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ABSTRACT

Local Lorentz and gauge anomalies in the sigma model describing the prop-
~ agation of the heterotic string in an arbitrary background field is discussed in
the superspace formulation. An expression for these anomalies is written down
in terms of the superfields, and is shown to cancel against an anomalous varia-
tion of the antisymmetric tensor field. World sheet supersymmetry.is manifest

throughout this analysis.
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In a previous paper[1] we analyzed local gauge and Lorentz anomalies in
the o-model describing the propagation of the heterotic string in an arbitrary
background field. The analysis was done in the component field language, and
it was shown that the gauge and Lorentz invariance of the sigma model! could
be restored by adding suitable counterterms to the Lagrangian. Although these
counterterms are not supersymmetric by themselves, it was shown that to one

loop order the full effective action remains supersymmetric.

In this paper we shall repeat the analysis using superfield formulation|[2].
Although superfield formulation has been used extensively to study anomalies
in supersymmetric gauge theories[3], to our knowledge it has not been directly
applied to study o-model anomalies[4]. In this formulation, we always maintain
explicit supersymmetry. As we shall show, there is a supersymmetric extension
of the local gauge or Lorentz anomaly in the sigma model. This term may
be expressed in terms of superfields, and hence may be regarded as gauge (or
Lorentz) variation of some manifestly supersymmetric non-local effective action.
This action differs from the standard expression for the anomalous action, written
in terms of the component fields, by a local counterterm, which is precisely the
- counterterm which was added by hand in Ref.[1] in order to restore local gauge
and Lorentz invariance, as well as supersymmetry invariance. We shall also show
that this anomalous variation of the effective action may be cancelled completely
by redefining the transformation laws of the antisymmetric tensor field under

local gauge and Lorentz transformations|5].

The dynamical fields in the first quantized heterotic string in the light cone
gauge are the eight bosonic coordinates X*, eight left-handed Majorana-Weyl
fermions A%, and thirty two right handed Majorana-Weyl fermions 9*. Let us

introduce thirty two auxiliary scalar fields F*, an anticommuting parameter

—1 Here by local gauge and Lorentz transformations we mean certain transformations on the
parameters of the o-model, as given in Eq.(5). Invariance under these transformations

implies that the theory remains unchanged if we change the parameters of the o-model as
in Eq.(5).



and define the superfields,
®' = X' + 4
| (01)
A =4° +0F°
If 7, 0 denote the variables labelling the string world sheef, we define,

1
0+ = —(0; + 8,)

V2 (02)
D = (9, +i68_)

The action for the heterotic string in an arbitrary background metric Gij(z),

antisymmetric tensor field B;;(z) and gauge field AM(z) is then given by[5—7]

1 ) . ‘
5= Ira / dodrd§ [ — i(Gi;(®) + B;;(®)) D9'0, @’
(03)
— A°(i6D + 4Y(2)(TM) . DF?) A’

Since we are working in flat two dimensional space-time, the action does not
depend on the background value of the dilaton field ®P. In this theory, such a
background value of the dilaton simply corresponds to the freedom of adding a

term proportional to (8,8p — 6,50%)®P to the stress tensor, as shown in 8]

Expanding (3) in terms of the component fields and eliminating the auxiliary
fields F'* by their equations of motion, we may recover the component field La-
grangian for the heterotic string theory in arbitrary background field[5—7]. Let

us introduce the vielbein fields e?(z) satisfying,

Gij(@) = e2(a)el () (04)
and define local gauge and Lorentz transformations on the background fields as,

— 6AM(z) = 3;0M(z) + fMNP AN (z)0P (z)
(05)
Sef(z) = ©%(z)el(z)
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where fMNP is the structure constant of the gauge group, and ®M and ©2 are
the gauge and Lorentz transformation parameters respectively. The classical ac-
tion (3) is invariant under these transformations provided we transform the fields
¥ and F accordingly. Quantum mechanically, however, these transformations are
anomalous. If we carry out the calculation of the effective actiomusing superspace
perturbation theory[2], the final result will be expressed in terms of superfields,
and hence will be explicitly supersymmetric. As a result, any variation of the
effective action under local gauge and Lorentz transformations defined in Eq.(5)
must also be expressed as a function of the superfields. We propose the following

form of the variation of the effective action under these transformations:

6Sefs = _SLW / drdodf [D@M (8)0;0' AM(8) — AM(®)Do'0, 0M (D)
(06)
— DO® ()W (8)d, &' + wi () D9, 0% (D)

where w is the spin connection constructed from the vielbeins e}. To show that
this is indeed the correct expression, we expand it in terms of the component

fields. For simplicity we shall display only the part involving ®™. The result is,

6Sess = é—l; / drdo [eaﬁBQGM(X)Af"I (X)9p X"
(07)
—i(0;AM8,0M + 9, AM0,0M + 9, AM8,0M) A N 9, X*

The first term in (7) is the standard expression for the gauge anomaly,

whereas the rest of the terms may be written as,

Bgauge 75— s (A)ijk X' X 04 X (08)
where,
Q3(A)iji = SAYF + 5FMNP AN AY Af) (09)

is the Chern-Simons three form. Thus the expression for the gauge anomaly given

in (6) takes the standard form plus the gauge variation of a local counterterm
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given in (8). Note that this is precisely the term which had to be added by hand

in Ref.[1] in order to restore local gauge symmetry and supersymmetry.”

A similar analysis shows that (6) also gives the standard component field
to

the addition of a local counterterm like

»-c’_\

expression for Lorentz anomaly, u
\5), with A replaced by

w.
had to be added by hand in Re f.[1] in order to restore local Lorentz symmetry.

With the form (6) for the total gauge and Lorentz anomaly, it is easy to show
that this anomaly may be cancelled by redefining the transformation laws of the

antisymmetric tensor field B;; as,
§By; = —;a'(8,0M A} — 8;0%w]) (010)

Indeed, the variation of the classical action (3) under this transformation law of

B is given by,
—/dadrda [3[1®M(¢>)A]]( ) — 6[,-6“"(@) Wi (<I>) D®'9, &7 (011)

- which exactly cancels 6S,¢; given in (6).

We shall conclude by discussing the possible ambiguity in defining the
anomaly given in (6). If TiM and Ti“b denote arbitrary gauge and Lorentz co-
variant vector fields, the expression for anomaly may be modified by changing
Af” to AM + TM and w® to w? + TP [1,9]. Consequently the transformation
laws of the field B;; must also be modified. Modifying the expression for anomaly
in this way is equivalent to adding a local term to the effective action of the form,

0 / dadrdo[:r{.‘l(@) AM(3) - T (@)w?(2)| DBi0, 8  (012)

7] “i)

This term, however, may be absorbed into the definition of the antisymmetric

*x The coefficient in front of {13 in Eq.(8) i$ different from that given in Ref.[1] by a factor of
2 due to a different choice of normalization of the fields A*.



tensor field B;;. If we define,

. a,
B}, = B + T(Aﬁ.fT!}J — Wi TH) (013)

J 7}
then the new action, expressed as a function of Gi]-,'/Bi’]-- and _Af-\'! will look the

same as the original action.

In fact, since Eq.(3) describes the most general renormalizable lagrangian
invariant under N = % supersymmetry up to a wave-function renormalization of
the superfields A®, any supersymmetric local counterterm added to the lagrangian
may be absorbed into the definition of various coupling constants Gyj, B;; and
Af-” of the o-model. Hence there is no ambiguity in defining the theory, and
we may try to obtain unambiguous answers to various related questions, e.g.
the criteria for the vanishing of the two (or more) loop S-functions, the criteria
for the model to have extended (2,0) supersymmetry, etc. This will resolve the
ambiguity recently discussed by Strominger[10], and tell us if the manifolds with
torsion, recently discussed in Refs.[10, 11] are indeed consistent manifolds for
string compactification. It will also be interesting to see if the analysis given
- in this paper can be applied to the analysis of anomalies in the Green-Schwarz

version of the heterotic string coupled to background fields[12].
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