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ABSTRACT

We present an on-shell superspace formulation of ten-dimensional N =1
supergravity coupled to N = 1 super Yang-Mills theory. The coupling is com-
pletely specified in superspace by the Bianchi dH = citrF2, where H is the
gauge-invariant 3-form field strength of supergravity and F is the 2-form super
Yang-Mills field strength. We also briefly discuss the theory that results from
modifying this Bianchi by the addition of a piece proportional to the square of

the super curvature 2-form.



1. INTRODUCTION

A striking feature of ten-dimensional N = 1 supergravity coupled to N =1
super Yang-Mills (SYM) theorylll is that the gauge invariance of the lagrangian
requires that the antisymmetric potential Byy(z) transform anomalously un-
der gauge transformations. The demonstration, by Green and Schwarz [2], of
anomaly cancellation in superstring theory has shed further light on this curious
feature of the SYM-supergravity theory. They showed that the anomalous trans-
formation of By, under gauge transformations (and similarly under local Lorentz
transformations) is required for anomaly cancellation in the field theory limit of
superstrings. More recently, studies of two-dimensional non-linear o-models have
revealed an unexpected connection between these anomalous transformation laws
of Bmys and world-sheet properties of the string. Hull and Witten[®l have shown
that the nonlinear o-model describing string propagation in background fields
(belonging to the massless sector of the string spectrum) has gauge and local
Lorentz anomalies which can, however, be cancelled by postulating that By,,
transform anomalously.

The present work reveals another interesting aspect of this feature of the
SYM-supergravity theory. We present a superspace formulation of on-shell ten-
dimensional N=1 supergravity coupled to SYM; the coupling is succinctly sum-

marized by the superspace Bianchi
dH = c1trF?, (1.1)

where H is the gauge invariant 3-form field strength of the 2-form potential B
of supergravity and F is the 2-form SYM field strength. Eqn. (1.1), of course,

implies that B transforms anomalously under gauge transformations.



This work grew out of an attempt to include background SYM fields in Wit-
ten’s analysisl4 of the propagation of the heterotic versionl® of the Green-Schwarz
superstring!®l in curved superspace. Crucial to the Green-Schwarz formulation is
the existence of a local fermionic world-sheet symmetry, the k-symmetry, which
is needed to gauge away unphysical degrees of freedom. It is necessary to main-
tain this symmetry while coupling the superstring to background fields. For
the heterotic string propagating in curved superspacem Witten has shown that
the k-symmetry is ensured if the background fields satisfy the supergravity tor-
sion constraints(l (which imply the supergravity equations of motion). We have
shown!® that a naive coupling of background SYM fields to this system possesses
a classical k-symmetry, but that both it and the gauge symmetry of the result-
ing superspace o-modell!% are anomalous. These anomalies have, however, been
shown to be absent if the modified superspace Bianchifor H, (1.1), is used instead
of the pure supergravity Bianchi dH = 0. Since the torsion constraints of super-
gravity together with the Bianchi (1.1) ensure the existence of the k-symmetry,
one might, in analogy with the pure supergravity case, then suspect that the re-
sulting background system describes the fully coupled SYM-supergravity theory

in superspace. The purpose of this paper is to show that this is indeed the case.

The organization of this paper is as follows. Sec. 2 is devoted to establishing
our notation and discussing some technical preliminaries. The latter are essen-
tially a paraphrashing of ref. [11] and are included here only for completeness.
In Sec. 3 we motivate and discuss the coupling of SYM to supergravity from an-
other point of view. In Sec. 4 solutions of the Bianchis of the coupled system are
exhibited and some of their more interesting features are discussed. The detailed

derivation of these solutions is relegated to the appendices. We conclude in Sec.



5 with a brief discussion of the theory resulting from modifying (1.1) by adding

a piece proportional to the square of the supercurvature 2-form.

2. TECHNICAL PRELIMINARIES

We consider a curved superspace with points parametrized, in local coordi-
nates, by M — (Xm,'O“) where X™ (m =0,1,2,...,9) are ten ordinary bosonic
world coordinates and ©# (u = 1,2,...,16) are 16 anticommuting fermionic world

coordinates. At each point in superspace we introduce a set of basis 1-forms {e4}:
et = dzMep 4, (2.1)

where eps4 is the superveilbein. We shall denote its inverse by E4™ | so
em2E4N = 6§, EsMep P = 65, (2.2)

The tangent space indices A, B..., can either be bosonic a,b,..(= 0,1,...,9) or
fermionic a,f..(= 1,2,...,16). A basis for p-forms is constructed from the set
{eA}, in the usual way, by forming wedge products, except that the wedge product

is now graded, t.e.,

edef = —(—)llBleBeA, (2.3)

where [a] = 0 and [¢] = 1. We have omitted an explicit wedge symbol.

Vectors transform under the tangent space group as follows :
§VA=VBLgA V4= —LsPVp. (2.4)

We choose the tangent space group to be SO(1,9) with ordinary (bosonic) vectors

transforming as the 10 and spinors as the 16 or 16 depending on their chirality .



This implies that the Lie algebra-valued matrices L 42 must satisfy
Laa =0= Laa, Laﬂ = %Lab(rab)aﬂ- (2'5)

We work with a bimodular representation of the ten-dimensional - matrices.
Thus there are two sets of (symmetric) 16 X 16 - matrices, I'? 8 and T'*@# | The
fermionic indices cannot be raised or lowered and an upper fermionic index can
only be contracted with a lower one. The Dirac algebra is Fgﬁf‘bﬁ" + I‘gﬂl‘“ﬂ” =
26,7 . T2t is used to denote a totally antisymmetric product of 4- matrices,

normalized to unit weight.

The covariant exterior derivative, D = dZMDys = eAD 4 may be defined by

its action on vector-valued p-forms :

DVA = qv4 4+ vByp4, (2.6)

DV = dVy — (—)PwaBVs, (2.7)

Cwe 4P is the superconnection 1-form. The operator

where waP = dZMuwpaB = e
d is the exterior derivative defined by d = dZM3)s. It satisfies d® = 0 and obeys
the Leibnitz rule with the sign convention of ref. [11]. From the connection and

veilbein one can construct the torsion 2-form T4 and the curvature 2-form R,P

defined as :

T4 = De4, (2.8)

RAB = deB + wACwCB. (2.9)



In terms of components

TA = %dZNdZMTMNA = —;—eCeBTBcA, (2.10)

1 1
RAB = EdZNdZMRMNAB = EeDecRCDAB. (2.11)
As a result of our choice for the tangent space group R4P satisfies
1
R*=0=R,%, R= ZRab(Fab)aﬂ' (2.12)

Similar conditions are also satisfied by w45.

In the presence of SYM fields one also needs to consider the field stength F

which can be written as the Lie algebra-valued (in the gauge group) 2-form :
1 B 4
F = 3¢ ¢ Fup, (2.13)

where we have suppressed the gauge indices. It is defined in terms of the 1-form

potential A = dZMAp; = eBAp as
F=dA+ A? (2.14)

All the ‘field strengths’ introduced above satisfy Bianchis by virtue of their
definition in terms of ‘potentials’. These can be obtained from (2.8), (2.9) and

(2.14) by using d? = 0 and are

DT4 — PRp4 =0, (2.15)
DRsB =0, (2.16)
DF =0, (2.17)

where D is the gauge and superspace covariant derivative. Its action on a Lie
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algebra-valued scalar superfield A is DA = dA — [A, A].

At this stage it is appropriate to remark that the Bianchis (2.15) and (2.16)
are not independent. Dragon (12| has shown that, for the choice of the tangent
space group made here, (2.16) is in fact identically satisfied by virtue of (2.15).
Thus the only independent Bianchis are (2.15) and (2.17). In component form

these are:

D[ATBc)D + T[ABETE’\C)D - R[ABC’)D == 0 (218)

DiaFpc) + T ABDFDC) =0, (2.19)

where [ ) represents graded antisymmetrization normalized to unit weight. Also,
[] and () will be used to represent ordinary antisymmetrization and symmetriza-
tion with the same normalization. Indices with a caret are excluded from these
operations. Henceforth (2.18) and (2.19) will be called the T and F-Bianchis

respectively.

3. COUPLING OF SYM TO SUPERGRAVITY

A basic feature of the superspace formulation of a supersymmetric theory is
that the number of ordinary (i.e., X-space ) fields is usually far greater than the
number of dynamical fields required to describe the theory. This makes it nec-
essary to impose constraints on some of the superfields to eliminate redundant
X-space fields. For pure supergravity these constraints are usually imposed on
components of the torsion tensor T45€. In view of Dragon’s result(!?l, this is a
natural thing to do, since the supercurvature can be related to the supertorsion

and its covaiant derivatives through the 7-Bianchis (2.18). In the presence of



SYM fields one has, in addition, to constrain the field strength F4p5. Once con-
straints are imposed the Bianchis are no longer identically satisfied. In fact, for
an appropriate set of constraints they determine all the unconstrained superfields

in terms of the dynamical fields. They also provide equations of motion for these

fields.

The suberspace formulation of ten-dimensional N=1 supergravity along these

lines was first presented by Nilsson!!3].

In his formulation the ® = 0 components
of the torsion and curvature tensors contain all but the antisymmetric tensor
degree of freedom. In order to accomodate this degree of freedom at the ® =0
level Nilsson introduced a super 2-form B by constructing a closed 3-form H
using a suitable set of constraints. Since H is closed it can be written as the
exterior derivative of a 2-form, at least locally; it is this 2-form that Nilsson
identified with B.

In formulating supergravity coupled to (SYM) we introduce the 2-form B
using a natural generalization of Nilsson’s procedure. We require that the 3-form
H satisfy a Bianchi but will not insist on it being closed (it is not necessary for
H to be closed to interpret it as the field strength of B). The Bianchi that H
now obeys must relate dH to other closed 4-forms in the system. Even though
this Bianchi can be reexpressed as d = 0 in terms of a new 3-form, H, related
to H, this is more general than requiring that H be closed. This is because this
Bianchi is solved using suitable constraints on H not H. Now, there are only
two 4-forms in this system that are naturally closed, namely, trR? and trF? (the
trace in the first term is over tangent space indices and in the second term over

the group indices). So, in general, the Bianchi for H takes the form

dH = ¢ trF? + catr R, (3.1)



where ¢; and ¢y are apriori arbitrary. Since dtrF? = dtrR? = 0 we may write

them as

trF? = dwsy M, (3.2)
trR? = dwsr, (3.3)
where wzy as is the SYM Chern-Simons 3-form
1.3
waym = tr(A F — —?;A )s (3.4)
and wgy, is the super Lorentz Chern-Simons 3-form
13
wsr = tr(wR — 3V ) (3.5)
This implies the following relation between H and B:
dB = H — ¢; w3y M — €2 W3L. (3.6)

Since H is, by definition, gauge and local Lorentz invariant, (3.6) implies that B

is no longer so. In fact it transforms as:
6B = —citr(dA A) — cotr(dQ w) (3.7)

where A and () are the superfield parameters of gauge and local Lorentz transfor-
mations. As mentioned in the introduction, it is precisely this anomalous gauge
transformation of B that is required for a consistent coupling of the string to
background SYM fields in curved superspacel®. The superspace o-model dis-

cussed in ref. [9] must also have a Lorentz anomaly, as can be seen by expanding
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the action in powers of ©. We expect that the above anomalous Lorentz trans-
formation property of B will be required to cancel this anomaly. In most of what
follows we shall, however, restrict ourselves to the case with ¢z = 0, 1.e., we will
assume that H satisfies the Bianchi (1.1). In the next section we will solve the T,
F and H-Bianchis using an appropriate set of torsion constraints. The resulting
equations of motion and supersymmetry transformation laws describe coupled
SYM-supergravity theory.

It is important to realize that (1.1) introduces an arbitrary parameter in the
coupled theory. If we restore the gauge coupling constant in the definition of F
and work with fields of canonical dimensions in (1.1), then ¢; can be seen to be
of length dimension four. This is precisely the dimension of the ten-dimensional
gravitational coupling constant. It is, perhaps, appropriate that the gravitational
constant first appears explicitly in (1.1), since it is this equation that is respon-
sible for coupling matter to gravity. (This should be contrasted with the pure
supergravity Bianchis where no arbitrary parameter appears explicitly.) Inter-
estingly, as we shall see in the next section, ¢; can actually be removed from all
equations by appropriate rescalings of the various fields, reflecting the fact that
in the Chapline-Manton theory the coupling constants can be scaled away from

the lagrangian.

We end this section by giving the H-Bianchi, (1.1), in component form:

3 3
D[AHBCD) + ET[ABFHFCD) - ECltr(F[ABFCD)) = 0 (38)
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4. SOLUTIONS OF THE BIANCHIS

In this section we discuss the solutions of the T', F and H-Bianchis. These

Bianchis are solved using the following set of constraints on the torsion tensor:

Taﬂa = 21‘2[3 Taab = _Taab = 0
(4.1)
. Taaﬂ = "Taaﬂ = (Pa¢)aﬁ Taﬁ’7 =L

where the superfield ¥*? and the components T;° and T,3* are unconstrained.
This set is due to Witten!4l; although not identical to that used by Nilsson/3l, the
two sets can be shown to be equivalent. We use this set since we find it simpler
to work with. We also use the following constraints on the superfields H 4pc and

Fyup:

Hapy =0,  Fap=0. (4.2)

Since the algebra is rather involved, a detailed derivation of the solutions is
relegated to the appendices. Here we present the solutions and discuss some of

their more interesting features.

T-Bianchis

Using (4.1) and (2.18) one obtains a number of equations for the uncon-
strained components of torsion and curvature . These have been listed in Ap-
pendix A, eqns. (A1) — (A7). An immediate consequence of these equations is
that the superfield Ty = Tabdndc, which is apriori antisymmetric in its first two
indices only, is actually totally antisymmetric. This result is interesting because
it makes Ty, have symmetry properties identical to those of Hyp,. In fact, as we
will see when we discuss the solutions of the H-Bianchis, these two superfields

are simply related.
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There are a number of additional results that can be obtained from (A1)-
(A7). One can determine the superfields *? and R,pq = Raﬁad’?db completely

in terms of Ty p.:

1
VP = —2—4Tabc(1‘“"°)°‘ﬁ (4.3)
i 1 cde c
Raﬂab = chde (rab )aﬁ + 3Tabcraﬂ (4'4)

Also, using the following decomposition of T,;* in terms of SO(1,9) irreducibles

Typ® = Jap® + 205Dy + TP (L) 5° (4.5)
where
Jap®Ths =0 (4.6)
JgT%% =0 (4.7)
one can show that
78 — _g Dotp®” (4.8)
Jpa = -%[Da(raw)a 5+ 288°T ). (4.9)

From (4.7) and (4.9) one finds that ¢ must satisfy the equation Dy9*# = 0,

which implies

JP =o. (4.10)
This equation will eventually turn out to be the equation of motion for the
supergravity ‘spin—%’ field. The remaining irreducible component J,;,* can be

13



related to a fermionic derivative on Ty, as in (A25). This expression satisfies
(4.6) identically and so does not lead to any further constraints. The Rarita-

Schwinger equation is obtained from
Tab"‘(l‘“bc)ap = 16Jﬁdndc, (4.11)

once we have solved for Jg, using the H-Bianchis.

Finally, one can also relate Ryqp. and Rgp.q to Tgpe and its fermionic deriva-

tives. The latter relation leads to the following two results; the equation
DaTbca == 0 (4.12)

which will turn out to be the equation of motion for the field strength H,;., and
an expression for the Ricci tensor

1 3
RacbdnCd = Rab = DaJﬁarbaﬂ + Zﬂasz - '2'TZb’ (4'13)

where we have used the notation T? = TabcT“b",be = Tachde. Although not
evident in (4.13), Ry is actually symmetric, as shown in Appendix C.

In summary, the T-Bianchis enable us to relate all the unconstrained com-
ponents of the torsion tensor and all the components of the curvature tensor to
the single superfield Ty.. They also give us a number of equations which will

eventually turn out to be the equations of motion for some of the dynamical fields

of the theory.

F-Bianchis
Using (4.1) and (4.2) in (2.19) these Bianchis can be written out in compo-

nents as in Appendix B, eqns. (B1) — (B4). It follows from (B2) that Fyq is of
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the form

Foo = PaaﬂXﬁ’ (4'14)

where the ‘spin—%’ superfield x is a 16 of SO(1,9) and transforms in the adjoint
representation of the gauge group. We identify it as the gluino, the superpartner
of the gauge field. It is now relatively straightforward to obtain the following

equations:

1 B

Dax” = 5 Fup(T)a (4.15)
DaFop = 2F[a&ﬂ‘Db] Xﬂ - abcrfxﬁxﬂ - z(r[awrb])aﬂxﬂ (4'16)
IZ%sD.x" = 0. (4.17)

The first two of these are essentially the variations of the gluino and the gauge
field strength under a supersymmetry transformation and the last is the equation
of motion for the gluino. The simplicity of this equation is deceptive—we remind
the reader that all our covariant derivatives are torsionful. There is one more

result that can be derived from (B1) — (B4). It is the Yang-Mills equation,

1
DR, = 51““,,3><<>‘xﬁ — Type F® — 8J,cx°. (4.18)

In summary, the F-Bianchis can be completely solved using the results of the
T-Bianchis. One obtains in this way the supersymmetry variations of the SYM

fields and the equations of motion for them.
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H-Bianchis

So far the scalar and ‘spin—%’ degrees of freedom of supergravity have not
appeared in our discussion. As we shall see below, the solutions of the H-Bianchis
contain these missing degrees of freedom. In addition, we will be able to relate
H,p. and Ty, solve for a fermionic derivative on T,;. and obtain an expression
for Jaq in terms of thé other superfields whose © = 0 components are directly
related to the dynamical fields of the theory. This will enable us to obtain all
the equations of motion and also show that, on-shell, all the superfields can be

expressed in terms of the dynamical fields of the SYM-supergravity system.

Using (4.1) and (4.2) in (3.8) one can write the H-Bianchis in components
as in Appendix C, eqns. (C1) — (C5). Eqn. (C2) is solved byl[15]

Hyap = ¢laap (4.19)

where ¢ is a scalar superfield, whose © = 0 component is just the dilaton. Its

superpartner is the © = 0 component of the ‘spin- %’ superfield A, which is defined

by

Aa = Dod (4.20)

Using (4.19) eqns. (C3) and (C5) can be solved for the other components of

Hjspc. We obtain

1
Hgpo = _i(rab)aﬁkﬂ (4'21)
3 c
.Habc = —'2°¢Tabc + Zl(rabc)aﬁtr(xaxﬂ)_ (4.22)
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One other important equation that can be obtained from (C5) is
1 c
DoXp = ~T3gDat + 5 (T) o[ Hare + 5 (Tabe)astr (x7X°))- (4.23)

This equation is essentially the supersymmetry variation of A.

Eqns. (4.22) and (4.23) are extremely interesting. The first tells us that
the field stfength Ha,bc" is proportional to the spacetime torsion in the absence of
coupling to SYM[16l. When SYM fields are present this relation is modified by
the appearance of the gluino bilinear. Since all our equations, with the exception
of (4.23), are written in terms of Tj;., they will involve Hyp, only in this specific
combination with the gluino bilinear. The fact that H;. always appears in a spe-
cific combination with the gluino bilinear, except in the supersymmetry variation
of A, has interesting consequences for the compactified solutions of superstring
theory. As argued in ref. [17] this means that it might be possible to have vac-
uum solutions with a vanishing cosmological constant even when supersymmetry
is broken. Equation (4.22) also explains the ‘perfect square’ of ref. [17]; this

appears through the T2 terms in (4.13).

Returning to eqns. (C1)—(C5), there is another important result that we can
obtain from them. This result, given in (C13), expresses a fermionic derivative
of Ty in terms of the other superfields. A number of relations follow from this
equation. First of all, imposing the restriction (4.10) gives the A equation of

motion :
T8 Dodg = 29°F X5 + %I(F“b)"‘ptr(Fabxﬂ). (4.24)
From this one can obtain the equation of motion for ¢:
D°D,¢ = —%¢T2 — %Tabc(l‘“bc)aﬁtr(x"xﬂ) + —c3—ltr(FabF“") (4.25)

17



Finally, one can obtain the following expression for Jy,

-1
Jao = £ [Dada — (Tav + 290Ta)a” Ag + (80T — 20aT™) str (Foox”)):

(4.26)
Eqn. (4.11) then gives us the Rarita-Schwinger equation while the Ricci tensor

can be obtained from (4.13). The latter is

| 1
Rop = ~2¢7(AT(aDyy}) + €16 tr(xT (a Dy)X)
— 671 DDy + 3 T 2 Th
€1 ,1 jk
+ ?tb tr(XT jk(aX)Th)

c —
- é‘ﬁ 1 nabtr(xrcdeX)TCde

c (4.27)
+ gl ¢_1tr(4Fachb + gnachdFCd)

1 _ .
— 4% 2 (AT k(o A) Ty

1 _
+ E¢ 2 nab(AI‘cdeA)TCde

C _ . .
— 157" trlFux(TMnap + 126(T7T5) ]

We have used an obvious compact notation in this equation. All expected source
terms appear in it, though in a noncanonical form. The last equation of mo-
tion, that for H,y,, is obtained from (4.12) and (4.22). Having obtained all the
equations of motion we can now see that the parameter ¢; can be removed from
them by the field rescalings ¢ — ¢3¢ (which also implies A — ¢;A through (4.21))
and Hgp — c1Hgpe. ( In the ©® — 0 limit, this corresponds to rescaling the

antisymmetric potential Bpyy.)
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We should mention here that in solving the three sets of Bianchis one comes
across a number of consistency conditions. We have checked that they are all
satisfied. For example, one might have thought that one could solve for T,,*
in terms of the other superfields since it is related to a fermionic derivative of
Tape for which an expression has been obtained in (C13). It turns out that this
is not the case, as explained in Appendix C. This is as it should be since the
© = 0 component of T,;* involves a dynamical field, the Rarita-Schwinger field.
However, fermionic derivatives of T,;* can be expressed in terms of the other
fields. In fact, from the solutions we have obtained it is not difficult to see
that this is true of all the superfields. Hence the constraints (4.1) and (4.2) are

sufficient to determine the on-shell system completely.

A detailed comparison of this theory with the Chapline-Manton theory!!l
entails working out the © — 0 limit of the equations of motion and supersymme-
try transformations for the various fields and then finding the appropriate field
redefinitions. We shall not attempt to do this here but only remark that quali-
tatively all our equations of motion and transformation laws agree with those of
the Chapline-Manton theory, except for the presence of extra terms quartic in
X. These terms are necessary for the theory to be supersymmeteric, as was first

noted in ref. [17].
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5. CONCLUDING REMARKS

In the preeceding sections we have discussed the coupling of SYM to super-
gravity, which was achieved by considering (3.1) with only ¢; nonzero. However,
for reasons mentioned earlier, we expect that a consistent treatment of super-
string propagation in curved superspace in the presence of background SYM
fields would require H to satisfy the full Bianchi (3.1). It is therefore of interest
to extend the previous analysis to this case. Another reason for doing so is that
SYM-supergravity theory is known to be anomalous, and, as demonstrated by
Green and Schwarzl?l, a modification in the definition of the field strength H sim-
ilar to (3.6), in X-space is required for anomaly cancellation. In this concluding
section we will briefly investigate the effect of this modification on our previous

results.

To see what this modification entails it is necessary to look at the Bianchi

(3.1) in components. These are:

3 361 962
D[e Habd] + 2 T[ea.f Hfbd] T t’r(F[ea, de]) T T R[eafg Rbd]gf =0 (5'1)
rf H, —32R gpl=0 (5.2)
(ea ~" f086) T (eaf B86)g” = :
D(c Hopya + 2r(f€a Hjg, — 63 R, Rgya,’ =0 (5.3)

3D[e Hab]6 - D& Heab + 3T[ea.F Hf’b]g
+ 397 r[eeSHabh - B¢y tI‘(F{ea I‘b]aﬁ Xa) (5.4)

e 1802 R[ fg Rb]é‘gf =0

ea
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Dy, Hyps + D(g Hpyeq + % Teo’ Hyps + Ths Hyea
=¥ Top Haals = ¥ Ty Halp
+ 2¢; I‘[eﬂ»& Loy tr(x* x7) (5.5)
~ 3¢z Reas® Roag! +3¢2 Ry 35" Rypsy”

+3cz R ;% Ryp,’ = 0.

(57
Since the T' and F-Bianchis do not change, their solutions in terms of the su-
perfields T, , Fgp and x® are unchanged and can still be used in (5.1)—(5.5) to
solve for the various components of H pc. However, the presence of curvature
squared terms in these equations now makes them harder to solve. Assuming
that a consistent set of solutions exists, it is almost certain that it cannot be
obtained in a closed form. However, it seems feasible to obtain the solutions in

a power series in the parameter cs.

To see how this can be done, we first note that since the curvature component
Rypap is simply related to Ty, through (4.4), eqn. (5.2) can be solved for Hyqp.
The solution is modified from (4.19) by terms proportional to the square of
Tupe- To solve (5.3) and (5.5) for Hgyp, and Hgpe to first order in ¢y it suffices
to substitute the zeroth order solution for D,Ty;. in these equations. This is
because all terms involving DoT,;. appear either through Hg,p or the curvature
squared terms and so are alredy first order in ¢2. Substituting these solutions in
(5.4), Do Ty, can be determined to first order in c¢z. This procedure can obviously

be iterated to generate series solutions of (5.1)—(5.5).
It is clear that the equations of motion of this theory obtained by the above
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procedure will be infinite series in the parameter ¢z. Since the theory is manifestly
supersymmetric and anomaly free (for specific values of ¢; and ¢;) it is tempting
to conclude that it is some kind of low-energy field theory approximation to
superstring theory. Precisely in what sense, if at all, it arises from superstring
theory is, however, far from clear. In any case, the iterative procedure outlined
above provides a systematic way of obtaining an anomaly free SYM- supergravity
field theory. In this connection we mention the recent attempts(i8l that have been
made using the component field formalism. The superspace approach presented
here is technically more efficient, but a detailed analysis is required to establish

its consistency. Work in this direction is in progress.

Note added After this work was completed, L. Mezincescu brought to our at-
tention the recent preprint of R. Kallosh and B. Nilsson (CERN-TH-4300/85)

which also discusses some of the issues studied here.
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APPENDIX A: THE T-BIANCHIS

In this appendix we discuss the solutions of the T-Bianchis (2.18). In com-

ponent form these Bianchis are:

Dig Ty)® = Tjas® Tyje® — Rigpe® =0 (A1)
Dy T’ — Tjs® Tope’ = Tiap™ Tpe ¥ =0 (A2)
Rigpr)’ =0 (A3)

Dg Ty +2T3." T5 — 2Rgp* =0 (A4)

Dﬂ Tbc6 + 2D[b "/165 11::][?5 + Tbce "»["66 reﬁe

(45)
+ 247 ¢a6 r[bﬁg Fc]a'y - Rbcﬁ6 =0
1
29 Tye(s Ff/)a -3 Ryp* + Tl Ty =0 (A8)
Ba(p)’ + Diy ¥ Tap)e = T5p Tea’ = 0. (47)
We first study the algebraic equations (A3) and (A6). From (A3) we find:
Ro(py)® =0 (48)
Using this in (A6) we get:
Ty’ = 0. (A9)
Contracting a with d in (A6) and using (A9) we find:
%% Ty T =0, (A10)
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or, equivalently,

() Tyep T2 = 0. (A11)
Also, multiplying (A10) with T'°#7 we get:
Y T = 0. (A12)
Using this equation and the part of (A6) symmetric in @ and d we find
Tya(sc) = O (A13)

Since T, in antisymmetric in the first two indices this tells us that Tp, is totally

antisymmetric.

Now ¥ may be expanded in SO(1,9) irreducibles as:
¢e§ =G, (Fa)ai + Gape (I\abc)eé + Gabede (f\abcde)€5 (A14)

where G, ;. is antisymmetric and Ggpcge , as well as Pabede are both antisymmetric
and self-dual. Equation (A12) forces G; to vanish while (A13) and the part of

(A6) symmetric in @ and d implies that the 126 is absent. So,
web’ — Gabc (rabc)aﬁ. (A15)

To determine Ggp, we proceed as follows. Multiplying (A3) with I'*#7 and con-

tracting 6 with a we find:
R,pcd réfe — o (Alﬁ)
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while multiplying it with ['®A7(T'¢f);* gives us:

Raﬂcd (Facdef)aﬁ _ 18Raﬁe'f I‘aaﬂ

(A17)
— 2R,5% T72F 1 2R, 7% T°%F = 0.
Similarily, multiplying (A6) with (['*¢4¢/)78 we get:
24 x 16 x 42 G/ 4 (rocdeyaP B 5.4 =0, (A18)
while multiplying it with T?7 we find
6 X 64 Gged — Roypag TP7 + 32T,54 = 0. (A19)

Using (A17)-(A19) we can derive (4.3). Substituting this in (A6) we get (4.4).

We now study the remaining equations and show that all the other unknown

superfields can be related to Ty, and its fermionic derivative. From (A4) we see:
1 v v 4]
Rgepq = 2 Dg Tepg +Tep' Tayp + Tap" Tenp + Tyge Toyp. (A20)

Moultiplying (A7) by I'?7 and (A20) by 1 (P.I'%)P% and eliminating Rgcsq e can

derive the equation:
6Tz’ — Dy ¥ (T Te)?

1 9
=5 Dp Thca (T NG LUETS 5 T (Tt T.),°
(A21)

1
+ 7 Toa"(T T To)y” = Tog (T To)y
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Using (4.5) this becomes:

1
6Tec6 - Da ¢66 (Fc re)ea - g DﬁTbcd (rc rbd)ﬂ6
= 36J4c I'%% — 8J,, I (A22)
+ 27Jﬂ (rc I‘e)ﬂa - 18J6 nec.

Contracting ¢ and e in this equation we get (4.8), while multiplying it with I' o

gives (4.9). Using the constraint (4.7) on J,. and (4.8) we find:
Dg P% = 0. (A23)

This implies that the 16 in T33* vanishes while the 144 is given by:

1
Tye =55 Dp (T )Py, (424)

Using (4.5) and (A22) we can obtain an expression for the remaining irreducible,

the 560:
Job = % Dp Tjpe (T7F)P% + % Dpg T, THFE (A25)
Combining these results we can relate the superfield T,..® to fermionic derivatives
of Type:
T,.’ = %1- D Tjrpe (D)% + 23—8 Dp T, TS, (A26)

From (A20), we see that the same is true of Rg.q. Finally, we obtain an expres-

sion for the Ricci tensor in terms of Ty, and its fermionic derivatives. Multiplying
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(A5) by (T Tf)s? and evaluating some traces we find:

1
Rebes = g Dp Ty’ (Te Tg)s? + Dpp Topes
1
+ ) Tbcd Tefd + ne[c o) f T? (A27)

1 . 1 ,
+ 1 Nelb Tc]Jk Tfjk T Nfb Tc]ﬂc Tejlc-

The Ricci tensor is then:

1 1
Rce = 'g Dﬂ Tbc6 (re rb)ﬁﬁ - ’2' Db Tecb
(A28)
1 3 :
+ Z Nec T? - 5 Tejk chk,
where R.. = n% R, 7- This expression can be simplified by using
Ds Ty” =0 (A29)

which follows from (A5). The first term in (A28) may then be expressed in terms
of a fermionic derivative on the 144 of T};.°. The antisymmetric (in ¢ and e) part

of the resulting equation is
Ry = Dp Ty T — —D T..°. (A30)
On the other hand, from (A1) we get:
Dq Ty.® + 2R = 0. (431)
Comparing (A30) and (A31) we see

Dp J,,TyP" = —D. Ty". (A32)
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Now using (A26) and (A29) and the result
Do Dp Ty® TP = —16D, Ty, (A33)

which can be obtained by using the relation for the anticommutator of fermionic

derivatives, we get
Do Dg Ty (Ty'%)P* = 24D, Top®. (A34)
This equation along with (A24) and (A33) gives us:
Dg JyoTy’" = —4D, Ty’ (A35)

Comparing (A32) and (A35) gives us the equation of motion for Ty, (4.12).
Also, this result can be used to simplify (A28) to obtain the expression for the

Ricci tensor given in (4.13).
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APPENDIX B: THE F-BIANCHIS

In this appendix we discuss the solutions of the F- Bianchis (2.19). In com-

ponent form these Bianchis are:

#D[c Fyo) — Tjs® Faja — Tje® Fops =0 (B1)
¢ Faya=0 (B2)

2D, Fyjo + Da Fup + Tp® Fuo — 2T1° Fys =0 (B3)
Diy Fgys + T35 Fgq = 0. (B4)

Writing F,4 in terms of irreducibles we may use (B2) to show that the 144 is
absent and so (4.14) follows. Writing D, x° in irreducibles we may use (B4) to
show that the 1 and 210 are absent and thus derive (4.15). Eqn. (B3) directly

gives us (4.16).

To obtain the gluino equation of motion, (4.17), we use the anticommutation

relation:

{Dg, Do} x° = —2T, De X — Rpa’y X7. (B5)
Contracting a and 6 and using (4.16) we get:
1
TT%5Da X° = —3 Thed (T%%) g5 x° + 99" I'hs Tise X° + Rpa®rX"  (B6)

Using (4.3) and (4.4) this simplifies to (4.17). Finally, the Yang-Mills equation
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is obtained by using the commutation relation:

(D5, Da] X° = Fya x° — Roa’~ X7 — Tha” Dp X°.

(B7)

Multiplying this with (I'®*);%, using (4.15) in the first term and commuting D¢

through D, in the second term on the left hand side we find:
16D, Fb =8 x* T'%y x°
1 bed ey a 6
“‘gDaTbcd (r I°)s* x
— 16 Ty, Fbé
9 §(pec red y
_‘2‘Tbc (T T)ys x
+ Ty’ (% T?)5 X7
+3 T.g° (I T) s X7
9
+ 3 Tec5rc "6 X7
Using (A24) we may simplify this to:

1
Db Fbe — Ereaﬂxaxﬂ . Tebd de -8 qu X'y
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APPENDIX C: THE H-BIANCHIS

In this appendix we discuss the solutions of the H-Bianchis (3.8). In compo-

nent form, these Bianchis are:

3cy

3
D[e Habd] + 5 T[eaf H.bd - tI'(F[ea de]) =0 (C1)
2 sba] 9
f —
D(c Hapya + 2T, Hjg, =0 (C3)

3D[c Hab]6 — Dg Hegp + 3T[eaF Hﬁ'blﬁ

(C4)
+ 3¢¢7 F[egg ably — 6c1 tr(F[ea. I1b]o¢5 Xa) =0
1
D[c Ha]ﬂb' + D(ﬂ H&)ea + 9 Teaf Hyps + ré& era.
— ¥ Tlep Haals — %7 T o5 Haalp (C5)

+ 261 F[eﬁ& Fa]6'7 tI‘(Xa X’y) =0
Eqn. (C2) is solved by (4.19). Using this (C3) can be solved for Hz5. To obtain

the solution we multiply this equation with I'“®# and find:
8Xe 65+ Ao (Tq T¢)e® +2(T/ T°)F Hypg+16 He .y = 0. (Cé)
We may write Hyyp in terms of irreducibles as:
Hyap = Xgap + 2X(;° Tajop + Ha (Tra)s® (C7)
where the superfields ¥s45 and ¥y satisfy the constraints:

Hpap T* =0 (C8)
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¥p2TI, =0 (C9)

Equation (C6) then requires that the 560 in Hy4s be absent. Contracting ¢ and

d in this equation we can solve for the 16:
1

Substituting this in (C6) we find that the 144 vanishes, thus resulting in (4.21).

To solve for Hyp., we multiply (C5) with T'%? to get:

1
Hyeo = —& Tgea + ':ﬁ (I‘dea)ﬂe Dﬂ Ae

(c11)
c1

+ g (Fdea)aﬂ tr (Xaxﬁ)’

while multiplying (C5) with (I'**?¢2)#¢ and using the expression for the anticom-
mutator of two fermionic derivatives on ¢, we get, after some algebra:
— b ¢ abe
Dg Ae = _Fﬂe Dy ¢ — s Tope (T )ﬂé
(C12)

¢
+ Eli tr (x*x7) (Tabc)ary (rabc)ﬁe-
Equations (C11) and (C12) lead to (4.22) and (4.23). Finally, an expression for

a fermionic derivative on Ty can be obtained from (C4) by using (C11):

Dy Tygpe = 2T[abo‘]:‘c]owy + (»b_lD[aAf;(rbc])’fﬁ

— ¢ Tupe Ay — 67 T (Teja) 1" A5
(C13)
- (45
—¢ l(r a¥lc )’Yﬁ’\ﬂ + _l¢ l(refrabc)"lﬁtr(FefXﬂ)
[ ] 6
+ 4c1¢“11‘[aﬁﬁtr(Fbc]xﬂ)
This completes the set of solutions of the H-Bianchis. We shall now derive the

equations of motion for A and ¢. Multiplying (C13) by (T9%¢)87 and using (4.10)
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we get (4.24). Taking the fermionic derivative of (4.24) and using the expression

for the commutator of a bosonic and a fermionic derivative on A and several of the

previous results we obtain the equation of motion for ¢, (4.25). The expression,

4.26), for the 144 in T,,® may be derived by multiplying (C13) by (I'*¢)47.
B

We may now evaluate the first source term in the Einstein equation; this

is a little tedious. Using

(4.26), (4.24), the expression for the commutator of a

bosonic and a fermionic derivative on A, the expression for the commutator of

two bosonic derivatives on ¢, (A20), (A26) and (B3), we find:

1
= —§¢"2(AI‘(,,D,,)A) + 6145_1 tr(xI‘(an)x)
1 .
— ¢ D(,Dyy$ — 5 Tosk Ty’
+ 62—145_1 tr(xTjx(a X) T)”*

c1 ,_
- E,E‘ﬁ 1 nabtr(chdeX)TCde
(C14)
C
+ -61 7 r(4F, FCy + oy Fo g F°9)

1 _ .
i 2 (AT k(e ATy

1 _
+ E‘ﬁ 2 7Ia.b(>‘:[--‘cde>‘)1-‘cde

c _ . .
— éqs 2 tr[Fagx (T nap + 126/, T7T4)) ]

We have used an obvious compact notation in this equation. This expression is

symmetric in a and b, thus satisfying the constraint on it, from (A32) and (A35),

identically. Also, the Ricci tensor is, therefore, symmetric.

Finally, we show that (C13) and (A26) do not determine Tj;° in terms of the
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other superfields. Substituting (C13) in (A26) we see that all terms involving the

560 of T,,* cancel and the resulting equation just determines the 144.
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