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ABSTRACT

We develop a method which enables us to calculate ezplicitly matrix elements
of multiquark operators between two nonstrange baryon states, thus obtaining the
ezact dependence of these operators on N-number of color degrees of quarks. The
method employs permutation symmetry of the N-quark wave function and it is
illustrated by evaluating g4/gyv and the matrix elements of four-quark (current-
current) operators which appear in the AS = 0 effective weak Hamiltonian.
Implications of these results for the low energy phenomenology and for the in-
terpretation of the Skyrme model results are discussed.
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There are many strong arguments to believe that the SU(3)¢ gauge theory
of quarks and gluons, known as quantum chromodynamics (QCD), is the theory
which properly describes the world of hadronic physics. Unfortunately, the com-
plexity of the phenomena which this theory tries to explain makes it unsolvable
exactly. However there exists an expansion parameter, i.e. the number of colors,
N = 3, which gives the possibility of developing a good approximate theory. ’t
Hooft originally proposed a generalization of QCD from three colors with the
SU(3)c gauge group to N colors with SU(N )c gauge group. It was hoped that
such a generalization, together with 1/N expansion, could provide an interesting
insight into QCD problems.2 Witten in his excellent paper2 reviewed the ex-
isting results concerning mesons and gluon states in the 1/N expansion scheme
and showed how to fit baryons into this picture. This approximation scheme
does provide useful selection rules for strong meson decays and also provides
us with a systematic way to calculate hadronic matrix elements involving weak
currents. The SU(N)c—quantum chromodynamics for strong interaction—and
the Weinberg-Salam gauge theory for weak interaction have been applied to the
nonleptonic weak decays of D and K mesons,3 and give a reasonable description
of D - Km and K — 27 decay amplitudes.

In the last few years chiral perturbation theory, and the Skyrme model in
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pa,rt;icula,r,4 received revival and extensive study. It became clear that large N-
properties of many physical quantities are very important.6 An important finding

is that in the N — oo limit baryons appear to be solitons in the effective mesonic

field theory.2

In this paper we shall develop the method which enables us to evaluate explic-

itly the matrix elements of multiquark operators, i.e., dimension four (current) or



dimension six (current-current) operators, between baryonic states as a function
of N. This will be done for the simplest case with 2 flavors only, i.e., S U(2)r case.

The method is based on permutation symmet;ry7 of the baryon wave function.®

The nucleon wave function with N quarks is written as a product of the
single particle wave functions. It is composed of products of the wave functions in
four subspaces: the spatial-(X), spin-SU(2)s, isospin-SU(2); and color-SU(N)¢
subspaces. The wave functions in each of the subspaces are characterized by7
Young tableau [f], unitary quantum number p and Yamanouchi symbol r which
is the quantum number of permutation symmetry.8 Quantum numbers [f], p,r
are extensively explained in Appendix 1C of A. Bohr and B. Mottelson, Ref.
7. Here we only briefly mention definitions of these quantum numbers. The
Young tableau is defined as fl = [fisfas-s fnls i + fooo. + fn = N, where
fi is the number of boxes in the #** row. E.g., the nucleon wave function has
[fx] = [N] (symmetric), [fs] = [f1] = [&, %] and [fo] = [1,1,...,1]
(antisymmetric). The unitary quantum number p is determined by the single
particle wave functions arranged in the Young tableau. E.g., pr determines the
third component of isospin T3. Yamanouchisymbol r is determined by the ciphers
from 1 to N arranged in the Young tableau in an increasing order in each row and
‘ea.ch column. The number of different Yamanouchi symbols A[f] (or equivalently
the dimension of the Young tableau) can be cast in the following formula:’

NTlicjcn(fi = fi +3 —19)!
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The explicit form for the wave function with good [f], r and p is generally
complica,ted.9 However, in the standard, the so-called Yamanouchi representa-
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tion, one ensures the orthonormality of the wave functions, ie.,



([flsrs0|[f'],r"0") = 6(1)(77] Orr’ 8pp', as long as the single particle wave functions
are orthonormal. Also, this representation ensures good permutation symmetry

with respect to the first two particles.

Coupling of the wave functions with [fs], ra, po and [fg], 75, ps from two
different subspaces, e.g., spin and isospin subspace, into the wave function with
new [f],r is determinéd by the Clebsch-Gordon coefficients for the permutation
group ([falra, [f5lrs|[f Jr). They are difficult to evaluate for the number of quarks
> 4, so that their evaluation with a computer is needed. ™ However, when the
new wave function is symmetric, i.e., [f] = [N], the Clebsch-Gordon coefficients
have a simple form ([fa]ra, [fslrs|[N]) = 81,117, 6rars/ /Bl fal-

Since the nucleon wave function has symmetric spatial and antisymmetric
color parts, the spin-isospin part should be symmetric in order to ensure that
the total wave function is antisymmetric. Using the above results, we can finally

express the nucleon wave function in the following forms:

Yy = |[N],PX> I[l’la---’l]PC)

h|Ntl N-1
el ]l[N-H N—l] > I[N+1 N—l] >
2 ) 7 ' PS N ) 2 yPI} »
r=1

where N denotes nucleon. Here h[MHl N-1] — 2N/ [(BE3) (22)1] as ob-

tained from formula (1). Note that by a similar procedure one can construct
also A state and other higher spin baryonic states. Although we do not have
explicit form for the wave functions |[N—}'—1- Nz;l] T, P8, I>, it is not necessary. We

will use only the symmetry properties of the wave function for the evaluation of

the matrix element.



For an illustration of the method, we shall first evaluate the ratio of the axial-
vector and vector coupling constants, g4/gy. In the nonrelativistic limit with the

assumption of contact-interaction for the spatial parts one obtains:

94 _ <'/’Iv| Zilil(US)i(TS)i|¢L>
o <¢L|Eﬁ1(73)i|¢1,> '

(3)

Here ¢L is the nucleon wave function with the total third component of spin
Y3 = +1, while (03); and (73); denote the single particle operators for the third
component of spin and isospin, respectively. Because 9y is totally antisymmetric
one can use the identity <¢leﬁ_—1(a3)i("3)i|¢l/> = N<¢L|(o3)N(Ts)N|¢L>.
Expectation value of operator (3)n((03)n) is different for each of the two sets of
the wave functions in the isospin (spin) subspace. These two sets are determined

by the following Yamanouchi symbols:

Ow
Il

ro = , r

- (4)

One can write the isospin part (and similarly the spin part) of the proton wave
function with ro and r§ in the following way:

Yo =152 20 o) = 3 CF

£1,82,00,8N—1
21,2250yt N —1

2
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X [w(k) dtkr1) — d(ik)u(Epr)]u(N) (54)
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x \/ié {[u(z’N_z)d(iN_l) + d(in—2)u(in-1)]u(N) = 2u(in-2)u(in—1)d(N )} '

One can write the corresponding parts of the neutron wave function in the
isospin and spin space in a similar way. Although we do not know the coeffi-

Tofé

cients C"-h‘.z,___,'.N_l, the evaluation of (73)n can be finally performed using the

orthonormality of the single particle wave functions. One finds:
(Yrol(r3)N1¥ors) =0, (6a)
(ro|(13) W |9ro) = =3 (b |(r3) N |thrs) = T3, (60)

where T3, the total third component of the isospin, is +1 and -1 for proton and
neutron, respectively. An equivalent result is obtained for (03) ; operator. Using

Egs. (2), (3) and (6) we arrive at the following expression for g4 /gy
9a _ o [RUEELEE] af R [MFERUN| N 42
— +=11- NiI 1] =—3 (7

2
N —1] 9 h [
The first part of Eq. (7) is obtained by noting that the number of Yamanouchi

=z

|2
NIN

2 )

symbols rg is equal to h [N—;—l s iz‘—l-] and is equal to (N — 1)!/ [(N—;—'l)' (#)‘]
according to formula (1). This then leads to the final, well-known result, first
derived by using the full explicit form of the N-quark nucleon wave function.™

In our approach result (9) is obtained in an almost trivial way as a function
of the ratio of dimensions for two different Young tableaux. This method can be
extended to a calculation of other current operators and to baryon states with
higher spins, like A.

We shall now apply the same method to SU(2); dimension six (four-quark)

operators which appear in the AS = 0 effective weak Hamiltonian and have



been classified in Ref. 12 (formula (3.2)). For the purpose of this paper we
are dealing only yvith the parity-conserving parts of each operator, because the
parity-violating operator between two states of the same spin and parity (—;—+ in
our case) vanishes identically. Here we shall calculate the parity-violating (PV)
n — pr~ weak amplitude. So we start with PV operators Of’ Vs from Ref.
12 and then throughr the so-called equal time commutator [FI‘F‘,O‘fJ V] arrive at
the isospin rotated parity-conserving (PC) operators 5JP C. In the nonrelativistic

limit our method gives:

s

O1 = [(wudd + dduu) — (wddu + dutd)|vv 144

= —;—N(N —1){1113 — 6102) (1112 — T172) (8a)

O; = [2(wuwu + dddd) + wudd + dduu + Tddu + dutdlyy.+aa

=3 N(N - 1)(1113 — 6162) (811l + 717 2) (80)

54 = [(Guwu + dddd) — (Tudd + dduu + wddu + duud)|vv4+a4

=L N(N - 1)(111z — 6185)[3(73)1(73)2 — 7172 (8¢)

O} = (owuwwu + dddd + wudd + dduu)yvv . aa

= N(N - 1) (1112 — 5132) (Sd)
O} = (@Xuadu + dhddXd + whuddd + dXduiu)yy+ a4
= X %; 0 (8e)

OF = (wudd — ddwu)yv+aa + (Tudu — dddd)yv-aa
8
= +(N - 4)Ts £ NS n(ms)n (87)
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6135 = (u uwdid — d\du u)yv+aa L (UXuUXu + EXdEXd)VV_AA
4

= X,‘kjazs . (89)

Here X,- denotes the single particle color operator and E is the total spin operator.
We have used the complete permutation symmetry of the baryon wave function,
i.e., the twb body opérator is replaced by the operator which acts only on the
first two particles (Egs. (8a,e)) and the single particle operator is replaced by
the operator which acts on the N** particle (Eqs. (8f,g)). In Egs. (8e,g) the
total antisymmetry of the color part of the baryon wave function gives the same
expectation value of the operator X,-}\',- for any i** and j** particle. Further, we
make use of the connection between the unitarity and permutation symmetry, i.e.,
the spin or isospin of the first two particles is one (zero) if the spin or isospin part
of the wave function is symmetric (antisymmetric) with respect to the exchange

of the first two particles. In this case:

1113 — G163 = 2 (1 - 13152) , (9a)
Ti1Ts=-1+ Zﬁllz . (90)
Here 1’515;),I are permutation operators between the first two particles acting on

the spin and isospin part of the wave function, respectively. Also, for the wave

function which is antisymmetric with respect to the first two particles, one has:

(r3)1(rs)2 = -1, (10a)

—_ =+ 1
- _ ~) . 106
X2 2 (1 + N) (10b)



Here the normalization condition TrA*A/ = 26;; was used. Using formulae (9,10).

we get the matrix elements of operators (8a-¢) between the nucleon states:

=2(N?+2N -3), (11a)
,(52> = <6;> =0, (115)
(@) =—2(1+5) (@) =-(1+%) (3:) - (110

Here h [I—V—zfl ,%] = 2(N —2)!/ [(M%'—l—)' (ﬂ{—é)'] appears as the number of

1]... ]‘

Yamanouchi symbols of the type T

-~ e g
In order to evaluate matrix elements of operators O!® we rewrite ¥ &y as
1 —*2 —9 = - = — . .
3| % +0% — (X —dn)?| where (¥ — dn)? = 0,8 for the wave functions with

ro,7g (see Eq. (7)), respectively. This finally yields:

~ h[ML Mo h[N=1 No1
(OF) =iV |3 +3-0) Hgi Tl +13+3-8) () (1- ek
d h[ 2 2] h[ 2 22
+ (N —4) } Ty =+2(N-1)Ts, (124)

(6?} = -2 (1 + %) <6§5> = 4 <N - %) Ts . (125)

Note that matrix elements for operators 5}5’8 have the opposite sign for the

neutron and proton states.

Again the explicit N dependence of the matrix elements for operators 5,- ap-
pears simply as a function of the ratio of dimensions for different Young tableaux.

The generalization of the method to higher spin states, e.g., A, and for other four

9



quark operators can again be done. However, an extension of this approach to
baryon states with nonzero strangeness is not obvious because the flavor parts
of the wave functién cannot be written in a way similar to the one given by Eq.
(5). We expect that the leading N dependence of the matrix elements will remain

similar also in this case.

Matrix elements (11, 12) calculated in a quark model with explicit nucleon
wave functions, e.g., the MIT-bag model or the nonrelativistic harmonic oscilla-
tors give of course exactly the same result for N = 3. Expressions (11, 12) should
also be multiplied by an integral I over the quark radial wave function. In the

MIT-bag model a typical value for I is 0.002 GeV3.

We can now evaluate N Nn PV a.mplitude13 A(n% :n — pr~) which is stud-
ied in PV nuclear electromagnetic transition.'* When pr — 0, application of
the soft-pion theorem, PCAC and current algebra gives the nonzero contribu-
tion ACA(n(l) from the so-called nonseparable diagrams. With the help of Egs.

(11,12) A®4(n?) assumes the following form:

494n2) = = [(olBF! (PC)p) - (i (PO)In)]
= ___*;%E sin? Oy [(0115 ~C¥) -2 (1 + %) (cy® - 0415)] (N-1)TI.

(13)
Here f;, Gr and O are the pion coupling constant, Fermi constant and Weinberg
angle, respectively, while C}s’s denote renormalized coefficients in front of O}s’s
operators. E.g., for N = 3 one obtains ACA(n(l) = 51078 by using values for
C}® from Ref. 12. We do not present the explicit N-dependence for fr, G and

C}ss; however, employing the presented technique this can be done.

The explicit N-dependence of multiquark operators is also crucial for a proper
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interpretation of the Skyrme model results which are related to the ones of
SU(N — oo)¢ theory. Howeve;, one would really like to link these results with
the real world of SU(N = 3)¢ theory. For that purpose, in the Skyrme model, the
experimental values of the nucleon (N) and A masses are chosen as input param-
eters, thus determining fr and e~ the coefficient in front of the Skyrme term (see
Ref. 5). On the other hand, in the large N limit, my & N, ma = my[1+0O(1/N)]
and correspondingly fx < VN, € o 1 /VN. This means that in the Skyrme model
my,A, which have singular N dependence in SU{N — oo0)¢ theory, were adjusted
to fit the real world with finite N = 3. One therefore expects that quantities of
the Skyrme model with nonzero leading N-dependence, e.g., g4, Knp etc., will
disagree with the corresponding experimental values, while quantities which are
N independent in the leading order of N, e.g., f2/ga, |tp/uin|, etc., will be in
good agreement with the real world. This is really the case; e.g., values for f2/ga
and py/py are in agreement within 2% with the experimental values, although
those for fr, g4 or pnp are far away from their experimental values (see Ref. 5
for numerical results). Also, the N — 7 scattering phase shifts,15 which do not

have leading N-dependence, are in good agreement with experiment.

The validity of the Skyrme model results in connection with the real world
should thus be reexamined by keeping in mind the explicit N-dependence of
relevant operators; results are reliable only for those quantities which do not
have leading NV dependence and possibly have N-dependent corrections of order
1/N 2,16 Therefore, having explicit N-dependence of relevant quantities is very
useful in order to understand which Skyrme model results have strong predictive
power. Similarly, matrix elements of O,’s (see Eqgs.(8)) evaluated in the Skyrme

model” should be interpreted with care in comparison with corresponding QCD
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calculations (SU(8)¢); only ratios of certain (0;)’s (see Egs. (11,12)) which in
SU(N)c¢ do not have leading N-dependence, e.g., (51)/(63) etc., should be in

good agreement with QCD results.

We believe that the method for the evaluation of matrix elements for the
multi-quark operators between any two non-strange baryon states is not only of
academic importance,‘but it will significantly contribute to deeper understanding
of the large NV expansion, to proper interpretation of the Skyrme model results,
as well as to a simplified analysis of the weak interaction phenomenology. There
is no doubt that the method drastically simplifies and shortens previously long,
hard and tedious quark model calculations. It is straightforward and extremely

useful.
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