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Abstract

This is an elementary introduction to the classical and quan-
tum mechanics of a single bosonic string, and to some aspects
of its supersymmetric and heterotic extensions.

1. Introduction

This last year we have witnessed a dramatic revival of interest in string the-
ories. It followed the remarkable observation of Green and Schwarz," that gauge
and gravitational anomalies miraculously cancel in a theory of open and closed

- superstrings with SO(32) as the gauge group. Here, then, is an aesthetically pleas-

ing theory with a rich enough spectrum to potentially encompass all known phe-
nomenology (including gravitational interactions),[” and for which no one has yet
been able to demonstrate an inconsistency. We might, in particular, for the first
time have a consistent theory of quantum gravity. This should by itself suffice as
motivation to further pursue this mathematically rich and largely unexplored di-
rection. It’s nevertheless, fair to say that not only the phenomenological merits,"™

but the very predictive power of string theories ! remains at present questionable.

In these two lectures I will discuss the most elementary and old-fashioned
aspects of the classical and quantum dynamics of a single string. Rather than
a review, I would call it a preview of the several thorough reviews that already
exits.*™ My hope is to demystify some of the most common buzz words of string
theory, in preparation for the more technical talks during the last week of this
Scheol. In Section 2 I discuss the classical dynamics of a bosonic string. In Section 3
I discuss its quantization, and the emergence of a unique critical dimension of space-
time. Finally in Section 4 I briefly consider its supersymmetric extensions, including
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2. Classical Relativistic String

the heterotic strings,' and the emergence of two unique gauge groups. This is the
only material in these notes that is less than ten years old.

{10}

The classical trajectory followed by a free relativistic particle from (space-
time) point A to point B is obtained by extremizing an action-functional over all
possible time-like curves z#(7) between A and B (see Fig. 1). The simplest choice

for an action is the geometric length of the trajec’t.oryT

b odp.\ 12
- —m / dr dzt dz,
dr dr
which is invariant under arbitrary reparametrizations z#(r) — z#(7(r)). Partic-
ularly convenient is the unii-speed parametrization where (dz*/dr)(dz,/dr) = 1,
and the equation of motion takes the simple form
d?zH
dr?

showing that the classical trajectory is a straight line. Such a parametrization is
always possible, provided the trajectory is time-like, that is (dz*/dr)(dz,/d7) > O
everywhere.

By complete analogy we can derive the classical mechanics of a freely moving
relativistic string by extremizing the invariant area of its trajectory,""” which is now
a two—dimensional “world-surface” z#(0,7). In what follows we shall also use ¢°
and ¢! in place of 7 and o respectively. The world surface is locally approximated
by a Minkowski plane spanned by a time-like vector z# = dz*/8r and a space-like
vector z'¥ = dz# /80 as shown in Fig. 2. The distance squared between two points
on the surface with coordinates ¢* and ¢ + d¢®

dztdz, = (8a1*8pz,) d¢® d¢f = gap(s) d¢® dgP

which defines the “induced-metric”

22 z.z

Using elementary Minkowski geometry we can calculate the area of the infinitesimal
parallelogram of Fig. 2:

_ t Our convention for the spacc-ti:== metric n*¥ is (+1,-1,...,-1).
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Fig. 1. Typical trajectory Fig. 2. A typical string trajectory. It can
of a point-particle, over which be locally approximated by a Minkowski
the action should be mini- plane spanned by u, = z#dr and u, =
mized. The velocity dz#/dr z'tdo.

must lie everywhere in the -
forward light-cone.

Area (us,ur) = |u¢||u,|sinh 8 = |us||us;| Vcosh?8 —1
= [(u,, . u1)2 - uczr ug] = (—det 9)1/2 do dr

The Nambu action™" for the string is proportional to the total area of the world

surface

4T

S = 1 / do dr (—det g)l/2 (2.2)

where a is called the Regge slope, has dimensions of area and we shall here set it
equal to 1/2. That det g < 0 is guaranteed by the fact that the surface is everywhere
time-like.

The Nambu action is invariant under non-singular reparametrizations of the

surface
. _ ¢\ [ a¢d
=50 5 o= (55) (5) o

We are thus allowed to impose two gauge conditions, or functional constraints; a
particularly convenient choice is to make the tangent vectors £# and z'# everywhere
orthonormal up to a scale factor:

iz, =0 (2.3a)
i’ + 2 =0 (2.3b)



so that the induced metric becomes conformally flat

1 0
gap=a':2' (0 1) Ee¢-naﬁ

We shall refer to Eqs. (2.3) as the (Lorentz) covariant gauge. In terms of ¢ =
(¢° £ ¢!) we can rewrite them as:

(0+z)2 = (0-2)t =0 (2.4)

which makes it clear that they leave a residual invariance under reparametriza-
tions of the form ¢t — ¢{*(¢*) and ¢ — ¢ (¢7). In Euclidean parameters
(¢ — 40, ¢t = 2, ¢ — Z) this residual symmetry is the conformal groups of
all menomorphic (and antimenorphic) transformations.

Now using Egs. (2.4), we can rewrite the Nambu action

e

1 B .
§=-1 / de* de=(942%)(9_z,) (2.5)
so that the string coordinates z# satisfy the simple wave equation
>6+6_x“ =it—2""=0 (2.6)

In what follows we will restrict ourselves to closed strings, meaning that the z* are
periodic in o with a period that we set equal to 7. For open strings the requirement
of a stationary action would have lead to the edge condition z'#| wniag = 0.

endpoints

Now the most general solution to the wave Eq. (2.6) on a periodic0 <o < 7
strip is

ot =g¢* + P* -1+ Z # ab e~ %n(r=7)
n#£0
2.7)
T .. o
+Z 5 gk e 2in(r+0)
n#0

where g# is the initial center-of-mass position of the string, P# = % foﬂ do z* is its
conserved total momentum (as can be easily seen by using the Noether theorem
for an infinitesimal translation), and the amplitudes of the left- and right-moving
modes obey the reality conditions:

ot =al, 5 &t =gk,
It still remains to make sure that the gauge conditions (2.4), which have been used
to arrive at the wave-equations of motion, are satisfied. After some straightforward



- algebra, they can be written in the following form:

1 [o ¢)
Ly = -3 Z ay_, Gny =0 (2.8a)
n=—00
. 1 <
In=—3 n;w & Gnu =0 (2.8b)

where aff = @5 = %P“.

Conditions (2.8) play a central role in the theory of strings. To better under-
stand their meaning, note that Ly is the generator of the infinitismal menomorphic
transformation™

z—z+ey 2N (2.9)

which leaves the free-field agtion (2.5) invariant. This can be checked directly by
use of the Noether theorem. A less direct, but useful for what follows method, is
to show that the Ln’s obey the infinite dimensional algebra of the two-dimensional

conformal group. Indeed, the canonical Poisson brackets for the free field theory
(2.5) read

{P*(0,7), x"(a’,r’)}lr___r, = —nt.§(0c - o) (2.10)

where PH = ——% = %a’:"' is the momentum density. These can be equivalently
rewritten in terms of the normal-mode oscillators:

{a¥, a,} ={ak, a5} =—-in* -n -bp_n (2.11a)

{PH, ¢"} = —n* A (2.11d)
Thus, for any two functionals A and B of the string coordinates, we have

dA 8B 94 aB+iZn 24 0B
dq¢ 8P, 0Pk dq, 90 8a_uy

{B,A} =
: n#0

. 0A 0B
+1 N =5 o=
nZ;éo dal Bd_ny

One can then easily deduce that

{Ln,Lp} =4%(N - M)Lnim (2.12)

with a similar expression for the Ly. That this is indeed the algebra of the conformal

* We jump from the Minkowski to the Euclidean notation freely, as this should cause no cenfusion.



~ group follows by commuting two infinitesimal transformations of type (2.9)

_ ((z + eMsz’l) +en (z + eMzM+1)N+1)

o M+1
- ((2+ 5N2N+1) I (z+ eNzN+1) )

= enem - (N — M)2NTMHL 4 o(¢%)

We can now understand the meaning of conditions (2.8). The string coordi-
nates can be made to obey the conformally invariant wave equation in two dimen-
sions; since however this conformal invariance is part of the original reparametriza-
tion invariance (s.e. gauge symmetry) of the string, it can have no physical meaning.
Thus, its generators Ly an'd‘j{ N must be set equal to zero. Note in particular that
Lo=io=Oleads to : i T

1 .
_§P2=Z an-a’,';=z Gy - G (2.13)
n>0 n>0

which expresses the effective mass of the string in terms of the amplitudes of oscil-
lation modes.

It is of course possible to solve the conditions (2.8) explicityly, or, put differ-
ently, to completely fix the residual invariance under conformal parametrizations,
- by setting the parameter 7 proportional to some string coordinate

n* z,=(n:P)r (2.14)
It is convenient to choose a light-like vector

1
n*=_— (1,-1,0,...,0)

V2

and the notation A* = 715(‘40 + A') and A= (A%, A3,...,AP-1) = {4"} for any D-
vector A*. Then the only independent degrees of freedom of the string are ¢—, Pt
and the “transverse” oscillators af, and &, (including af) = & = $P*) since

gt =at=at=0 forn#0 (2.15a)

and the conditions (2.8) yield

ay = B EN—n * @n (2.15b)



. 1 X 2
iy = 5% Z GN-n " an (2.15¢)

n=—00

Note that by setting N = 0, we find that only transverse oscillations contribute to
the effective mass. Equations (2.15) together with (2.7) give a complete description
of the classical dynamics of a relativistic string.

3. Quantization: The Critical Dimension

As is well known, the symmetries of a classical system are not automatically
preserved upon quantization. In canonical quantization operator ordering problems
may forbid the implementation of the algebra of symmetry-group-generators. In the
functional integral approach, the Noether current of the symmetry is not necessarily
conserved due to ultraviolet divergences that require the introduction of a regulator.
We then say that the corresponding symmetry is anomalous. As we will now see,
the global Loventz invariance and the local reparametrization invariance of a string
can be both preserved at the quantum level, without introducing extra degrees of
freedom, only at a special number of space-time dimensions, namely D = 26.

There are two different ways of quantizing the classical string. We shall
briefly describe them both, even though they are totally equivalent at the critical
dimension, because they offer complementary views that are particularly useful
given our present incomplete understanding of the theory of strings. A historical
analog is that of spontaneously broken gauge theories, for which unitarity is manifest
in one gauge, and renormalizability in another.

(A) Light-cone quantization
The starting point here is the completely fixed parametrization, defined by

Egs. (2.14) and (2.4). We then postualte canonical commutation relations, accord-
ing to the rule

{A, B} « i[A, B]
only for the independent variables ¢—, P*, @, and an. Explicitly
[ah, al] = [, @) = +6Y -n-b6m—n (3.1a)

[P*,q7]=+i (3.1b)



© The Hilbert space can be constructed by starting with a ground state, annihilated

by all positive-frequency oscillators, and characterized by some D-momentum p*:
a,|0,p) = @,|0,p) =0  (n>0)
P#j0, p) = p*|0, p)

Negative-frequency oscillators act to create excited states. Note that unlike con-
ventional field theories, where the oscillators are labelled by the momentum in real
space, here they are labelled by the frequency of the excitation in the direction
along the string. This frequency is nevertheless related to the invariant mass of

the corresponding string state, by means of Eqs. (2.15b) and (2.15¢) which we can
rewrite in the form

Im2 = %—(apﬂr ~ P P) - .

8
= E E—n‘a+n“ao= E G—p " Gyn — Qp
n>0 n>0

' (3.2)

We have here normal-ordered the oscillators so that positive frequencies ap-
pear to the right of negative frequencies, and have introduced the constant ag
expressing the effect of zero-point oscillations

The sum is of course formally infinite, but we can calculate it by introducing a
cutoff and looking for the cutoff-independent finite piece. This is justified because
a change in the cutoff can be compensated by a rescaling of the parameters of the
world surface, that should not affect ag, which is the physically observable mass of
the lowest string state. In the “heat-kernel” regularization we find

00
1 1 d 1 1 1
ZpeBn_ _ 22 - -
; 2 ¢ 2 dp (1—e—ﬂ) 257 21 T O)
so that
__(D-2)
oo = 24 (3.3)

The reader can verify that the same result obtains in any other regularization, for



~ instance:

g——1

ap = lim Z 1 n~*?
. 1

. This is of course completely analogous to the Casimir effect of quantum electrody-

namics: the cutoff independent piece of the zero point energy that scales appropri-
ately with cavity size, is unique and experimentally observable.

We now go back to the construction of the Hilbert space. First we note that in
view of the commutation relations (3.1a), and the hermiticity property ait = a ,
all states have positive definite norm; the price we pay, however, is the loss of
manifest Lorentz invariance. Given that left- and right-moving modes must occur
in equal numbers [because of Eq. (3.2)], the first excited state is a’ , al ,10,p), and

has a mass %M 2 =1 - (=2 Byt the only spin-2 particle (or 2-index symmetric

field) with only transverse degrees of freedom is the graviton, which is massless.
Thus, if our string theory is To be consistent with Lorentz invariance, we must have
=1- 22 -, p = 26

It is of course also possible to arrive at the critical dimension by a more direct
argument, namely by explicitly calculating the algebra of Lorentz generators

T

1
M¥ = 2 do (z* ¥ — z¥1#)
m
0

-The ordering of operators in M is completely fixed by demanding hermiticity;

the only ambiguity is the constant ap in the equation for a; = %P‘, which we can
leave undetermined. A lengthy but straightforward calculation then shows"” that
the commutator [M*~, M7~] has anomalous pieces that vanish if and only if D = 26
and o = 1.

In conclusion, the Hilbert space of the quantum string in the light-cone gauge
is manifestly positive-definite, but Lorentz invariance is only restored at D = 26.
Note also that the lowest lying state has a negative mass, (%M2 = —1) t.e. it is a
tachyon. This is of course a serious problem which will find its resolution in the
supersymmetric versions of the bosonic string.

(B) Covariant quantization

In order to keep Lorentz invariance manifest, we can treat all oscillators as
independent variables on equal footing, by postulating the canonical commutation
relations

o, a%] = [&, 5] = —n* -6, (3.4a)

9



[P*,q"] = +in® (3.4b)

We must then impose the vanishing of the conformal generators

1 oo
Ly=-3 Y atann, (N#0) (3.5a)
n=—oo
1
Lo:—g P2—-Z a’in Gin u— Qp (3.5b)
. n>0

(and similarly for L’s which we don’t mention explicitly throughout most of this
paper). Operator ordering ambiguities enter only in the definition of Loy, which we
have written as a normal-ordered piece that annihilates the vacuum, plus an arbi-

trary constant. If one adopts the symmetric definition Lo = Z_ at, ain ,,,,
then ap = D2 42 as before since the zero-point oscillations of each tlme-hke mode an,

exactly cancel those of a corresponding space-like mode, say al.

Keeping for the time being ap arbitrary, we can calculate the quantum al-
gebra of the conformal generators. We may expect a difference, with respect to
the classical algebra (2.12), only in the commutator [Ly, L_n], since Lo may not
appear with the correct operator ordering. Evaluating this commutator explicitly,

using Egs. (3.4), we find

0o N
D
[Lny, L-N]=—N E cal, aqn 7 Eo n(N —n).

n=—00
D 3
=2NLo+ IE(N — N)+2Noyg

where double dots indicate normal ordering; thus the full algebra takes the form:

D D
[Ln, L) = (N — M) Lyiam+ Sn-m (EN3 + (Zao - ﬁ) N) (3.6)

The presence of the C-number anomaly may lead us to think that the conformal
reparametrization invariance of the string is broken at the quantum level in any
number of dimensions. This is too naive, but for the moment let us simply point out
that the anomaly certainly forbids our setting all Ly = O as operator equations. We
will therefore demand the weaker conditions, that the positive and zero-frequency

10



generators annihilate all physical states
Ly |phys) =0 (N>0) (3.7)

which suffice to ensure that the expectation values of all generators in any phys-
ical state vanish. Equations (3.7) are called the Virasoro''? gauge conditions; in

particular, Lo |phys) = 0 is the mass-shell condition for the corresponding physical
state.

The Hilbert space is of course constructed by applying negative—frequency
oscillators on the vacuum, |0,p), which is a physical state of mass —M 2 = —ap.
Due to the indefinite metric in the commutators (3.4a), however, some of these
states will have negative norm. We must then make sure that no such negative-
norm states exist in the physical subspace defined by the Virasoro gauge conditions.

R ad -

To simplify matters notice that states of the form

(aht...ab*) (Gt ...azk) |0, p)

form an orthocomplete basis of the unconstrained Hilbert space. They can be writ-
ten as the product of one “left-moving” state constructed out of the oscillators a¥,
an one “right-moving” state constructed out of the a4’s. Furthermore, the Virasoro

gauge conditions (3.7) apply only to the left-moving piece, while the correspond-

‘ing conditions Ly [phys) = O apply to the right-moving piece. It is then easy to

convince oneself that the physical Hilbert space also has an orthocomplete basis
constructed out of products of one left- and one right-moving state, and it will
therefore suffice to show the absence of negative norms in each sector separately.
This simple observation, that the left and right sectors of a closed string separate
naturally, is the basis for the beautiful construction of the heterotic string.'” Note
also that one of the sectors alone, forms the complete Hilbert space of an open
string.

Now, the first excited left-moving state is
l€) = € a_1 4 |0,p)

and has a norm (el¢) = —e¥e, and mass $M? = 1 — ap. The constraint Ly |¢) = 0,
on the other hand, gives the transversality condition € P, = 0, which shows that ¢
cannot be time-like and hence (e|e) > 0 as it should. Furthermore, if ap = 1, the
momentum P# is light-like, and there exists a longitudinal state (e = P¥#) with
Zero norm.

11



At the next mass level (1M? = 2 — o), the most general state is:

1
|e,0) = —= (e a—3 y+ 0" a_y y a_1,)|0,p)

V2
with norm
(€|0) = —€* €, + 6# 0, (3.8)
and we now have two non-trivial Virasovo conditions:

Lyle,6) =0=¢-p—04 =0

1
L1|e,0)=0=>e"+§p,,0’“’=0

where 6#¥ is a symmetric tensor. Going to the rest frame, where

= (VB2 - %),0,..-,0)

we can solve for e# and 6% and then express the norm of the state [Eq. (3.8)] in
terms of the remaining tndependent variables:

(el6) = D _(67)7 + (2(2 — a0) — 2) ) (67)?

1#] L

we (22— a0) — 1) £
1209 ‘(4(z—ao)+1)2'(2,;0>

(3.9)

where ¢ and j run from 1 to D—1. The first term on the right-hand side is manifestly
positive; the second is non-negative provided

o <1 (3.10a)

Finally one can easily show that the third takes its minimum value when 6! =
6?2 = ... = ¢P~1 D=1, this minimum value is non-negative if

(4(2 — ao) +1)2
T (2(2— @) —1)

+1 (3.100)

When ap = 1 we must have D < 26; here then reappears the critical dimension
which we have found in the light-cone gauge from a completely different route.
At the marginal values D = 26, ap = 1 (which, incidentally, are consistent with

the symmetric definition of Ly that yields ag = %, as already discussed), one

12



clearly has in addition to positive-norm states, several zero-norm states. Much like
the longitudinal photons in quantum electrodynamics, these states can be shown
to decouple, leaving a smaller space of physical excitations. We will not attempt
to prove this here, nor shall we show that conditions (3.10a) and (3.10b) actually

~guarantee the absence of negative norm states at all higher mass levels as well."*

Let us simply summarize, by saying that in the covariant quantization D = 26
appears as the marginal dimension for which the physical Hilbert space becomes
non-negative definite, and at which, furthermore, a large number of zero-norm states
actually decouple from the theory. These results have been in fact understood
in a different, very elegant way, proposed by Polyakov."* Starting from a first
order formulation of the classical string action, he showed how covariant gauge
fixing requires the introduction of Fadeev-Popov ghosts. When their contribution
is taken into account, the c-number anomaly in the conformal algebra (3.6) cancels
precisely in 26 dimensions, signaling the restoration of the string’s reparametrization
invariance at the quantum Jeyel. Fer lack of time, we will not go into the details of
Polyakov’s approach, even though they are at the core of several interesting recent
developments.™*

4. The Semi-, Fully- and Doubly-Super Strings

We will, instead, attempt a blitz-review of the N = 1/2, 1 and 2 super-
symmetric extensions of the bosonic string, whose phenomenological merits are,
incidentally, inversely proportional to their number N of (world-sheet) supersym-

‘metries. Let us recall that in the covariant quantization, the bosonic string can be

considered as a conformal two-dimensional field theory, with the constraints that
the positive-frequency conformal generators annihilate physical states. By anal-
ogy, we can construct the Neveu-Schwarz-Ramond (N = 1) superstring"®'" as a

superconformal field theory
1
S = ~or / d¢® det (6"‘:1:" Oazy + zp“q%aaazp“) (4.1)

with the constraint that superconformal generators annihilate physical states. Here
the ¢# are hermitean (Majorana) two-dimensional fermions, that move freely on
the world surface, while the 4* are the two dimensional Dirac matrices, which we
take to be:

01 0 -1 1 O
0 _ . 1_ . 5 _ AOA1 _
e=(50) () () 0

5 .
Passing again to the coordinates ¢ = (04 ¢!, ¢f = (1—%7—)1!)“ we can rewrite

13



the action (4.1) as follows
1 _ 1 1
S = _4_7F/d§+ d¢ {6+x" 6_:1:,, + 5 1/1’_‘34.!/’—“ + —2' 11:_’,‘,3-1/:4.,‘} (42)

which makes it obvious that i are the right- and left-moving components whose

‘'mode expansions are

1 o
ph=D o ke
n

1 ~ —92¢ +
SORTRES
n
with canonical anticommutation relations
{08, v} = {880} = 1" busmo

The superanalytic transformations that leave the action (4.2)'ini/ariant (up
to total divergences) are: '

6¢™ = f(¢7)
(4.3)
syt =~ Ly

and
6z”’ —_ —l e(s'_) ¢ﬁ
2 (4.4)
Yt =¢(¢™) o-zH

where € is an anticommuting Grassman function of the variable ¢~ alone. There
are of course corresponding antianalytic transformaions of the right-moving fields,
which we will not write explicitly. Note incidentally that unlike the scalar fields z¥,

the fermionic fields ¢# transform non-trivially under the conformal transformations
(4.3).

The superconformal generators are:

1 1
Ly = "52 Py Gnp T2 D n h_n Yt =00 6o

1
GmMm = _z—z:axl—-m Ymp
and the generalized Virasoro conditions become
Ly |phys) = Gar |phys) =0 (N,M >0) (4.5)

The subtraction constant ag, which gives the mass of the string’s unexcited ground

14



. Neveu-Schwarz
~here consider them both. Note, incidentally, that other (twisted) boundary con-

" state, depends on the boundary conditions we choose for the fermionic fields. It

is consistent with their hermiticity, to choose them either all antiperiodic, as they
wind once around the string, or all periodic. These two choices are called the
1" and Ramond™? boundary conditions, respectively, and we will

ditions are also permitted if one allows the global SO(1,D — 1) symmetry to be
explicitly broken."®

For antiperiodic fermions we find:

NS _ 1 _ il -fn __ it - -p +1 _ -
ap® = gl_I’I(l)(D 2) ( E 5 N n EO > (n—i— 2) e~ B(n 5)) =1
while for periodic fermions:

.qﬁz_zz-;—n—Z%n=0r )

as expected, since the zero-point oscillations cancel in a supersymmetric theory
between bosons and fermions. The critical dimension can be derived in precisely
the same way as in the bosonic string, t.e. by demanding all negative norm states
to disappear from the physical Hilbert space at the second massive level. One finds
D = 10, so that the Neveu-Schwarz ground state is a tachyon with mass %M 2= —-%,
while the first excited state €,9*, /2 |0,p) yg (With p- e = 0) is a massless vector
boson in the open string case, and a graviton, an antisymmetric tensor and a scalar,

when combined with the corresponding right-mover, in the closed string case.

For Ramond boundary conditions, the ground state of the string must be
degenerate, since the fermionic zero modes ¢, which do not change the mass of a
state, must act non-trivially on it. In other words, the Ramond ground state must
be a representation of the Clifford algebra of the zero modes:

{¢g,¢g} = —nt

i.e. a D-dimensional Majorana spinor, which we denote by |a, p) 5.

It turns out that a consistent theory of tnteracting strings can be constructed
by putting together both the Neveu-Schwarz and Ramond Hilbert spaces, and then
projecting out the states of even two-dimensional fermion number

(-)¥ |phys) = + |phys) (4.6)

This is called the GSO"" projection. In the Neveu-Schwarz sector it amounts to
keeping only states with an 0dd™ number of fermionic oscillators, for which %M 2is

* For reasons that can be explained only by introducing the Polyakov ghosts, the Neveu-Schwarz
ground state of a superstring has odd world-sheet fermion number. **
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"an integer; in particular, the tachyon has been eliminated. In the Ramond sector,

(=)¥ must anticommute with all zero modes ¥, and is therefore proportional to
the space-time chlrahty operator, so that (4.6) is a chiral projection.

Hence, in the end, the massless right-moving states of the superstring are a

' 10-dimensional vector 1/1_1/2 |0, p) ;s and a Weyl-Majorana spinor (1—(—)¥) le, p) s

both have 8 physical degrees of freedom, so that the spectrum is space-time super-
symmetric! For closed strings we should in fact combine the identical left and right
sectors; what we obtain is the spectrum of N = 2 ten-dimensional supergravity."”
This emergence of space-time supersymmetry is one of the beautiful features of
string theories. It is actually an open and very interesting problem, to find a
formulation in which both Lorentz invariance and space-time supersymmetry are
mainfest.***"

Though mathematically beautiful, the closed superstring theory discussed
above has little chance of descrlbl ng the known low-energy phenomenology, since
all its massless particles are in the supermultiplet of the graviton. It would be
easier to imagine interesting compactifications, if the theory already contained chiral
fermions and a gauge group in ten dimensions. This can be achieved by putting
appropriate sources at the endpoints of open superstrings which, as shown by Green
and Schwarz," can be consistently done only for the gauge group SO(32). An
elegant alternative is the heterotic (N = 1/2) superstring,”” whose construction is
based on the observation that the left- and right-moving modes of a closed string
do not interact and can, therefore, be treated asymmetrically. Consider then a
hybrid theory, whose left-moving sector contains the excitations d_z# and y* of

‘the ten-dimensional superstring, while its non-supersymmetric right moving sector

contains in addition to the bosonic partners 84 z#, 32 extra posttive-metric fermions
x% (e = 1,...,32). The number 32 can be explained if one notes that 32 free
fermions are equivalent, in two dimensions, to 16 free bosons, so that the right
sector contains the excitations of the consistent 26-dimensional bosonic string.

Consistency of the interacting theory can, again be achieved by taking both
Neveu-Schwarz and Ramond boundary conditions and then making a GSO projec-
tion onto even fermion number. This can in fact be done separately, for different
groups of the x-fermions. If N, of those fermions are periodic, and all the rest
antiperiodic, the subtraction constant aq is

e @=2 _Np (2-N)_, N

24 24 48 16
and hence the masses of right-moving states are given by %Mz = —(1- -]lyé'i)-l-
integer These can only match the masses of the left-movers of the superstring

(§M? = integer) if Np = 0, 16 or 32, which leaves us with two options:

(a) Put all 32 fermions in the same group. The massless right-movers then come
entirely from the antiperiodic sector. They are &, |0,p)ys and
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X%, /2Xb—1 /2 |0,p) yg- The latter transform in the adjoint of SO(32), so that
when combined with the superstring left-movers they yield the spectrum of
an SO(32) super-Yang-Mills, coupled to N = 1 supergravity.

(b) Separate the fermions into two groups of 16, say x* and x". Apart from
@, 10,p) Ng, the massless right-movers and their transformation properties
1 NS
under the symmetry group SO(16) x SO(16) are:

XZ1/2 XJ—1/2 0,P)ns—ns @ (120, 1)
X'il/2 X'11/2 0,P)Ns-ns © (1, 120)

|aap>R-—NS : (lﬁ, 1)

. — Ia”p>NS—R : (1, 128) .
where |, p) p_n ¢ is the ground state for periodic x* and antiperiodic x'/, and
thus transforms as a (Weyl) spinor of SO(16), and similarly for |0/, p) ys_p-
Now 120 + 128 can be combined to form the adjoint of the exceptional group
Eg. The spectrum of this heterotic superstring is therefore that of N = 1 su-
pergravity coupled to Eg X Eg super-Yang-Mills in ten dimensions. This model

is the starting point for several, phenomenologically viable, compactifications."

We will here quit, by suggesting an instructive exercise. One can consider
complex string coordinates z#, and 2-dimensional Dirac-fermionic partners 1#. The

~action (4.1) then has an N = 2 world-sheet supersymmetry which can be used to

eliminate all negative-metric states.” The reader could constructively review the
material we have discussed here, by deriving the generalized Virasoro conditions,
the critical dimension and the spectrum of this theory.
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