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ABSTRACT
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1. Introduction

When one tries to naively translate a Dirac Hamiltonian into a lattice Hamil-
tonian, one finds that there are unwanted low energy states with momenta close
to 7; these states can be interpreted in the continuum limit-as new species of
fermions. Different methods have been proposed to overcome this difficulty. Wil-

son’s method'”! consists in adding to the Hamiltonian a term of the form:

r Ve (1.1)

where V is the lattice laplacian. This term raises the energy of the unwanted
states, and, being of the order of the lattice spacing, vanishes in the contin-
uum limit. A different approach, of Susskind ! , consists in starting with a
single component fermion, and then exploit the doubling in order to recover all
the desired spin and flavor components. In both methods chiral symmetry is
explicitly broken, and it is recovered only in the continuum limit. Therefore
the Goldstone bosons associated with spontaneous chiral symmetry breaking are
not massless for any finite coupling. This is an undesirable feature, especially in
strong coupling calculations. In contrast, the SLAC group o proposed a fermionic
Hamiltonian with a long range derivative, which avoids the doubling completely,
and maintains full chiral symmetry for any couplings. There is, however a new
difficulty: the current associated to the U(1) axial symmetry is both conserved
and gauge invariant. Therefore, in all circumstances in which chiral symmetry
breaking is expected, one would expect to find a massless excitation associated
with the axial current. Of course, such excitation would have little to do with

the continuum limit theory.

The nature of this problem is particularly transparent in 1 + 1 dimensional
electrodynamics with a single Dirac fermion, the lattice version of the Schwinger
Inodel. There the anomaly has a very simple physical interpretation, which will
be illustrated in Section 2, for the continuum limit case, as well as for the various

types of lattice derivative. There it is shown that in the case of SLAC fermions,



unlike the case of Susskind’s or Wilson’s fermions, the electromagnetic coupling,
because of the anomaly, must cause nontrivial dynamical effects at the “bottom”
of the Fermi sea. In other words, the usual assumption, that only low energy

states participate to the dynamics of the model, fails because of the anomaly.

In Section 3, a variational calculation of the ground state wave-function of
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that fermionic states with momenta around =, are in fact excited, because of the
long range nature of the electrodynamic forces. The relation between lattice and

continuum operators is discussed.

In Section 4 a physically intuitive picture of the continuum Schwinger model
is given; the same picture is applied to a lattice version of the Schwinger model
with a truncated SLAC derivative, and an exact solution of the model in the weak
coupling regime is found. It is shown that the theory has the correct continuum
limit, but for any finite coupling the spectrum is sharply modified: at small
momenta, the spectral branch of the massive excitation turns into the Goldstone
boson of the lattice chiral symmetry. The relevance of this solution to the full

SLAC derivative Schwinger model is discussed.

2. The anomaly in the Schwinger model.

‘ The anomaly in 1 + 1 dimensions has a very simple physical interpretation™
Consider a 1+ 1 dimensional Dirac fermion in the continuum limit. The spectrum
is represented in Fig. 1(a). There are two spectral branches, one with positive
slope (right movers) and one with negative slope (left movers). In the ground
state all the negative energy states will be filled. Suppose we turn on an external
electromagnetic field, pointing to the right, for a time At; all the right movers will
acquire momentum Ak = gEAt, and energy Ae = Ak; left movers will acquire

the same amount of momentum, but will lose an amount of energy equal to Ak,

* ] have been unable to find out the origin of this argument. See ref. 4 for references on the
subject.



since they move against the electric field. After a time At the state of the system
will be as represented in Fig. 1(b). Since the number of states in a momentum
interval Ak is LAk/h, where L is the total length of the system, the number of

right movers will exceed the number of left movers of an amount

) o Anp — Anp = 2—1# = LgEAt. (2.1)
T

But ngp — ny, is the chiral charge of the system; therefore we find

AQs g
L =L°E. (2.2)

This is precisely the anomaly equation.

Consider now a Susskind fermion on a lattice; the Hamiltonian is:

1
H= Z(“}Haa‘ - “}%‘H) (2.3)

J

and the spectrum is represented in Fig. 2(a). The low energy sector of the spec-

- trum, has states with momenta close to 0 and positive velocity, and states with

momenta close to 7 and negative velocity. Since momentum conservation modulo
27 implies momentum conservation modulo 7, if we redefine the momentum to
be conserved modulo 7, the continuum limit of the model will represent both
chiral components of a single Dirac fermion. Under an external field the state of
the system will evolve into the state represented in Fig. 2(b). If we define the
chiral charge to be the difference between the right and left movers we recover
Eq. (2.2). It is clear that the role played by the ‘bottom’ of the Fermi sea, is to
convert right movers into left movers when an electric field is applied. No such
conversion is operating in the continuum case; simply, particles sink and emerge
in the infinitely deep sea. The mechanism operating in the continuum case is
only possible when the cut-off is strictly infinite. A lattice theory has therefore

to provide a different mechanism that produces the same effect, as in the case



of Susskind fermions. For Wilson’s fermions the energy eigenstates are chiral di-
agonal only for small momenta; the conversion of left into right movers involves
mixing of the two chiral componénts, and only if the conversion proceeds slowly
enough Eq. (2.2) is recovered. This has been analyzed in detail by Ambjorn et
al' . Consider now the case of SLAC fermions. In chiral basis the Hamiltonian

» .
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H=1i) 6 - k)ploy (24)
).k
with 8'(s — k) given by:
(=) .
fi—k) =4 5>  for 1#Fk (2:5)
o0, for 5=
if we define:
=% (2.6)
b
we obtain:
m
H =Y 1i6'(j — k)(alar — b]6;) = ) k(alar — blby) (2.7)
j,k -

The spectrum is represented in Fig. 3(a). If we apply an electric field for a short
time, the system evolves into the state depicted in Fig. 3(b). The exact lattice
chiral charge, defined as Z,-(a!a,- - b:fb,-) is conserved. There is therefore a sharp
difference with respect to Susskind’s or Wilson’s fermions. One can define a
point-split chiral charge, which only counts states close to the Fermi surface (see
ref.5) and thereby obeys the correct anomaly equation. The above argument,
however, seems to indicate that there is nontrivial dynamics taking place at the
bottom of the Fermi sea. It has been argued that the continuum theory could
therefore be sick. In the next Section I will analyze the dynamics of the SLAC

lattice schwinger model in the Hartree-Fock approximation.



3. The lattice Schwinger model in the Hartree-Fock approximation

The Schwinger model Hamiltonian in Coulomb gauge is:

— . g°
H=Ymidh— / dz dy p(z) |z — y| p(y)

p(z) =:p(x)9(a) :

this translates into the following lattice Hamiltonian:

2
H= iZ&'(i—j) ¢faz¢j — %—Zpili_jll’j
t,J t,]

which in momentum space becomes:

1

2
— t g
H= z,c:¢kaz¢k€(k) + TN%:”_" P41 cosq

1
Pq = N Z¢;+k¢k
k

e(k) = k for —m < k < , periodic with period 27.

N = number of sites.

(3.1)

(3.2)

(3.3)

All the functions of momenta are considered to be periodic functions with period

° 27; momentum variables are to be viewed as angular variables. Momentum sums

can be converted to momentum integrals according to the replacement rule:

dk
e

We finally get for the Hamiltonian:

H._ dk t g2 dq 1
ﬁ“/é‘;wkaz'(ﬁkf(k)‘*'z/.ﬁp—qpq‘l_

—cosgq

dk
pa= [ 3 Vhig Ui

Now define:

- VP =

(3.4)

(3.5)

(3.6)

I will minimize the expectation value of the Hamiltonian for the most general
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Hartree-Fock state which conserves momentum and charge. This means that

only the following expectation values of fermionic bilinears will be allowed:
(a;rc ap) =T% (ak a,,t) =1-T%
(bl bg) =T  (bebly=1-T%
(albg) =Ay  (b] ax) =

(3.7)

The expectation values I'¢, T'%, and Ay, are not completely arbitrary. Positivity
k> k

of the Hilbert space requires that the matrix:

Iy Ax 0 0
AL T2 0 0

0 0 1-T¢ —A}
0 0 —Ar 1-T¢

(3.8)

is positive semidefinite (this follows from the requirement that any linear combi-
nation of a{ |Vac), bl |Vac), ag |Vac), b |Vac) has positive norm). We thus obtain

the following constraints:

T¢Th > |4}, (1-TH(-T}) > [Af]

: (3.9)
1>T2>0, 1>T >0

We can now calculate the expectation value of p, p_, :

) :
‘<PqP—q> =Nz Z ((a;ak_*_q + blbk+q — 6k k+q) (a};'+qa’k' + b;r‘,+qbk: — 6k k1+q)) (3.10)
k,k'

the constant §j x4, in the definition of p is required by the normal ordering

prescription. We obtain:

2
(pg p—q) = ( Z(I‘ +Ti -1 ) bq.0
1 (3.11)
I8z D (Tg(1—Th ) +Th(1 —T3,) — AkAfyy — AksgAl)
k

In order for the potential energy to be finite, this has to vanish at ¢ = 0; the

7



second term of Eq. (3.11) at ¢ = 0 becomes:

NzZ["“‘r“”“ T (5.12)

Multiplying the first two inequalities of (3.9)we obtain: _

VD21 = TYITL (1 — T3)] > [Axf* | (3.13)

Since the geometric average of two numbers is never larger then the arithmetic
average, (3.12) can vanish only if (3.13) is saturated; the first two bounds in (3.9)

are therefore both saturated. It is easy to show that in this case we must have:
rf=1-T%
o \ (3.14)
Tl = Ak

This also implies that the first term in (3.11) vanishes. We can now parametrize

the I and A in the following way:

4 = sin? g,
I’ = cos 20,
. (3.15)
Ay = sin @) cos O e'%*
0<f <=
2
Substituting in (3.11) we obtain:
(pg P—q) =Nz Z(sm 8y, cos® Oy + cos 29, sin’ Ok+q—
(3.16)
2 sin 0 cos 0,, sin fxq cos Ogrq cos(dr — Pr1q))
The expectation value of the Hamiltonian (3.3) can now be written as:
(H) = Z:(sin2 0y — cos? 0;)e(k)+
k
2
g . 2 2 2 2
_ N zq: ;(sm Ok cos” Oq + cos® Oy sin® O q— (3.17)
. . 1
2 sin 0 cos O sin g g cos Opyq cos(Px — Pitq) )m



Minimizing with respect to ¢, immediately gives ¢, = constant. This arbitrary
constant corresponds to the freedom of performing global chiral rotations on the

system. The Hamiltonian becomes simply:

2

2 L9 s1n (0 — Ox+q) 318
(H) = Z(Zszn 0 — e(k) + q Ek: I~ cose (3.18)

For ¢! = O the minimum is at sin?8; = 1 for —7 < k < 0, sin®0; = 0 for
0 < k < m, as plotted in Fig. 4(a). For small g this solution will give an infinite
potential energy, originating from the discontinuity of I'f at k =0 and k = 7. In

fact, in this case, the charge-charge correlation is:

1 |g|
(pg p—q) = N2 Esm (0r — Or4q) = N for —r<qg<m (3.19)

extended to be periodic with period 27 in the variable ¢; the potential in (3.17) is
therefore logarithmically divergent at ¢ = 0. We would then expect that for small
couplings T'§ will become something like Fig. 4(b), with the theta function type
singularities smoothed out; we can estimate the parameters h and £, representing
the size of the k intervals respectively around 0 and around =, in which I'} differs
from the free fermions solution (Fig. 4(b)), in the following way: the kinetic
energy behaves as Ah? + BYf, where A and B are constants of order 1, while the
potential energy behaves like Cg?|log h| + Dg?|log €|, because of the logarithmic

singularities at A = 0 and £ = 0; therefore:
H ~ Ah? + BL + Cg?|log h| + Dg?|log | (3.20)

and minimizing with respect to h and £ we obtain:

h2~g2

(3.21)
£~ 92

—

Let us now examine the behavior of the charge-charge correlation (p, p—g); for-

small g, sin®(8) — 0k+q) vanishes for most values of k, except for k ~ 0 or k ~ ;

9



therefore we have:

1 .2 1 . 2 1 . 2
m‘ ZSID (0k+0k+q) = FZSIH ,(0k—0k+Q)+N_2— Esm (ak—'ok+q) (3.22)
k k~0 k~w

In the free field limit, both sums on the right hand side of (3.22) equal |q|/(27 N),
and we recover (3.19) . In the weak coupling regime, the k& ~ 0 part of the
correlation function will be smoothed out in a region of size h ~ ¢, while the
k ~ 0 part will be smoothed out in a region of size £ ~ g%. It is easy to see that
the whole variational Hamiltonian can be split into a part involving momenta
of order zero, plus a part involving momenta of order =; this is because, in this
limit, the potential coming from the intermediate g region, is highly insensitive
to the behavior of 0 for k ~ 0 and k ~ 7; the part of the Hamiltonian involving
lattice momenta close to 0, coincides with what we would have obtained if we
performed a variational calculation of the continuum Schwinger model. In the

case of the continuum Schwinger model we expect:

2 'S
(g p—a) = ¢*(Eq B—g) 06 ——= (3.23)
N ET AL

This is not what we obtain in the g> — 0 limit of the SLAC lattice Schwinger

model. Instead, we have:

1 . .
(pgp—q) = N2 Z sz(ok — Op4q) + Z sz(ek —Ok1q) =
k~0 k~w (3.24)

1
= ~r5=lalfo(@) + 5=lalfa(9)

where fo(q) — 1 for ¢ > g, fx(g) — 1 for ¢ > g%. Only fo(q) is related to the

continuum limit physics; therefore, we expect it to be an approximation to the

function

— __ld
V' +g/m

for small g.

10



The variational problem has been solved by sampling the function 8; with
up to 100 points, and then minimizing (3.17) numerically. In Fig. 5(a), the
function sin? 8y is plotted for two different values of the coupling constant, and
the corresponding excitation mass, evaluated by calculating ¢/ fo(g), and fitting
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the continuum value from above as g? gets smaller, as plotted in Fig. 5(b);
in particular, for g2 = .25, the calculated lattice model mass overestimates the
exact continuum mass by about 10%” . The separation of the £ ~ 0 states can
be performed more rigorously by defining a cut-off (point-split) electromagnetic

charge density:
1
Pro =5 D _Flk+a/2) bl ¥ (3.25)
k

where F(k) is a smooth function such that F(0) = 1, f(7) = 0, F(k) = F(—k).
If we define:

preld) = 3 3(1 = Flk +/2) ¥ 9 (3.26)
k

we have p = pr..o0 + pk~r, and one can verify that for small ¢:
(g P-q) = (Pko(9) PE~0(—9)) + (P (9) PRnr(—1)) (3.27)

From the Hartree-Fock calculation performed in this section, we can draw

the following conclusions:

(a) The model contains a massive excitation corresponding to the contin-

uum Schwinger model excitation.

(b) The lattice charge density does not corresponds to the continuum
charge density. One can define a charge density with the correct con-
tinuum limit by cutting off states with momenta close to «. This is

essentially a point splitting definition of the charge'™ .

* When I started this work, Michael Peskin informed me that he actually performed a Hartree-
Fock calculation of the continuum Schwinger model. He claims the mass of the excitation
he obtained differs from the exact mass by 5%.
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(c) The part of the charge density involving momenta close to m, has non-
trivial dynamics, in the sense that (pg.r{(¢) pr~r(—¢)) has nontrivial
behavior as ¢ — 0. This behavior manifest itself at scales ¢ ~ g2, unlike
the point split charge density, which has nontrivial behavior at scales
g ~ g. The dynamics associated with fermions of miomenta around =

does not have a Lorentz invariant continuum limit.

A few questions remain unanswered in this analysis. First of all, we obtain
for small ¢ that (pg~0(q) Pk~x(—¢)) = O in our Fock state. This is because we did
not assume any expectation value for (zp; Yk+x). The Hartree-Fock calculation
becomes much more involved in this case. A second problem is to determine
the spectrum of the excitation associated with px.r. We cannot follow the same
procedure used for pi., because in that case we relayed on Lorentz invariance,
which is necessary to extract a mass parameter from an equal time correlation
function, while the dynamical effects associated with k ~ 7 fermions are clearly
not Lorentz invariant. A third problem is the following: we know that the lattice
p° is both conserved and gauge invariant. Is there a Goldstone particle associated
with it? We cannot rely on Goldstone theorem in this case, because the SLAC
- derivative is long range when applied to objects with momentum #, and the full

lattice p® does contain such objects.

In the next section I will analyze these problems in a simplified contest, that is
to say, in the case of a truncated SLAC derivative; in this contest the analysis will

turn out to be quite simple, so that the physics of the model becomes transparent.
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4. The truncated SLAC derivative Schwinger model.

There is a fairly simple physical argument that allows to solve exactly the
Schwinger model. The argument goes as follows: we would expect that in the
Schwinger model only fermions with momenta of order g will be excited; if we
divide space into elements AL < 1/g, we would expect that the local Fermi sea
will not differ much from the free Fermi sea, except that we may have local charge
density fluctuations, that would be represented by shifts of the ‘left’ and ‘right’
Fermi surface (see Fig. 6). Since the number of states in the momentum interval

Ak is Ak AL/h, we can obtain the following right and left charge densities:

Akp
PR = on

ol (4.1)
L= —7—

27

The kinetic energy contributed by the element AL is:
1 1 T, 9 52
TarL = —Z—AkRpRAL+§AkLpLAL= -2—(p +p°") AL (4.2)
Since p = 81 E, p° = 8oE,” and the electromagnetic energy density is given by

g2>E*% /2, we obtain for the total energy density:

H= 12’-((3115)2 + (BoE)?) + 2;E2 . (4.3)

which represents a free excitation with mass g?/7.

The above intuitive argument gives the exact answer; a more rigorous deriva-

tion is given in the Appendix.

We will consider now a lattice version of the Schwinger model with a trun-
cated SLAC derivative' . Whichever truncation mechanism is chosen, the spec-

trum will look like Fig. 7. The slope of the spectrum at momenta close to 7

% The above definition of the E field differs by a factor of g from the conventional one.
t+ Truncated versions of the SLAC derivative have in fact been used in lattice calculations,
see Ref. 6.6.
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is of the order of the range of the derivative; as the slope goes to infinity, we

recover the full SLAC derivative. We can define the charge densities ng, ng, to

be the densities of fermions of type a or b with momenta close to 0, and n%,

n?, the densities of fermions a and b with momenta close to . As before, we

can calculate the contribution to the kinetic energy coming from fermions with

momenta close to 0 to be equal to:

g 2
§(p3+p8)
po = nf +nf

5 __.a b
Po = Mo — Mg

and the kinetic energy contributed by fermions with momenta close to =:

Vs 2
c‘z‘(P?r + 9y )
Pr = n; + n:-

5 _ .6 b
Pr = Ng — Ny

We can now introduce two scalar fields x and ¢ such that:

po = 01¢

pr = 01X

(4.4)

(4.5)

(4.6)

Since p} is the charge current of fermions with momenta close to 0 we have:

py = 3ot
similarly:

1
5
Pr = —zaox

The total electric field is ¢ + x, and therefore the total Hamiltonian is:

1 = Z((008)" + (010)) + 5 (01x)" + (067 + L (9 + 0)*

14
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We can now define canonical fields:
[ (4.10)
X = \/;X

H = (0681 + (0600 + 2@ + S0t + L@+ ven?  (am)

The independent modes of this Hamiltonian can be obtained by diagonalizing

the matrix:

2
2, 9 g
Kt ™ \/Er
(4.12)

2 2
g 21.2 g
c=— c“k c—
\/_7r + T

and the energy of each mode will be the square root of the eigenvalues. First,
~ for k = 0, we have the eigenvalues 0 and (¢ + 1)g?/(27); the corresponding

eigenvectors are:

_ dove— %o
VvV1+e

v =¢o+\/55<'o

2 vV1+ec

: (4.13)

where the subscript ‘0’ indicates the 0 momentum Fourier component of $ and

X. The variable conjugated to the null eigenstate is:

Bodov/e — BoXo OC Bodo — BoXo/Ve ¢ Qf + Q5 = Q° (4.14)

The null eigenstate is therefore the Goldstone mode associated with the lattice

p°. For small k the evolution of the spectrum is easily obtained from first order

15



perturbation theory:

/\1 = vI v = ck2

- - (4.15)
- R k2 0 2 3
1+¢
,\2=(c+1)g—+v§ vz=(c+1)g—+< )
8 0 k2 T 1+¢

On the other hand, for k values such that ¢2k? > cg?/m, there will be very little

mixing, and the eigenvalues will be:

2
M=k+ L
. (4.16)
Ay = 2k + cg—
/4

The two spectral branches are plotted in Fig. 8. From the figure it is clear that
mixing between fermionic states with momenta close to 0 and those with mo-
menta close to m becomes negligible for k > g/4/c; in the same limit the upper
. branch of the spectrum reaches the free field limit. In order for the approxima-
tions involved to be consistent, the part of the spectrum involving fermions with
momenta around 7 must reach the free field limit for k < 1/c, because only

in this range the fermion spectrum is actually linear with slope ¢; we therefore
obtain the bound:

gve< 1. (4.17)

Because of the above inequality we cannot take the strict ¢ — oo limit, but we
can consider a double limit ¢ — 0, ¢ — 0o, y/cg = constant < 1. In this limit the
high energy spectral branch acquires infinite energy, and the lower branch will
converge to the continuum limit spectrum, except at k = 0. We still expect that
for \/cg ~ 1 the qualitative behavior indicated in Fig. 8 will persist; in this case,

the spectrum of the lattice theory does not match the continuum limit spectrum

16



unless k > g/y/c ~ g%. The Hartree-Fock calculation, carried out with the full
SLAC derivative, leads to the same conclusion; therefore, we would expect that
the spectrum will be qualitatively represented by Fig. 8, except that it may not
have a finite slope at the origin, and the deviation from the continuum limit

spectrum would extend into a regionk S gZ.

5. Conclusions.

We have seen that the continuum limit spectrum of the SLAC lattice Schwin-
ger model does match the exact continuum solution; however, the operators of
the lattice model do not correspond directly to continuum limit operators. Only
point-split operators have a sensible continuum limit, and this holds for the chiral
charge as well as for the electromagnetic charge. One can view lattice operators as
the sum of two pieces, one (the point-split one) involving fermions with momenta
close to 0, and the other involving fermions with momenta close to =; although

one would naively expect that states with momenta close to « are not altered by

the presence of an interaction, because of the high kinetic energies involved, the

- anomaly forces some nontrivial dynamics in this region. These dynamical effects

manifest themselves in the two point functions of the fermions bilinears, for small
values of the momenta. This is consistent with the results obtained by Rabin in
3+ 1 QED, see ref. 7; he shows that in perturbation theory extra subtractions

are needed in SLAC lattice QED in order to recover the continuum limit.

The spectrun:i of the theory also exhibits sharp differences from the continuum
spectrum in the low momentum region; In particular, a zero energy excitation,
corresponding to the conserved and gauge invariant chiral charge, is present in
the spectrum at zero momentum. Its velocity, for small couplings, is much larger
Eﬁan 1; it is not, therefore, a Lorentz invariant particle with a sensible continuum
limit. For sufficiently large momenta, the spectrum of this excitation approaches

the spectrum of the continuum limit massive particle.
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Although the results quoted above have been derived for the simple case of the
Schwinger model, there are good reasons to believe that they will persist, at least
qualitatively, in higher dimensional theories. First of all, long range behavior of
current-current correlation functions, caused by fermionic states with at least
one component of the momentum close to 7, should persist in higher dimensions;
this implies that, in a confining theory, the states with momenta lying close to
the k; = 7 planes, will acquire nontrivial dynamics. A second reason, is that the
chiral anomaly in 3+ 1 dimensions has a remarkable connection to the Schwinger
model anomaly, (see for example ref. 4); this connection originates from the fact
that free fermions, in an external magnetic field, behave like different copies of
one dimensional Dirac fermions, one of these copies being massless. It is in fact
the Schwinger model anomaly of this zero mode that, in presence of an electric

field parallel to the magnetic field, generates the 3 + 1 dimensional anomaly.

ACKNOWLEDGEMENTS

I wish to thank Marvin Weinstein, Michael Peskin, and Richard Blankenbe-

cler for helpful discussions.

18



- APPENDIX

Consider a fermion in a one dimensional lattice; assume that the spectrum
has negative energy states for —r < k < 0, and positive energy for 0 < k < 7. We
can define a cut-off charge density associated with the fermions with momenta

around O as:

pg =al, ar f(k+q) £ (k) (A1)

where f(k) is constant equal to 1 for k ~ 0, and it vanishes smoothly at k ~ £3.

For small ¢ we have:
t 1, d 4 2 12
(paspa’l = D _algak—giz (' —0) (7 F(R)*) +O(%0™) . (A2)
k

The derivative of f(k) vanishes in a region around k = 0; therefore the fermionic
bilinear in the sum acts only on states of high energy. Assuming that a weak
interaction is active, only states at low energy will be altered, so that we can

replace: a;’c +qOk+g = 64:0(k), and Eq. (A2) becomes:

N
[pgs Pq!] = —bg4q' @ o N = number of lattice sites (A3)

for a left mover we would have obtained:

N
[PgsPq'] = 6141 4 or . (A4)
The same conclusion holds for a cut-off charge density involving k ~ 7 states.

With a similar argument one can show that:
' N t t
== a constant X . A5
;pqp q - ; @k + constan Zk:akak (A5)

when the plus sign holds for right movers, the minus sign for left mbvers, and the
sums involve only small values of ¢ and k. Equation (A5) relates the energy and
the square of the charge density in the same way as the argument of Section 4,
"and the commutators (A3), (A4) can be used to show that the variables ¢ and ¥,

defined in Eq. (4.11) have canonical commutation relations with 80$ and dp¥X.
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FIGURE CAPTIONS

. Anomaly in continuum 1+1 dimensional Dirac fermions.
. Anomaly for Susskind fermions.
. Anomaly for SLAC fermions.

. Expectation value for the occupation number of right movers in the free
and interacting Hartree-Fock vacuum of the lattice Schwinger model with
SLAC fermions

. (a) numerical results for the expectation value of the occupation number
of right movers for g2 = 2 and ¢% =1,
(b) numerically determined mass to continuum limit mass ratio plotted as

a function of ¢2.
. The local fermi sea in the Schwinger model.
. Spectrum associated with a truncated SLAC derivative.

. Spectrum of the excitations in the lattice Schwinger model with a truncated
SLAC derivative.
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