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ABSTRACT

An interesting problem involving axion strings and monopoles is clarified.
Also discussed are the gravitational Hall effect (i77), gravitational dyons (iv),

anomalous superconductivity (v) and classical anomalies (vi).
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In the literature, there have recently appeared articles illuminating the prop-
erties of Higgs vortices, or cosmic strings, and the fermion zero modes that live

on them. [1,2] Yet;' several questions remain unanswered.

I will begin this letter by summarizing earlier results, principally those of
ref.[2]. Following this I will discuss certain puzzles that have arisen concern-
ing axion strings. In section (ii) I describe the unusual physics of axion string
monopole interactions. Section (iii) resolves a puzzle concerning gravitational
fields and anomalies. Section (iv) discusses the Kaluza-Klein monopole, a special
case in which the results of (ii) and (iii) overlap. In section (v) I deal with the
nature of the fermion currents, and in (vi) the relationship between topological

and quantum mechanical?:’(;ncepég. We will see that the axion string provides a

gedanken laboratory, bringing together several quite interesting concepts in field

theory and gravity.
(1) Background

The axion is the Goldstone boson of a spontaneously broken U(1) symmetry,
introduced to solve the CP problem of QCD. It has couplings to fermions with

ordinary electric charge, as many as desired, though here we consider only a

single Dirac fermion with coupling
ety

One fermion-loop quantum effects induce a photon-axion interaction term

L= 353—2 /0(3:)1““/(-7:) le(x)dz’ (1)

where 6(z) is the dimensionless, real, scalar axion field. This term is not a total

derivative because # is not a constant.

As occurs whenever there is a spontaneously broken U(1), this model has



string-like solutions which are topologically stable.! The string configuration

for @ is
0 =06y+np 0 < p <27 n =integer,

in which ¢ is the azimuthal angle and we choose for simplicity n=1. In a beau-
tiful paper, Callan and Harvey discussed the strange physics of the axion string
interactions with the electromagnetic field[2]. I will summarize their findings

here.

The problem is that for strings the Lagrangian (1) is ill-defined, because of

the discontinuity in @ as it crosses 27[2]. We can replace (1) with

- R .
L=-" f O"0A" F,,dx (2)
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which is a meaningful expression for 8, however now we are afflicted with a

Lagrangian which is not gauge invariant. The gauge variation of (2) is

é e2

bw ~ 16n2

/ d*z[(8¥8"0)F,, — 8" (8*0F,,)],

and as long as [9y,0,]0 = 0, the gauge variance is a surface term which vanishes
at infinity and is not important to local physics. But the string solutions are just

those in which the commutator is not zero, in fact, for a simple string
[02,0y )0 = 276(z)6(y).

Thus ‘
6 e? 4 ~
oL =5, | 428(2)6(y) Fuw

e? 2,..ab
_Er_ d“ze Fab (3)

and we are forced to conclude that gauge invariance breaks down on the string.

One might think that this gauge non-invariance poses a problem for the quan-

} The instanton effects, which alter the picture at low energies by giving the axion a mass
and the string at least one domain wall, are at present neglected. All the results considered
here apply to the physics around the string out to a distance ~ 10 m. The string thickness
is at most 10712 fermi[3].



¢ tum theory, but it doesn’t, because we have neglected an important property of
strifigs.

In the fermion sector the string solution has the property that there exist
fermion zero-modes. [4] Zero modes are the solutions to the Dirac equation when
the string is treated as a classical background. These solutions are localized
around the string, and a fermionic excitation may carry arbitrarily small en-
ergy as long as it propagates along the string. For the purposes of this paper
all we need to know about zero-modes is that for each 3+1 dimensional Dirac
fermion that obtains its entire mass from string coupling e*?*%¢)(as in the ax-
ion model under discussion), there corresponds an effectively 1+1 dimensional
massless chiral fermion moving in the +# direction along the string; and for each
Dirac fermion coupled by e 5% there is a 1+1 dimensional chiral fermion
moving in the -z direction. To excite fermion modes that propagate off the string
would require energies greater than the.mass of a pair fermions, which, because
of the Higg’s phenomenon, is the symmetry breaking scale of the model. As far
as the fermions are concerned, at energies below the symmetry breaking scale

the theory is a dimensionally reduced one of massless 1+1 dimensional fermions.

= For our model of a single Dirac fermion the zero mode is chiral and moves in
only one direction along the string. A 1+1 dimensional gauge theory with a single
chiral fermion is known to be sick; the gauge symmetry is broken by quantum
effects. [5,6] This quantum anomaly implies that in the dimensionally-reduced
string world ;)f the fermion, the electromagnetic current is not conserved:

1

°J, = —We“baaA,, a,b=0,1. (4)

Equivalently, the zero-mode contribution to the fermion determinant is not gauge

invariant. So
é g - e?
5 / {dypdip}etLl¥¥] = yo / d?ze* 3, Ap.

and since this term appears with opposite sign to (3), the two will cancel and

gauge invariance is preserved in the full theory.




The current non-conservation in the 1+1 dimensional fermion world can be
understood in a very intuitive fash10n[2] From (2) we can write a current that
must exist in the surroundmg space whenever 3,0 # 0 in the vacuum and there

is an applied external field. This is

5 2
~ 3272

8“0F,,. (5)

What is the nature of this current? Note that it has nothing to do with the
motion of any of the charged particles of the theory, all of which are massive off
the string. It is a Hall current which moves perpendicular to the direction of an
applied field. For a string ¥long the z-axis with an applied parallél electric field

the current per unit length is

€

J, =~
P 4n2p

and the amount of charge being driven onto the string is

e
—F.
27

This charge appears in the dimensionally reduced fermion world according to (4),

and the cancellation of anomalies is explained by an exchange of charge between

the string and higher dimensions.
(¢t) Monopoles and Agzion Strings

In a famous paper [7] Witten showed that a magnetic monopole acquires
an electric charge of % in a vacuum in which the CP parameter § is non-zero.
The presence of the axion complicates the electric field of the monopole at short

ranges, but it has been shown that the distant field is determined by the Witten

- charge with § given by its asymptotic value. [8] Both these results may be

easily obtained by being a little more careful in deriving the vacuum current (5).

5



Actually,

e2

b= 3on2

8" [0F,,)
and the electric charge of a monopole is

e

3272

/dw-[oﬁ]:f—:

Q:/deoz

which holds true whether 6 is a dynamical variable or not.

A problem appears when we take into account the topologically stable string
solutions of the axion field. It seems that moving a monopole azimuthally around
a string will change the electric eharge; moving it arqund by 27 would seem to
increment the charge by one unit. It thus appears that electric charge is not

conserved.

This problem may be easily understood using the Lagrangian (2), and con-
sidering what currents are induced in the vacuum in the process of moving the
monopole around. A monopole circling the string will have an electric dipole field
with its moment along the string. This has two effects. It generates an anomaly
current in the string and a Hall current in the vacuum. Net charge will flow
away from the monopole. In this example of a single orbiting monopole some of
the charge will flow radially outward to infinity and some radially inward to the
string, where it is carried off to infinity in an anomalous current. Whether the
monopole charge is increased or decreased depends of course on the direction of

the string, the direction of the orbit and the sign of the magnetic charge.

We can make this more quantitative by imagining a solenoid of magnetic
current with an axion string running along its axis[Fig 1]. The electric field

inside the inductor is

Qm

E =2n1—
=,

~ where QT’" is the magnetic charge per unit length, which is rotating with frequency

(1. There will be a Hall current exchanging charge between the string and the



solenoid. The string current is determined by the anomaly,

. 82 Q
aﬂ :tring = ﬁE = _Lﬂ

Jstring = 62~L—mﬂz + constant.
In a time T the amount of charge entering, along the string, a section of the

solenoid of length L is

T Q.= e2QuAl.
Finally, using the Dirac quantization condition, Q, = i—;’, the change in the

electric charge per monopole is
‘ eAd

27
Since the dyon charge must support an electric field, we can expect that a
monopole at rest near a string will feel a tangential force in the direction that will
bring its charge closer to zero. If let go it will spin away, its classical trajectory
determined by energy conservation, £ = %mv2 + k|0] , where k is a constant and

0 is measured from the sheet and angle where the electric charge is zero.

A related problem for axionic domain walls has already been discussed. [9,10]
Because of the anomaly, the Peccei-Quinn symmetry is not exact,and the axion
is not really a rhassless Goldstone boson. In the semi-realistic invisible axion
models m, ~ 107%ev. The statement above that (§) = 8y + ¢ is really true
only for radial distances less than the Compton wavelength of the axion, which
can be on the order of meters. Beyond this (f) varies only in planar regions of
thickness A;, the domain walls, which begin on the string and stretch to infinity.
To each string there are N domain walls attached, where N is a model dependent

number. Theta is constant between the domain walls, smoothly interpolating



from one value to another across the wall. The sum of A (8) for all of the walls
attached to a given string must add up to 27. Because (8) is different on either
side of a wall, thé charge of thé monopole will change by one unit as it passes
through a minimal domain wall. This is consistent with the above discussion of

strings.
(1t1) The Gravitational Hall Effect

An axion string is an energy-momentum diode because energy-momentum
can flow in only one direction along the string. It turns out that the results of
part (i) are closely paralleled by the gravitational contribution to the action[2].

Anomalies require a CP violating term

1
76872

/ He“yaﬂRW,\TR’\Taﬂd“x.

In the presence of an axion string we can remove the 27 ambiguity in 8 at the

cost of having a gauge variant Lagrangian,

1 2
L=——— [ e3,0(I},80.T%, — T3,Tnal5,)d z. (6)
1927 AA 3

Standard manipulations may be used to show that under a coordinate repara-

meterization|2]

6L

= ar / e“”a(,npaar;bd% a,b=t,z. (7)

Apparently, general coordinate invariance is broken and energy momentum is not

conserved in the theory of equation (6).

Just as in the electromagnetic case, the dimensionally reduced theory of
massless fermions on the string has an anomaly, but this time it is the energy-

momentum of the fermion zero modes which is not conserved, because of a purely

8



gravitational anomaly [11]

4 1
b
%4 L 48T

Be4T¢ €%, (8)

When confined to a reparameterization in the z,t plane, the gauge non-invariance

of equation (7) is exactly canceled by the effect the anomaly in the 1+1 dimen-

sional fermion world of the string.

Once again paralleling the electromagnetic example, (6) may be varied with
respect to the metric to obtain, when @ is given its string vacuum expectation

value, the energy-momentum in the string vacuum induced by an applied gravi-

tational field, - } ]

6L
5guu

- 1 E;waﬂ 6
=07 = 3487Z \/—g (0,MRaﬂ );5 + (V A ’7)‘ (9)

It was suggested that the interaction of axion strings with gravitational fields
would be rather odd[2]. If the picture were the same as for purely electromag-
netic fields, the presence of a parallel gravitational field would induce an energy
momentum Hall current feeding into an anomalous 1+1 dimensional energy mo-
mentum current along the string. A radial Hall current would be depositing
energy, but no momentum, on the string, but since the zero mode is massless its

‘energy must equal its momentum. The discrepancy must somehow be accounted

for.

This problerﬁ is best elucidated by going to the linearized version of Einstein’s
field equations. This permits us to deal with strictly external sources, neglecting
the gravitational field of the string itself, or of any currents that may be induced.

As usual, we take

Guv = Npw + hyy |huv| < 1.

A convenient definition, the ” Lorentz” gauge, and the resulting form of Einstein’s

9



equations are [12]

- 1
h”y = h,,(,y - Enll'l/h
hua,a =0

*hH = 8rGT™.

Now we can use (11) to find the energy-momentum Hall current in the lin-

earized approximation

1

< L P —
1927%

Myaﬂw;ﬂ(ha’y,sﬂ + h’ﬂ6 ,a’y)],ﬁr_*_ (V «— ’7)

Using @ = ¢ everywhere off the string, this becomes

vy 11
19272 p

eﬂb"aﬂaa‘a%ﬂ” + (v « 7). (10)

But this is zero! The linearized form of Einstein’s equations require that 8%h ’37 =
0. Hence there is no Hall current in this case. The problem stated above is just
simply not a problem at all. Of course there will be complicated interactions
between the string and gravity, but it is not properly called a Hall effect because

the analogy with electromagnetism breaks down in the weak field limit.

We can understand this better by thinking more about the 1+1 gravitational
z;nomaly for the embedded string. To make the analogy with the electromagnetic
case we must have the external gravitational field strictly parallel to the string,
so that the tidal forces acting on the zero modes do not bend the string itself.
In the linearized theory, this implies that the potential for the external sources
has a saddle point along the string. Let us take the potential ¢ to depend only
on z in the vicinity of the string for a section of any length. In this case the 141

dimensional anomaly in string world is proportional to 32¢(z). But since in this

~ region is 82¢(z) = 0, by the Einstein equation, we find that the 1+1 anomaly

must be zero.

10



(tv) Kaluza-Klein Dyons and Azion Strings

One may derive the gravitational analog to the Witten dyon charge quite
easily with a calculation similar to that in (37). A more careful derivation of the

energy-momentum tensor (11) gives

1 ewvab

34872 /-

W= ( R ’76),11;5 + (v + 7).

The ’electric’ type mass is

My = Ldﬁ:‘@f’? = 7217 ?{ ds;e7*[0R%] k. ) (11)

This result may be obtained in a slightly more tortuous fashion involving certain

anomalous commutators of the linearized metric. [13]

Now the essential question is, do there exist metric configurations which are
asymptotically flat, but with non-zero flux integral My? The answer is, no. The
closest we can come to this kind of configuration is the NUT metric, which has

serious problems. A standard form of the metric is

2
ds? {1 _ 2M]

[dt + 2N (1 — cos 8)d¢|*
211
- [1 — 2%:'_—]5;] dr? — (r? + N?)(d8? + sin® 8d¢?),

where 4, the angular coordinate, is to be distinguished from 8. This metric, when

put into (13) and 4 is held constant, yields

0
Mg — mN.

However, this metric has the bizarre property that the curvature goes to zero at

11



infinity though the metric does not become Minkowski: for r —+ co  § — 0,
ds? = di? — dr? — r2d02,
but forr - 00 6 — m,
ds? = (dt + 4Ndg)? — dr? — r2d02.

There are two ways to interpret this. One is to redefine the time coordinate
dr = dt + 4Nd¢, in which case 7 must be periodic. The causality problems
with having such closed-time-like curves are enough to make us discard this
possibility immediately. The other way is to keep the coordinates as they are.
The 8Ndtd¢ cross term on the half-space § = 7 corresponds to a line source
of angular momentum per unit length N, with zero rest mass, stretching from
infinity to the origin. This.interpretation too has fundamental problems, in that
the string prevents it from being a localized solution, and a line source of zero
rest-mass violates the energy conditions of general relativity. We see that the
gravitational analog of the magnetic monopole, and hence of the Witten dyon
charge is very problematic. This should actually be reassuring, because if sense
could be made of it we would face a contradiction with the conclusion of the

previous section.

The Kaluza-Klein monopole is obtained by generalizing the discussion to a
5-dimensional space-time. There, the line singularity can be eliminated from the
NUT metric by éompactifying the fifth coordinate, rather than that of ordinary
time. This is desirable for reasons that have nothing to do with NUT-monopoles:
we cannot see another dimension. It then happens that the configuration appears,
on scales larger than the compactification radius ~ N, like a 4 dimensional
magnetic monopole. From the preceeding discussion it should be clear that this
monopole will be a dyon if the § parameter is non-zero, and that its interactions

with an axion string will be the same as in (i1).

12



(v) Anomalous Superconductivity

Witten showed that for strings from broken gauge symmetries, which are not
anomalous, superconductivity ocurrs if the fermion zero modes carry ordinary
electric charge[1]. That a different type of superconductivity ocurrs in the case
axion strings the following very simple argument will show. Superconductivity
for a normal 141 dimensional theory, with no gauge anomaly, comes from the

equation of motion for the current

. €*E
anomaly free: 0.p — O] = = (12)

T
The first term on the left is the screening term and the second is the supercon-
ductivity term. This is to be compared to a similar equation for axion strings ,

determined solely by the anomaly

2
anomalous : Oip — 8,7 = ;—E. (13)
7

At first encounter it appears that the axion string does not superconduct.

In fact, immediately after an electric field is turned on, equation (12) exhibits

superconductivity,
anomaly free: 0] = Ez—g, (12q)
27
while (12) gives
anomalous : Oip = e—:ﬂg. (13a)

From (#) we know that (12a) comes from the sudden appearance of a Hall current
which deposits charge along the string|Fig. 2]. Were we wait long enough the

currents and charges should reach a steady state. In this case (12) exhibits total

13



screening,

e’E
anomaly free: Ozp = —, (12b)
27
while (13) gives
elE
l : 02] = — b).
anomalous 2] = 5 (13b)

(13b) has this form because the current at any point along the string consists
of charge deposited not just at that point, but at all points upstream|Fig. 2].

Recall that chiral fermions can travel in only one direction along the string.

In spite of the clear difference in the form of (12) and (13), as well as their
solutions for the above limiting cases, we can safely say that the axion strings
superconduct because of the simple observation that the chiral current on the

axion string must satisfy the condition
p=17

and therefore (13a) really is a superconducting solution like (12a), and (13b)
really does involve screening like (12b). A distinguishing feature of anomalous

superconducting currents is that they must be charged currents.
[14]
(vi) Classical Anomaltes

A final remark is called for about this apparently classical explanation of
the 1+1 dimensibnal gauge anomaly. A classical anomaly ocurrs where there is
charge non-conservation in a classical field theory due to a topologically imposed
singularity. For example, we can take a single real scalar field which is periodic.
Just as a regular field theory can be thought of as a system of coupled harmonic
oscillators at every point in space-time, the periodic theory may be viewed as
a system of coupled pendula. The condition of periodicity requires a choice of

scale v, and to make this into a sensible quantum theory would require us to

14



treat this theory as the low-energy limit of a spontaneously broken theory, but
at the classical level the theory is well defined. There are two gauge invariant

ways to couple this classical scalar field to electromagnetism. One is
L= vzl(a,@ —eAy)? - le,
2 4
where a gauge transformation consists of
Ay — Ay +0uA ¢ — b — A

And the other is - -

1 ~ 1
L= v2§(aﬂ¢)2 + coFF — ZFZ,

in which ¢ does not change under a guage transformation. The reader will
recognize this second case as the effective lagrangian of the axion model discussed
in this paper, which we know to exhibit classical charge-nonconservation along
a line singularity in space [or a 2- dimensional surface singularity in space-time].
This charge non-conservation may be accounted for by putting a chiral fermion
on the singularity and quantizing it.* How is it that the 1+1 dimensional
anomaly, which is a purely quantum effect, is explainable in terms of a classical
anomaly from higher dimensions? Evidently, the one-loop quantum effect in the
dimensionally reduced fermion théory is equivalent to a periodicity condition on
a purely classical scalar field in two higher dimensions. Efforts to understand

this mystery are at present being undertaken by the author.

% This is reminiscent of an effect involving skyrmions, where the soliton of the bosonized QCD
Lagrangian seems to know all about quark confinement.
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