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ABSTRACT

We study the radiation generated by electric currents in (1) infinite cylinders
with longitudinal flow, (2) infinite cylinders with solenoidal flow, and (3) infinite
planes. In each case we work out four specific examples, for which the retarded
fields can be calculated exactly, and we derive a “Larmor-like” formula for the
power radiated, in the limit of infinitesimal cross-section. We then consider
sinusoidal currents with finite cross-section, and discover that for certain special
frequencies the external fields are zero and there is no radiation. We relate our
results to the work of Goedecke and others, and conclude with some remarks on

the radiation reaction in these configurations.
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1. INTRODUCTION

When a point charge accelerates, it radiates. The power radiated is given by

the Larmor formula,1

1 2% ,
= = 1
4mey 3c3 @ (1)

where e is the charge, a is its acceleration, and c is the speed of light. Surprisingly,
however, it is possible for an eztended charge to accelerate without radiating.
For example, a nonrotating uniformly charged spherical shell (radius R) will not

radiate if its center oscillates sinusoidally at a frequency2 such that
sin(wR/¢) =0,
which is to say
wj =jgn(c/R), j=0,1,2,.... (2)

In fact, any superposition of such oscillations is ra.diationless;3 if the position of
the center of the sphere is given by
)
(t) = Z [a,J cos(wjt) + b; sm(th)] (3)
j=0
for constant vectors @; and I;j, the sphere will not radiate. Since any periodic
function can be expanded in such a Fourier series, it follows that the sphere does
not radiate as long as its motion has period 2R/c¢ (the time it takes light to
cross a diameter). Similarly, a spherical shell which rotates sinusoidally about a

diameter will not radiate if its frequency is such that*
si(wR/c) =0 (4)

where j(2) is the first-order spherical Bessel function.



We would like to study the phenomenon of radiationless motion in greater
detail. Unfortunately, there are very few nontrivial localized configurations for
which one can calculate the electromagnetic fields exactly. In this paper, there-
fore, we examine three special classes of nonlocalized currents: infinite cylindrical
“pipes” with longitudinal flow (Section 2); infinite solenoids (Section 3); and infi-
nite planes which carr& uniform surface currents (Section 4). For each geometry
we first analyse the case of infinitesimal cross-section, working out four specific
examples and deriving a “Larmor” formula for the power radiated. We then
consider sinusoidal currents with finste cross-section, obtaining an infinite set
of frequencies which do not radiate. In Section 5 we show that our results are
consistent with Goedecke’s general criterion for radiationless motion,5 and in
Section 6 we conclude with some remarks about the radiation reaction force in

these configurations.

2. THE INFINITE PIPE

Suppose an infinite straight wire, lying along the z axis, carries a time-
dependent current I(t). We assume that the wire is electrically neutra,l,6 S0

the scalar potential is zero, while the retarded vector potential is given by7

o0 o0
v _ ko, [It—p/c) , _po , [I(t—p/c)
r
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where (see Fig. 1)
p=Vriit22. (6)

Since A has only one component, we’ll write A = A%. The fields, then, are

, A  BA . - . . A .



The Poynting vector is

§(r,t) = i (B x B) = _% (%‘3) (%‘f) ¢, (8)

and hence the energy per unit time passing out through a cylinder of radius r

and length L is

P,(t) =/§-da= -% (%‘;) <Z—‘:) 2rrL . (9)

To get the total power radiated we take the limit of P, as r — oco. However,
there is a delicate point here: because of the retardation, as we go farther and
farther from the wire (at a given time t), we are sampling fields that left the wire
at earlier and earlier times. If we want the energy that left the wire at a fixed
time £g9, we must “follow the fields out” to infinity — that is, we want the limit
of P, with to =t — r/c (rather than t itself) held constant. Thus the power per

unit length radiated from the wire at time to is given by
1 . r .
P=—1im P, (to + —) , with to held constant . (10)
L r-o ¢

Ezample 1.8 Suppose a constant current I is turned on abruptly at time ¢ = 0:

0, t<0
I(t)={
Iy, t>0

For t > r/c (i.e. to > 0) only points on the wire out to

zo(r,t) =4/ (ct)? —r2 (11)



contribute, and we have

2o
Molp 1 uolo 2o+ ct
Alr,t) = dz = 1 ;
0

r

By =22 3; Bry=t0 g, p-to

c
2 2 rzg ar to )

Ezample 2. If the current increases linearly,

I(t)z{o, t<o0

at, t>0

We find (for t > r/c):

Ve + 22

. ma/a—vﬁiﬁﬁ) uw[ (

= Hoo ct+z2)\ . 7 Hoo 2o » poo?
E(r,t)=—27r ln( - )z; B(r,t):ﬁz—;cb; P = -

Ezample 3. If the current is a sudden burst at ¢t =0

I(t) = g0 6(t) ,

then (for ¢t > r/c):

O
6(t —p/c HogqocC
A(r,t)_uzo(Io/ (t—p/c) _ Hogoc
T p? —r? 2mzg
r
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Ezample 4. For a sinusoidal current,
I(t) = Iy sin(wt) ,

the results are as follows:g

[e o]
: A(r,t):/,u,oIo/smw(t—p/c) dp

27 ,/p2_,.2

r

= —MZIO [sin(wt)No (%) + cos(wt)Jo (%)] )

where Jy and Ny are the Bessel and Neumann functions of order zero;

E(r,t) = /‘Oiow [cos(wt)No (gcz) — sin(wt)Jo (%)] 3

B(r,t) = _ﬂo4Iow [sin(wt)Nl (_wc_r) + cos(wt)Jy (%)] é;

10
and

p— powIZ
8

[1 + sin(2wio)] .

(12)

(13)

(14)

(15)

(16)

If all we are interested in is the total power radiated, there is no need to

calculate the fields exactly; what we require are the “radiation fields” — the

terms in E and B which go like 1 /+/r at large distances from the wire. !

To

pick out the radiation term in the vector potential, we make the substitution

w=(p—r)/e
in Eq. (5):

du .

Ar,t) = 20 [_1o—u)

_go Vu/u+2r/c

6

(17)

(18)



Recall that
to=t—r/ec (19)

is to be held constant as we send r — co. Expanding the radical,12 we obtain a

series of the form

}1%(”@(”@(””' : (20)

Apaa(ryt) = “_7‘;\/; / I(L‘i/_;_'ﬂ du . (21)
0

Since the only time-dependence in A;,q is carried by to, it follows that

Eraa(r, ) \/; / I(to ”) (22)

where the dot denotes differentiation. Ar.q depends on r both explicitly (through
the 1/4/7 in front of the integral) and implicitly (through ¢;), so there are two

terms in 0A;.q/0r. However, the first goes like r=3/2, so

It— 1 —

and the power radiated, per unit length, is

=2 o)’ , (24)

where

Q) = / f(t—\/"-ai) du . (25)

Equation (24) is the analog, in this geometry, to the Larmor formula —

or rather, to the Liénard formula, since no nonrelativistic approximation has



been invoked. The reader is invited to check Eq. (24) for each of the examples
considered earlier. Notice that a steady current (I = 0) does not radiate (of
course); evidently this is the only radiationless case, just as constant velocity is

the only radiationless motion for a point charge.

Suppose now that our infinite wire has a nonzero radius R, and the current
I(t) is uniformly distributed over its surface, so that the surface current density

is

_ 1@
K(t) = R (26)
The vector potential is
2T oo K( / )
(1) = 105 t—pfe
Afr,t) = 47rz/ / 2% 4z Rag, (27)
0 —oo

where (see Fig. 2)
p=VE+22, (28)

and

¢ =+R:+1r2—2Rrcos¢. (29)

Consider a sinusoidal current,

I(t) = I sin(wt) . (30)

8



The z-integral is performed as before:®

wolo sinw(t — p/c)
= b // N e e

(31)
1 27
'_‘.“%/ [sm(wt)No (wf) + cos(wt)Jp (wf)] dé .
0
The ¢-integral can also be evaluated exa,ctly:13
A(r,t) = —MJ aid [sm(wt)N (w ) + cos(wt)J, (wr)] (32)
) ol o\~ o\~ .

Apart from an overall constant factor of Jo(wR/c) — which reduces to 1 in the
limit B — 0 — this is exactly what we found in Example 4 for the wire of zero
radius! The fields will be multiplied by the same factor, and the power radiated

at time ¢y can be read from Eq. (16):

p— “0‘;”3 [JO (?)]2 [1+ sin(2wto)] . (33)

(The same result holds for a current I(¢) = I, cos(wt), except that the plus sign
becomes a minus sign.) Evidently the wire will not radiate if the current is

sinusoidal with a frequency w such that (wR/c) is a zero of Jo(2):
=Aj(¢/R), 3=1,2,3,..., where Jy(};)=0. (34)

Notice that for these special frequencies the fields are precisely zero everywhere

outside the wire. There is, as it were, perfect destructive interference in all

9



directions. Because the fields obey the Superposition Principle, it follows that

any current of the form

I(t) = Z [a; cos(wjt) + b;sin(w;t)] , (35)

o)
Jj=1

with w; given by Eq. (34), will generate no external fields, and produce no

radiation.

This raises an intriguing mathematical question: what is the most general
function I(t) that can be expanded in such a “Fourier-like” series? It is not a
true Fourier series, of course, because the frequencies w; are not integer multiples
of a fundamental, but rather are proportional to the zeros of Jy(2). Nevertheless,
it turns out that the functions {cosw;t, sinw;t} are complete " on the interval
(—R/c, R/c): any well-behaved function on this interval can be written in the
form (35). (In a related paper ~ we show how to determine the coefficients a;
and b;, for a given function.) Unlike a Fourier series, however, the extension
outside this interval does not generate a periodic function. For example, the step

function

{—1, for —R/c<t<0
I1(t) = ; (36)

+1, forO0<t< R/c
expanded according to (35), extrapolates as shown in Fig. 3. What this means
is that a nonradiating current can be anything whatever, on an interval of length
T = 2R/c (the time it takes light to cross a diameter), provided I(t) has just the
right matching form [given by (35)] for all earlier and later times — in fact, the

electric and magnetic fields outside the pipe will vanish identically. 16

10



3. THE INFINITE SOLENOID

Suppose now that the current flows around the pipe, rather than along it.

The surface current density is

In this case the vector potential is given by

(37)

— 2r o
A(r,t) :Z—;/MMRM:%&/ / M cospdzds ,

0 —oo

where (see Fig. 2)

p=1§€+ 22 and ¢ =+R?+12—2Rrcos¢ .

This time [writing X(r,t) = A(r, t)$], we have

S(r,t) = —ﬁ (%-f) %(rA)f . P(t) = 2 (a—A> i(rA)L .

As before, the power radiated per unit length is

P= l lim P, (to + f) , with to held constant .
L roo c

(38)

(39)

(42)

Once again, we begin with the limiting case R — 0 — physically, this repre-

sents a string of infinitesimal magnetic dipoles. Expanding the integrand to first

11



order in R, and performing the ¢ integral, we find

A(r,t)

T 4m c(r? + 22) (r2 + 22)3/2

_ Nor(ﬁRz) 7 {K(t—\/rz—{-zz/c) + K(t—\/rz-’rzz/c)} dz. (43)

—00

In terms of the magnetic dipole moment per unit length,
M(t) =7R*K(t) , (44)

then,

A(r,t) = Nor7|:M(t—p/c) +M(t—p/c)] dp

2 2 _ o2
27 J cp P p r
(45)
[ o]
_ wor [ d [M(t—p/9)]  dp
2w J dp p Vpi—rt

r

Ezample 1. Suppose the current is turned on abruptly at time ¢t = 0:

M(t)z{o, t<0

My, t>0

Then

M(t) = M, J(t) ,

and (for t > r/c)

00 ct
6(t — 1 My ct
Alrt) = " 0 / (t—»n/c) dp+/ dp\ = HoMo et
27 cp p2 — r2 p2 p2 — r2 27 rz2o

r r

where, as before,

20 =/ (ct)? —r2.

12



It follows that

F(r,t) = PoMoer

2
~. B _ oMo ct o Mo\~ 1
o B¢ Bt =5 52 P=7(4c) B
0 0 0
Ezample 2. If the current increases linearly with time:
0, t<O0
M - { ,
at, t>0
we find (for t > r/c)
. uoa) 2 oz _ (uoa) ct -
H=(Z22) =2 = (222
A(rt) ( 2r ) re'’ E(r,1) 2w/ zor ¢
= poo 1 poo? 1
B ,t = — (—) —_— ; = — — .
(r.2) 2/ ze F 4mc? tg
Ezample 8. If the current consists of a sudden burst at ¢ = 0:
M(t) = Bs(t) ,
then (for t > r/c)
KoB\ re = poB 3crt .
A t) = — —_— — 3 _E ,t = — _— 3
() <27r)zg’ (r.?) <27r> zg ¢
- poBc [r? + 2(ct)?] . 9 wuf? 1
B(r,t) = — ; = — - .
() ( 27 ) z 25 P 64 mc? 1t}
Ezxample 4. For a sinusoidal current,
M(t) = My sin(wt) , (46)
the results are as follows:""
uoMow T . wr wr
A(r,t) = — 1 [sm(wt)Nl (—E-) + cos(wt)Jq ( . )] ; (47)
c

13



2

E(r,t) = &Jgft—d— [cos(wt)Nl (%) — sin(wt)Jq (%)] é; (48)
B(r,t) = _%%uﬁ [sin(wt)No (%) + cos(wt)Jo (%)] 2 (49)
p o HoMow | sin(2wto)] . (50)

8c2

These results are strikingly similar to those for the infinite wire carrying a lon-

gitudinal sinusoidal current, with the roles of E and B reversed.'®

To obtain the “Larmor” formula for the power radiated in this configuration,

we proceed as before. Let
u=(p—r)/c, (51)
and remember that

to=t—r/c (52)

is to be held constant as r — co. Expanding the integrand in (45), and keeping

only the term in 1/4/7, we find

[o o BN
Arsa(r,) = 2 \/;7 0/ M (t"ﬁ_ %) du . (53)
It follows that
[ M(to — u)
Erad(r’ t) = _27l'“02€7' $! \O/E du 9 (54)
[o 0
Boaa(r,t) = —M:‘# 3 0/ M%ﬂ du = % (F x Emd) : (55)

14



and the power radiated at time %j is, as before,

Ko

P=1 [Q(to)” (56)

where in this case
1 [ M- )
0

Equation (56) is the analog to the Larmor formula for radiation from an infinitely
long solenoid of infinitesimal diameter. The reader is invited to check that it
reproduces the final results in Examples 1-4. Notice that a steady current (M =
0) does not radiate (of course); nor (surprisingly) does a current which increases

linearly (M = 0) for all time.®

Suppose now that our infinite solenoid has a nonzero radius R, and carries a

sinusoidal surface current:

K(t) = (%%) sin(wt) . (58)

Putting this into Eq. (38), and performing the z—integra,l:9

2w | oo
_ poMy sinw(t — p/c)
AA(T, t) = 27[‘2_R / W dp COS¢ d¢
0 4
(59)
Mo [ ¢ ¢
. __/LO 0 . W_ w_
=-5 = / [sm(wt)No ( . > + cos(wt)Jo ( . )] cos ¢ do .
0
This integral can be done exa,ctly;20 the result is
_ koMo wR . wr wr
A(r,t) = 5 J1 <T> [sm(wt)Nl ( . ) + cos(wt)Jy ( . )] . (60)

Apart from an overall constant factor (2¢/wR)Ji(wR/c) — which reduces to 1 in

15



the limit R — 0 — this is identical to the corresponding result for the solenoid of
infinitesimal radius [Eq. (47)]. The fields are likewise multiplied by this factor,

and we may read the power radiated, at time to, from Eq. (50):

_ “_;;ﬂ [% Ty (g)]z [1 — sin(2wto)] . (61)

(The same result holds for M(t) = My cos(wt), except that the minus sign be-
comes a plus sign.) Evidently the solenoid will not radiate if the current is

sinusoidal with a frequency such that (wR/c) is a zero of Jy(2):
wj = Aj(¢/R), j=0,1,2,..., where J1(};)=0. (62)

(Note that 2 = 0 is a zero of J;(z) — we’ll call it A\g.) At these special frequencies
the fields are precisely zero everywhere outside the solenoid. It follows that any

current of the form

o0
M(t) = Z [a; cos(wjt) + b, sin(w;t)] , (63)
J=0
with w; given by Eq. (62), will generate no external fields and produce no

radiation.

Once again, this raises an interesting mathematical question: what is the
most general function M(t) that can be expanded in such a “Fourier-like” series?
As before, it turns out that the functions {cos(w;t), sin(w,t)} are complete
on the interval (—R/c, R/c): any well-behaved function on this interval can be
written in the form (63). In a related pa.per15 we show how to evaluate the

coefficients a; and b;, and examine the behavior of the series outside the interval
21
(—R/¢, R/c).

16



4. THE INFINITE PLANE

Suppose the y-z plane carries a time-dependent surface current
K(t)=K(@) 2. (64)

The plane is electrically neutral, so the scalar potential is zero, and the vector

potential at a distance z from the plane is given by
o0 K [0 o]
o t —
A(x,t)zﬂé/(—p/c)%rrdr=g—o2/K(t—p/c) dp , (65)
47 p 2
z

where (see Fig. 4)
p=Vz:+r?, (66)

The fields are

Bzt)= -4 3, Blay= —‘3_‘: §.

3 (67)

(As before, we write A= A2.) The Poynting vector is

§(z,t) = _Ll_o (%‘3) (2_:) 5 (68)

and the energy per unit time passing through a surface of area a at a height z

Pu(t) = —% (%‘3) (%) a. (69)

The same energy, of course, passes through a symmetrically located area below

above the plane is

17



the plane, so the total power radiated per unit area, at time ¢¢ is

2
P==lim P, (to + E) , with o held constant . (70)
c

a T—o0

Ezample 1. Suppose a constant current Kj is turned on abruptly at time ¢t = O:

0, t<0
K - {
Ky, t>0
For t > z/c, we find
K = K
Az t) = 52 (et — o) B(a,t) = -5 2

_ K K2
B(x,t)=“02037; P:ll’ozoc.

Ezample 2. If the current increases linearly,

K(t) =

’

{0, t<o0
at, t>0

then, for t > z/c

Alz,t) = %)-;- (ct —z)?; E(z,t)= —% (ct —2)2;

B(z,t) = 2= (ct-2)g; P =57 (ato)?
Ezample 3. If
K(t)=p86(),

then

Az, t) = "Oﬂc O(ct—z); B(z,t) = —“0562 §(ct — )3 ;

Ble,) = 22 st —a)p s P =22 fs(eo)

(The latter is of formal interest, at best, since the square of a delta-function is

undefined.)

18



Ezample 4. To obtain the vector potential for a sinusoidal current, we are obliged

to turn the current off at some time in the distant past:

K(t) = {Ko sin(wt), t>-T . (71)

0, t< —T

Then

A(z,2) = “02150 [cos(wT) — cosw(t — /)] - (72)

Because the cutoff appears only as an additive constant, it does not affect the

fields:
E(z,t) = _ HoKoe sinw(t —z/c) 2 ;
B(z,t) = “°2K° sinw(t — z/c)d ; (73)
P = E—Q—Iz—{&i sin?(wto) . (74)

To derive the “Larmor” formula for radiation from a plane, we make the

usual substitution
u=(p—1x)/c (75)
and remember that

to=t—z/c (76)

will be held constant as £ — oo. In terms of these variables, Eq. (65) becomes

(o0}
:%/Kto—u, . (77)
0

19



It follows that

E@@=hﬁ“sfﬁqu—@]m.
0

2 7/ ot
Now
ad a d
EEK(tD—u)—a—toK(to_u)——a—u K(to*u). (78)

The integral can now be done, and we are left with the surprisingly simple

result

.ﬂ@ﬂz—%FKﬁdé. (79)
Similarly,
(2 x E) . (80)

Thus the Poynting vector is
S(z,t) = 2 [K(to)]* 2, (81)
fmd the power radiated, per unit area, is
P =22 [K(t) - (82)

This is the “Larmor” formula for radiation from an infinite plane. Notice that
— unlike the spherical and cylindrical cases — we never had to take the limit
(z — oo with to held constant); Egs. (77), (79), (80), and (81) are ezact, and the
same power (82) passes through every surface, on its way out to infinity. The

reader is invited to check these formulas against the results in Examples 1-4.

20



Consider now a pair of planes, one at z = R and one at z = —R, each carrying
a surface current K (t)/2. (This is the analog to the spherical shell, the pipe, and
the solenoid of nonzero radius.) We simply replace K (o), in Egs. (79) and (80),

by 1 [K(to + R/c) + K(to — R/c)]. In particular, if the current is sinusoidal,

K(t) = Ko sin(wt) , (83)
we find that
E(z,t) = —MO;{OC cos <¥) sin(wto) 2 ;
B(z,t) = MOZKO cos (#) sin(wto) § ; (84)
P = MOTKO% cos? <%1—2> sin®(wto) . (85)

These results are identical to those for a single plane (Example 4), except for the
factors of cos(wR/c). (For a current K (t) = Ko cos(wt) the sines in (84) and (85)
are simply replaced by cosines.) Evidently the double plane will not radiate if

the current is sinusoidal with a frequency such that (wR/c) is a zero of cos 2:

.1 c .
wJ:<J+§> W(E) ’ ]:0,152,"' . (86)

In fact, for these special frequencies the exterior fields are precisely zero. It follows

that any current of the form

K(t) =

Me

Il
o

[a; cos(wjt) + b; sin(w;t)] , (87)

with w; given by Eq. (86), will generate no fields, and produce no radiation.

As we know from Fourier analysis, any well-behaved function on the interval

21



(—R/¢, R/c) can be written in the form (87), with the familiar procedure for
evaluating the coefficients. Outside this interval the series is periodic, with alter-

. . 23
nating signs.

5. GOEDECKE’S CONDITION

Some time ago, Goedecke® derived a stunningly simple test for the absence
of radiation. Goedecke’s criterion amounts to the condition that the Fourier

transform of the current density

TH(k) = — f e'k'2)jk(z) d'z (88)

T 4n?
vanish whenever its argument is lightlike:24

J¥(k)=0  when k"k,=0. (89)

In this section we check that our results are consistent with Goedecke’s condition.

For the “pipe” configuration, with an axially symmetric sinusoidal current

.. o . 25
flowing in the z-direction, we have

7#(z) = (0, 0, 0, j(r) e"‘”‘) . (90)

The Fourier transform is

JH(K) = (0, 0, 0, J(K)) , (91)
where
J(k) = = [ ECFHED(r) et dt dr (92)

22



In cylindrical coordinates,
k-7= kzrcos¢ + kyrsing + k.z, and dr =rdrd¢dz . (93)

Carrying out the ¢, ¢, and z integrals, we obtain

(o ¢]

J(k) = 276(k° — w/c) 6(ks) / 5(r) Jo(kyr) r dr (94)

where k, = /k2+ kg is the radial component of E, and k, is its z-component.
Because of the delta-functions, J#(k) is automatically zero except when k, = 0
and k° = w/¢; if k* is lightlike, this leaves k, = w/c. So Goedecke’s condition

reduces in this case to
oo
} wr
/](7') Jo (T) rdr=0. (95)
0
In particular, if the current is confined to the surface of the pipe, so that

i(r) = 27Ir—°R é(r—R), (96)

there will be no radiation provided

Jo (wR> =0, (97)

c

which is precisely what we found before [Eq. (34)].26
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For the “solenoid” configuration we have
7#(z) = (0, —sin¢, cos ¢, 0) j(r) e™t,
and the Fourier transform is

JE(k) = (0, —ky, kg, 0) J(K)

where
J(k) = Z;i §(k° — w/c) 6(ks) / () Ju(kyr) rdr |
0

In this case, then, Goedecke’s condition reduces to the constraint

]oj(r) J (“.’c.’) rdr=0.

If the current is confined to the surface of the solenoid, so that

() = 2% 6(r ~ B)

then there is no radiation provided

Jl<z§>:0,
[

confirming our previous result [Eq. (64)].27
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For the “plane” configuration, we have

7 (=) = (0, 0, 0, j(z) ei‘”t) ,

so that

J#(k) = (0, 0, 0, J(k)) ,

with

T(k) = 2m6(k° — w/c) b(k,) 6(k;) / i(z) € dg .

In this case Goedecke’s condition reduces to
o0
/ J(z) evredr =0 .
—00
If the current is confined to two parallel planes, so that
. K
i(2) == [6(z+ R) +6(z— R)] ,
there will be no radiation if

confirming Eq. (86). %
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6. RADIATION REACTION

Ordinarily, the emission of radiation is accompanied by a “radiation reaction”
— a recoil force attributable to the fields acting back on the source. Indeed, one
would suppose that the work done against this radiative recoil force (by whatever
agency it is that moves the charge) must equal the energy radiated, for which it is
ultimately responsible. By the same token, if there is no radiation, there should
be no radiation reaction. However, the connection between emission of radiation
and the radiation reaction force is a subtle one, as we can see by comparing the
Larmor formula for the power radiated from a point charge1
1 2% ,

P = —a
47ey 3c3

with the Abraham-Lorentz formula for the radiation reaction on such a charge 29

1 2% .

Fog=— 2% 4
rad 4meg 3c3

Observe that the particle radiates whenever it accelerates, but it experiences a
radiation reaction force only when its acceleration changes. The explanation for
this apparent violation of conservation of energy is that the nearby fields function
as a “reservoir,” in which energy can be stored, so that work done against the
radiation reaction need not show up directly in the form of radiation.?® Never-
theless, for pertodic motion it is certainly the case that the work done against the
radiation reaction force tn one full cycle must equal the energy radiated during
one full cycle, since the energy stored in the nearby fields is the same at the end

of the interval as at the beginning.
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For example, in the hollow pipe configuration the power necessary to drive a

current I(t) is given by31
P;=—-IEL, (110)
where E is the electric field at the surface of the pipe, and L is the length of

the segment. Referring to our results in Section 2 [see Eq. (32)] for a current

I(t) = Ipsin(wt), we find that the driving power per unit length is

P, = uoi%w o (%ﬁ) sin(wt) [sin(wt),]o (“’_CI?.> — cos(wt) Ny (ﬁﬂ . (111)

[

This is plainly not equal to the power radiated [Eq. (33)], but the work done per

unit length in one full cycle

27 fw

2 2
W= / Py dt = "OZI" [Jo (?)] (112)

does equal the total energy radiated. Similarly, for the hollow solenoid the power

needed to drive a surface current K(t) is
P;=-27RKEL, (113)

and we find, for the current in Eq. (58):

Py = “02423“’ T (‘*’f) sin(wt) [sin(wt)Jl (?) — cos(wt) Ny <ﬂ>} . (114)

c

Again, this differs from the power radiated [Eq. (61)], but both yield the same
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energy when integrated over a full cycle:
TM? wR\1?
W= “°R2 0 [Jl (T)] . (115)

Finally, for the parallel planes, the power required to sustain a surface current

K(t) is

Pi=-KEFa, (116)

where a is the area of the section in question. For the sinusoidal current Ko sin(wt),

the driving power per unit area [see Eq. (84)] is

2
Py = NOIZ{OC cos (9)—‘-:1—2—> sin(wt) sinw (t ~- zj—) , (117)

which is not the same as the power radiated [Eq. (85)], but they both yield the

. 32
same energy in one full cycle:

W= M cos? (ﬁ> (118)
w c )’
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as we found in Ref. 21.
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The term “radiation reaction” is in fact something of a misnomer — it

should really be called the “field reaction.”

P = Fv =qEv = (AL)Ev = IEL. We include a minus sign because we

want the work done against, not by, the field.
Interestingly, for those special frequencies which do not radiate, the ra-
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diation reaction vanishes identically. The same is true for a nonrotating
spherical shell (see Pearle, Ref. 2). For further discussion of the relation
between radiationlessness and the radiation reaction, see Ref. 4 and T.

Erber, Fortschr. Physik 9, 343 (1961).
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FIGURE CAPTIONS

. The infinite straight wire; geometry for Eq. (5).
. The infinite pipe of radius R; geometry for Eq. (27).

. “Fourier-like” expansion [Eq. (35)] of the step function [Eq. (36)]. Hori-

zontal (time) axis in units of R/c. The coefficients are

4 00 (_)‘Z)k
“=00 b ) & @R O

. The infinite plane; geometry for Eq. (65).
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