - Sk) 
k POW-f 

x cos {T [z - 20(s) + ??pp - cxp - P?(Gs + 

5.2 LOCAL SYNCHROTRON MOTION 

implied by 

4 + 4k] } ’ 
(5.13) 

Although the terms describing betatron motion are simplified, the local for- 
mulation of synchrotron motion appears fairly complicated. However we recall 
that, in order to avoid dangerous synchro-betatron coupling effects, storage rings 
are now usually designed to make the dispersion functions vanish at the locations 
of the RF cavities: 

rl(Sk) = s(a) = 0, for each k. (5.14) 

(In practice, of course, imperfections will usually create some horizontal and 
vertical dispersion in the cavities.) Then, thanks to the b-functions, the phase 
of the cosine describing the RF waveform simplifies to 

Q(w) = y [z - 20(s) + h] , (5.15) 

and we have succeeded in eliminating all coupling effects between the longitu- 
dinal and transverse motions. We remain free to choose the function 20(s) to 
our best advantage. Analogy with (5.8) suggests that we should impose the 
condition 

aH2 o - = a& for xp = pfl = y = p, = z = E: = 0. (5.16) 
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To interpret this physically, we note that (in the absence of radiation effects) 
the change in z around an orbit will be 

2rR 2rR 

z(27rR) - z(0) = / z’ds = / $$ds, (5.17) 

0 0 

and the condition (5.16) determines a shift in the origin of phase space to a 
fixed point of the mapping which describes the evolution of the phase space 
coordinates over one turn. Furthermore this must hold true at every point on 
the circumference. In other words, we have made the canonical transformation 
to a reference frame moving with the synchronous particle. 

Working out (5.16) explicitly, we find that the effects of the sextupole terms 
in the longitudinal part of the Hamiltonian cancel, leaving us with 

-$+ - (G2 + k1)q2} 6, + Z;(s) - 1 = 0. 
S 

(5.18) 

Integrating this, we are led to 

S 

Zo(s) = -z, + s - 6, 
J 

I'(&,s) ds, (5.19) 
0 

where z, is a constant, related to the stable phase angle. The local path length 
slippage function is defined by 

l?(&,s) def & - (G2 + kl)q2. 
S 

(5.20) 

In the following subsection we provide details of the Fourier analysis of this 
function. It turns out that its averagevalue is just the negative of the momentum 
compaction factor, arc. By suitably averaging the Hamiltonian around the ring 
we shall construct the smooth approximation to synchrotron motion from this 
local description. 
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5.2.1 Equilibrium moment urn 

Neglecting some unimportant sextupole terms, the Hamiltonian for local 
synchrotron motion is now 

H,(z, E, s) =+&, S)E~ 

- 
c 

e& 
-h(s - Sk) 

k PoCWrf (5.21) 
S 

x cos *(z+zs) - wlfs+* . 
C C C / 

I’(&,a)da+& 
0 

Again, the Hamiltonian has to be periodic in s: 

H,(z, e, s + 271-R) = H,(z, E, s). (5.22) 

From this condition it follows that the argument of the cosine must advance by 
an integer multiple of 27r per revolution. In the limit 6, + 0, the RF frequency 
is an integer multiple of the revolution frequency on the reference orbit: 

wrf = 2rfd = 2rhfo = ;, (5.23) 

where h is called the harmonic number. Therefore (5.22) is equivalent to 

2rR 

- 5724 + !tf& 
C C J 

r(&,s) ds = -2?rh 

0 (5.24) 

showing that the equilibrium momentum of the beam may be adjusted by making 
small shifts of the RF frequency. 

We shall come back to (5.24) after we analyse the terms in (5.21) individually. 
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5.2.2 1, Local momentum compaction 

Saying that the synchrotron tune is small means that a single synchrotron 
oscillation takes many turns of the machine. The largest synchrotron tunes are 
realised in large machines like LEP and are of the order of 0.1. To simplify 
the description of this motion, we shall make a Fourier decomposition of the 
Hamiltonian on the circumference and retain only the most slowly-varying terms. 

From (5.21) the “kinetic energy” of synchrotron oscillations is given by the 
term 

&6s,+2 = f &-- S 
c2 = q {(q,')'- Gq}s2, (5.25) 

where we used (5.9). We make a Fourier analysis of the function 

r(bs,8) = 2 rn(bs)PIR, 
n=-00 

where the coefficients will be given by 

2sR 

m(b) = & J ds I’(&, S)e-ins/R. 

0 

(5.26) 

(5.27) 

Integrating by parts twice and using periodicity arguments, we see that 

2rR 

rn(Js) = rLn(bs) = -$ / q(bs,s) [n2ttis) + G(s) ] einsiRds. (5.28) 

0 

In particular, the constant term is simply 

2rR 

ro(bs) = $ J( $ - (G2 + Kl)s2} ds S 
0 

21rR 
1 + ss = -- 
27rR / 

Gq ds 
0 

= -%(&>, 

(5.29) 

where ac(&) is called the momentum compaction factor. Like the dispersion 
functions, oC may be expanded in powers of 6,. Generally, CQ < 1. 
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Neglect of the higher harmonics of I’(&, s) (and the RF voltage terms) gives 
the smooth approximation. In addition, simple scaling arguments show that the 
first term in the integral (5.28) is much smaller than the second. 

To simplify the analysis of the RF voltage distribution we define the function 

C(&,s) = - s r&a) da, 
J 
0 

(5.30) 

which gives the increase in path length per unit momentum deviation 6, in the 
sector of the ring between azimuths 0 and s. 

5.2.3 4 Effective RF voltage 

The Fourier analysis of the RF voltage term in (5.21), may be made by 
substituting the identity 

,&s/R 

n=-00 
(5.31) 

and expanding the cosine into complex exponentials. The result is 

1 
c 

ePk 1 O” -- -- 
27rR k PO&f2 XI n=-00 

exp 
in(s - sk) + h(z + zs) 

R W) 
- &Is + ws, +%I + ik] 

S 

exp 
in(s - sk) h(z + zs) + h 

R - R(b) 

jqq)[S + ~(~s,s)~s] - d’k - 
S I> - (5.32) 

Bearing in mind the r81e of the RF harmonic number, we recognize that nearly all 
the terms in the expansion are rapidly oscillating functions of the independent 
variable s and will not produce significant average effects on the beam. The 
terms which do count are those in which the s-dependence can be made to 
cancel from the arguments of the exponentials. From (5.23), it follows that 
there are precisely two of these, namely the term with n = +h in the first group 
and that with n = -h in the second. Happily, these two terms combine to 
reassemble a slowly-varying cosine function: 

1 cpk E(&,s)& -- -- 
’ 21rR c 

hsk h(Z + Zs) + dk 
k PO&f w8) R + R(6,) 

(5.33) 

62 



We separate the function C into a contribution from the n = 0 term in (5.26) 
and a remainder: 

qLs) = Qc(&)S + Q6,, s) (5.34) 

where, by virtue of (5.25) and (5.26), 

[ 1 “(‘i o) . (5.35) 

Then (treating the two terms in (5.34) d ff i erently with respect to the original 
b-functions) the s-dependence cancels and the argument of the cosine becomes 

hsk h(z + 4 hJs -- 
R + R(b) 

-- f$j 

R(6,) ” 

Sk) + 4k 

- 
(5.36) 

It is clear that for the most efficient use of the RF system (we ignore all collective 
effects here) we should choose the relative phases of the cavities according to 

ok=%+ 7R2(:: ac6s) 2 i zjRy(bs, s> sin [ n(s i Q)] ds, (5.37) 
n=l 0 

so that (5.32) finally simplifies to 

eP 
- 2rpoch ‘OS 

h(z + 2s) 

[ 1 R(b) - 
(5.38) 

The total effective peak voltage is 

P = cck. 
k 

(5.39) 

which is clearly the greatest value it can have. 

5.3 OFF-MOMENTUM CLOSED ORBIT 

By means of the smooth approximation, we have replaced an arbitrary set 
of discrete, but properly phased, cavities with h periods of a standing wave, 
distributed over the whole circumference of the (off-momentum) equilibrium 
orbit. 
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Writing fd = hfo + A frf, we may write the familiar linearised version of 
(5.24), 

& 

1 Afti 

Yqii)f& (5.40) 

and exhibit the dependence of the 
momentum compaction factor: 

R(&) kf 

average radius of the equilibrium orbit on the 

N g = R (1 + oc(&)&) 

1 dR 
* -- 

R d& 
= %(&). 

(5.41) 

In the previous two subsections it was shown that, in smooth approximation, 
(5.13) may be replaced by the simplified Hamiltonian 

H~(~~,Y,z,P~,P~,w) = -$ - 

A 

2~;~chC0S(h(2+zs)lR) 
P; + P2y 

+ 2(1+6,) + 2 
= + ;kl(x; - y2) 

+ ;K2(x; - 3xpy2). 

(5.42) 

Including the radiation reaction effects, the equations of motion are given by 
(5.11) with H3 substituted for Hz. To make the radiation terms explicit, we have 
to work forward through the chain of variable substitutions from the original 
forms of II, and IIt as functions of (x, p, s). These operations are deferred to 
the next section. 

First however, it is natural to make a further resealing of the momenta with 
respect to p, = po(1 + &), th e momentum of the equilibrium orbit, instead of 
the reference momentum PO. Thus, if we make the substitutions 

H3 H H4 = H3/(1+ 6s) Py t-S fiy = Pyl(l + 6s) 
Pp k-s fip = P/31(1 + 6s) & H E” = &/(l + &) 

(5.43) 

and define renormalized gradient and momentum compaction functions: 

l&(s) = z 
S 

& = (1 + &)oc 
(5.44) 
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we can include longitudinal and transverse momentum-dependent effects in a 
renormalized Hamiltonian which takes the simple form 

t&E2 
H4(q3,~,z,i+3,fiy,E”;s) = --? - 2rfch ~0s (h(z + zs)lR) S 

i$ +i$ 
+ 2 + +; + Kyy2) (5.45) 

+ ;IT22(x; - 3xpy2). 

Having achieved this simplification, we can now drop the tildes on the quantities 
introduced in (5.43) and (5.44); ‘t 1 will only be necessary for us to remember to 
substitute p, for pc in some of the expressions for the radiation effects. 

The physical significance of this last transformation was to shift our point of 
reference from the original centred reference orbit to the true equilibrium orbit 
determined by the RF frequency. All momenta are now scaled with respect 
to p,, the equilibrium momentum on this orbit instead of pc. Of course the 
scaling could have been made in (5.2) by using p, instead of po but the physical 
motivation would not have been obvious at that point and the algebra of the 
separation of the total momentum deviation into 6, and E” would have been 
somewhat more complicated. 

5.3.1 4 Relation to transition energy 

The formulation of synchrotron motion given here may appear to have some- 
how neglected the possibility of the revolution frequency’s increasing with mo- 
mentum as it does below transition energy. Indeed electron storage rings are 
always above transition but this appearance is only a consequence of our having 
used s, and not time t, as independent variable. The phenomena associated 
with transition energy can indeed be recovered from (5.42) when the increase 
in time taken to cover a greater orbit length due to a momentum deviation is 
exactly compensated by the greater velocity of the particle on that orbit. When 
the transformation of independent variable is made, including some higher order 
terms in (4.10), th e velocity (and hence the familiar y-2 factor) enters explicitly. 
A canonical transformation62 then restores variable sign in the coefficient of c2. 
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5.4 BETATRON MOTION 

To study the transverse beam dynamics with radiation, we first select the 
terms constituting the Hamiltonian for linear betatron motion from (5.45) 

(5.46) 

where the sextupole terms have been dropped since, for the remainder of our 
discussion we shall not concern ourselves with chromatic or nonlinear effects. 

Substituting HP for Hz, the equations of motion are given by (5.11) corrected 
for our last resealing: 

aHP xj = dPp + m/c, 
afb 

Y’= ap,9 

a% pi = - axp - + Q-L + l-k)pcl/(psc), 

a% P; = - ay - + ~,Po/(P,C). 

(5.47) 

5.4.1 Action-angle variables 

Action-angle variables for the Hamiltonian are obtained through a canon- 
ical transformation which introduces the /3- and a-functions of Courant and 
Snyder 56’5g : 

(“p,Y,Pp,Py) - (~&,L,~y)- (5.48) 

The generating function for this transformation is 

~~llrdv) = - 2pz(s) -{h(s) + tan 9L($h s)} 
- &p(S) + tan 4YWY9 419 

(5.49) 

where we have defined two phase functions depending on the phases T,&,~ and s: 

~w(‘h, s) = +ZJ + j { /(,, - %} da. 
0 

Note that the actual dynamical variables are $z,Y and that I&,~ are just 
convenient auxiliary functions. 
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Solving the transformation equations, we can express the old coordinates in 
terms of the new; the results are the familiar expressions 

“p = d~cos4x(~x,s), 

Pp = - 
\i ~~~x(s)c~~~x(~,,s) 

+ sin~,(lCI,,s)), 

(5.51) 

P, = - 
\i 

$$%I(S) COS &I(+Y, s) + sin&(&, s)}, 

Provided we choose the arbitrary functions o+(s), /3z,Y(s) to be the periodic 
solutions of the differential equations 

QIx,y = -P&/2, 4,y = &?/Pz,ar - (4,y + WPW (5.52) 

the coefficients of the terms in COS(~~,,~) and sin(2&,Y) in the new Hamiltonian 
will vanish. Provided also that we choose the constants v~,~ to be the betatron 
tunes, 

2sR 
1 

s 
ds 

%Y = G 
&Y (4 ’ 

(5.53) 

0 

the s-dependence of the of the Hamiltonian for linear betatron motion is elimi- 
nated and we have, simply, 

H&b, tiry, Iz, Iv) = Mx/R + q&/R. (5.54) 

In (2.54) we gave the rules for transforming dissipative terms alongside a canon- 
ical transformation with generating function of type S(Q, q). Applying them is 
a straightforward but tedious exercise in matrix algebra, best carried out with 
the help of a computer algebra program. When all is said and done we have the 
equations of motion: 

,1=%-d& {(PxS + Qx)?) COS qSx + q sin&}= - 
PSC d-- 

-$- cos & !!TE, 
2 PSC 

I,’ = - 
J 

~{(LLS + a,q)sin& - r)cosd,}pe - Htpo dmsin& a, 
x 5 PSC 

(5.55) 
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Note that, apart from dissipative terms, the phase variable increases linearly 
with s. The usual description in terms of a betatron phase advance /.+(s), 
with ~16,~ = l/pzly, is absorbed into the definition of the variables; this trick 
allowed us to eliminate s from the Hamiltonian. 

5.5 COUPLED MOTION WITH RADIATION 

The absence of vertical dispersion means that the radiation terms have a 
much smaller effect in the vertical plane. Although unintentional vertical dis- 
persions are generally small from the point of view of beam optics in a machine 
which has been designed to be planar, this may not be the case when one consid- 
ers radiation effects. In practice there is always some x-y coupling, e.g. through 
a skew-quadrupole component. This couples quantum excitation effects from 
the horizontal plane into the verticalf3’64 

In a coupled machine, the normal modes of betatron motion are no longer 
horizontal and vertical oscillations and must be found before the transformation 
to appropriate action-angle variables via coupled p-functions etc. Although this 
process is straightforward in principle, there are practical difficulties in knowing 
how much coupling there is in a ring since the main sources of coupling are 
usually accidental. Statistical studies with programs such as PETROS65 are one 
tool for analysing such effects. Another interesting approach to linear radiation 
effects in coupled machines uses a matrix formalism without knowledge of the 
coupled dispersion functions 66 . 

Since the coupled theory is beyond the scope of these lectures we shall say 
little more about the vertical plane and concentrate on the horizontal where, 
even in the presence of errors, we usually know a good approximation to the 
dispersion function. 

Further complications arise in cases where the longitudinal and transverse 
oscillations are strongly coupled, e.g. when the assumption (5.14) is invalid. 

6. RADIATION DAMPING 

The deterministic parts of the equations (5.11) show, first of all, that all three 
of the canonical momenta are directly damped by photon emission. Secondly, 
the appearance of the longitudinal coupling function lIt in the radial betatron 
equations shows that further dissipative effects are due to the dispersion function 
coupling the longitudinal damping into the radial phase space. In this chapter 
we discuss the radiation damping effects due to the average radiation reaction 
force in detail; the next chapter will include the fluctuations. 
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6.1 DAMPING IN LONGITUDINAL PHASE SPACE * 

To study the effects of radiation on the longitudinal phase space in smooth 
approximation, we set xp = pp = y = p, = 0 and work from (4.17), (5.6), 
(5.11) and (5.42). Carrying through the changes of variables, we find that the 
deterministic parts of the equations of synchrotron motion are 

e? 
217R 

&’ = 27rrR(&)p,c 
sin (h(z + z8)/R) - & / ds O-ho/(w)), 

0 
2rR 

1 
Z/E-,&-- 

C 27rR / 
ds (&q/c - &w/c) - 

0 

(6-l) 

zero on average 

All the dissipative terms average out in smooth approximation, except the one 
which appears in the equation for ES’. This term is simply related to the average 
energy loss. Integrating the definition of Ilt contained in (4.16) and (4.17), we 
find that 

2rR 2rR 

PO 1 (I&) ds = / &(s))t’ds = U(& + E) (64 
0 0 

is the average energy of a particle with total momentum po(l + S, + E) during 
one turn of the ring. 

The normalised magnetic field strength at a displacement x in the median 
plane is 

b(x, 0, s) = G(s) + Kl (s)x + ;K2(s)x2 + - - -. (6.3) 

Taking into account the energy lost in the lattice dipoles and quadrupoles, we 
can write out the first few terms in the expansion of the expectation value in 
powers of S, and E: 

2aR 

U(& + 6) = ClPiC 
/ 

ds {l+ (2 + G(s)rl) (6, + c)} clb(rl(& + +,s)~ 

0 

= Cl& I2 + l&(212 + 14) + E(212 + 14)+ 
1 

(s,” + 2&&)(12 + 214 + 18) + o(E2)}. 

To simplify the notation, the arguments of q have been suppressed and we 
have used the definitions of the synchrotron radiation integrals 12, I4 and 18 
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Definition 

I1 = s;=R Gq ds 

12 = J;uR G2 ds 

I3 = stTR IG31ds 

13a = JtTR G3 ds 

I4 = stuR (G2 + 2Kl)G7j ds 

I5 = JluR IG13X ds 

18 = stuR Kf?j2 ds 

Enters into: 

momentum compaction factor 

energy loss, energy spread, damping times, emittances, 

damping partition numbers 

energy spread, polarization time, polarization level 

polarization level 

energy spread, emittances, damping partition numbers 

emittance 

energy loss in quadrupoles, nonlinear radiation damping 

damping partition number variation 

Table 1 Definitions If common synchrotron radiation integrals 

which are summarised in Table 1. The other entries in the table will be discussed 
in due course. 

Integrals l-5 were defined in Ref. 67 which also contains useful formulae 
for evaluating them over a given magnet. Algorithms based on these formu- 
lae have been implemented in several computer programs (e.g. BEAMPARAMf8 

COMFORT,6’ PATRICIA 7o . . .). These integrals are widely used; some samples 
of their use and further information will be found in Refs. 19, 8, 71, 21 and, 
especially, 67. 

6.1.1 Stable phase angle 

Returning to the equations (6.1) we see that they have a fixed point (Le. a 
point where E’ = z’ = 0) which lies on the line E = 0 in the phase plane. The 
still undetermined constant z8 can then be chosen to move the origin to this 
natural position; this is achieved by imposing the condition 

eP sin(hzB/R(&)) W) 
27rJz (&)Pd = 2?rRp,c 

j eTi sin(hz,/R(&)) 
(6.5) 

(1 + u&B) 
= qp;c {I2 + (212 + 14)& + (12 + 214 + h#} 3 

where we used (5.41) and (6.4). 
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The interpretation of this condition is that, for a particle arriving at the 
cavities at a certain phase of the RF wave, the acceleration (or deceleration) 
due to the electric field just balances its average energy loss by synchrotron 
radiation. In the case of a stable fixed point, C$~ = hsB/R(&) is called the stable 
phase angle. Moving around the circumference of the ring, we find h solutions of 
(6.5) corresponding to the stable fixed points at the centres of the RF buckets. 

6.1.2 Damping partition number 

Synchrotron oscillations are, of course, nonlinear23 but we can understand 
the nature of radiation damping much more easily by linearising (6.1) and look- 
ing at the small oscillations around the equilibrium orbit determined by ~5~; if 
we introduce the longitudinal damping partition number 19,60,71 

Js(6 > d!f dl”gU&) 14 
S 

d& =2+2+6s 

negligible 

(6.6) 

then (6.1) become 

I E’ = 
e? cos q5s 

2 = -f&E, 
27rR(S,)2hpoc 

2 - J&p+Jr. 
PoC2 

(6.7) 

The fluctuation terms are still being neglected. These equations are immediately 
recognizable as those of a damped linear oscillator with natural frequency n, 
given by 

fc _ hcu,e? 
-F - 27rR(&)2psc(1 + c&) cos4sY 

and are equivalent to a single second-order differential equation in time, 

(6.8) 

f + 2&i + i-If% = 0, (6.9) 

where the damping rate tiE and the damping time ~~ are defined by 

def 1 def J.s def Jc (6s) a.s &s=r=-= 
27-C 

def $%)u(&) f 

2 

2PsC O 
(6.10) 

= refo PO 3 @I2 + 14). 
3 ( > mc 

and, in the very last expression, we used the formulae (3.50) and (6.4) and 
neglected the higher-order terms in 6,. This plethora of definitions has been 
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introduced in order to establish an unambiguous notation which is as close as 
possible to the common practice of workers in the field. Ambiguity arises some- 
times because, as we have seen, the damping partition number Je (&) is a variable 
quantity. Therefore the damping time, in which oscillation amplitudes reduce 
by a factor l/e, is a variable quantity. However in practice the damping time is 
often quoted for the reference case 

14=0, S,=O, JE=2, (separated function lattice), (6.11) 

which is an excellent approximation for most modern storage rings with beam 
circulating on their design orbits. The actual damping rate fiic coincides with 
the quantity c~ when JE = 2. 

6.2 DAMPING OF VERTICAL BETATRON OSCILLATIONS 

Clearly, the lack of dispersion in the vertical plane results in a considerable 
simplification of the description of radiation damping. For this reason, we treat 
the vertical plane first. 

The ingredients needed for writing out the vertical equations in (5.55) in 
full detail are simply the relations between the current canonical variables and 
those in which (4.17) were expressed; these are found in (5.2), (5.43) and (5.51). 
We also note the relation 

III, = p,nt/p = g-b, (6.12) 

which now gives us 

I-II, = 
\i 

!+Y( qj cos g& + sin c&) Ht. 
I 

(6.13) 

To restrict attention to the y-plane, we have to set x = v&, Iz = e = z = 0. 
Leaving out the fluctuations again, the equations of motion are 

$3: = 2 -Cos~~(~l~cos~~ +sin&)c~po(l +&)(l+ GT&) 

1; = -%sin~y(~ycos~y + sinq&)clpO(l + t&)(1+ GT&) 

( > 
2 

x G + Ku& - &~@&q$, 

(6.14) 

Scrutiny of the equation for the phase reveals that, after averaging over phases 
and around the ring, all values of $+, appear on an equal footing. There is no net 
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radiation damping effect towards any special value. Therefore the phase distri- 
bution will rapidly become uniform by simple mixing. However if we linearise 
in Iy and carry out the averaging operations in the equation for the action Iv, 
we find that the only term which contributes is the one containing the average 
of (sin&)2, namely 

2sR 

I' = -21 clPo(l+ 6s) 
Y ’ 2(27rR) J 

(1 + Gq&)(G + K~rjs,)~ ds. (6.15) 

0 

Comparing with (6.4) or (6.5), we recognize the essentials of the expression for 
the energy loss on the equilibrium orbit, enabling us to rewrite this as 

I; = -$gfoIy 
S 

= 2aY 1 -- 
c Y- 

In this case there is no need to distinguish fiy and cry since 

(6.16) 

(6.17) 

where the vertical damping partition number is 

Jy = 1, (6.18) 

independently of 6,. We note that since there is no damping of the phase, the 
damping rate of the action variable carries all of the phase space compression 
and is twice the conventional damping rate for the Cartesian coordinate y, c.f. 
the remarks following (4.23). S ince the action variables give the volume of the 
invariant tori of the unperturbed linear system their rate of decrease due to the 
radiation terms is equal to the phase-space divergence. 

Although tradition requires us to use the same notation cyy for the damping 
rate as for the optical function cuy(s) confusion is unlikely to arise. Changing the 
RF frequency does not affect the vertical damping partition number in a machine 
free of vertical dispersion. It should be remembered that some approximations 
have been made to derive this result. (Indeed there are some effects on the 
higher order nonlinear damping terms). 
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6.3 DAMPING OF RADIAL BETATRON OSCILLATIONS 

From (5.6) we see that the radial deviation of a particle from the equilibrium 
orbit, r](&, s)&, has components due to the betatron oscillation amplitude and 
the energy deviation. Although the position of the particle in space, x itself, 
cannot change when the energy of the particle changes through photon emission, 
the part ascribed to the energy deviation will change and therefore the part 
ascribed to the betatron amplitude must undergo an equal and opposite change. 
Through this mechanism, the dissipative terms describing the radiation reaction 
forces in the longitudinal phase space are coupled into the betatron oscillations. 
The magnitude of the coupling is characterized locally by the values of the 
dispersion functions. 

A part of the evaluation of the terms in the radial equations of (5.55) pro- 
ceeds by analogy with the previous section. However the non-zero dispersion 
function means that we have a few more terms-and their averages-to deal 
with. The expression for the radiation coupling function, II,, is entirely analo- 
gous to that of II, in (6.13). Again, the equation for the phase & is uninteresting 
and we shall not write it out, but that for the action variable is 

I,I = - 
\i 

?{(8,s + azq)sin4z - rlcos~z}wo(l + 6) 
z 

x 
( 

1+ Gq6, + G&%&OS c$z 
> 

x (G + Klrl& + K1d%&4,)~ 

- 21, sin bz (oh cos qh + sin qL)clpo (1 + &) 

x (1-b Gq6s + Gdmcos cjz) 

x (G + Klq& + KI~~cos&)~. 

(6.19) 

In general, the best way to deal with expressions like this is to use a computer 
algebra program to combine the trigonometric functions and perform the aver- 
aging but, if we limit ourselves to the lowest order terms in Iz and perform a 
phase averaging, it is quite easy to pick out the terms which contribute. In order 
to make it clearer which terms are being included, we write them out, denoting 
the phase average with a bar, 

I, = -(2L)c1po(l+ 6s); - qG(G + KI$,)~cos~ qL 

- 2qGKl(l+ Gq&)(G + Ku&)~cos~ qL (6.20) 

+,(l + Gq&)(G + Klr&)2sin2 q& 
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Careful scrutiny of this expression reveals that it can be written in the suggestive 
form 

(6.21) 
((1 + Gq&)(G + KI~&)~}. 

Apart from a missing factor of (1 +Ss)2, th e expression contained in the last pair 
of curly braces is the integrand appearing in the formula for the total energy 
loss per turn of a particle on the equilibrium orbit. Following the practice of 
smoothing around the ring, we therefore find that this, too, can be expressed in 
terms of the total energy loss 

I/ = _ wm + 688) 2 
2~0(274 

3 dlw u(b) 243 
=- PwJ(&)fo _ - - 

2CPs d& 1 + 6s 
(6.22) 

-2& 
= - I 27 c 

where, in close analogy to (6.10), the damping rate fiz and the damping time i-= 
are defined by 

&z def 1 def Jz (6s) def Jz (&)Qz z-z 

d&f :(6g)$s) f 

1 

2PsC O 
(6.23) 

= r,fo PO 3 (I2 _ 14)* 
3 ( > me 

The radial damping partition number has been defined as 

(6.24) 

Clearly, the three damping partition numbers are intimately related to each 
other. The explanation of this will be given in the following section. 

We have dropped terms in Ii which arise principally from the quadrupole 
fields and give rise to nonlinear radiation damping. Such effects can be impor- 
tant, particularly in large storage rings and are discussed, e.g., in Reference 8. 
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6.3.1 4 Where does radiation damping occur? 

The answer to the question posed in the title of this subsection is obvi- 
ous from the equations of motion of electrons, expressed in any of the sets of 
canonical variables that we have used up to now: 

Radiation damping of all three modes of oscillation about the equilibrium 
orbit occurs when the particle passes through the static magnetic fields 
of the storage ring and emits synchrotron radiation. 

Provided we understand “damping” as a contraction of phase space volumes 
(which can only occur when the equations of motion contain a non-Hamiltonian 
part) this is a trivial consequence of the Hamiltonian nature of the equations of 
motion in the absence of radiation. 

However in many discussions of the subject it is stated that the **damp- 
ing” of radial betatron oscillations occurs in the RF cavities. In fact there is 
no contradiction with the present discussion for the simple reason that these 
treatments use a non-symplectic phase space which has been, and remains, very 
popular in accelerator physics. In this phase space the slope variable 8, = x’ is 
used in place of the canonical momentum p, and although these quantities are 
very close to each other numerically, it is easy to see that when the energy of 
the particle changes they behave in different ways. 

Specifically, the value of x’ does not change during photon emission because 
the photon recoil is collinear with the total momentum vector although the 
transverse momentum does change. On the other hand, only the longitudinal 
momentum changes as the particle traverses an RF cavity while the slope vari- 
able x’ is reduced. This explains the shift of the apparent damping effect from 
the magnets to the cavities! 

It is perfectly possible to develop the whole theory of electron dynamics in 
the non-symplectic phase space. Indeed this is what was done in the original 
treatments of the problem53’60’12’1g and these variables do have the advantage 
of a more immediate connection with the quantities which can be measured 
experimentally-it is a little easier to deduce the angle of a beam, in mrad, from 
beam-position monitor data than it is to work out its transverse momentum. 
The choice between this and the Hamiltonian approach is ultimately a matter 
of personal taste. 
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6.4 DAMPING PARTITION NUMBERS AND DAMPING APERTURE 

While the damping is linear, it is clear that, to a very good approxima- 
tion, the three damping partition numbers (6.6), (6.18) and (6.24) satisfy the 
sum rule 

J&s) + J&L) + Jy(b) = 4. (6.25) 

for all values of Ss such that an off-momentum closed orbit given by v(&, s) 
exists. This sum rule holds even if one of the partition numbers is negative and 
is a concrete manifestation of Robinson’s Theorem, discussed in Section 4. For 
we can rewrite (6.25) as the sum of the damping rates of the normal modes of 
oscillation about the equilibrium orbit 

2U(&) aiz + a!, + ZiE = Qtot = - 
PSC ’ 

(6.26) 

which is essentially the same as (4.26). 

By varying the RF frequency, and thereby Ss through (5.24) or (5.40), it 
is therefore possible to redistribute the damping between the longitudinal and 
radial modes. This has become an important operational tool in modern storage 
rings since it allows the operator to put more damping into the mode which needs 
it more, e.g. to help counter an instability or increase injection efficiency. Even 
more importantly, it can be used to decrease the horizontal beam size at the 
expense of an increased energy spread (or vice versa) in order to stretch the 
limits of performance of the machine. Several different ways in which this will 
be done in operation of LEP are described in Ref. 21. 

From (6.6) we can immediately deduce the formula for the rate of change of 
JE or Jz with respect to the momentum deviation on the equilibrium orbit 

dJ&) - _ dJz(&) = d2 log U(b) 

d6, - d& d6: 

= (2-g) +0(b) 

- 2 s;=R Kfrj2 ds 
- 

So2=R G2ds - 

(6.27) 

A variety of higher-order approximations to this quantity have been published 
73,74,75 in several papers. In comparing them, the different regimes of application 

and definitions of the synchrotron integrals should be carefully noted. Although 
we have stopped at the first term (which is enough for most fairly large rings), 
the principles given here are sufficient to derive further approximations. 
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To have stable beams in a storage ring, one must ensure that each damping 
partition number remains positive. The range of values of &, in which this is 
true is called the damping aperture, and is determined by the values of the 
synchrotron integrals 12, I4 and Is: 

212 + 14 - 

218 

< 6 

S 
< 12 - 14 

21s’ (6.28) 

Together with (5.40), this translates directly into an allowable range of variation 
of RF frequencies or an allowable displacement of the equilibrium orbit. For 
further details, including the use of Robinson wigglers to shift the damping 
aperture, the reader may consult Ref. 20. 

In small storage rings, the integral 18 is usually so small that the physi- 
cal aperture is smaller than the damping aperture; this situation is generally 
reversed in large rings. 

The damping aperture is easily measured by varying the RF frequency and 
watching for horizontal beam blow-up on a synchrotron light monitor. Since 
the synchrotron light is usually generated in a bending magnet in which the 
dispersion is non-zero, the beam size has components due to both the betatron 
and synchrotron amplitudes in the beam so that both ends of the damping 
aperture will manifest themselves by inflation of the horizontal beam profile. 

6.4.1 Separated vs. combined function lattices 

In a separated function lattice, the bending and focusing functions for par- 
ticles on the reference orbit are performed by separate dipole and quadrupole 
magnets, so that 

G(s)Kl (s) = 0, for all s (6.29) 

Since the dispersion function is generally much smaller than the bending ra- 
dius, 7G < 1, it turns out that the integral I4 < I2. However most of the 
earlier proton synchrotrons and a few electron machines were built with the two 
functions combined into the so-called gradient magnets. Most of what we have 
said applies also to this type of structure although the radial damping partition 
number (to be introduced later) will probably be negative since I4 > I2. 

This radial anti-damping can be tolerated, as in the DESY electron syn- 
chrotron, if the beam does not stay in the machine long enough for the it to 
do much damage. Or it can be corrected, as in the early CEA machine or, 
more recently, the CERN PS in its r81e as LEP injector, by the use of the 
so-called Robinson 60’20 wigglers. These wigglers contain a combined function 
dipole-quadrupole field designed to make a large negative contribution to 14. 
For further details on combined function electron machines, see Ref. 72. 
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7. QUANTUM FLUCTUATIONS AND 
FOKKER-PLANCK EQUATIONS 

We now go on to study the truly statistical side of electron dynamics with 
radiation. Inclusion of the quantum fluctuations of the synchrotron radiation 
power will give us stochastic differential equations for the normal modes of the 
linearised motion around the equilibrium orbit. The fluctuations make the orbit 
unstable but the radiation damping effects can prevent the deviations of the 
orbits of most of the particles from becoming too large. The balance between the 
radiation damping and quantum excitation of orbit amplitudes can be described 
in terms of Fokker-Planck equations. We should not forget, however, that these 
two effects have the same physical origin and that one cannot exist without 
the other. 

Fokker-Planck equations have been applied to several problems in accelerator 
physics, most of them more complicated than those described here; for some 
examples, see Refs. 7 (several articles), 76, 12, 39, 77 and the reference lists 
which they contain. 

7.1 QUANTUM FLUCTUATIONS IN LONGITUDINAL PHASE SPACE 

Let us reintroduce the fluctuating part of the radiation power from (6.1) into 
the longitudinal equations of motion, (6.7). To prepare the ground for writing 
down the Fokker-Planck equation according to the recipe embodied in (2.1) and 
(2.27), we write them as’ 

2’ = K,(v) + Qz(v)t(s), 

where the K- and Q-functions are 

K&s) = -ayz, 

Q&, 4 = 0, 

&’ = Ke(z, E) + Q&, &)C(S) (7.1) 

K&E) = (Q,/c)~ z - +E 

Q&, 4 = -~o\/czG(s)3. 

(7.2) 

Strictly speaking, these are in something of a hybrid form since the smooth ap- 
proximation has not yet been applied to the fluctuation terms. These, by their 
nature, must be approximated in a root-mean-square fashion, rather than di- 
rectly. This is easier to understand in terms of the Fokker-Planckequation which 
contains each K-function to the first power but products of two Q-functions. 

* We are neglecting some small terms of higher order in 6s. 
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aQs aQs o -=-= 
a& a2 P-3) 

the recipe for writing it down, (2.27), simplifies by virtue of the lack of “spurious 
drift” terms and we find 

aF(z, 5 4 
= CYCE 

aF(z, 6,s) a - - 
as a% ( ) 

2 pyZ,E, 6) + ~~~~ a 

C as cx [4Z, E, 41 

C2P;k a2F(WS) 

+ 2(27rR) aa2 ’ 
(7.4 

where F(z, E, s) is the distribution function in longitudinal phase space and we 
have made the smooth approximation of the diffusion term (i.e. the one with 
second derivatives) in terms of the synchrotron integral 13 defined in Table 1. 

This equation can be solved completely in terms of its Green function3g’33 
or by eigenfunction expansions 2g but we can simplify it further by making a 
phase-mixing assumption 

(z) = 7 dz 7 da zF(z, E, s) = 0 
-00 -CO 

which will be true in many situations, including that of equilibrium. Then we can 
integrate (7.4) over z to get an equation for the reduced distribution function 

co 

F(&,S) = 
/ 

J’(z, 8,s) dz, (7.6) 

namely 

W&, s) 
as 

JA a =-- 
c a& l&F@ , 41 + C2P:k d2F(&, s) 

2(27rR) a&2 - (7.7) 

This equation provides a rough description of the evolution of the energy distri- 
bution in the beam. It is incomplete to the extent that (7.5) fails to hold. 
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7.2 STATIONARY ENERGY DISTRIBUTION 

To find the stationary (or, loosely speaking, equilibrium) solution Fc(&), we 
simply set a,$ = 0 and integrate once to find 

When we integrate this again, choosing the constant of integration to normalise 
the distribution to unity, we find the familiar gaussian distribution of momentum 
(or energy) deviations 

Fo(E) = 
& 

2 exp -2 
e ( ) 23 ' 

where aE is the r.m.s. energy spread in the beam for a linear damping rate 
determined by the value of JE: 

(7.10) 

The quantity a,, which can be regarded as a measure of the strength of quantum 
excitation, is defined to be the energy spread for the reference case JE = 2.* 

Since I~/13 z3 p, the bending radius, in an isomagnetic ring there is very 
little which can be done, beyond varying JE, to reduce the energy spread in 
the beams of an electron storage ring. Moreover, the energy spread is directly 
proportional to G-j. A very small decrease of a, can in principle be achieved 
with wiggler magnets but their usual effect is to increase it. 

This is an important limitation since it determines the energy resolution of 
particle physics experiments which may be trying, for example, to detect, or 

21 measure the widths of, narrow resonances in the mass spectrum. In fact, since 
design considerations for colliding beam rings usually imply p o( Ei, it almost 
always turns out that a, = O-1 % at the top energy of a given ring. Never- 
theless e+e- rings still provide a much finer energy resolution than foreseeable 
linear colliders or hadron colliders (although the beam energy spread is small the 
quarks have a very broad energy distribution) and there remains the possibility 

78 of enhancing it still further with the so-called “monochromator” insertions. 

The gaussian distribution of energy deviation is by no means inevitable- 
nonlinear terms 10,8 (usually dissipative) may well change it, especially in the 
tails. Arguments based on the “Central Limit Theorem” should only be applied 
in linear approximation and the analogy with the Maxwell-Boltzmann velocity 
distribution in a gas is not a complete one. 

* Often no notational distinction is made between oB and aC, so one should always be careful 
to understand which is meant. 
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7.3 EQUILIBRIUM IN THE NONLINEAR RF BUCKET 

It is possible to find the equilibrium solution of the two-dimensional Fokker- 
Planck equation (7.4) even when the nonlinearity of the RF waveform is in- 
cluded. Although we assumed a sinusoidal waveform in the previous chapters, 
the solution can be found for an arbitrary RF waveform, provided the smooth 
approximation is made. 

Following Ref. 19 quite closely, let us suppose that, in smooth approximation, 
the generalised equations of motion are given by making the replacement 

e3 . 
27rrR(&)p,c sln 

h(z + 28) [ 1 VJ d@ (4 -- 
RW - 27rRp,c dz 

(7.11) 

so that the definition of the effective potential @  already absorbs the energy loss 
by synchrotron radiation and (with appropriate choice of the arbitrary constant) 

tqo)=o, - d2w4 = fp32 
dz2 

. 

Then the Hamiltonian of synchrotron motion is 

(7.12) 

(7.13) 

This Hamiltonian does not really contain the radiation loss-it appears only as 
a result of the definition of 9. It cancels out again in the equations of motion: 

d@(z) fijI, 
&I=- dz p-2-E-2 

c 

(7.14) 

We are assuming that the linear approximation may still be applied to the 
damping term even though we have included the nonlinear terms in the RF 
waveform.lg This is usually a reasonable approximation since E generally remains 
small even when hz/ R (&) N 1. F or very large rings like LEP, where the ratio 
Uc/& can be as large as a few percent, some new nonlinear effects may become 

79 noticeable. 

This form of the Hamiltonian is more general than the longitudinal part of 
(5.42) and could include, for example, the case where a second RF system is 
operated at a harmonic number which may be an integer multiple of h.8” 

82 



The Fokker-Planck equation in the nonlinear RF bucket is then 

Liouvillian terms 

264 d2F(z, E, s) 
+ $g [&F(Z,E,S)] + - 

. , c ~ da2 ,’ 
damping diffusion 

(7.15) 

and, since the terms arising from the Hamiltonian vanish by virtue of Hamilton’s 
equations, it is easy to check that the equilibrium solution is 

(7.16) 

Notice that, despite a superficial resemblance, this is not a Maxwell-Boltzmann 
or Gibbsian equilibrium distribution since even the sign of the part of the Hamil- 
tonian which appears in the exponential is opposite to what it should be (if the 
temperature is to be positive). Later we shall see that, since the other sign 
prevails in the equilibrium distributions in betatron phase space, the distribu- 
tion in the complete 6-dimensional phase space is not in a form proportional to 
exp( -H/kT) and is therefore not a genuine thermodynamic equilibrium. 

Nevertheless, it is clear that the reduced distributions in each of the three 
2-dimensional phase spaces have enough features in common with Maxwell- 
Boltzmann distributions that we can speak loosely of them as equilibrium dis- 
tributions. 

The normalization constant, which we refer to (loosely again) as the partition 
function is given by the integral 

(7.17) 

= I$(o,o)-’ 
and is a function of the parameters in the Hamiltonian and of JE. If this inte- 
gral can be evaluated analytically, and if the explicit form of Q is known, then 
differentiation with respect to these parameters is a useful technique in the cal- 
culation of equilibrium expectation values. For example, from (7.16) and (7.17), 
it is easy to show that the expectation value of the function Q itself is 

p(z)) = -a,u; (kg. (7.18) 

Further analogies with equilibrium statistical mechanics are readily found. 
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7.4 FOKKER- PLANCK EQUATION IN ACTION-ANGLE VARIABLES 

As usual, it is useful to be able to work with the action-angle variables of 
the problem. This section is devoted to the technicalities of deriving the Fokker- 
Planck equation in these variables. 

We transform to action-angle variables of linearised synchrotron motion and 
make a resealing to variables (x, I*) with 

z = --~-&cos(K~x), E = $iZsin(hx), KZ def 2. (7.19) 
Kz C 

The constant IC= can be thought of as a conversion factor between energy devi- 
ation and length units: 

(7.20) 

and Qe = n,/27rrfo is the synchrotron tune. With these variables, the longitudi- 
nal Hamiltonian reduces to 

H8 = -a,I, (7.21) 

and, by applying (2.54) ( or otherwise), we can derive stochastic equations of 
motion equivalent to (7.4) 

x’ = %(x, L) + &x(x, L>t(s), 
I; = Kdx,Iz) + Qr(xJz)E(s), 

(7.22) 

where 

$(x,L) = -ac - Jc(+c 2cn sin@w), z 

Qx(x, 4) = -2 
(7.23) 

QI(x,&) = -20, 

a4 



Now &I and QX depend on Iz and x and their derivatives will contribute spurious 
drift terms-and a certain amount of algebraic complication-to the Fokker- 
Planck equation: 

aF(L, x9 4 = 

as 
- -$DrF(I,,x,s)] - & [~,Wz7x741 z 
+ i-$ [QfW, X, 41 + & [QIQ~F(L, X, 41 

2 z 
(7.24) 

Here, the complete drift terms are 

DI=KI+ 
1 ~QI 2alQI + ;$fQ, = -T(J& - 203 + +%os[zn,x), 

z 

-1 

important! 

1 aQx 
Dx=Kx+z-dTQ~+- 

z 
;?j$Qx = - 

and the diffusion terms are 

.c-~(JE+$)sin(2.,x), 

(7.25) 

1 - c4hx)], 

2c& 
&I&~ = y sin(hx), (7.26) 

z 

Q; = g [1+ cos(2n,x)] . 
2 2 

In action-angle variables, it is easy to make a step beyond the smooth approxi- 
mation and apply the averaging method.27981’34 The result of the phase-averaging 
of (7.24) is an averaged Fokker-Planck equation for the action variable which 
will be valid on time-scales longer than that of a synchrotron oscillation, notably 
the damping time scale: 

aF 3 
vt = -ar, 

- [(-JCL + 24)F] + 
dF 

\ / 
CW,~ 

damping of amplitude phase advance 

+ $(IzF) +g&$, . 

amplitude diffusion phase diffusion 

(7.27) 

The absence of a damping term for the phase x guarantees that the phase 
diffusion term superposed on the rapid oscillatory phase advance will lead to 

85 



P 

a uniform distribution in x on [0,27r]. Moreover, we have not included the 
dependence of the synchrotron frequency on amplitude which produces a fila- 
mentation effect, further accelerating the phase-mixing. 

7.4.1 Stationary distribution and projections 

We can solve (7.27) for the stationary distribution 

Fo(I,) = J-exp 
uE2 

from which we can evaluate the longitudinal emittance (in these units!) 

00 

(J)=J z I,Fo(Iz) d& = ii?: = 
(” ‘2”:“‘). 0 

(7.29) 

Fig. 7 Gaussian longitudinal phase space distribution and its projection 

The distribution (7.28) is equivalent to a joint gaussian in z and E: 

Fo(z,E) = Fo(Ic$z~/~ + ~~/2) = 2,j ~ exp -- - - (7.30) 
E z 
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where the natural (or zero-current) bunch length is 

i?z = iTE/tGEz. (7.31) 

This distribution is shown in Fig. 7 for some typical values of JE and a,. The 
figure also shows the projection of the action distribution along one axis, given 
by the integral 

00 
X(&Z) = J -00 

(7.32) 

By virtue of the special properties of the gaussian, this is just the same as 
lo (7.9). In general it need not be. Such a projection corresponds to the energy 

distribution or the longitudinal current density profile of the bunch. It is not 
the shadow of the phase space distribution. The second equality in (7.32) holds 
only for rotationally symmetric distributions. 

7.5 LONGITUDINAL QUANTUM LIFETIME 

As we have seen, the quantum fluctuations make the equilibrium closed 
orbit unstable but * the radiation damping establishes a stationary distribution 
in the neighbourhood of the closed orbit whose tails decay rapidly to zero at 
large amplitude. However no account has yet been taken of how far out in 
amplitude we can go without meeting some boundary of the stable phase space. 
Such boundaries always exist and may be due to the vacuum chamber, the finite 
height of the RF bucket or nonlinear terms in the Hamiltonian which make the 
orbits unstable (dynamic aperture). 

Particles exceeding some limiting amplitude are therefore almost always lost 
rather rapidly; by continuity, therefore, the distribution function must vanish at 
the boundary. However it is clear from the Fokker-Planck equation that quantum 
diffusion will continually replenish the region just within this amplitude limit, 
resulting in a constant flux of particles out of the core of the distribution. The 
inverse of the loss rate, or quantum lifetime, is the time in which, by this effect, 
the total number of particles in the beam decays by a factor l/e. 

Separate loss rates are usually calculated in the radial, vertical and longitu- 
dinal phase planes. The total loss rate is the sum of all the individual loss rates. 
In terms of lifetimes, the net beam lifetime is therefore given by 

1 -= 
rb 

$+$+-&+... (7.33) 

where the dots indicate that we should add the loss rates corresponding to 

* Provided the damping partition number is positive. 
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other loss mechanisms. Clearly, the net lifetime is always less than the shortest 
individual quantum lifetime. 

The simplest method for calculating the longitudinal quantum lifetime ap- 
plies only when the loss rate is very small so that we can regard the equilibrium 
distribution as quasi-stationary in the sense that, over most of the stable phase 
space, the equilibrium form maintains but the overall normalisation constant 
of the distribution slowly changes because of the slow loss of particles. The 
arguments which follow are a simplified version of arguments which seem origi- 
nally to have been given by Chandrasekhar?3 A more detailed presentation of 
quantum and other lifetimes may be found in Ref. 77. 

To evaluate the lifetime, we analyse the balance which holds in an equilib- 
rium state with the help of (7.27). Like all others, this Fokker-Planck equation 
can be written in the form of a continuity equation 

where the particle current in action space can be split into damping and diffusive 
components: 

J&) = -2ciJ,F(I,,t) -2c~& aF(L, t) 
. aI 

z 
diffusion 

= &amp + Jdiff. 

(7.35) 

Observe that the damping component always constitutes a drift of particles to- 
wards the origin Iz = 0 while the diffusive component represents a tendency of 
particles to move away from regions where the density is higher. In an equilib- 
rium distribution extending to Iz = 00, the two components cancel each other 
exactly at every value of I=. 

Now suppose that the acceptance limit occurs for a value Iz = Imm. Al- 
though, by the quasi-stationary assumption, the cancellation of the two compo- 
nents continues to maintain for Iz < Ima, the balance is upset just below the 
boundary Imu. Here the diffusive current continues to push particles outwards 
while the compensating damping current of particles returning from Iz > Ima 
is missing.* 

The loss rate is therefore given by evaluating the diffusive current at Iz = 

* If the potential barrier at Ima does not fall away too sharply beyond Ima then there is 
some probability that particles which have passed to the other side may return to mingle 
with the survivors. This effect is usually neglected-but see ChandrasekharP3”’ 
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Imm in an equilibrium distribution, 

1 1 -= 7q.s Jdiff(lmax) = - J darnp:Imax, 
(7.36) 

where the second equality holds as a consequence of the Fokker-Planck equation 
as it applies in the absence of the boundary. The result is therefore 

(7.37) 

The second expression applies when the boundary is constituted by the RF 
voltage limitation, Emu being the bucket half-height. 

It should always be remembered that this result only applies in the case 
where the lifetime is very long compared to the damping time. This is not 
a serious restriction in practice since this is a minimal requirement for good 
beam storage. Moreover this formula will never mislead us-if it predicts a long 
quantum lifetime then the answer is a very good approximation and if it predicts 
a short lifetime the answer may be wrong but we can be sure that the lifetime 
is unacceptably short. 

7.6 MOMENT EQUATION FOR ACTION 

As an illustration of the technique of moment equations, we use the averaged 
Fokker-Planck equation (7.27) to calculate the time-evolution of the longitudinal 
emittance 

(Iz) = jmdL jrdXI.F(l,,x,t). (7.38) 
0 0 

Taking the first moment of (7.27) with respect to Iz and imposing periodicity 
in the phase, F(I,,O,t) = F(I,,2r,t), we find 

a d(1z) - -2ai, 
dt J J 

mdI z 2TdxI - [(-Iz + @:)F(Iz, x,t)] z ar, 0 0 
03 2r 

+ 21s~~; dIz J J dx Iz& [IzF(Iz, x, t>] . 
Z 0 0 

(7.39) 
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Integration by parts shows that the diffusion term does not contribute except 
through the spurious drift terms, and we find the moment equation for the 
longitudinal emittance (valid on time scales longer than a damping time) 

d(L) - = -2&g ((le) - a:) 
dt 

(7.40) 

The solution is very simple; supposing that (Iz) = 10 at t = 0, we have 

(Iz) = 10e-2”8t + f7,” (1 - eM2’st) . (7.41) 

This shows how the energy spread and bunch length will damp down to their 
equilibrium values determined by the balance between radiation damping and 
quantum fluctuations. Since we deal with the action which is the sum of the 
squares of these quantities, the damping rate is twice the damping rate of the 
phase space coordinates themselves. 

We should observe that the moment equation (7.40) cannot be obtained by 
naively averaging the stochastic differential equation for Iz given by (7.22) and 
(7.23) because, without the spurious drift terms generated from &I, we would 
not obtain the term containing irz in (7.40). This is a case where we have to be 
aware that our stochastic differential equations are interpreted according to the 
recipe of Stratonovich and the prescription (2.42) has to be used to calculate 
the evolution of expectation values. 

7.7 A MODEL OF INJECTION DAMPING 

The solution obtained in the previous section assumed that the oscillation 
phases were already completely mixed. As further illustration of the moment 
equation technique, let us show how we can extract further information from 
the stochastic differential equations for z and E. These include the oscillatory 
part of the time evolution. Specifically, we shall consider a simple model of the 
process of injection of particles into longitudinal phase space. 

Suppose that particles are injected into the RF bucket with the correct equi- 
librium energy for the storage ring but with some offset ha/R(&) with respect 
to the stable phase angle on the RF wave. Translated into initial conditions for 
the equations (7.1), we have 

& = 0, i?Z=‘?$) att=O (7.42) 
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Since there are no spurious drift terms to worry about, it is convenient to work 
with a single second-order stochastic differential equation equivalent to these 
equations: 

2 + 2&i + f-If2 = 2a,&i-@&t), 

where 

W)> = 0, (t(Wt’)) = qt - t’). 

Solving (7.43) formally as a driven oscillator equation, we have 

(7.43) 

(7.44) 

z(t) = zoe-‘et cos(i&t) 

t 
fL4GG 

+ n J t(r)e--6.(t--7) sin (f&(t - 7)) (7.45) 
9 

0 

= (Z(t)> + W), 

where the splitting into the expectation value of z(t) and its fluctuation is the 
obvious one. 

Taking the square of (7.45)) we have 

(z(t)2) = z~ew2’et [cos(f2,t)]2 

t t 

+ 
4cY&J,2 

fe JJ dr dp W-) UP)> 0 0 x e--ds(t-7)e-&(t-p) sin (n,(t - 7)) sin (fl,(t - Jo)) 

(7.46) 

Combining the trigonometric functions, neglecting a small correction to the 
frequency due to the damping and evaluating the single integral which remains 
after using the Markov property (7.44), we finally obtain 

(z(t)“) = iziem2’et (1 + c0s(2R8t)} 

+i3z{l-es2aet (I+$)} 

fi; +azzn;qe -28et cos(2!-l,t) 

+ az!$e-2het sin(2n,t) 
8 

This solution has the properties that we expect: 

(7.47) 

(7.48) 



and, with the solution for the bunch centroid (z(t)) contained in (7.45) we have 
a complete description of the time-dependence of both the centre of gravity of 
the bunch and the r.m.s. bunch length. The centre of gravity behaves like an 
oscillator with frequency n, and damping time i-E. Since the first term in (7.47) 
is just the square of this solution, the time-dependent r.m.s. bunch length, 

(4t)“) - (4tD2 7 (7.49) 

is given by the three terms proportional to the equilibrium value a:. Starting 
from zero at t = 0 this gradually grows until the natural bunch length is attained 
with the centre of gravity at the value of z corresponding to the stable phase 
angle. 

It is tedious, but not difficult, to extend this solution to cover more general 
initial conditions than (7.42). Th is is one way to derive the fundamental solution 
and Green function of the Fokker-Planck equation. 

Since we used the linear approximation to the RF potential well, this solution 
does not apply, of course, to initial conditions lying outside the RF bucket. The 
corrections which have to be applied to take account of the nonlinearities inside 
the bucket are not too important since the bunch rapidly damps down to small 
amplitudes. However, if the initial condition lies too close to the separatrix 
there may be some loss of particles and a consequent inefficiency in the injection 
process. 

In the usual mode of beam accumulation in e+e- colliding beam rings or 
synchrotron light sources, small amounts of charge are injected one at a time 
from the injector linac or synchrotron. Each such packet damps down to join the 
main bunch circulating around the equilibrium orbit according to the solution 
we have derived. 

In reality the coherent damping rate of the phase oscillations of the centre- 
of-gravity of the main bunch will often be different from the radiation damping 
rate given here because of collective effects 82,83,84 such as Robinson damping, 
head-tail damping or Landau damping which are beyond the scope of these 
lectures. This is not the case for the damping of small injected bunches towards 
an accumulated bunch containing the bulk of the particles. 

Finally we should also mention that injection into betatron phase space 
is often used as an alternative to the injection into synchrotron phase space 
described here. The mathematics is similar. 
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7.8 CORRELATION FUNCTIONS OF DYNAMICAL VARIABLES 

We can extract even more important physical information from the solution 
(7.45) of the stochastic oscillator equation (7.43) by forming the correlation 
function 

(z(t)z(O)) = 20(2(t)) = $e--6~t cos(R,t). (7.50) 

This shows how the initial phase and amplitude coherence of particles in the 
injected bunch are lost with a time constant equal to the damping time. This 
property is quite general and forms the basis for many arguments concerning 
how long particles “remember” their initial oscillation phases and amplitudes. 
For example one may argue that, in nonlinear orbit tracking studies, it is not 
meaningful to track particles for much longer than a damping time. 

It is left as an exercise for the reader to generalise (7.50) to a general initial 
oscillation phase (E(O) = ~0 # 0). A s a further step one can then average the 
initial conditions eo, ze over the stationary distribution to find all the two-time 
correlation functions of E and z in the equilibrium state of the bunch. 

7.9 QUANTUM FLUCTUATIONS IN RADIAL BETATRON PHASE SPACE 

Since it will turn out that the effects of quantum fluctuations in radial beta- 
tron phase space are quite analogous to longitudinal phase space, we shall limit 
ourselves to deriving the Fokker-Planck equation in action-angle variables and 
deducing the formula for the equilibrium emittance. The other results and tech- 
niques discussed in the previous sections can then be applied, with appropriate 
substitutions, to the betatron oscillations. 

We have already studied the deterministic parts of the equations of motion 
(5.55), which 1 e d us to the radiation damping effects. It only remains for us to 
evaluate the fluctuating parts of the radiation terms. We can make the same 
approximation as before, neglecting the higher order terms in S,, to find 

fit = ,/GPoc~G(~)~~‘~E(,), 

For the sake of brevity, we shall not display the expressions for the Fokker- 
Planck coefficients before the final application of the averaging method. Since 
the algebra begins to get tedious, it is best to use a computer algebra program to 
obtain these terms, particularly when higher order approximations are desired. 
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After averaging and making the smooth approximation, we find the equa- 
tions of motion in the standard form 

ti; = K~,(tiz,L) + Q&bz,L)I(s), 
I,I = KI(~LL) + Q~(~zJz)~(s). 

(7.52) 

From these, after smoothing, averaging and neglect of higher order terms, we 
obtain the coefficients of the Fokker-Planck equation 

+ a$ [Q$F(L,YO] . 
2 

(7.53) 
Here, the averaged drift terms are 

D I =K +laQI I 2~QI+;~Qtb=-~(Iz--r,)+..., 
2 A 

important 
again! 

(7.54) 

J-) =K +taQ$ 
* rl, 2ar9’+;$Qg=2+..., 

z 2 

and the diffusion terms are 

Of= 4Jz~dz c +..., 
&I&G = {oscillating terms only}, (7.55) 

JZQIZCE Q$= cI +..., z 

The analogy with (7.25) and (7.26) is obvious. We pause only to note the 
definition of the beam emittance in the radial plane 

(7.56) 

This, of course is very closely comparable to (7.10)) the only differences being the 
replacement of JE by the radial damping partition number and the replacement 
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of the synchrotron integral I3 by 15. The definition of I5 in Table 1 uses the 
function 

w = GtM2 + uwS(~) + ~Z(4~(4)2)lLL(4. (7.57) 

As a function of the dispersions v and < this is identical in form to the expression 
of the action variable Iz in terms of zp and pp. 

Finally let us record the form of the averaged Fokker-Planck equation for 
betatron oscillations in smooth approximation 

dF 
72~ = --& [J&L + c,)F] + zafoz+r$$ 

z . 4 . / 
damping of emittance phase advance 

+ 2J,s,-+F) + s , 

emittance diffusion phase diffusion 

which, just like (7.28), has the stationary solution 

Fo(I,) = $exp -4 . 
( > 

(7.58) 

(7.59) 

The most important physical consequence of this is the formula for the equi- 
librium beam size (in real space) which contains components arising both from 
the distribution in synchrotron oscillation amplitudes and betatron amplitudes. 
Taking the expression for z from (5.6), we first find the expression for the mean 
horizontal position of the beam 

(4 = (q? + 643 + ?I&) = q& (7.60) 

and then the mean-square beam size 

(x2> = (x;) + (SE2> 
=u zp + f2, (7.61) 

= P&z + q2u:. 

The r.m.s. beam size in the radial direction at a given point in the storage ring 
therefore depends on the optical functions q and pZ as well as on the values 
of both the energy spread and emittance determined by the balance between 
radiation damping and quantum fluctuations. 

95 



8. THE VLASOV EQUATION 

In the preceding sections we have been considering statistical phenomena 
in electron rings which arise due to randomness in the equations of motion of 
single particles. We underline the contrast with Gibbsian statistical mechanics, 
where a statistical description becomes necessary because of the sheer number 
of particles-not because of any intrinsic randomness in their dynamics; the 
equations of motion are known differential equations although their solutions 
may still exhibit all the properties of random functions. 

In accelerator physics we consider beams whose intensity may become so 
high that it is no longer valid to neglect the influence of the particles upon each 
other. It is then that the theory of collective phenomena comes into play and 
tools like the Vlasov equation are required. 

The Vlasov equation describes collective effects of many particles on a given 
particle in terms of the evolution of a one-particle distribution function which 
is a reduced description of the complete N-particle distribution function. The 
solution of this equation is a subject of the lectures on collective phenomena 
in this School82 and elsewheref3 Our purpose in this chapter is rather to lay 
the statistical mechanical foundation for these discussions and to clarify the 
relations and differences between the different kinetic equations (Fokker-Planck 
and Vlasov for example) that are encountered in the literature of theoretical 
accelerator physics. 

8.1 MANY PARTICLE SYSTEMS 

In Chapter 2, we described the exact state of a single particle by means 
of the Klimontovich phase space density. Now we have to make the obvious, 
if somewhat daunting, generalization from the 6-dimensional phase space of a 
single particle to the GN-dimensional phase space of a system on N particles. 

Let the state of the system at time t be given by the set of N single particle 
coordinates {X,(t), . . . ,XN(~)} which, by analogy with (2.1), evolve according 
to some equations of motion of the form 

%@) = K(Xi,t) + xL(&,Xj,t) + Q(X$)E(t), for i = 1 ,...N. (8.1) 
i#i 

Here, as before, the function K(X,t) describes the deterministic external fields 
acting on a particle at point X in phase space; these include the magnets, RF 
cavities and electrostatic devices that exert external electromagnetic forces on 
particles in an accelerator or storage ring. It also contains the average compo- 
nents of dissipative forces like radiation damping or energy loss by scattering on 
residual gas in the vacuum ch,amber, multiple scattering as a beam traverses a 
foil, and so on. 
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The effects of random forces which act on one particle independently of any 
other are taken into account by the function Q(X,t). Our primary examples in 
this category were the quantum fluctuation effects but fluctuations in the other 
dissipative effects may also be important. 

The new ingredient in (8.1) is the function L(Xi,Xj, t) which describes two- 
body interactions of individual particles in the beam with others. Since the 
average quantities which result from the statistical analysis will be required to 
provide self-consistent calculations of the parameters of the beam as a whole, 
the equations of motion (8.1) h ave to include all the necessary coupling effects 
between every pair of phase space coordinates Xi and Xi. Each Xi(t) feels 
the influence of every one of the other particles with the appropriate strength. 
Such forces are mainly direct Coulomb (space charge) and other electromagnetic 
interactions like plasma effects or two-particle scattering. These interactions 
may be modified by boundaries (wakefield or impedance effects), or external 
agencies (feedback systems, stochastic cooling, etc.). 

8.2 PHASE SPACE DENSITY 

Thus, the appropriate exact microscopic phase-space density for a system of 
N particles is 

3(X; t) = $ c N6(X - Xi(t)), 
i=l 

(8.2) 

where, in analogy with (2.1), (X,(t), . . . , Xiv(t)) denotes the solution of the 
equations of motion (8.1) f or some given initial conditions. 

It should be carefully noted that (8.2) is a function on a 6-dimensional-not 
a 6N-dimensional-single particle phase space. The difference from (2.3) is that 
now there is a swarm of N b-function points moving around in this space under 
the influence of their mutual interactions. 

Now the continuity equation takes the form 

atF(x,t) + vx - [K(X,t)3(X,t)] + Vx. [Q(X,t)[(t)3(X,t)] 

+vx- / ~‘qX,X’,t)3(X,t)3(X’,t) (8.3) 

= 0. 

Again, this microscopic Liouville-Klimontovich equation contains too much 
information for us to cope with. To clarify the following, let us leave out the 
noise terms Q and concentrate on how we can deal with the two-body inter- 
action terms. 
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Instead of averaging over all realisations of a random function, let us now 
average over the Liouville distribution. This is an ensemble of systems which 
give rise to identical macroscopic averages. With respect to this average, we can 
define the one-particle distribution function 

rlw) = (3(X4). (8.4 

and hope that it may be a smooth function for which we can derive an 
autonomous equation of evolution in some approximation. Unfortunately we 
cannot average (8.3) directly since the average of the product of two microscopic 
distribution functions 3(X, t)3(X’, t) would appear in the two-body interaction 
term. 

To deal with this obstacle, we calculate the appropriate average as follows: 

(3(X,t)3(X’,t)) = 
( 

$~6(X-X’(t))~6(XreXj(t)) 
i=l j=l > 

= $~(6(x-x’)6(x-xi(t))) 
i=l (8.5) 

+ -I$ 5 (6 (X - Xi(t)) 6 (X’ - Xj(t))) 
i#j=l 

= +X’)fi(X,t)+fi(X,X’,t) 

where, in the double sum, we separated out the terms with i = j. The two- 
particle distribution function, fi(X,X’,t), is defined by this relationship. 

8.3 TWO-PARTICLE CORRELATIONS 

The decomposition (8.5) may be substituted into the average of the Liouville 
equation (8.3) to obtain 

WI(W) + Vx - [K(W)fi(W)] _ 
=-vx. 

l s 

dX’L(X,X’# (x -x’) fr(X,t) 
d 

=0 by symmetry 

-vx- 
/ 

dX’L(X,X’,t)fi(X,X’,t) 

(8.6) 

which is known as the first equation of the BBGKY hierarchy, the acronym 
standing for the names of Born, Bogoliubov, Green, Kirkwood and Yvon. 
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It is customary to decompose fz(X,X’, t) into a part which is simply the 
uncorrelated product of two one-particle distribution functions and a part which 
contains all the information about the correlations: 

f2wc~) = fl(w)fl(X’,t) + g2(X,X’,t). (8.7) 

The new function g2(X, X’, t) is called the two-particle correlation function. 

8.4 THE VLASOV EQUATION 

Substitution of (8.7) into (8.6) leads to 

atfl(XJ) +Vx-[K(W)fi(X,t)] = -~,~~dX'~(x,x',t)f~(x,t)fi(X',t) 

-vx. J dX’L(X,X’,t)sa(X,X’,t) P-8) 
If g2 is neglected, this becomes the Vlasov equation: 

m(w) + vx- [K(W)fi(W)] = -vx- J~‘~(x,x’,t)fi(x,t)fi(~‘,t) 

(8.9) 
The interpretation of the left-hand side of this equation should be familiar by 
now. It describes the so-called “free-streaming” or evolution of the single particle 
distribution due to the direct action of external fields. In electron rings it also 
includes the radiation damping effects. Exactly the same terms appeared earlier 
in the Fokker-Planck equation. 

The term on the right-hand side is new and is known as the Vlasov or self- 
consistent field term. It describes the additional evolution of fr(X, t) due to 
the average field of all the particles in the system acting back on themselves. 
The strength of this field depends on fr (X, t) itself with the result that (8.9) 
is second-order in the single-particle distribution function. The L appearing 
in the integral ensures that the particles at position X’ act on the particles at 
X with the appropriate strength according to the two-particle coupling term 
which appeared in the many-body Hamiltonian or the equivalent equations of 
motion (8.1). 

Looking at it this way, it may appear that this is all one has to include. 
However we must not forget that the Vlasov equation only includes the force 
acting on the average value, fr (X, t) of the particle distribution at X due to 
the average value fl(X’,t) of the distribution function at X’. In representing 
the dynamics by the Vlasov equation one completely neglects the possibility 
that the presence of a partic1.e at X may be correlated with the presence (or 
absence) of a particle at X’. For example we know that when two particles 
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approach sufficiently closely a two-body scattering event will occur. Such effects 
introduce correlations between the phase space coordinates of pairs of particles 
and are precisely those which we neglected in dropping the last term of (8.8). 

From this, and from the fact that there is no difficulty in incorporating 
radiation damping into it, it should be clear that the Vlasov equation is both 
physically and logically distinct from Liouville’s theorem. It should also be 
clear that, had we carried along the noise terms from (8.1), we should by now 
have an equation containing both the Vlasov self-consistent field and the Fokker- 
Planck diffusion terms to describe quantum fluctuations. Fortunately, it is rarely 
necessary to attempt to solve this combined equation since the characteristic 
rise or damping time scales of the instabilities described by the Vlasov term are 
generally so much shorter than the radiation damping times that the phenomena 
can be treated separately. Indeed the starting point of instability theory is often 
to assume that a stationary distribution has been established by the radiation 
effects and then to examine how the growth or decay rates of small perturbations 
of this equilibrium are influenced by the collective forces. 

In plasma physics, the Vlasov equation describes the collective Coulomb 
interaction of a charged plasma with itself and much of that subject is devoted 
to the analysis of the consequences of this interaction. In accelerator physics, on 
the other hand, the Vlasov equation appears mainly in the context of single-beam 
collective effects where the dominant interaction force arises not from the direct 
Coulomb (or “space-charge”) forces but from the electromagnetic interaction of 
the beam with itself via its environment. This makes it much harder to write 
down an explicit expression for the interaction operator L. This now depends 
on the solutions of Maxwell’s equations for an arbitrary charge distribution 
traversing the various structures (RF cavities, separator tanks, vacuum chamber 
non-uniformities, etc.) which compose the beam’s environment. 

In practice the interaction operator is represented either in terms of wake 
fields (or potentials) or, when one works in a Fourier representation (“frequency 
domain”), in terms of impedances. Further discussion of this topic84’83 is beyond 
the scope of these lectures 

8.5 CORRELATION EFFECTS AND BBGKY HIERARCHY 

Going beyond the Vlasov approximation of neglecting the correlations among 
particles, one can derive the second equation of the BBGKY hierarchy which 
would describe the evolution of g2 (X, X’, t) in terms of the three-particle corre- 
lation function gs (X, X’, X”) and so on. Clearly some means has to be found 
to truncate the infinite chain of coupled equations. One approach, pioneered by 
Bogoliubova’ is to express the higher order correlations as functionals of the 
lower order ones. Thus, for example, one can try to express the two-particle 
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correlation function as a functional of the one-particle distribution function: 

g2(XX’J) = G[h;X,X’,t]. (8.10) 

This ansatz is known as Bogoliubov’s synchronization hypothesis. It assumes 
that, on the short time scale during which the direct pair interaction takes place, 
one may reasonably approximate the collision integral in (8.8) in terms of fr; in 
this way it becomes a closed equation for fi: 

atfl(X,t)+Vx[K(X,t)fi(X,t)] = 
- vx ~~‘L(X,X’,t)fl(x,t)fl(X’,t) 

Vla.soV term 

-vx 
J 

fl’L(X,X’, t)G(fi(X, t), fi (x’, t)) 

(8.11) 

v ~~ 
collision term 

In the kinetic theory of dilute gases44’85 it is reasonable to keep only those 
terms which are of first order in the density. Then the Vlasov term vanishes and 
(8.11) becomes the famous kinetic equation of Boltzmann. For the case of weak- 
coupling or, equivalently, in the small-angle scattering approximation, it reduces 
to the Landau equation 44,26 (sometimes known as the Fokker-Planckequation- 
see Section 2). In plasma theory, one can include frequency-dependent dielectric 
screening of the Coulomb interaction through the plasma dielectric function 

44’26 and obtain the Balescu-Lenard-Guernsey equation. This also reduces to the 
Landau equation (with static Debye screening) in the low frequency limit. 

In the context of particle accelerator theory, it should be possible to derive 
kinetic equations analogous to Boltzmann’s which would describe the intra-beam 
scattering effect. To the writer’s knowledge, this theoretical program has yet 
to be carried through although alternative theories of intra-beam scattering are 
available?7’86 For electron storage rings at low energy (where this effect is im- 
portant) it may be necessary to include terms of the Fokker-Planck type in the 
same equation in order to describe the radiation effects. The equilibrium emit- 
tances will be determined by a balance between radiation damping, quantum 
fluctuations and blow-up due to intra-beam scattering. In proton rings above 
transition energy there is an inexorable blow-up which can only be countered 
by stochastic cooling. 
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Fig. 3 A realisation of Px(s)  

A typical realisation of Px(s) ,  obtained by simulation, is shown in Fig. 3; 
the parameters are such that the expectation value of the number of photons 
emitted in one revolution period is 

NX(S)TI = 1000 (3.27) 

Counting the peaks, we find 1049 in this realisation, a 1.550 deviation. In 
preparing the figure, T~ was been taken to be fixed and equal to  the width of a 
line on the printer so that the distribution of the heights of the peaks, displayed 
in units of the critical energy uc, is given by the function fx(u;s) defined in 
(3.16). It is worth remarking that, although half the energy is carried away by 
photons with u > uc, there are few such photons. In fact 91% of the photons 
have u < u, and 50% have u < 0.1 uc. 

3 . 4  DISTRIBUTION OF PHOTON EMISSION TIME 

Let Pr(n, s) denote the probability that n photons are emitted in an interval 
of azimuth (0,s). Suppose that the emission rate per metre, N x ( s ) / c  = N x / c  is 
constant, ;.e. there is no significant variation of momentum p or magnetic field 
B. Then, for a sufficiently small step As (the probability of 2 photons being 
emitted in As is supposed to be negligible), we can write the probability that n 
photons are emitted in (0,s + As) as the sum of the probabilities that 

u)  n are emitted in (0, s) and none in (s, s + As), and 

b) n - 1 are emitted in (0,s) and 1 in (8,s + As). 
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