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ABSTRACT ~-- ^ - 

These lectures aim to present an essentially self-contained introduction to 

current research on the nature of the cosmological dark matter and the origin of 

galaxies, clusters, superclusters and voids. The first lecture reviews the observa- 

tional data and introduces a tentative theoretical framework within which it can 

be interpreted: gravitational collapse of fluctuations as the origin of structure 

in an expanding universe. The second lecture summarizes general relativistic 

cosmology, reviews the data on the basic cosmological parameters (to, HO, and 

n,), and introduces the theory of the growth and collapse of fluctuations. It 

also includes a brief exposition of the idea of cosmological inflation, and a briefer 

critique of a proposal to modify gravity as an alternative to dark matter. 

The third and fourth lectures are about dark matter. Arguments that it 

is nonbaryonic are summarized, and the standard astrophysical classification 

of varieties of dark matter is introduced: hot (free streaming erases all but 

supercluster-size fluctuations), warm (free streaming erases fluctuations smaller 

-than large galaxies), and cold (free streaming is cosmologically unimportant). 

The various particle physics candidates for dark matter are reviewed, together 

with possible tests that could constrain or eliminate them. Given a primordial 

spectrum of fluctuations, perhaps generated during an epoch of inflation, the sub- 

sequent evolution of this spectrum depends mainly on the free streaming length 

and on whether the fluctuations are adiabatic or isothermal. This evolution is 

discussed in some detail, both in the linear (6p/p < 1) and nonlinear regimes. 

There appear to be several serious problems with hot (neutrino) dark matter, 

while the problems of accounting for cosmological observations with cold dark 

matter are apparently largely resolved if galaxies form only around unusually 

large fluctuations in the density (“biased” galaxy formation). Moreover, cold 

_ dark matter with a “Zeldovich” spectrum of primordial adiabatic fluctuations 

appears to lead to an attractive theory for galaxy and cluster formation. 
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The standard theory of cosmology is the Hot Big--Bang, according to which 

the early universe was hot, dense, very nearly homogeneous, and expanding adi- 

abatically according to the laws of general relativity. This theory nicely accounts 

for the cosmic background radiation, and accurately predicts the abundances of 

the lightest nuclides. It is probably even true, as far as it goes; at least, I will 

assume so here. But as a fundamental theory of cosmology, the standard theory 

is seriously incomplete. One way of putting this is to say that it describes the 

middle of the story, but leaves us guessing about both the beginning and the end. 

Galaxies and large scale structure - clusters of galaxies, superclusters and 

voids - are the grandest structures visible in the universe, but their origins are 

not yet understood. Moreover, there is compelling observational evidence that 

most of the mass detected gravitationally in galaxies and clusters is dark - that 

is, visible neither in absorption nor emission of any frequency of electromagnetic 

radiation. 

Explaining the rich variety and correlations of galaxy and cluster morphology 

will require filling in much more of the history of the universe: 

l Beginnings, in order to understand the origin of the fluctuations which 

eventually collapse gravitationally to form galaxies and large scale struc- 

ture. This is a mystery in the standard expansionary universe, because 

--the matter which comprises a typical galaxy, for example, first came into 

causal contact about a year after the Big Bang. It is very hard to see how 

galaxy-size fluctuations could have formed after that, but even harder to 

see how they could have formed earlier. 

l Denouement, since even given appropriate initial fluctuations, we are far 

from understanding the evolution of clusters and galaxies, or even the ori- 

gins of stars and the stellar initial mass function. 

l And the mysterious dark matter is probably the key to unravelling the plot 

since it appears to be gravitationally dominant on all scales larger than the 

cores of galaxies. The dark matter is therefore crucial for understanding 
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the evolution and present structure of galaxies, clusters, tiperclusters and 

voids. 

Most reviews of cosmology have until recently concentrated on explaining 

the Hot Big Bang, especially primordial nucleosynthesis. With the advent of 

grand unified theories (GUTS) in particle physics, and especially the lovely idea 

of cosmic inflation, it has also become possible to give an account of the very early 

universe which is at least coherent, if not yet very well grounded observationally. 

The present lectures take a different approach, emphasizing the period after 

the first three minutes, during which the universe expands by a factor of - 

lo8 to its present size, and all the observed structures form. This is now an 

area undergoing intense development in astrophysics, both observationally and 

theoretically. It is probably now ripe for major progress. It is not impossible 

that the present decade will see the construction at last of a fundamental theory 

of cosmology, with perhaps profound implications for particle physics as well. 

Although I will concentrate in these lectures on the development of galaxies 

and large scale structure in the relatively “recentn universe, I can hardly avoid 

retelling some of the earlier parts of the story. Primordial nucleosynthesis will 

be important in this context primarily as a source of information on the amount 

of ordinary (“baryonic”) matter in the universe; GUT baryosynthesis, for its im- 
-. 

plication that the primordial fluctuations were probably adiabatic; and inflation, 

for the constant curvature (“Zeldovich”) spectrum of fluctuations and a plausi- 

ble solution to the problem of generating these large scale fluctuations without 

violating causality. I will be especially concerned with evidence and arguments 

bearing on the astrophysical properties of the dark matter, which can also help 

to constrain possible particle physics candidates. The list of these now includes 

- 30 eV neutrinos, very massive right handed neutrinos, other heavy stable par- 

‘titles such as photinos, massive unstable neutrinos or their decay products, very 

light “invisible” axions, u-d-s symmetric “quark-nuggets”, and primordial black 

holes. One of these hypothetical species may be the dominant form of matter in 
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the universe - or perhaps it is something no one has~even thought of yet! 

I will begin by discussing the basic astronomical data on the distribution of 

matter in the universe: galaxies, clusters, superclusters and voids, and the strong 

evidence that all the visible matter on galaxy scales and larger is moving in the 

vast potential wells of the gravitationally dominant dark matter. If this is so, the 

inevitable question is how these enormous ghostly structures formed. 

To prepare to discuss the answers that have been proposed, I will need to 

review the theory of gravity, not merely standard general relativistic cosmology, 

but also the theory of the growth and collapse of fluctuations in an expanding 

universe. Learning the basic theory of gravitational collapse - including “viri- 

alization” by “violent relaxation” - was a revelation to me, and it has been my 

experience that it is not generally appreciated outside astrophysics. Under the 

rubric of gravity theory, I will also discuss briefly the idea of cosmic inflation 

and its implications for the origin of fluctuations. And I will discuss even more 

briefly some recent suggestions of modified gravity, with a r-l force law at large 

distances, as an alternative to dark matter. 

Next comes the most conventional part of these lectures, describing the stan- 

dard Hot Big Bang: decoupling, nucleosynthesis, recombination. This provides 

the essential background for the three astrophysical arguments that the dark 

matter is probably not baryonic: excluding various possible forms of baryonic 

dark matter in galaxy halos, bounding the abundance of baryonic matter using 

the observed deuterium abundance, and bounding the magnitude of adiabatic 

fluctuations at recombination from the obserational upper limits on fluctuations 

in the cosmic background radiation. (I will also point out explicitly the loopholes 

in each of these arguments.) 

Finally I take up the key question: what is the dark matter that the universe is 

mostly made of? From the viewpoint of astrophysics, it is useful to categorize the 

dark matter as hot, warm, or cold, depending on its thermal velocity compared to 

the Hubble flow (expansion). Hot dark matter, such as - 30 eV neutrinos, is still 
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relativistic when galaxy-size masses (- 1012Mh, where Ma& =2.0 x 1O33 g is the 

mass of the sun) are first encompassed within the horizon. Warm dark matter is 

just becoming nonrelativistic then. Cold dark matter, such as axions or massive 

photinos, is nonrelativistic when even globular cluster masses (- 106&) come 

within the horizon. As a consequence, fluctuations on galaxy scales are wiped out 

with hot dark matter but preserved with warm, and all cosmologically relevant 

fluctuations survive in a universe dominated by cold dark matter. 

The first possibility for nonbaryonic dark matter that was examined in detail 

was massive neutrinos, assumed to have mass - 30 eV - both because that 

mass corresponds to closure density, and because the Moscow tritium ,&decay 

experiment continues to provide evidence that the electron neutrino has that 

mass. Although this picture leads to superclusters and voids of the size seen, 

superclusters are the first structures to collapse in this theory since smaller size 

fluctuations do not survive. The theory founders on this point, however, since 

galaxies are almost certainly older than superclusters. A related problem is that 

galaxy and cluster formation is sufficiently complicated in the neutrino picture 

that no theory of it has yet been worked out. 

A currently popular possibility is that the dark matter is cold. I have been 

one of those who have been studying the consequences of this picture. Its virtues 

include an account of galaxy and cluster formation that appears - at least 

to me and my coworkers - to be very attractive. Its defects are less clear, 

perhaps at least partly because it has not yet been subjected to enough critical 

scrutiny. Some recent work suggests that the size of the large scale structure 

in a cold dark matter universe will come out right only if the density is not 

more than about half the critical density, but this is contrary to prejudice, the 

inflationary hypothesis, and the latest upper bounds on small-angle fluctuations 

in the microwave background radiation. Another problem with hot as well as cold 

- dark matter is understanding the strong correlations in the locations of rich (i.e., 

populous) clusters of galaxies across tremendous distances, large even compared 

to the scale of superclusters. 
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These lectures end with a survey of new ideas for. solving-these problems, 

new sources of observational data which may differentiate more clearly between 

the various possibilities for the dark matter, and finally some possible broader 

implications of the picture that is emerging from particle physics and cosmology 

of the structure of the universe on both the smallest and largest scales. 

-. 
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1. Matter - 

1.1 SIZES 

This lecture is mainly about the distribution of matter in the universe on 

galaxy and larger scales, and the evidence that most of the mass is dark. But I 

think it may be useful to provide a little orientation about sizes and distances 

before getting into details. 

Figure 1.1 attempts to illustrate the relative distances and sizes of various 

objects in the universe. I also find it helpful in grasping astronomical distances 

to make analogies to ordinary-size objects. For example, if the sun is a grain 

of sand (1 mm), the orbit of the earth is 10 cm and that of Pluto is 4 m. The 

nearest star is 30 km away and the center of the galaxy is five times the distance 

to the moon. 

There are - 10” stars in our galaxy, and - 101’ galaxies in the visible 

universe - a star in the Milky Way for every grain of sand it would take to fill a 

large lecture room, and then a galaxy for every star. There are more stars than 

all the grains of sand in all the beaches of the earth. 

If our galaxy is the size of a half dollar (3 cm), the nearest big galaxy is 

almost 1 m away, and the Virgo cluster of galaxies, located near the center of -. 
the local supercluster, is 10 m away. The most distant quasars are more than a 

kilometer away. 

Table 1 lists the values of the most important physical constants used in 

these lectures. Astronomers measure distance in parsecs (PC). The sun is about 

8 kpc from the center of the Milky Way galaxy, which is about halfway to the 

edge of the visible galaxy. As we will see, the Milky Way’s dark halo extends 

considerably farther. 

- 

The distance to distant galaxies is deduced from their redshifts using Hubble’s 

constant Ho = 1OOh km s-l Mpc-‘, the value of which remains uncertain by 
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about. a factor of two: f 5 h 2 1. C onsequently, the. parameter h appears in 

many formulas where the distance matters. 

Table 1 

parsec 

Newton’s const. 

Hubble parameter 

Hubble time 

Hubble radius 

critical density 

speed of light 

solar mass 

solar luminosity 

Planck’s const. 

Planck mass 

proton mass 

Bolt&ann const. 

sidereal year 

radian 

pc = 3.09 x 1018 cm = 3.26 light years (LY) 

G = 6.67 x lo- 8 dyne cm2 ge2 

H =lOOhkms-lMpc-l , 1/26h61 

H-l = h-l 9.78 x 10’ y 

RH = cH-l = 3.00 h-’ Gpc 

PC = 3H2/8nG = 1.9 x 10m2’h2 g cmS3 

= 11 h2 keV cm- 3 = 2.8 x 101’h2 Ma M~c-~ 

C = 3 00 x lOlo cm s- . ’ = 306 Mpc Gy-l 

MO = 2.00 x 1O33 g 

Lo = 3.83 x 1O33 erg s-l 

h = 1.06 x 10m2’ erg s = 6.58 x lo-l6 eV s 

Mpe = (ti~/G)‘/~ = 2.18 x 10v5 g = 1.22 x 101’ GeV 

mP = 1.67 x 1O-24 g = 0.938 GeV/c2 

kB = 1.38 x lo-l6 erg K-l = (1.16 x 104)-1 eV K-l 

Y = 3.155815 x 10’ s 

= 57O.2958 = 3437’.75 = 206265” 
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1.2 GALAXIES _ - 

The nearest large galaxy to ours is the great galaxy in the constellation 

Andromeda. It was first recorded on an astronomical map by Abd-al-rahman al 

Sufi in 964 A.D., and first drawn - as an elliptical nebula (Latin for cloud) - 

in an engraving of the Andromeda constellation by Bouillaud in 1667. “I Messier 

included it in his catalogue of nebulas as number 31. It was not until 1923, 

however, that Hubble first recognized the true nature of M31. 

Like our own galaxy, M31 is a typical giant spiral. It is perhaps twice as 

massive as the Milky Way, with a mass in stars of about 4 x lOllMa. Its radius 

is about 25 kpc. It is located about 0.7 Mpc from us, and its velocity along the 

line of sight (measured by the Doppler shift) is 270 km s-l toward us. 

There are about thirty other galaxies known in our local group of galaxies, 

but all are much smaller than these two giants. M33, the only other spiral galaxy, 

has perhaps a tenth the mass of the Milky Way. M32, the largest elliptical galaxy 

in the local group, is considerably less massive. Both M32 and M33 are fairly 

. close to M31. The largest galaxies in the immediate vicinity of the Milky Way 

are two irregular galaxies, known as the Large and Small Magellanic Clouds. 

In addition, seven dwarf spheroidal galaxies have been found near our galaxy: 

Draco, Ursa Minor, Carina, and Sculptor within 100 kpc, and Fornax and Leo I 

and.11 at about twice that distance. (They are named after the constellations in 

which they lie.) Fornax, the most massive of them, has a mass in stars of only 

about 2 x 107Ma. Partly because of the fact that their masses are so tiny (for 

galaxies), these dwarf spheroidals may give us important clues about the origin 

of galaxies and the composition of the dark matter, as I will discuss later on. 

Figure 1.2 is the traditional Hubble “tuning-fork” diagram of galaxy types, 

from ellipticals, through lenticular (SO) and spiral galaxies (with and without 

central bars), to irregulars. This progression of galaxy rnorphologies corresponds 

to decreasing prominence of the spheroidal component and increasing importance 

of disk. Hubble thought it possible that his classification was evolutionary, and 
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although this is no longer believed the sequence Sa- - Sb --SC - Sd is called 

by astronomers the progression from “early” to “late” spiral types. The disk-to- ’ 

bulge luminosity ratio increases from - 1 for Sa to - 10 for Sd. Late spiral types 

also have more gas and young, blue stars. Roughly 10% of all bright galaxies 

are ellipticals, 20% are SO, 65% are spirals, and 5% are irregulars, with higher 

fractions of SO and E in regions of higher galaxy number density - another 

important clue to galaxy origins. , 

Spiral Galaxies 

Spiral galaxies have three visible components: the disk with its spiral arms, 

the nucleus or bulge, and the stellar halo or corona. In addition, spiral galaxies 

generally appear to possess extensive dark matter halos. 

Although the spiral arms are the distinguishing feature of spiral galaxies, 

there is less to them than meets the eye. The spiral arms are bright because 

of the short-lived luminous supergiant stars and emission nebulae they contain, 

but the number density of long-lived stars like the sun is not much different in 

the arms than in the interarm regions of the disk. Following the work of C. C. 

Lin and Frank Shu, it is now thought that the arms are the result of density 

waves travelling around the galaxy: the passage of the disk matter through such 

a wave triggers the process of star formation. Incidentally, the spiral arms curve 

backward, opposite to the direction of rotation of the galaxy. Thus a spiral 

galaxy rotates like a pinwheel, the spiral arm density waves rotating in the same 

direction but slower than the stars and gas in the disk. 

The disk is remarkably thin. In our galaxy, it is a few hundred parsecs thick 

at the radius of the sun (about 8 kpc). Perhaps lO-20% of the mass in the disk is 

in gas (mostly hydrogen and helium) and dust (composed of what astronomers 

call ‘metalsn : elements more massive than helium). The disk becomes thicker 

- and more gaseous at large radii, and in some galaxies the outer edge of the 

disk is warped. Spiral galaxies are generally surrounded by a diffuse envelope of 

neutral atomic hydrogen (HI, observed with radio telescopes in 21cm emission), 
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sometimes extending to several times the optical rad.ius.‘31- - 

The stars of a spiral galaxy were classified by Baade in 1944 into two broad 

categories, Population I and II. The relatively young, metal-rich stars of the disk 

are Population I. The older, lower metallicity stars are Population II; these are 

found mainly in the nucleus and stellar halo, including the globular clusters. 

Globular clusters are dense spherical assemblages of stars, having typically - lo6 

stars within a radius of a few pc. There are about 200 globular clusters in the 

Milky Way. Thus only a tiny fraction of the - 101' stars in the galaxy are in 

globular clusters. The total number of stars in the diffuse stellar halo is also a 

tiny fraction of the total. The stellar halo and about half the globular clusters 

are distributed roughly spherically. The other half of the globular clusters are 

associated with the disk. Most of the Population II stars lie in the spheroidal 

bulge which occupies the center of the galaxy, with radius - 4 kpc and very little 

gas, dust, or young stars. The majority of the stars in a galaxy like ours are 

Population I stars in the disk. 

The luminosity distribution as a function of radius in the disk component of 

‘typical S and SO galaxies is of the form 

ID(~) = I,exp(-cm) . (1.1) 

The.corresponding disk luminosity is LD = 27rIoae2, half of which is emitted 

within the effective radius re = 1.67~1~~. For example, the Milky Way has an 

effective radius rc M 5 kpc, a total (disk plus bulge) luminosity L = LD + LB m 

1.6 x 10'"La, a disk-to-bulge ratio LD/LB = 2, and is classified as an Sb or SC 

galaxy. “I 

The most important source of information about the dynamics of a galaxy 

is Doppler shift measurements of the line-of-sight velocities of its components. 

By 1979, the evidence had become overwhelming that the rotation velocity of 

spiral galaxies remains roughly constant from a few kpc to the-largest radii at 

which observations are possible. I51 This is surprising, since if the mass were mainly 
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associated wit-h the stars, which are centrally concentrated, then the velocity in 

the outer regions would fall as u o( r -rj2, like that of the planets in the solar 

system.Fig. 1.3 shows rotation curves for many spiral galaxies, obtained both 

from 21cm observations and from measurements of velocities of the clouds of 

ionized gas surrounding hot blue stars. (Because these gas clouds emit most of 

their light in a few spectral lines, their velocities can be measured in a fraction of 

the exposure time required for stellar measurements.“’ ) By simple Newtonian 

arguments, a constant rotation velocity urot implies that the mass M(r) within 

radius r grows linearly with radius: 

M(r) = bJ,2otm- (1.2) 

Correspondingly, the mass density falls as r -2. Since the luminosity falls expo- 

nentially with radius, the mass-to-light and total-to-luminous-mass ratios M/L 

and M/Ml um grow with radius. From the fact that the rotation velocity is con- 

stant to several times the effective radius, it follows that the mass associated with 

the dark halos of these galaxies is at least several times that of all the visible 

. matter. 

Actually, the existence of massive dark matter halos was not entirely a sur- 

prise: at least two pieces of evidence had pointed toward it. Since the mid-1930’s 

the astronomer Fritz Zwicky had been emphasizing that there is much more 

ma% detected dynamically in great clusters of galaxies than can be attributed 

to the stars in their galaxies.‘0’81 And in 1973 it was pointed out[lO’ that a self- 

gravitating disk is unstable toward collapse to a rotating bar - indeed, this bar 

instability probably is responsible for the fact that roughly a third of spiral galax- 

ies have central bars - but that the disk can be stabilized by a roughly spherical 

halo containing comparable mass at the same radius. More recent detailed stud- 

ies of galactic disks have confirmed that most of the dark matter cannot be in the 

_ disk.[“’ The existence of warps in the outer parts of disk galaxies is also evidence 

that the dark halo is roughly spherhical, since such warps would be smeared out 

in a nonspherical halo. 
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-How large is the total mass associated with a typical spiral galaxy? Since 

according to the above equation the mass grows linearly with radius, one can 

equivalently ask, How large is the halo ? We can set lower limits of rhalo X 70 

kpc, and correspondingly M/Ml,, 2 10 and M 2 2 x 1012Ma for our own 

galaxy from studies of its satellites; see Fig. 1.4. This mass is comparable to 

that suggested by studies of the dynamics of the local group of galaxies.“” As I 

will discuss shortly, the evidence from studies of the dynamics of all assemblages 

of galaxies, from small groups to rich (i.e., very populous) clusters, is consistent 

with M/Ml,, ti 10. The only significant evidence to the contrary of which I am 

aware is a recent paper reporting the results of a new technique for measuring 

galaxy mass based on the distortion of the images of background galaxies by 

gravitational deflection of their light by foreground galaxies.1201 

Elliptical Galaxies 

Elliptical galaxies are spherical or ellipsoidal stellar systems consisting almost 

entirely of old stars. They contain very little dust and show no evidence of spiral 

arms. The larger ellipticals contain many globular clusters. In all these respects, 

they resemble the nucleus and stellar halo components of spiral galaxies. 

Elliptical galaxies are classified in several ways. One is by ellipticity, with 

the integer n in En designating lO(a - b)/ a where a and b are the projected 

ma& and minor axes. Ellipticals have projected axial ratios b/a between 1.0 

(EO) and 0.3 (E7). It was once widely believed that elliptical galaxies are oblate 

spheroids flattened by rotation, but in the past few years rotation curves and 

velocity dispersion data have shown that some ellipticals, especially the larger 

ones, rotate much too slowly to account for their flattening. There is evidence 

that some ellipticals, again especially the larger ones, are actually triaxial, and 

that their flattening is due to velocity anisotropies. It is not yet known whether 

these are more nearly oblate or prolate.‘211 

Ellipticals vary very widely in mass, from- dwarf spheroidals to supergiant 

galaxies. The latter are the largest known galaxies, with extensive (- 100 kpc) 
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amorphous stellar envelopes and masses as much as an order of magnitude larger 

than that of M31. Called CD galaxies, they are usually found in the cores of 

rich, regular clusters of galaxies; and they are often flattened, the major axis 

aligned with that of the cluster. Roughly a third of all CD galaxies have multiple 

nuclei, which suggests that they formed through mergers. At the other end of the 

size scale, there are probably more dwarf ellipticals (dE) than any other type of 

galaxies in the universe - as is true in our local group of galaxies. Or perhaps the 

most populous galaxy species is dwarf irregulars. [221 In any case, dwarf galaxies 

represent only a small fraction of the stars and mass in the universe since they 

are so small. 

The projected distribution of light intensity in E galaxies is well fit by the de 

Vaucouleurs formula 

I(r) = le exp[-7.67((t/r,)‘i4 - l)], (l-3) 

where the “effective radius”r, is the radius enclosing half of the total light. I(r) 

falls off more slowly than r- 2 for r < re and more rapidly than that for r > re. 

‘The same formula fits the bulges of SO and S galaxies. 

The total luminosity L of an elliptical galaxy is observed to be related to 

its stellar velocity dispersion (T by the formula L m L,(a/220 km s-‘)7, where 

L, = 10’“Ma and 7 = 4 f 1. This is the Faber-Jackson relation.1231 There is an -. 
analogous relation LH oc u :ot between the total infrared luminosity and rotation 

velocity of spirals, called the infrared Tully-Fisher relation. ‘2*1 A similar relation 

has been found to hold between the total luminosity in the blue spectral band and 

the rotation velocity for a sample of spiral galaxies.[251 These empirical relations, 

displayed in Fig. 1.5, are important in providing both cosmic yardsticks and 

insights into the formation and dynamics of galaxies. 

Luminosity Distribution 

The galaxy luminosity function is defined such that qS(L)dL is the number 

density of galaxies having total luminosity in the interval (L, L + dL). The 
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available data is fit by Schechter’s convenient- function I211 - - 

where”” 

o! = - 1.29 f 0.11 

& =1.3 It 0.3 x 10-2h3Mpc-3 

L =l 1 x 10’0h-2L * - 0. 

(1.5) .; 

This is sketched in Fig. 1.6. Actually, 4(L) must fall off more rapidly than the 

function (1.4) at small L, since the mean space density of galaxies corresponding 

to (1.4), 

(4 = W(a + 1) , (1.6) 

diverges if Q < -1. The shape of the luminosity function for L < O.O05L, is 

uncertain, but the number of small nearby galaxies is indeed less than predicted 

-by (1.4). The shapes of the luminosity functions for the different mophological 

types of galaxies differ at the faint end, dwarf E and I galaxies being more 

numerous than dwarf S and SO, but the luminosity functions have similar shapes 

at the bright end. 

-The mean luminosity density corresponding to (1.4) is perfectly finite: 

(L) = &L,r(a + 2) m 1.8 x 108hLoMpc-3 . (l-7) 

The majority of galaxies are faint, but most of the light comes from those that 

are of luminosity 2 L,. With (1.7) we can evaluate the mean mass-to-light ratio 

of the universe: 

M/L = fIp,/ (L) m 1500W(Mo/Lo) , (1.8) 

where pC is the critical density for closure (see Table 1 and Lecture 2) and R is 
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the average density of the universe in units of pc. Typically, - 

M/L w 14h(M&a) 

in the centers of galaxies; “‘I thus n(galaxy cores) = 10m2, with perhaps another 

factor of two including the entire visible mass in galaxies. If the total galactic 

mass, including that of the halo, is about ten times greater (i.e., M/Ml,, k: lo), 

as discussed above, then n k: 0.2 and the universe is open. 

Interpretations 

Although it is perhaps premature to sketch a theoretical framework for un- 

derstanding the basic facts about galaxies, both in the context of these lectures 

and given the available astronomical data, I think it is nevertheless useful to do 

so at this point. The great advantage of keeping a tentative theory in mind as 

one thinks about data is that it helps in organizing and remembering the facts. 

If it is a good theory, it will also call attention to particularly important facts - 

especially those that may contradict it! 

The basic picture of galaxy formation that I have in mind is that galaxies col- 

lapsed gravitationally from initially rather homogeneous mixtures of dark matter 

and ordinary matter (in about the ratio 1O:l). As I will explain in the next lec- 

ture, the result of virialization by violent relaxation in gravitational collapse is 

a roughly isothermal halo, with density falling as rm2, as required to produce 

the observed constant-velocity rotation curves. The ordinary matter continued 

to radiate away its kinetic energy and sink toward the center, eventually forming 

the visible stars. This process is called dissipational collapse. Meanwhile the 

dark matter retained its post-virialization velocity and density distribution, and 

it forms the galactic halos. We do not know what the dark matter is, but its 

key property, in addition to being invisible, is that it is dissipationless. Probably 

both properties are a consequence of its lack of significant interaction with elec- 

tromagnetic radiation, perhaps because the dark matter is composed of neutral 

elementary particles. 
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In this picture, the disk in disk galaxies formed when thedissipational col- 

lapse of the baryonic matter was halted by angular momentum conservation. 

(The symmetrical configuration of minimum kinetic energy for given angular 

momentum is a disk.) Galactic spheroids resulted when dissipational collapse 

was halted by some other process, presumably star formation. (A collection of 

virialized gravitating mass points is dissipationless.) Evidently, spheroids result 

from matter which had either (or both) higher initial density or smaller initial 

angular momentum /than that which formed disks.12”“’ . I 

It follows that all galaxies should be surrounded by massive dark matter 

halos. I have already discussed the strong evidence that this is true for spiral 

galaxies. Although relevant observations are more difficult for other galaxy types, 

the data available are consistent with the ubiquity of massive ha10s.[5’28-311 

A useful way of visualizing galaxies is sketched in Fig. 1.7, where density is 

plotted versus distance from the center of our galaxy, looking toward M31. In 

the central region of a typical large galaxy the density is high - perhaps even 

infinite at the very center if there is a black hole there. This is surrounded by 

a region of rapidly falling baryonic matter density, so that there are comparable 

total amounts of ordinary and dark matter enclosed within a few effective radii 

(re). The density of the dark matter halo (dashed line) declines cc r-’ out at least 

to - lo2 kpc. If it continues to follow a t- 2 law between the galaxies (dotted -. 
line), then the average density is approximately that required for closure, i.e. 

n = 1. Jim Peebles calls this the “alpine model”. On the other hand, if the dark 

matter density falls off rapidly beyond - lo2 kpc (“crayon model”), then as I 

mentioned before ht = 0.2 and the universe is open. 

The horizontal lines in Fig. 1.7 represent critical density today and at the 

earlier epoch when the universe had expanded only l/10 as much; i.e., when 

R = 0.1. The expansion factor R, defined to equal unity now, is given in terms 

of the redshift z s 6X/X by R = (1 + z)-l. In the next lecture I will remind you 

of the relationship between z or R and the time t since the Big Bang, and also 
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explain why the fact that the halo at 100 kpc is roughly-an-order of magnitude 

more dense than the higher of the two light horizontal lines suggests that the 

galaxy interior to that collapsed gravitationally before z of 10. 

1.3 GROUPS AND CLUSTERS 

Half or more of all galaxies are members of groups or clusters. “Groups” 

of galaxies are systems containing at most a few tens of bright galaxies, while 

“clusters” are richer (i.e., more populous) systems. They are identified as den- 

sity enhancements, either in surface number density of galaxies on the sky, or in 

redshift-space volume density. It is thought that most of them are also gravita- 

tionally bound structures, especially those of high density. 

After a particular variety of astronomical object has been discovered, it has 

usually proved very valuable to make a catalogue of such objects, in order to 

study them systematically. There are two great catalogues of clusters of galax- 

ies, Abell’s catalogue of 2712 rich c1usters’331 and the more extensive Zwicky 

catalogue, [“I which lists and classifies poorer (i.e., less populous) clusters as 

well. Both catalogues are based on the Palomar Sky Survey plates, and so are 

limited to the northern sky. 

Reliable identification of groups of galaxies requires redshift data, which has 

only recently become available for large numbers of galaxies. The best catalogue 

of groups is that recently compiled by Geller and Huchra,ISsl obtained by ap- 

plying a group-finding algorithm to the NB whole-sky catalogue’361 of the 1312 

galaxies brighter than ??ag = 13.2 (* ), and to the Harvard-Smithsonian Center 

* The notation mg represents apparent magnitude in the B blue spectral band. Apparent 
magnitude is related to the measured flux S by m = A - 2.5 log,, S, where the constant A 
depends on the spectral band; thus a galaxy of m = 12 appears to be 100 times brighter 
than one of m = 17. The naked eye can see to m fit 6.5; a six inch (15 cm) telescope, 
to m = 13; and the Palomar 5 m telescope, to m = 24 (photographically). Astronomical 
traditions can be long lived. The magnitude scale was adopted in the 19th century to agree 
approximately with the brightness classification given in the catalogue of 850 stars compiled 
by Hipparchus in the second century B.C., whose 6th magnitude stars are about 100 times 
fainter than those of 1st magnitude. 
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for Astrophysics (“CfA”) survey of the northern sky-(2396 galaxies, complete to 

mB = 14.5 for about 20% of the sky).“” They found 92 groups in the former 

catalogue and 176 in the latter; about 60% of all the galaxies in the catalogues 

are assigned to groups. 

There are several classification schemes for clusters, but a simple one that 

overlaps with the others is “regular” vs. “irregular”.1s7’881 Regular clusters have 

a smooth and symmetric structure, with high central galaxy density (2 lo3 per 

Mpcm3), a small fraction of spiral galaxies (5 20%), high velocity dispersion 

(- 1000 km s-l ), and a high X-ray luminosity (> 1O44 erg s-‘) from hot gas 

(of temperature 2’ 2 6 keV). Examples include A85 and A2256 (the bottom 

two X-ray images in Fig. 1.8), A496 (upper right in Fig. 1.9), and the Coma 

cluster. (This cluster, designated Al656 - i.e., No. 1656 in Abell’s catalogue - 

is the nearest rich cluster, at about 45 h-’ Mpc. As usual, it is named after the 

constellation in which it lies on the sky, Coma Berenices - Berenice’s Hair.) 

Only about a quarter of all rich clusters are regular. Irregular clusters have 

a rather lumpy structure, lower central galaxy density, a somewhat higher spiral 

fraction (2 40%) than regular clusters, lower velocity dispersion, lower X-ray 

luminosity and cooler gas (l-2 keV). Examples include A262, A1367, and the 

Virgo cluster. In addition, there are intermediate cases, exemplified by the middle 

two images in Fig. 1.8 and many of the clusters in Fig. 1.9. Many of these are -. 
elongated and have prominent subclusters. 

Another distinction that is especially apparent on the X-ray images is between 

those clusters with a central, dominant galaxy (e.g., the three clusters on the right 

half of Fig. 1.8) and those without a CD (left half of Fig. 1.8). In their cores, 

CD galaxies look like giant ellipticals, except that some have multiple nuclei. 

This core is surrounded by a very extensive stellar and gaseous envelope, with 

_ optical surface brightness decreasing much more slowly than the de Vaucouleurs 

(eq. (1.3)) p fil f t ro e o a ypical elliptical at large distances, and with extended, 

centrally peaked X-ray emission from the hot gas. 
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There is no sharp dividing line between “groups” and Wusters”, and a sub- 

stantial overlap of physical characteristics between these two categories.[“’ Most 

groups are loose, but there are compact groups with galaxy densities comparable 

to those in the cores of rich clusters. Some groups even contain small CD galaxies. 

Alan Dressler first demonstrated that in rich clusters there is a well-defined 

relationship, shown in Fig. 1.10, between the local number density of galaxies 

and the local fraction of each galaxy Hubble type.“” The local density was . i 

computed using the 10 nearest (projected) neighbors of each galaxy. The fractions 

of E and SO galaxies increase, and the fraction of S + I decreases, smoothly 

and monotonically as the local galaxy density increases. This relation between 

population and density holds for individual clusters as well as, on the average, 

from cluster to cluster. In particular, it holds for both regular and irregular 

clusters. And it has recently been shown to hold for groups as well as clusters.‘431 

Interpretations 

As I will discuss in the next lecture, the process of dissipationless gravitational 

collapse produces a smooth, centrally concentrated distribution of matter. The 

obvious interpretation of the difference between regular and irregular clusters of 

galaxies is therefore that the former have undergone collapse, while the latter 

have not yet done so. [“I If they are indeed in virial equilibrium, regular clusters’ 

large velocity dispersions are strong evidence for a large quantity of dark matter 

to provide the required gravitational binding energy. Although the mass-tolight 

ratio (M/L) implied for rich clusters is about a factor of 6 larger than that for 

galaxies (including their massive dark halos), the ratio of total to luminous mass 

(M/Ml,,), which is physically more meaningful, (* ) is about the same for both. 

* The old red stars of the E and SO galaxies in regular rich clusters are less luminous per 
unit mass than the younger and bluer stars of S galaxies, which are not as prevalent in 
rich clusters, and the X-ray observations PSI show that there is at least as much mass in the 
hot gas in the cores of rich clusters as there is in galaxies. Ml,, compensates for intrinsic 
luminosity differences of different galaxy types and includes the mass in hot gas; that is why 
it is physically more meaningful than L. For more details, see Ref. 26, especially Table 1. 
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,The analysis by Geller and Huchra’s51 of groups and clusters in the CfA 

catalogue finds that they have approximately constant M/L. An earlier study I”’ 

which claimed to find a trend of increasing M/L with increasing size of the cluster 

is now known to have been misled by a flaw in the cluster finding algorithm. 

The data on M/L and M/Ml,,,, are plotted in Fig. 1.11. It is apparent that 

the data are consistent with roughly constant M/Ml,, across the entire range 

of masses from dwarf spheroidal galaxies (using the dynamical mass estimates 

for them) to the cores of rich clusters. The most straightforward interpretation 

of this constancy is that there is about an order of magnitude more dark than 

luminous matter in the universe. 

CD galaxies are thought to form through galactic cannibalism as (gravita- 

tional) dynamical friction causes cluster galaxies to spiral into the centrally lo- 

cated giant, where they are disrupted by tidal forces. \=,‘6l The fact that many CD 

galaxies have multiple nuclei is evidently direct evidence for galactic cannibalism. 

Computer simulations of the evolution of groups and clusters have shown that 

mergers and tidal stripping are most rapid in small groups, including those that 

form in the early stages of the collapse of larger clusters, and that it is possible 

to understand the origin of CD galaxies in this way if cluster galaxies initially 

possess massive dark halos which only later become smeared out as the cluster 

relaxes. [“I 

Finally, regarding Dressler’s correlation between galaxy type and number 

density, the key question is whether it is caused by heredity (i.e., factors present 

when galaxies formed) or environment (evolutionary effects after galaxy forma- 

tion, such as galaxy mergers or stripping of gas from spirals to form SOS). There 

is evidence that both heredity and environment are important. i42746’411 I will re- 

turn to all of these questions in later lectures; they are crucial to unraveling the 

mystery of the origin of galaxies and clusters. 

- 
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1.4 SUPERCLUSTERS AND VOIDS - _ - 

Thirty years ago, astronomers knew that rich clusters consist mostly of E and 

SO galaxies, and that the majority of galaxies are spirals and lie outside these 

clusters in relative isolation in the “field”. But they did not yet know about 

superclusters and voids.‘401 

Gerard de Vaucouleurs was the first to define and describe the Local Super- 

cluster, the vast aggregation of several thousand galaxies of which our own Local 

Group, containing the Milky Way, is an outlying member. The Local Super- 

cluster is centered on the Virgo cluster, about 15h-' Mpc away from us. It has 

recently been mapped in some detail by T~lly,‘~~~ who finds that it consists of a 

fairly thin disk component containing about 60% of the luminous galaxies and a 

halo component with 40%, and that almost all the luminous galaxies of the halo 

are associated with a few clusters leaving most of the volume off the disk empty. 

.  L 

Although there was some recognition that there are other superclusters in 

addition to our own on the basis of (two-dimensional) sky surveys, we have only 

. begun to see the large scale structure of the universe clearly with the advent of 

large-scale redshift surveys. The limitation of these surveys is that while thou- 

sands of galaxy positions can be read off of a single photographic plate, spectral 

redshifts must be obtained one by one. Roughly lo4 of them are presently avail- 

able, including deep surveys of a few percent of the sky (“drilling holes in space”: 

measuring redshifts for all galaxies brighter than a faint limiting magnitude in 

a small angular region) and shallower surveys covering larger angular area (the 

prime examples being the NB and CfA catalogues). The data is growing rapidly: 

the doubling time for the number of galaxy redshifts available is presently about 

three years. Technological advances, including image tubes and CCD (charge- - 

coupled device) detectors that allow modern astronomers to record as much in- 

formation in an exposure of a few minutes as their predecessors could in an entire 

night, have helped to make this possible. _ 

Figure 1.12 shows an example of the results of these surveys. The top portion 
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shows the positions of bright galaxies in a region of the sky in the direction of 

the constellation Perseus. A chain of galaxies is apparent - the clearest such 

“filament” known. The lower portion of the figure, in which the galaxy positions 

are plotted in a redshift-angle “wedge” diagram, shows that these galaxies are 

concentrated at a particular distance, about 50h-1 Mpc; thus they really do lie 

in a filamentary band across the sky. Equally striking in this figure is the fact 

that most of the wedge diagram is empty. Such voids in the galaxy distribution 

are apparent on all diagrams of this sort. Galaxies are concentrated in flattened 

or filamentary superclusters, leaving most of the volume of the universe virtually 

devoid of bright galaxies.‘401 

All nearby Abel1 clusters are now known to belong to superclusters. For 

example, Coma and Al367 are connected by a bridge of galaxies, including several 

large groups. The whole structure stretches at least 20 degrees across the sky, 

corresponding to a length of - 30h-‘Mpc; some astronomers argue that it is 

even larger. What is really needed now are catalogues of superclusters and voids, 

so that their statistical properties can be learned. Astronomers will be able to 

_ obtain enough redshift data in five to ten years for this to be possible. The 

largest void discovered to date is the “great void in Boiites” lying between two 

large superclusters, the Hercules supercluster on the near side, and the great 

Corona Borealis supercluster, which contains 15 Abel1 clusters, on the far side. 

The Bo6tes void is perhaps 60h-1 Mpc across, and the density of bright galaxies 

in it is probably less than a tenth, and almost certainly less than a quarter, of 

the average density. “a’ 

Any data regarding correlations of galaxy and cluster properties across the 

vast distances spanned by superclusters and voids is potentially important in 

indicating how they may have formed. Probably the most interesting data of 

this sort obtained thus far is Binggeli’s observation that the position angles of 

all nearby, elongated Abel1 clusters lie within 45’ of the direction to the nearest 

cluster, provided the clusters are separated by less than - 15/z-1 Mpc. He 

found a similar, though less significant, correlation on larger scales, and also a 
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correlation between the position angle of the brightest cluster galaxy’s major axis 

and the direction to the nearest cluster.“” Similar, but substantially weaker, 

correlations were found in a recent analysis of a larger sample of clusters. [“’ In 

a similar vein, the analysis of local flattening of the galaxy distribution and its 

correlation across space may help to clarify the nature of superclustering.‘55’561 

Internretations 

The cores of rich clusters and compact groups represent enhancements of lo4 

or more over the average galaxy number density. They are certainly bound and 

relaxed structures. On the other hand, the galaxy density enhancement repre- 

sented by the Local Supercluster is much smaller, perhaps a factor of three.“*’ 

The peculiar uelocity (deviation from uniform Hubble flow v’ = Hoi;3 of galaxies 

in superclusters is typically 2 lo3 km s-l. A velocity of lo3 km s-l is equiv- 

alent to a Mpc/Gy. Thus, while galaxies in rich cluster cores have had plenty 

of time since the Big Bang to cross from one side to the other, probably several 

times, the vast majority of galaxies have hardly had time to move more than a 

small fraction of the distance across their local superclusters. For example, the 

component of the Local Group’s peculiar velocity in the direction of the Virgo 

cluster is 200-400 km s-l (measured both via the dipole anisotropy of the cos- 

mic background radiation and with respect to an ensemble of moderately distant 

galaxies ‘57’561 ), but the LG is nevertheless still expanding away from the Virgo -. 
cluster with a velocity of - 1000 km s-l. Thus the Local Supercluster has not 

yet had time to collapse, certainly not in its longer dimension across the disk, 

and it is perhaps not even gravitationally bound. 

It is precisely because of their unrelaxed state that superclusters are so valu- 

able to cosmologists: gravity has not yet had time to mix them up, so their - 

structure may reflect in a rather simple way the nature of the primordial condi- 

tions that gave rise to them. 

The big question is, Which came first, superclusters (and voids), or galaxies? 

One popular view, hierarchical clustering, has it that galaxies formed more or less 
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at random locations, and were subsequently- gathered up. into clusters of ever in- 

creasing size, culminating in the vast superclusters whose dimensions we are only 

now beginning to appreciate. This view has long been championed by Jim Peebles 

of Princeton, among others. A competing “top down” view, long advocated by 

the Russian astrophysicist Yakov Zeldovich and his colleagues,160’601 among others, 

contends that it is the superclusters that formed first, subsequently fragmenting 

into smaller objects which then formed galaxies. On the face of it, there are 

several outstanding pieces of evidence that superclusters were primary: the very 

existence of superclusters and large voids is pretty direct evidence that galaxy 

formation could not have occurred at random locations in the early universe, 

and the Binggeli correlation discussed above is easy to understand as a reflec- 

tion of superclustering preceeding the formation of clusters, if not also galaxies. 

However, there are serious problems with this view, too. As I will explain in 

more detail in Lecture 3, galaxies appear to be much older structures than su- 

perclusters. In addition, in the “top down” scenario it is hard to understand 

the observed clustering substructure’611 as well as the structure of individual 

galaxies. 

-. 
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2. Gravity ~. - - 

Gravity is the subject of this second lecture. In it I will try to introduce the 

basic ideas necessary to understand the effects of gravity both on the evolution 

of the entire universe and on the growth and collapse of the fluctuations that 

presumably formed galaxies and all larger scale structures. I will also briefly 

explain how the hypothesis of cosmic inflation can account for the origin of these 

large scale fluctuations without violating causality. 

I will assume here that Einstein’s general theory of relativity (GR) accurately 

describes gravity. Although it is important to appreciate that there is no obser- 

vational confirmation of this on extragalactic scales, the tests of GR on smaller 

scales are becoming increasingly precise, especially with the discovery of pulsars 

in binary star systems. Is” There are two other reasons most cosmologists believe 

in GR: it’s conceptually so beautifully simple that it is hard to believe it could 

be wrong, and anyway it has no serious theoretical competition. Nevertheless, 

since a straightforward interpretation of the available data in the context of this 

standard theory of gravity leads to the disquieting conclusion that most of the 

matter in the universe is dark, there have been suggestions that perhaps our 

theory of gravity is inadequate on large scales. I will mention them briefly at the 

end of this lecture. 

2.1 COSMOLOGY 

The “cosmological principle” is logically independent of our theory of gravity, 

so it is appropriate to state it before discussing GR further. But before I can 

state it, some definitions are necessary: 

A co-mooing observer is at rest and unaccelerated with respect to nearby 

material (in practice, with respect to the center of mass of galaxies within, 

say, 50 Mpc). 

The universe is homogeneous if all co-moving observers see identical pro- 

properties. 
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The universe is isotropic if all co-moving observers see no preferred direc- 

tion. 

The cosmological principle asserts that the universe is homogeneous and 

isotropic on large scales. (It is not difficult to see that isotropy actually im- 

plies homogeneity, but the counterexample of a cylinder shows that the reverse 

is not true.) In reality, the matter distribution in the universe is in our common 

experience exceedingly inhomogeneous on small scales, and increasingly homo- / 1 
geneous on scales approaching the entire horizon. The cosmological principle is 

in practice the assumption that for cosmological purposes we can neglect this 

inhomogeneity. The great advantage of assuming homogeneity is that our own 

neighborhood becomes representative of the whole universe, and the range of 

cosmological models to be considered is also enormously reduced. 

The cosmological principle implies the existence of a universal cosmic time, 

since all observers see the same sequence of events with which to synchronize 

their clocks. (This assumption is sometimes explicitly included in the statement 

of the cosmological principle; see, e.g., Ref. 63, p. 203.) In particular, they can 

. all start their clocks with the Big Bang. 

Astronomers observe that the redshift 

z= X-b -x, -. P-1) 

of distant galaxies is proportional to their distance. We assume, for lack of any 

viable alternative explanation, that this redshift is a Doppler shift: the universe 

is expanding. The cosmological principle then implies (see, for example, Ref. 64, 

§4.3) that the expansion is homogeneous: 

r = R(t)r,, (2.2) 

- which immediately implies Hubble’s law: 
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Here r, is the present distance of some distant galaxy (the subscript “0” in 

cosmology denotes the present era), r is its distance as a function of time and v is . 

its velocity, and R(t) 

present: R(t,) = 1). 

Hubble’s “constant” 

empty universe) is 

is the scale factor of the expansion (scaled to be unity at the 

The scale factor is related to the redshift by R = (1 + z)-l. 

H(t) (constant in space, but a function of time except in an 

H(t) = IiR-l. (2.4) _ i 

Finally, it can be shown’66’gs1 that the most general metric satisfying the 

cosmological principle is the Robertson-Walker metric 

ds2 = c2dt2 - m2 dr2 
1 - kr2 + r2 (sin2 Bd+2 + d62) 1 , (2.5) 

where the curvature constant k, by a suitable choice of units for r, has the value 

l,O, or -1, depending on whether the universe is closed, flat, or open, respectively. 

For k = 1 the spatial universe can be regarded as the surface of a sphere of radius 

R(t) in four-dimensional Euclidean space; and although for k = 0 or -1 no such 

simple geometric interpretation is possible, R(t) still sets the scale of the geometry 

of space. 

2.2 GENERAL RELATIVITY -. 

Formally, GR consists of the assumption of the Equivalence Principle (or the 

Principle of General Covariance1651 ) together with Einstein’s field equations 

R’L” - !R 
2 g 

W ’ = _ 87rG mm.sT’LV - AgP”. 
C4 (2.6) 

The Equivalence Principle implies that spacetime is locally Minkowskian and 

_ globally (pseudo-)Riemannian, and the field equations specify precisely how space- 

time responds to its contents. The essential physical idea underlying GR is that 

spacetime is not just an arena, but rather an active participant in the dynamics. 

31 



Fortunately, there are several excellent introductions to. GR fortosmologists.166’66’631 

It will not be necessary to discuss the details of GR here, but I think it 

may be useful to spend a little time on the concept of horizons, since in my 

experience this is one of the things that most confuse newcomers to cosmology 
- in particular, the apparent contradiction between Hubble’s law and the speed 

of light as a speed limit. 

I find it helpful to picture the behavior of spacetime near horizons using the 

somewhat artificial concept of a static point, which is fixed in space. Figure 

2.1(a) shows a number of static points located at various distances from a black 

hole singularity. Imagine that each static point emits a pulse of light; the light 

circles in the figure show schematically the positions of the wavefronts a moment 

later. Far from the black hole, spacetime is flat and the light circle is centered 

on the static point. But closer to the black hole, the light is increasingly dragged 

toward the singularity, as if space itself were flowing into the black hole. As E. R. 

Harrison amusingly puts it, [6’1 the event horizon, located at the Schwarzschild 

radius, “is the country of the Red Queen where one must move as fast as possible 

in order to remain on the same spot.” At the horizon, the light circle lies on the 

static point and no light can escape outward. Inside the horizon space effectively 

flow!. inward faster than light, and outward-moving light cannot even reach the 

horizon. It is important to understand that special relativity remains locally 

valid except at the singularity itself, and light always moves at the speed of light 

c with respect to freely falling observers. 

A Hubble sphere in the expanding universe is like a Schwarzschild event 

horizon turned inside out. As Fig. 2.1(b) h s ows, the light circles are centered 

on their static points well inside the Hubble sphere, but dragged increasingly 

outward at larger radii. At the Hubble sphere, the light circle lies on the static 

point and no light can escape inward. And beyond the Hubble sphere, space 

effectively flows outward faster than the speed of light. But the galaxies in that 

32 



space are not moving- at all (except for their small peculiar. motions); it is the 

expansion of space that is carrying them away from us. The recession velocity 

in Hubble’s law (2.3) is thus not an ordinary (local) velocity. The picture of the 

Hubble expansion as arising from galaxies flying apart in an underlying Euclidean 

space is only mildly misleading locally, but completely untenable on the scale of 

the Hubble radius. It is space itself that is expanding. This idea of space- 

time as an active participant in the dynamics of the universe is also crucial for 

understanding the inflationary universe. 

Comoving coordinates are coordinates with respect to which comoving ob- 

servers are at rest. A comoving coordinate system expands with the Hubble 

expansion. It is convenient to specify linear dimensions in comoving coordinates 

scaled to the present, as in eq. (2.2). F or example, if I say that two objects were 

1 Mpc apart in comoving coordinates at a redshift of z = 9, their actual distance 

then was 0.1 Mpc. 

In a non-empty universe with vanishing cosmological constant, the case first 

studied in detail by the Russian cosmologist Alexander Friedmann in 1922-24, 

gravitational attraction ensures that the expansion rate is always decreasing. As 

a result, the Hubble radius 

RH(t) = cH(t)-’ P-7) 

is increasing. The Hubble radius of a Friedmann universe expands even in co- 

moving coordinates. Our backward lightcone encompasses more of the universe 

as time goes on. 

I will conclude these preliminary reflections on horizons in the universe with 

Fig. 2.2. In this figure mass is plotted against linear size. The upper left 

portion of the graph is the region excluded by gravity: the heavy diagonal line 

is the- Schwarzschild radius Rs = 2GMcm2. An object of mass M having radius 

5 Rs(M) lies inside its horizon and has effectively no size at all. There-is reason 

to believe that such black holes are formed in the gravitational collapse of stars, 
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and that massive black holes power quasars and other active galactic nuclei. 

There is no known way to make black holes of substellar mass except perhaps in 

the early universe; any lighter than 1015 g will already have decayed by now with 

the emission of Hawking radiation. 

Gravity is more important, the closer an object is to the Schwarzschild line. 

Gravity is of course important for planets, stars, galaxies, clusters, and the uni- 

verse as a whole; it is relatively unimportant for objects that are small or have 

low density. 

The Heisenberg uncertainty principle excludes the shaded region in the lower 

left corner of Fig. 2.2: trying to look in smaller and smaller regions requires larger 

and larger amounts of energy. Combining the constraints of gravity and quantum 

mechanics, there is a smallest length, the Planck length Xpl = (GtL/c3)li2 = 

2 x 1O-33 cm, and a characteristic mass of a quantum black hole, the Planck 

mass Mpl = (~c/G)‘/~ = 2 x 1O-5 g ( see Table 1). To understand the origins of 

the Big Bang before the Planck time tpl = Apt/c will require a quantum theory 

of gravity. 

A universe of vanishing curvature k = 0 has critical density; the mass enclosed 

by the Hubble sphere lies on the heavy diagonal line in Fig. 2.2. A closed (open) 

universe with k = 1 (k = - 1) 1 ies above (below) this line. Presently available 

data indicate that the universe is actually within about an order of magnitude 

of critical density, as indicated by the cross in the upper left corner of the figure. 

I 
_ 

2.3 F RIEDMANN UNIVERSES 

Einstein’s equations (2.6) for a homogeneous and isotropic fluid of density p 

and pressure p are 

ri2 kc2 Ac2 
j$+jjT= 3 s?rc~+~ P-8) 

for the00 component, and 

2iz Ii2 kc2 
-pjg+p= -$Gp f Ac2 (2-g) 
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for the ii components.!681 Multiplying (2.8) by R3, differentiating, andcomparing 

with (2.9) gives the equation of continuity 

-&R3) = -3~R~c-~ . (2.10) 

Given an equation of state p = p(R), this equation can be integrated to determine 

p(R); then (2.8)can be integrated to determine R(t). 

Consider, for example, the case of vanishing pressure p = 0, which is presum- 

ably an excellent approximation for the present universe since the contribution 

of radiation and massless neutrinos (both having p = pc2/3) to the mass-energy 

density is at the present epoch much less than that of nonrelativistic matter (for 

which p is negligible). Eq. (2.10) reduces to 

(47r/3)pR3 = M = constant, (2.11) 

and (2.8) yields Friedmann’s equation 

A2 = %!f + i!$t - kc2. (2.12) 

This can be integrated in general in terms of elliptic functions, and for A = 0 in 

terms of elementary functions (see below). 

Notice the analogy with Newtonian physics. Applying energy conservation 

to a self-gravitating sphere gives (2.12) with k/2 as the net energy (kinetic minus 

potential) per unit mass, and A = 0. The cosmological constant can be given a 

pseudo-Newtonian interpretation as a Klein-Gordon modification of the Poisson 

equation: I631 

V2q5 -I- A+ = -41rGp. (2.13) 

For the time being, let us set A = 0. (I will discuss the case of a nonvanishing 

cosmological constant in Lecture 4.) Solving the Friedmann equation for k at the 
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present time (since k-is a constant, any time will do), ^ - 

kc2 = R; 

Thus the universe is flat (k = 0) if its density equals the critical density 

3H; 
PC,0 - g--& 

(2.14) 

(2.15) 

It is convenient to specify the density in units of critical density via the density 

parameter 

i-l = P/PC. (2.16) 

It is also conventional to introduce the deceleration parameter 

(2.17) 

It follows that if A = 0 and the universe is dominated today by nonrelativistic 

matter, qo-= fl,/2. 

The results obtained by integrating the Friedmann equation for positive, van- 

ishing, and negative curvature universes are sketched in Fig. 2.3 and summarized 

below. In each case, the time since the Big Bang is given by the expression 

t, = H,-‘f(R). (2.18) 

The-function f(n) is graphed in Fig. 2.4. It is a- monotonically decreasing 

function, with f(0) = 1. 
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Open, k = -1,. f'12, < 1 

R(q) =GM(coshq - 1) 

t =GM(sinhq - 17) 

Wo) =&- - flo 
2(1 - no)3/2 ‘Osh 

-1 2 

0 ( ) 

-- 
t-2, ’ * 

Flat, k = 0, f&, = 1 (Einstein-de Sitter universe) 

R(t) =(9GM/2)1/2t2/3 

f(l) =2/3 

Closed, k = $1, R, > 1 (Friedmann-Einstein universe) 

R(V) =GM(l - cos 7) 

t =GM(q - sinq) 

f(i-lo) =2(R nol)3,2 cos-l (+ - 1) - 1. 
0- 0 R,-1 

(2.19) 

(2.20) 

(2.21) 

Figure 2.5 shows how no is related to Ho in these Friedmann models, for various 

values of to. 

2.-4 COMPARISON WITH OBSERVATIONS 

Age of the Universe to 

Observational evidence bearing on the age of the universe and other funda- 

mental cosmological parameters was reviewed at the 1983 ESO-CERN conference 

by Sandage. ‘W The best lower limits for to come from studies of the stellar pop- 

ulations of globular clusters (GCs). Sandage concludes that a conservative lower 

limit on the age of GCs is 16 f 3 Gy, which is then a lower limit on to. Sandage 

goes on to assume (a) that the apparent cutoff in quasar redshifts eat z - 4 implies 

that galaxy formation ended at that epoch, about 2 Gy, and (b) that the stars 
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in the oldest GCs studied formed at that epoch; thus he estimates to = 18 f 3 

Gy. -1 prefer simply to conclude that to > 16 f 3 Gy. Fig. 2.5 shows that to > 13 

Gy implies that Ho 5 75 km s-l Mpc-’ even for n very small, and that Ho 5 50 

km s-l Mpc-l for R = 1. (Fig. 4.5 gives the analogous constraints for the case 

of a flat universe with nonvanishing cosmological constant.) 

Hubble’s Parameter Ho 

Hubble’s parameter Ho E 1OOh km s-l Mpc-’ has in recent years been mea- 

sured in two basic ways: (a) using Type I supernovae as “standard candles”, and 

(b) using the Tully-Fisher relation between the rotation velocity and luminosity 

of spiral galaxies. Both methods depend on measuring the distance to nearby cal- 

ibrating galaxies. Sandage has long contended that h w 0.5, and he concludes[691 

that using both methods the latest data are consistent with h = 0.50 f 0.07. 

de Vaucouleurs has long contended that h M 1, and he has recently argued that 

the data still support this value.[“’ Another method for determining Ho has 

recently been proposed which, like (a), uses Type I supernovae, but which avoids 

.the uncertainties of the “distance ladder” by calculating the absolute luminosity 

of Type I supernovae from first principles (using a very plausible but as yet un- 

proved physical model). The result obtained is that h lies between 0.38 and 0.71, 

with a best estimate of 0.58.“11 

Cosmological Density Parameter n 

In the first lecture I summarized the evidence on the mass associated with 

galaxies from luminosity and dynamical mass measurements: n(luminous) w 

0.01 - 0.02 and n(dark halos)= 0.1 - 0.2. Here I will discuss several other 

observations that are relevant to cosmological mass estimates: galaxy position 

and velocity correlation functions, the infall velocity of the Local Group toward 

the Virgo cluster, the dynamics of other superclusters, constraints on the density 

of diffuse neutral and ionized hydrogen, and attempts to measure the deceleration 

parameter. 
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Galaxy Correlation Functions _ - 

Peebles and his collaborators have analyzed the available data on the an- 

gular positions of - lo6 galaxies in terms of low-order correlation functions.1721 

More recently, redshift data from both the CfA survey”” and a deeper redshift 

survey 174 have also given estimates of the relative peculiar velocity between pairs 

of galaxies as a function of their separation, which in turn can be used to estimate 

n. 

The galaxy two-point correlation function t(r) (also called the autocorrela- 

tion or autocovariance function) is defined by 

6P = fi2 [l + ((f-12)] SV,6v2, (2.22) 

where 6P is the joint probability of finding galaxies in volumes SV, and SV2 sep- 

arated by distance r12, and A is the average number density of galaxies. Equiv- 

alently, the probability of finding a galaxy in 6V at distance r, given one at the 

origin, is 

6P(112) = R [l + e(r)] 6V. (2.23) 

The three-point correlation function is defined analogously to (2.22): 

-6p = f-~’ I1 + c(r12) + e(r23) + ((713) -k <(f-12, r23, rl3)] 6vl6v26v3. (2.24) 

The corresponding triangle geometry is sketched in Fig. 2.6. 

The two-point correlation function has a remarkably simple form: it is ap- 

proximately a power law over the interval O.lh-lMpc 5 r 5 lOh-‘Mpc: 

I(r) = (r/ro)-7, (2.25) 

- with”81 index 

-y = 1.77 f 0.04 
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-- - 
and correlation length 

r. = 5.4 f 0.3h-‘Mpc, 

and < < 1 (and rather uncertain) for r 2 lOh-1 Mpc. Values of t(r) determined 

from the CfA data are plotted in Fig. 2.7.The three-point function is found”” 

to be well approximated by a symmetric sum of products of two-point functions: 

5(r12,r239-31) = Q [t(n2)E(r23) + e(r23)E(r31) + t(r3l)t(rl2)], (2.26) 

with Q FY 1. 

In order to use this data to estimate the average mass density B, it is assumed 

that the galaxy distribution accurately traces the mass distribution. However, 

it is known that rich clusters are more strongly correlated than galaxies, with 

Ecc (r) F=: 10(,,(r), as shown in Fig. 2.8.[7’-‘91 Thus rich clusters and galaxies 

cannot both be good tracers of the mass distribution; perhaps neither is. For the 

time being I will blithely ignore this cautionary aside. (It will come up again.) 

Let us assume then that the mass is distributed like the galaxies, with 6p/p - 

t(r).‘“’ The mass of a typical bound clump of size r < r. is M - p<(r)r3, so by 

the virial theorem the internal velocity should be 

v2 - GM/r cc r2-7. (2.27) 

Peebles”” has shown more precisely that 

(2.28) 

which is called the cosmic virial theorem. Using (2.25) and (2.26), (2.28) implies 
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that 

(2.29) 

The redshift survey data’73’741 give 

( > l/2 vf2 = 300 f 50 km s-l, (2.30) 

for r - lh-’ Mpc, with a weak dependence on rrz consistent with (2.27). Ap- 

plying the cosmic virialtheorem with’s1’73’a11 Q = 0.7 - 1.3 gives n M 0.1 - 0.2. 

Davis and Peebles”” discuss two other methods of extracting estimates of 

R from redshift data. One is based on the Irvine-Layzer cosmic energy equa- 

tion, which relates the single-galaxy one-dimensional velocity dispersion fir to 

the potential energy stored in fluctuations. With reasonable approximations, 
this yields n = (@p/660kms-1)2 x 0.2. The second method is based on the 
assumption that the mass clustering on scales 2 lh-’ Mpc is statistically stable, 

neither expanding with the Hubble expansion nor collapsing. This leads to the 

expression 

02(r) = 4.13Q(Hor)2E(r)fI, (2.31) 

where a(r) is the pair-weighted one-dimensional relative velocity dispersion, given 

approximately by”31 

a(r) = cro(hrM,,)0~~3*O~04 (2.32) 

with o. = 340 f 40 km s-l. Then 

fl = Q-1(a,/900kms-1)2 = 0.20(1.5*‘). (2.33) 

All these methods give estimates of the mass on scales of order 1 Mpc. It 

is perhap significant that they all agree that n(w 1 Mpc) ti 0.1 - 0.3, and that 
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this agrees with the estimates of the amount of dark matter around galaxies 

and clusters discussed in Lecture 1. But all of these estimates are insensitive to 

a possible component of dark matter that is not clustered on small scales but 

instead distributed rather uniformly. 

Infall toward Virgo 

The best method presently available for estimating the cosmic density on 

scales of - 10 Mpc uses the infall velocity vv of the Local Group toward the center 

of the Local Supercluster, which is located in the Virgo cluster at a distance of 

about lOh- ’ Mpc. In linear perturbation theory, the infall peculiar velocity at 

a radius R resulting from a mass excess 6M distributed spherically within that 

radius is given by’581 

2G6Mf(n) 
” = 3HoR2R ’ 

(2.34) 

where f(n) ~3 n”e6 [see Ref. 72, eq. (14.8)]. A ssuming that the distribution of 

bright galaxies N traces the mass distribution on large scales so that 

(2.35) 

and using eq. (2.15)) it follows that 

noas = (3VV/V~6), (2.36) 

where VH is the unperturbed Hubble velocity.Sandage’b9’821 takes vy = 200 f 

50 km s-l, VH = 1170 km s-l, and 6 = 2.8 f 0.5, which implies R k: 0.06. 

Davis and Peebles15” argue that the predominance of the evidence, especially the 

agreement between the velocity of the Local Group with respect to the cosmic 

background radiation and with respect to distant galaxiesi5’1 , suggests rather 

_ that uv = 400 f 60 km s-l, and they take 6 = 2.2 f 0.3. With the linear 

spherical approximation (2.36), this gives n ~-0.2. As I discussed in the first 

lecture, the Local Supercluster is not very spherical. Davis and Peebles1581 obtain 
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Sz = 0.35 f 0.15 in a nonlinear spheroidal model. -Howeve even if the mass 

distribution is well represented by the galaxy distribution, if it is aspherical then 

vv can reflect the effect of mass outside R,“” adding further uncertainty to 

the determination of n(~ 10 Mpc). Perhaps in a few years the galaxy flow in 

the neighborhood of the Local Supercluster will be better understood through 

the interplay of theory and observation (especially needed are reliable distance 

indicators independent of redshift) .“‘I 

Dynamics of Superclusters 

The dynamics of other superclusters can also be used to estimate the value 

of Sz, especially as better data becomes available on the peculiar velocities of the 

galaxies and clusters within them. As an example of this approach, Harms et 

al w . used a spherical model to estimate the density required to account for the 

observed velocity dispersion of the galaxy clusters in the supercluster 1451 + 22. 

The observed velocity dispersion is about half that expected from unperturbed 

Hubble flow. Their model gave an average density within this supercluster be- 

tween 1.01 and 1.99 pc,o. They estimate that the space density of galaxies is 

enhanced in this supercluster by a factor between about 17 and 71. Making 

the crucial assumption that the mass density is enhanced by the same factor, it 

follows that 0.014 5 fI 5 0.12. Relaxing the assumption of spherical symmetry 

would allow R 2 0.3. Similar results are obtained for other superclusters. 1851 

Density of Hydrogen 

You may wonder how much of the dark matter could be ordinary hydrogen. 

Gunn and Peterson pointed out that absorption of quasar light by intervening 

atomic hydrogen (HI) would cause an absorption trough on the short-wavelength 

side of the Lyman-o line at 1216 A, as sketched in Fig. 2.9. The Ly Q line is 

conveniently redshifted into the visible range for quasars with z > 1.5, and the 

_ absence of such an absorption trough implies that 

!-I(HI) < 3 x lo-'h-l (2.37) 
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with a similar result for molecular hydrogen - _ - 

n(H2) < 5 x 10-5h-1. (2.38) 

Although there is no absorption trough, there are many discrete absorption lines 

in quasar spectra caused by small “Ly a! clouds” of neutral hydrogen (this inter- 

pretation is confirmed by the presence of Ly p absorption as well). These Ly cr 

clouds are important as cosmological tracers (more on that later), but their total 

mass is less than that of the luminous parts of galaxies. 

What about ionized hydrogen? fl(H+) < 1 from nonobservation of radiation, 

except possibly for plasma at a temperature of - 3 x lo8 K. The observed X-ray 

background in the range 3 keV < hv 2 50 keV could be produced by nearly 

a closure density of ionized hydrogen at this temperature - but an enormous 

amount of energy would be required to heat so much gas to so high a temperature, 

and another explanation would still be required for the X-ray background above 

- 60 keV. Moreover, as I will explain in the next lecture, the standard theory of 

Hot Big Bang nucleosynthesis produces the observed abundances of deuterium, 

3He, and 4He on y 1 if the primordial baryon abundance Rb lies between 0.01hm2 

and 0.035hm2 2 0.14.'861 The upper limit is (barely) consistent with all the dark 

matter being baryonic, but I will disuss other arguments against this in the next 

lecture. 

Deceleration Parameter q. 

A way of determining n on very large scales is to measure the deceleration 

parameter qo, given by eq. (2.17). If the cosmological constant vanishes, then 

q. = 2n. Although q. can in principle be measured by determining the devia- 

tion of very distant objects from Hubble’s law, in practice it has been impossible 

_ to determinine their distances very accurately. The traditional approach, based 

on the assumed constant luminosity of the brightest galaxies in each rich clus- 

ter, is frought with uncertainties - in particular, the effects of evolution (time 
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variation in absolute luminosity, caused for example-by the aging of the stellar 

populations) and sampling bias (near and distant samples may not be compara- 

ble) . Nevertheless a recent review”” obtains an upper limit go 5 1 from radio 

galaxies observed in the near-IR having redshifts in the range - 0.5 to - 1. Al- 

ternative approaches are unfortunately also problematic. Since quasars have by 

far the highest observed redshifts (z 5 3.8), they would provide an ideal sample 

for determining q. if some feature of their spectra could be used to determine 

their intrinsic luminosity. A recent study, exploiting an observed correlation be- 

tween the strength of the Cw (triply-ionized carbon) 1550kemission line and 

the luminosity of the underlying continuum in flat-radio-spectrum quasars, finds 

q. = 1:;:; assuming no evolution. ‘W This result may suffer from possible selec- 

tion and evolution effects,‘*” however, and it is based entirely on an empirical 

correlation whose origin is not well understood. 

, 

To summarize, the accurate measurement of the cosmological density param- 

eter n is difficult, but it probably lies in the range 0.1 5 n 5 2. Large n, such as 

the Einstein-de Sitter value Sz = 1, is excluded unless mass density is distributed 

considerably more broadly than luminosity. 

2.5 GROWTH AND COLLAPSE OF FLUCTUATIONS 

The continuity or energy conservation equation (2.10) can be integrated, 

given an equation of state p = p(p), to determine p(R). Then the Einstein 

equation (2.8) can be integrated to give R(t). Consider the equation of state 

p = wp, where w is a constant. Integrating (2.10) gives 

p a po+4, (2.39) 

and then integrating (2.8) in the approximation that k = 0, which is always valid 
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at early times( * ), gives 

There are two standard cases: 

Radiation dominated 

w = l/3, p oc R-4, R cc t112 (2.41) / 

(2.40) 

Matter dominated 

w = 0, p cc R-3, R oc t2i3. - (2.42) 

The crossover between these two regimes occurs at R = Req, when relativistic 

particles (photons and NV species of two-component neutrinos of negligible mass) 

and nonrelativistic particles (ordinary and dark matter) make equal contributions 

to p: 

R 
eq 

= 4oTo4(1+7) = 4.05 x lo-51+7,, 
f-&C !-lh2 1.681 - 

(2.43) 

Here the scale factor R has been normalized so that R, E R(t,) = 1; 7 is the 

ratio of neutrino to photon energy densities (discussed further in Lecture 3), 
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N,, (= 0.681 for NV = 3); (2.44) 

cr is the Stefan-Boltzmann constant; and 6 E (2’,/2.7K). The contribution of rel- 

ativistic particles to the cosmological density is very small today in the standard 

model; for example, the contribution of photons is a,,, = 3.0 x 10m5hm2t14. 

* The curvature term, which is a R-‘, is possibly important today. But in the early universe 
it is always much smaller than the density term, which is a Rs3 (matter dominated) or 
a Rm4 (radiation dominated). 
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It is also possible to obtain a simple expression for t(R) that is valid in both 

radiation- and matter-dominated eras, for the case of a flat universe (i.e., k = 0). 

Simply integrate the Einstein equation (2.8) with 

P = Prel + pnonrel = ~c,ofb(R,,R-~ + R-3), (2.45) 

The result is 
i 

Re, [ (R - 2R,,)(R + R,,)li2 + 2R;i2 , 1 (2.46) 

with the following limiting behaviors: 

R < R,,: t m ;H,-‘n,1j2R,‘12R2 

R = R,, : t,, = 0.3905H,-‘fl,“2R,3,/2 (2.47) ’ 

It is now easy to calculate the mass MH of nonrelativistic matter encompassed 

. by the horizon (Hubble radius) RH = et(R) as a function of scale factor R: 

2.41 x 1015Mo (y - 2)(y + 1)lj2 

3 

+ 2 
= i-12h4 

0 Y 1 , (2.48) 

where y - R/R,,. The behavior of MH is sketched in Fig. 2.10 (heavy solid 

curve). 

Top Hat Model 

It is now time to consider the evolution of small fluctuations in the density. 

In the linear regime 6 = 6p/p < 1, the growth rate is independent of shape. It 

_ is simplest to consider a spherical (“top hat”) fluctuation, say a region of radius 

R(l + a) with uniform density jJ( 1 + 6) in a background of density B: see Fig. 

2.11. 
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Consider first the growth of fluctuations-in a matter- dominated universe. 

Conservation of mass implies 

~(1 + 6)R3(1 + o)3 = constant, 

or 

6 = -3a. 

Now it is necessary to bring in gravity: 

iz = F(p + 3p)R. 

(2.49) 

(2.50) ; 

(2.51) 

(This equation follows by differentiating (2.8) with respect to time and using 

(2.10). Alternatively, it is the 00 component of Einstein’s equations in the form 

R,, = -(87rG/c4)(T,, - $gPy7’i) applied to the Robertson-Walker metric.) Ap- 

plying (2.51) to the background and to the fluctuation, 

@ l + a) + 2rilL + Rii = -(4rG/3)pR(l+ a + 6), 

or 

8 + 2(li/R)b = 47rGp6. (2.52) 

Substituting (i/R) = it-‘, valid for a flat (k = 0) matter-dominated universe, 

and trying 6 = P, one finds (cu + l)(cy - g) = 0. The general solution of (2.52) 

is thus 

6 = At2i3 + Bt-? (2.53) 

Notice that the amplitude of the fluctuation in-the growing mode has the same 

rate of growth as the scale factor R in the matter-dominated universe. 
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An analogous calculation for a radiation-dominated universe gives 

6 = At + Bt-‘. (2.54) 

This time the growing mode for the amplitude grows as the square of the scale 

factor (i.e., 6 oc R2) in the radiation-dominated universe. The solution (2.54) is 

actually relevant only on scales larger than the horizon, since once the fluctua- 

tions come within the horizon, the radiation and baryons start to oscillate and the 

neutrinos freely stream away. (I will discuss this further in Lecture 3.) One must 

be careful in discussing behavior on scales larger than the horizon, since the free- 

dom to choose coordinates or gauge can complicate the physical interpretation. 

In these lectures I am using “time-orthogonal” coordinates and the “synchronous 

gauge” formalism. ia5’72’eo1 (Bardeen’s gauge invariant formalism is an attractive 

alternative. “” ) Indeed ‘t 1 may seem paradoxical even to consider fluctuations 

larger than the horizon - but it is necessary to do so, since all cosmologically 

interesting fluctuations are larger than the horizon at early times. What we are 

.doing effectively is comparing the growth rates of universes differing slightly in 

density. The region of slightly higher density (the fluctuation) expands slightly 

more slowly; consequently, the density contrast 6 between it and the background 

grows with time. (Birkhoff’s theoremlssl permits us to ignore the universe outside 

ourspherically symmetric fluctation.) 

Since cosmological curvature is at most marginally important at the present 

epoch, it was negligible during the radiation-dominated era and at least the 

beginning of the matter-dominated era. But for k = -1, i.e. n < 1, the growth 

of 6 slows for (R/R,) 2 a,, as gravity becomes less important and the universe 

begins to expand freely. To discuss this case, it is convenient to introduce the 

variable 

x E i-i-‘(t) - 1 = (&’ - l)R(t)/R,. (2.55) 

(Note that n(t) + 1 at early times.) The general solution in the matter- 
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dominated era -is then lea’ _ - 

6 = iDI + ED,(t), 

where the growing solution is 

D1 = 1 + 3 + 3(1 z+S;)1’2 In [ (1 + x)li2 - x1/2] 
X 

(2.57) 

(2.56) 

and the decaying solution is 

D2 = (1 + x)li2/x3i2. (2.58) 

These agree with the Einstein-de Sitter results (2.53) at early times (t < to,x < 

1). For late times (t >> t,, x > 1) the solutions approach 

D1 = 1, D2 = x-l; (2.59) 

in this limit the universe is expanding freely and the amplitude of fluctuations 

stops growing. 

Spherical Collapse 

At early times, an overdense fluctuation expands with the Hubble flow. Even- 

tually, however, it reaches a maximum radius, and then “turns around” and be- 

gins to contract, just like a small piece of a positive curvature Robertson-Walker 

universe. Continuing the analogy, one might suppose that it would collapse to a 

point - but of course it does not; “violent relaxation” rapidly brings it into virial 

equilibrium at a radius about half the maximum radius. Since the fluctuation is 

now well inside the horizon and there are no relativistic velocities, the Newtonian 

approximation is valid. 

- 

Figure 2.12 summarizes the collapse process with sketches of the radius, den- 

sity, and density contrast as a function of scale factor R. This subsection and 

the next are devoted to filling in the details in this figure. 
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I will start -by deriving an expression for the maximum radius z,, and the 

time t, at which it is reached, for a spherical “top-hat” fluctuation. As above, let 

the density in the fluctuation equal p(1+6), but let the radius be r = ri(R/&)+c, 

where e = 0 at the initial time ti. The initial time ti is arbitrary, except that 

I will assume that it is in the matter-dominated era, that Si < 1, and that the 

fluctuation is described by the growing mode 6 oc t2j3. 

Conservation of mass (= pr3) implies that the initial velocity at the edge of 

the spherical fluctuation is 

vi = Hiri -I- & = Hiri - r&/3, (2.60) 

so the corresponding kinetic energy per unit mass is 

Since the potential energy per unit mass at the edge of the sphere is 

the total energy per unit mass is 
-. 

E=K,+W;=s 
i 

(1+6,)-t l-f6, . 
i ( )I 

(2.61) 

(2.62) 

(2.63) 

Maximum expansion corresponds to Km = 0, so E = W, = (ri/rm)Wi and 

(2.64) 

This result, derived by Blumenthal and me,[Q31 differs slightly from that given in 

Peeblest ($19) b ecause I here assume a purely growing mode for Si and allow a 
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nonzero deviation of the expansion velocity from pure Hubble flow at ti. It can 

be rewritten in terms of R, using the fact that 

namely, 

rt?l _ k! (1+ 41 + 4) 
r i l- n,' + g1+ z& 

(2.65) 

(2.66) . i 

The corresponding time can be calculated from standard Newtonian expres- 

sions. The force law 

r” = -GM/r2 

implies that 

.2 _ 2GM 1 r r -- 
( ) 

-- , r f-m 

‘which can be integrated giving 

The density in the top hat is then 

(2.67) 

(2.68) 

since the background density in the Einstein-de Sitter (k = 0) approximation is 

p = (6.1rGt2)-l, 

pm/~= 91r2/16 = 5.6, (2.69) 

and the density contrast is ii, = 4.6 at maximum expansion. 
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Violent Relaxation _ - 

Figure 2.13 shows the result of a computer “N-body simulation” “” of the late 

stages of dissipationless gravitational collapse of a tophat mass distribution: the 

bodies fall together (a) into a dense “crunch” (b), from which they emerge into 

a centrally condensed distribution (c) that remains remarkably stable thereafter. 

The process occurs rapidly, in a time on the order of the gravitational dynamical 

time 

r = (Gp)-‘I”. (2.70) 

It is called Uviolent relaxation.” 

The bound particles in the final configuration (c) accurately satisfy the virial 

theorem (K) = -$ (W). The potential energy varies inversely as the radius, 

W  = A/t, so the radius after virialization r,, is given by ! 

A 
;=E=;(W)=$ 

V 
(2.71) 

which implies that rv = fr,. As Fig. 2.13 illustrates, the radius shrinks only by 

roughly a factor of 2 in the collapse. (Actually, this uradiusn is effectively defined 

by the last equality in (2.71); since the mass is redistributed in the collapse, it is 

somewhat arbitrary.) 

Lynden-Bell~051 and S hu “‘I have shown by statistical methods that the dis- 

tribution resulting from dissipationless violent relaxation via chaotic changes of 

the collective gravitational field, with the total mass much greater than that of 

any component particles, is to an excellent approximation a Maxwell-Boltzmann 

distribution, but with components of different masses having the same velocity 

dispersion and not the same utemperaturen. In other words, the distribution 

is a Maxwellian in the velocities, independent of the mass. Such a distribution 

is nevertheless called an “isothermal sphere”. w As I discussed in Lecture 1, 

constancy of the velocity implies that the total mass increases linearly with ra- 

dius, or equivalently that the density falls as rs2, outside the central core; this is 
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roughly what is found in computer simulations. Of course, this can only be true 

for intermediate values of r, since the total mass is finite. Another way of saying 

this is that high energy orbits with periods longer than the collapse time cannot 

be very fully populated. “11 Thus the density falls faster than r-’ at large r. 

In any case, the simple model of a spherical top-hat initial distribution is 

rather unrealistic in at least two respects: it is likely that the initial density 

distribution is smoothly peaked rather than a step function, and moreover some- 

what aspherical. The outer parts of the initial dark matter density fluctuation 

will collapse later, perhaps resulting in a large constant-velocity halo with den- 

sity falling roughly as r-’ to considerable distances.‘e61 Asphericity is amplified 

in the collapse, and the most probable result is that the collapse will actually 

occur in one direction first: “pancake collapsen.“” This can happen even if the 

bulk of the matter in the fluctuation is not even bound, so that the expansion 

continues in the perpendicular directions; this is a popular model for the origin 

of superclusters. [loo-1021 In the case of protogalaxies, the subsequent violent re- 

laxation of a flattened intermediate configuration produces an ellipsoidal rather 

. than a spherical virialized distribution;‘1031 perhaps this is the typical shape of 

galactic halos. 

A key feature of the dark matter is that it is dissipationless, whereas ordinary 

(baryonic) matter can convert its kinetic energy into radiation and thereby cool 

via bremsstrahlung (also called by astrophysicists “free-free scattering”), Ly cy 

and Ly p radiation, and excitation of molecular and metallic energy levels. If the 

ordinary matter and dark matter are initially well mixed (which is a plausible 

initial condition before violent relaxation, at least in the cold DM picture, as I 

will discuss in Lecture 4), then dissipation during the ucrunchn and afterward will 

cause the baryonic matter to sink to the center. The baryonic matter can radiate 

away energy but not angular momentum. If the dissipative collapse is halted by 

angular momentum, a disk will result. If it is halted by star formation (stars have 

negligible collision cross sections), then a spheroidal system will result. These 

are of course the two elements of galaxy structure. 
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Presumably the processes just discussed occur on a variety of scales. If, 

as usually assumed, smaller-mass fluctuations have higher amplitudes, then they 

will turn around and virialize within larger-mass fluctuations, which subsequently 

themselves virialize, and so on until the present. The virialization of the next 

larger scale of the clustering hierarchy will tend to disrupt the smaller-scale struc- 

tures within it. The crucial question for galaxy formation in this gravitational 

collapse picture is: What sets the mass scale of galaxies? (Recall that most of 

the mass in galaxies is in big galaxies whose mass is within an order of magnitude 

of that of the Milky Way.) At least two factors must be considered: the initial 

fluctuation spectrum and its modification as the universe evolves, and the rate 

of dissipation compared to gravitational collapse on different scales. 

I will return to this in Lecture 4. But first, in order to begin to discuss the 

fluctuation spectrum, I must ask where the fluctuations themselves came from. 

2.6 INFLATION AND THE ORIGIN OF FLUCTUATIONS 

The basic idea of inflation is that before the universe entered the present 

. adiabatically expanding Friedmann era, it underwent a period of de Sitter expo- 

nential expansion of the scale factor, termed inflation.“o4’ 

The de Sitter cosmology corresponds to the solution of Friedmann’s equation 

in an empty universe (i.e., with p = 0 or, in (2.12), M = 0) with vanishing 

curvature (k = 0) and positive cosmological constant (A > 0). The solution is 

R = RoeHt, (2.72) 

with constant Hubble parameter 

H = (A/3)““. (2.73) 

There are analgous solutions for k = +l and k= -1 with R o( cash Ht and R 0: 

sinh Ht respectively. The scale factor expands exponentially because the positive 
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cosmological constant corresponds effectively to a negative-pressure. de Sitter 

space is discussed in textbooks on general relativity (for example Refs. 63 and * 

105) mainly for its geometrical interest. Until recently, the chief significance 

of the de Sitter solution (2.72)in cosmology was that it is a kind of limit to 

which all indefinitely expanding models with A > 0 must tend, since as R --) cm, 

the cosmological constant term ultimately dominates the right hand side of the 

Friedmann equation (2.12). 

As Guth”“’ emphasized, the de Sitter solution might also have been im- 

portant in the very early universe because the vacuum energy that plays such 

an important role in spontaneously broken gauge theories also acts as an effec- 

tive cosmological constant. A period of de Sitter inflation preceeding ordinary 

radiation-dominated Friedmann expansion could explain several features of the 

observed universe that otherwise appear to require very special initial conditions: 

the horizon, smoothness, flatness, rotation, and monopole problems. (A number 

of other people independently appreciated the power of an initial de Sitter period 

to generate desirable initial conditions for a subsequent Friedmann era.‘106’10’1 A 

-paper by Kaza.na+~~‘~~~ is apparently the first published discussion of this in the 

context of grand unified theories.) 

I will illustrate how inflation can help with the horizon problem. At recom- 

bination (p+ + e- -. -+ H), which occurs at R/R, w 10W3, the mass encompassed 

by the horizon was MH M 10r8Ma, compared to MH,~ x 1022Ma today. Equiva- 

lently, the angular size today of the causally connected regions at recombination 

is only A6 - 3’. Yet the fluctuation in temperature of the cosmic background 

radiation from different regions is so small that only an upper limit is presently 

available: AT/T < lo- 4. How could regions far out of causal contact have come 

to temperatures which are so precisely equal? This is the uhorizon problem”. 

With inflation, it is no problem because the entire observable universe initially 

- lay inside a single causally connected region that subsequently inflated to a gi- 

gant ic scale. 
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This is illustrated in Fig. 2.14. The Hubble parameter-R/R is constant in 

size during the de Sitter era; then, after reheating, the horizon size of course 

just grows linearly with time. A region of size rl, initially smaller then the de 

Sitter horizon, inflates to a size much larger than the de Sitter horizon and is 

no longer causally connected (dots). After reheating, r-1 expands with the scale 

factor (oc t112 in the radiation-dominated Friedmann era) and eventually crosses 

back inside the horizon. The curve labeled r2 shows the similar fate of a larger 

region. The region encompassed by the present horizon presumably all lay within 

a region like this that started smaller than the de Sitter horizon. 

In inflationary models, the dynamics of the very early universe is typically 

controlled by the self-energy of the Higgs field associated with the breaking of a 

Grand Unified Theory (GUT) into the standard 3-2-l model: GUT+ SU(3),,1,,@ 

[SW) 63 ~(l)lelectroweak. This occurs when the cosmological temperature drops 

to the unification scale TGUT - 1014 GeV at about 1O-35 s after the Big Bang. 

Guth [104,100] initially considered a scheme in which inflation occurs while the uni- 

verse is trapped in an unstable state (with the GUT unbroken) on the wrong side 

. of a maximum in the Higgs potential. This turns out not to work: the transition 

from a de Sitter to a Friedmann universe never finishes.‘“‘l The solution in the 

unew inflation” scheme’“” is for inflation to occur after barrier penetration (if 

any). It is necessary that the Higgs potential be nearly flat (i.e. decrease very 

slowly with increasing Higgs field) for the inflationary period to last long enough. 

This nearly flat part of the Higgs potential must then be followed by a very steep 

minimum, in order that the energy contained in the Higgs potential be rapidly 

shared with the other degrees of freedom (“reheating”). 

It turns out to be necessary to inflate by a factor 2 e@ in order to solve the 

flatness problem, i.e. that Sz, - 1. (With H-l - 1O-34 s during the de Sitter 

phase, this implies that the inflationary period needs to last for only a relatively 

small time 7 2 1O-32 s.) The “flatness problem” is essentially the question 

why the universe did not become curvature dominated long ago. Neglecting 

the cosmological constant on the assumption that it is unimportant after the 
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inflationary epoch, the Friedmann equation can be yritten - 

l-2 2 
0 

87rG 7r2 E = 3zg(T)T4 - (2.74) 

where the first term on the right hand side is the contribution of the energy den- 

sity in relativistic particles and g(T) is the effective number of degrees of freedom 

(discussed in detail in Lecture 3). The second term on the right hand side is the 

curvature term. Since RT w constant for adiabatic expansion, it is clear that as 

the temperature T drops, the curvature term becomes increasingly important. 

The quantity K G k/(RT) 2 is a dimensionless measure of the curvature. ill21 To- 

day, IKI = (Cl - l( Hz/T: <_ 2 x lo- 58 Unless the curvature exactly vanishes, . 

the most Unaturaln value for K is perhaps K - 1. Since inflation increases R by 

a tremendous factor eH7 at essentially constant T (after reheating), it increases 

RT by the same tremendous factor and thereby decreases the curvature by that 

factor squared. Setting e -2Hr 5 2 x 1O-58 gives the needed amount of inflation: 

Hr 2 66. This much inflation turns out to be enough to take care of the other 

cosmological problems mentioned above as well.‘llsl 

Of course, this is only the minimum amount of inflation needed; the actual 

inflation might have been much greater. Indeed it is frequently argued that since 

theamount of inflation is a tremendously sensitive function of the initial value 

of the Higgs field (for example), it is extremely likely that there was much more 

inflation than the minimum necessary to account for the fact that R, is of order 

unity. [“‘I It then follows that the curvature constant is probably vanishingly 

small after inflation, which implies (in the absence of a cosmological constant 

today) that R, = 1 to a very high degree of accuracy. However, in view of our 

lack of knowledge of the true dynamics of the inflationary epoch (assuming that 

_ there really was one), it is at least conceivable that increasing inflation becomes 

increasingly less likely. I261 This could happen, for example, through the effects of 

a Ucompensating field” of the sort proposed by Abbott’115’ to explain why the 
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cosmological constant is so small today. Then we might live in a part of the 

universe that happened to inflate only enough to make n, M 0.2. 

Thus far, I have sketched how inflation stretches, flattens, and smooths out 

the universe, thus greatly increasing the domain of initial conditions that could 

correspond to the universe that we observe today. But inflation also can explain 

the origin of the fluctuations necessary in the gravitional instability picture of 

galaxy and cluster formation. Recall that the very existence of these fluctuations 

is a problem in the standard Big Bang picture, since these fluctuations are much 

larger than the horizon at early times (see Fig. 2.10). How could they have 

arisen? 

The answer in the inflationary universe scenario is that they arise from quan- 

tum fluctuations in the scalar field 4 whose vacuum energy drives inflation. The 

scalar fluctuations 64 during the de Sitter phase are of the order of the Hawk- 

ing temperature H/27r. Because of these fluctuations, there is a time spread 

At x Sc#+i d uring which different regions of the same size complete the transi- 

tion to the Friedmann phase. The result is that the density fluctuations when a 

region of a particular size re-enters the horizon are equal to[1161 

= z312At . (2.75) 

The time spread At can be estimated from the equation of motion of C$ (the free 

Klein-Gordon equation in an expanding universe) 

6 + 3H4 = -(W/&b). (2.76) 

Neglecting the t$ term, since the scalar potential V must be very flat in order for 

enough inflation to occur, r#~ and hence 6~ will be essentially constant. These are 

fluctuations of all the contents of the universe, so they are adiabatic fluctuations. 
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Thus inflation predicts the constant curvpture spectrum _ 

6H = constant. (2.77) 

Some time ago Harrison, ““I Zeldovich, ““l and others had emphasized that 

this is the only scale-invariant (i.e., power-law) fluctuation spectrum that avoids 

trouble at both large and small scales. If 

6H o( MS”, (2.78) 

then if --Q: is too large the universe will be less homogeneous on large than small 

scales, contrary to observation; and if Q: is too large, fluctuations on sufficiently 

small scales will enter the horizon with 6~ >> 1 and collapse to black holes;[11D’1201 

thus Q: k: 0. 

Inflation predicts more: it allows the calculation of the value of the constant 

6~ in terms of the properties of the scalar potential V(d). Indeed, this has proved 

_ to be embarrassing, at least initially, since the Coleman-Weinberg potential, the 

first potential studied in the context of the new inflation scenario, results in 

bH” 10 2 111~1 , some six orders of magnitude too large. But this does not seem to 

be an insurmountable difficulty. A prescription for a suitable potential has been 

giyen,‘1211 and particle physics models that are more or less satisfactory have 

been constructed.‘1221 

Thus inflation at present appears to be a plausible solution to the problem of 

providing reasonable cosmological initial conditions (although it sheds no light 

at all on the fundamental question why the cosmological constant is so small 

now). In particular, it predicts the constant curvature fluctuation spectrum 

6~ = constant, at the price of also predicting that the universe is essentially flat. 

Inflation is not the only way to get the constant curvature spectrum, however; 

there is also the possibility of cosmic strings.“!‘] Discussing cosmic strings would 

take us rather far afield. I just want to note here that even though they have the 

- 
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same spectrum, the fluctuations generated by the motion of relativistic strings 

are rather different from those arising from quantum fluctuations of an essentially 

free field. In particular, the latter are Gaussian.““’ 

2.7 Is THE GRAVITATIONAL FORCE ~(t-l AT LARGE r? 

In concluding this lecture on gravity and cosmology, I return to the question 

whether our conventional theory of gravity is trustworthy on large scales. The 

reason for raising this question is that interpreting modern observations within 

the context of the standard theory leads to the conclusion that at least 90% of the 

matter in the universe is dark. Moreover, there is no observational confirmation 

that the gravitational force falls as r-’ on galactic and extragalactic scales. 

Tohline ‘1251 pointed out that a modified gravitational force law, with the 

gravitational acceleration given by 

GMum a= 
r2 ( 1 1+;, (2.79) 

could be an alternative to dark matter galactic halos as an explanation of the 

constant-velocity rotation curves of Fig. 1.3. (I have written the mass in (2.79) 

as Ml,,,, to emphasize that there is not supposed to be any dark matter.) Indeed, 

(279) implies 

v2 = GMh 
d 

= constant 

for r > d. The trouble is that, with the distance scale d where the force shifts 

from r-’ to r-l taken to be a physical constant, the same for all galaxies, this _ 

implies that Ml,,,, cc u2, whereas observationally Ml,, oc L oc w4, as I mentioned 

in Lecture 1 (“Tully-Fisher law”). 

Milgrom”16’ proposed an alternative idea, that the separation between the 

classical and modified regimes is determined by the value of the gravitational 
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acceleration a rather than the distance scale r. Specifically,Milgrom proposed 

that 
a = GMl,,,,rm2, a >> a, 

a2 = GMlumrs2ao, 
(2.80) 

a << a, 

where the value of the critical acceleration a, fit 8 x 10-*h2 ems-’ (where h is the 

Hubble parameter) is determined for large spiral galaxies with Ml,,,, - lO"Ma. 

(This value for a, happens to be numerically approximately equal to cH,.) Eq. 

(2.80) implies that 

. , 

v4 = a,GMl,, (2.81) 

for a << a,, which is now consistent with the Tully-Fisher law Mlum cc v4. 

However, there is a problem with (2.80): data for the largest elliptical galaxies 

still require the existence of large amounts of dark matter.““’ For example, 

the CD galaxy in the Abel1 cluster A2029 has Ml,, 2 1.5 x 1013Ma, which 

implies that the gravitational acceleration is given by the usual expression (i.e, 

that a > a,) for r 2 100 kpc. But the observed increasing velocity dispersion 

. over this region implies that the mass-to-light ratio increases by a factor - 10 

in this region. Similarly, data on M87, the giant elliptical in the Virgo cluster, 

imply that a > a, out to about 84 kpc, where M/L w 50. Since M/L M 10 for 

the nucleus, here again M/L rises dramatically with r in the supposed “classical” 

region. There are also problems with (2.80) in spiral galaxies; for example, eq. 

(2.81) predicts a universal constant in the Tully-Fisher relation, but, as Fig. 1.5 

shows, the proportionality constant is different for early and late spiral types. 

Thus the proposed modifications of gravity are not entirely satisfactory em- 

pirically. They are also entirely ad hoc. Indeed, it would doubtless be difficult if 

not impossible to fit a r -’ force law into the larger framework of either cosmology 

or theoretical physics. ‘1281 For example, all one needs to assume in order to get 

the weak-field limit of general relativity is that gravitation is carried by a mass- 

less spin-two particle (the graviton); masslessness implies the standard r-’ force, 

and spin two implies coupling to the energy-momentum tensor.i12e1 It is not at 
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all clear what sort of particle physics could lead to a force law like (2.80). In the 

absence of an intrinsically attractive and plausible theory of gravity which leads 

to a r-l force law at large distances, it seems to me to be preferable by far to 

take dark matter seriously. Moreover, dark matter is quite consistent with mod- 

ern ideas in particle physics; indeed, there is an abundance of plausible particle 

candidates. 

63 



---- 
3. Dark Matter _ _ 

3.1 THE HOT BIG BANG 

The main subject of this lecture is the properties of the cosmological dark 

’ matter (DM). Since the various arguments regarding the properties of the DM 

depend in several ways on our theories regarding the evolution of the universe, 

I begin by reminding you about the standard theory. For more details, you 

may want to consult some standard references. [65,130-1331 Table 2 and Fig. 3.1 

summarize several major signposts in cosmic history according to the standard 

Hot Big Bang theory. (The numerical entries in the Table are estimates for 

orientation; precise values depend on cosmological parameters.) 

Table 2 

time temperature 

t QCD k: 1o-4 s - lo2 MeV z and ~1 annihilation; color confinement 

t ud Fyls 1 MeV neutrino decoupling 

t ,=4s 0.5 MeV e annihilation 

tD = 3 min 0.1 MeV D bottleneck, He synthesis 

t e9 k: 3 x 104 y 2 eV nonrelativistic matter domination 

t ret B 4 x 105 y 0.3 eV atomic H format ion ( “recombination” ) 
-. 

to M 15 Gy 3 x 10m4 eV present epoch 

The hadronic era comes to an end at Z'QCD - lo2 MeV, with quantum chro- 

modynamic confinement of colored hadrons (quarks and gluons) into ordinary 

baryons and mesons, with only the slight excess of baryons over antibaryons sur- 

viving after z annihilation. There is still some uncertainty regarding the physics 

of this era, with such exotic possibilities as a substantial fraction of the baryonic 

matter ending up as u-d-s symmetric “quark nuggets” - a possible candidate 

for the dark matter.‘1341 Thereafter, the basic physical processes are thought to 
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be well understood, with the major uncertainties being the fluctuation spectrum 

and the nature of the dark matter. Shortly after vs decouple thermally (1 in Fig. 

3.1), e+e- annihilation decreases pm and heats the photon gas (2), which there- 

after resumes its adiabatic decrease in temperature cc R-l. Since there are - 10’ 

photons per baryon, there are many photons available in the high-energy tail of 

the distribution to photodissociate D as soon as it forms, so the temperature 

must decrease still further before primordial nucleosynthesis can begin. Finally 

the “deuterium bottleneck” is passed (3)) and then most of the D is quickly bound 

into 4He. Galaxy-size masses are first encompassed by the horizon when the scale 

factor R - lo7 (see Fig. 2.10). Then fluctuations in the neutrino density are 

damped by “free streaming”; and fluctuations in the fluid composed of radiation 

and ionized hydrogen and helium do not grow - rather, they oscillate and (for 

adiabatic fluctuations) eventually are damped by photon diffusion (“Silk damp- 

ing”). The density of nonrelativistic matter falls more slowly (o( Rv3) than that 

of relativistic particles (photons and light neutrinos) (CX Rm4). They are equal 

at Req (see eq. (2.43)), and nonrelativistic matter dominates thereafter in the 

_ standard model. Fluctuations in the dark matter can then begin to grow 0: R. 

Finally, at R,e, M low3 (4 in Fig. 3.1), hydrogen atoms form and the universe 

becomes transparent. No longer tied to the radiation by Compton drag, ordinary 

matter can begin to form the large astronomical objects we see today: globular 

clusters, galaxies, clusters and superclusters. -. 

In the next section, I will consider this story in a little more detail, and 

point out problems that arise if the nonrelativistic matter is only baryonic. I will 

begin by discussing evidence that the dark halos of galaxies are not composed 

of baryonic matter. If the dark matter is not baryonic, what is it? The rest of 

this lecture and part of the next will be concerned with a classification of dark 

matter candidates by their key astrophysical properties, and an outline of their 

consequences for the formation of structure in the universe. [I351 

- 
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3.2 THE DARK MATTER IS PROBABLY NOT BARYON_IC 

There are three arguments that the DM is not “baryonic”, that is, that it is 

not made of protons, neutrons, and electrons as all ordinary matter is. As Richard 

Feynman has said in other contexts, one argument would suffice if it were con- 

vincing. The three arguments are based on (1) excluding various possible forms 

of baryonic dark matter in galaxy halos; (2) bounding the abundance of baryonic 

matter using the observed abundance of light elements, especially deuterium; and 

(3) bounding the magnitude of adiabatic fluctuations at recombination from the 

observational upper limits on fluctuations in the cosmic background radiation. 

All three arguments have loopholes, and I will point them out. Nevertheless, 

taken together these arguments persuade me, and perhaps will persuade you, 

that we must take very seriously the possibility that most of the matter in the 

universe is not composed of atoms. 

Excluding Baryonic Models 

If the dark matter in galaxy halos is baryonic, then it must be gaseous, or 

. agglomerations of atoms held together by chemical or gravitational forces. But 

arguments can be given against all of these possibilities:[11’13s’ The dark matter in 

galaxy halos cannot be gas (it would have to be hot to be pressure supported, and 

would radiate X-rays that are not seen); nor frozen hydrogen “snowballs” (they 

would sublimate); nor dust grains (their “metals”, elements of atomic number 2 

3, would have prevented formation of the observed low-metallicity Population II 

stars); nor isolated yupiters” (how to make so many hydrogen balls too small 

to initiate nuclear burning without making a few large enough to do so?); nor 

collapsed stars (where is the matter they must have ejected in collapsing?). 

The weakest argument is probably that which attempts to exclude “jupiters”: 

arguments of the form “how could it be that way?” are rarely entirely convincing. 

Deuterium Abundance 

In the early universe, almost all the neutrons remaining after the deuterium 
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bottleneck are synthesized into 4He. (Formation of nuclides with A 2 6 is inhib- 

ited by the absence of any stable nuclide with A = 5.) The fraction remaining in 

D and 3He is calculated1861 to be a rapidly decreasing function of q, the ratio of 

baryon to photon number densities, as shown in Fig. 3.2. The presently observed 

D abundance (compared, by number to H), is (1 - 4) x 10m5. Since D is readily 

consumed but not produced in stars, 10m5 is also a lower limit on the primordial 

D abundance. This, in turn, implies an upper limit q 5 lo-’ or 

f-&, = 0.0035h-283q10 < 0.035h-283 (34 

where nb is the ratio of the present average baryon density Pb to the critical 

density A,~, 0 = (To/2.7K), and vlo = ~/lc+~. If use is also made of the 

somewhat more uncertain upper limit on primordial 7Li abundance[13” of (7Li/H) 

5 3 x lo-” (including an additional factor of two for good measure) then stronger 

upper limits are obtained: ~10 5 7, and fib 5 0.025hs2d3. Even with the Hubble 

parameter at its lower limit h = 0.5, this corresponds to nb < 0.1 fi3. 

As discussed in Lectures 1 and 2, the observational limits on R are 0.1 5 

0 2 2. Therefore, in a baryon-dominated universe (n B &,), these bounds are 

consistent only with the lower limit on R, and then only for the Hubble parameter 

at its lower limit. An Einstein-de Sitter or inflationary (n = 1) or closed (n > 1) 

universe cannot be baryonic. 

Galaxv and Cluster Formation 

In the gravitational collapse model for the formation of large scale structure in 

the universe, discussed in Lecture 2, structure forms when fluctuations 6 f 6p/p 

grow to nonlinearity (6 > l), when they cease to expand with the Hubble flow, 

and subsequently collapse and virialize. As we will see, the problem is to under- 

_ stand how fluctuations of galaxy and cluster size can grow to nonlinearity by the 

present without violating the observational bounds on small-angle fluctuations 

in the cosmic background radiation. 
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As before, consider a universe with no-non-baryonic dark matter. Before 

recombination, ionized matter is locked to radiation-by Compton scattering (this . 

is called “Compton drag”), and it is appropriate to treat radiation plus baryonic 

matter as an ideal fluid. Fluctuations in this fluid of wavelength X = 2rR/k in 

the expanding universe obey the wave equation’138’ 

where ~1 = 0.78 is the mean mass per particle of the primordial fluid of ionized 

hydrogen and helium. Growth of the amplitude of fluctuations occurs only when 

the right hand side of (3.2) is positive, i.e. for X satisfying the Jeans criterion 

x>xJ= P-3) 

That such a condition (first derived for a non-expanding universe by James Jeans 

in 1902) should arise is not surprising: the effects of gravity grow with the phys- 

ical size of the fluctuation, and there is a minimum size above which gravity 

overwhelms pressure. Equivalently, the Jeans criterion is that the sound-crossing 

time bound should exceed the free fall time t+: 

t sound k: X/d- > tdyn w (Gp)-‘1”. 
-. (3.4 

The value of the corresponding Jeans mass 

MJ = &+)P(+)~ (3.5) 

was sketched in Fig. 2.10 and is also included in Fig. 3.3. In the radiation- 

dominated era, the Jeans mass MJ is comparable to the mass inside the horizon 

MH; between matter domination and recombination, MJ levels out at N 10L7Ma; 

and at recombination MJ drops to about 106Ma and decreases thereafter as the 

matter temperature drops. 
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Now consider what happens when a fluctuation of galax-y size comes within 

the horizon. (That is, consider a horizontal line across Fig. 3.3 at M - lOllMa.) 

Since the mass is below the Jeans mass, the fluctuation amplitude cannot grow. 

Instead, the radiation and ionized matter fluid oscillates as an acoustic wave. 

I will further assume that fluctuations in baryonic matter density and in radi- 

ation density are correlated: 6r = (d/3)&. Th ese are called adiabatic fluctuations, 

since the entropy per baryon is constant. These are the sort of fluctuations pre- 

dieted in most grand unified models, in which Q - r&b/n7 is a constant determined 

by the microphysics.[1391 

It is important to appreciate that photon diffusion damps small adiabatic 

fluctuations (Silk damping). The photon mean free path is .4?~ = (aTn,)-‘, 

where CrT is the Thomson cross section and n, is the electron density. Thus 

the time to diffuse (random walk) a distance d is r(d) = d2/c&. Setting this 

equal to the Hubble time gives the Silk damping length ds B (&ct)li2, with the 

3 corresponding Silk mass MS = (4r/3)pmdS. The Silk damping mass is sketched 

in Fig. 2.10 and 3.3. MS grows until recombination, and there is strong damping 

. of any fluctuations that lie in the hatched region below the Silk damping line. 

Accurate treatment of Silk damping requires numerical calculations.‘1401 The 

result is that there is more than e- 1 damping of fluctuations with mass smaller 

than”” -. 

MS = 1.3 x 10’2(0h2)-3/2Ma . (3.6) 

Evaluating this for n = 0.1 (consistent with the primordial nucleosynthesis 

bound) and h = 1 gives MS = 4 x 1013; using h = f gives MS = 3 x 1014. 

These masses correspond to clusters of galaxies. Thus ordinary galaxies (Mb 2 

1011-‘2Ma) can form only after the collapse of larger-scale perturbations. These 

would be most likely to collapse first in one dimension (“pancake” collapse), 

- especially because of the Silk damping of smaller-scale fluctuations. [141,142~ 

That galaxies form in this indirect manner is a complication of this scenario, 
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but it is not -necessarily an argument against it. The serious problem is to get 

large enough fluctuations. Fluctuations 6 grow linearly with the scale factor 

6 0~: R = (1+ z)-’ = To/T P-7) 

once the universe becomes matter dominated, but fluctuations smaller than the 

Jeans mass (- 1017Ma) are prevented from doing so until recombination. More- 

over, growth of 6 slows when an open universe goes into free expansion, when 

2 =5 n-l. Thus in a baryonic universe, 6 grows only between the epoch of 

hydrogen recombination (zr w 103) and z = W1 z 10 (when free expansion 

begins). It follows that there is at most a factor of w lo2 growth - see Fig. 3.4. 

In order to form galaxies by the present, it is necessary that at recombination 

6T/T = @p/p 2 3 x 10m3 for Mm 2 MS, which corresponds to fluctuations on 

observable angular scales of a few arc minutes today. Such temperature fluctu- 

ations are more than an order of magnitude larger than present observational 

upper limits.“431 

_ I 

The main potential loophole in this argument is the assumption of adiabatic 

perturbations. It is true that the orthogonal mode, perturbations in baryonic 

density which are uncorrelated with radiation (called isothermal perturbations), 

do not arise naturally in most currently fashionable particle physics theories 

where baryon number is generated in the decay of massive grand unified theory 

bosons (“GUT baryosynthesis”), since in such theories 17 E nb/n7 is determined 

by the underlying particle physics and should not vary from point to point in 

space. Nevertheless, there may be ways of generating isothermal density fluctu- 

ations on scales much larger than the horizon during GUT baryosynthesis. 11441 

And galaxies originating as isothermal fluctuations do avoid both Silk damping 

and contradiction with present 6T/T limits. 

A second loophole is the possibility that matter was reionized at some q 2 

10, by hypothetical very early sources of uv photons.‘1451 Then the fluctuations in 

&T/T at recombination associated with baryonic proto-pancakes could be washed 
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out by rescattering. Suppose that the universe was entirely reionized at a redshift 

zi. The optical depth in units of the Hubble radius is then 

Zi Zi 

T(Zi) = (ctH)-’ 

/ 
oTnedt = ; 

/ 
aTnb,o(l + z)3 

0 0 
(1+z)yY+ f-q/2 

F+: ~c~+pb,~[(l+ zi)3/2 - l] szs 7 X 10s3$ff hzf’2. 
. 

where 
8?re4 
- =0.6652 x 1O-24 cm2 OT= 3mi 

(3.8) 

(3.9) 

is the Thomson cross section. Setting r(zi) equal to unity, it follows that, to 

be effective in washing out small-angle fluctuations in the cosmic background 

radiation, any reionization must have occurred before 

(3.10) 

_ that is, before zi k: 30 for the maximal values nb = 0.1 and h = 1, and before 

q B lo2 for &, = 0.03 and h = f. Since these redshifts are earlier than the 

period of galaxy formation according to most theories, especially those in which 

galaxies form only after the collapse of cluster-size pancakes, it is difficult to see 

how enough matter could have been converted to radiation to cause reionization 

at such early times. 

Despite the loopholes in each of the three aguments against a universe with 

no non-baryonic dark matter, I find all the arguments together to be rather per- 

suasive, even if not entirely compelling. If it is indeed true that the bulk of the _ 

mass in the universe is not baryonic, that is yet another blow to anthropocen- 

tricity: not only is man not the center of the universe physically (Copernicus) or 

- biologically (Darwin), it now appears that we and all that we see are not even 

made of the predominant variety of matter in the universe! 
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3.3 THREE TYPES OF DM PARTICLES: HOT, WARM, AND COLD 

If the dark matter is not baryonic, what is it? I will consider here the 

physical and astrophysical implications of three classes of elementary particle 

DM candidates, which are called hot, warm, and cold.‘““’ 

Hot DM refers to particles, such as neutrinos, that were still in thermal 

equilibrium after the most recent phase transition in the hot early universe, the 

QCD confinement transition, which presumably took place at TQCD RS lo2 MeV. 

Hot DM particles have a cosmological number density roughly comparable to 

that of the microwave background photons, which implies an upper bound to 

their mass of a few tens of eV. As I shall discuss shortly, this implies that free 

streaming destroys any fluctuations smaller than supercluster size, - 1015Ma. 

Warm DM particles interact much more weakly than neutrinos. They decou- 

ple (i.e., their mean free path first exceeds the horizon size) at T >> TQCD, and 

are not heated by the subsequent annihilation of hadronic species. Consequently 

their number density is roughly an order of magnitude lower, and their mass an 

order of magnitude higher, than hot DM particles. Fluctuations as small as large 

galaxy halos, 23 101’Ma, could then survive free streaming. Pagels and I initially 

suggested that, in theories of local supersymmetry broken at - lo6 GeV, grav- 

itinos could be DM of the warm variety.““’ Other candidates are also possible, 

as I will discuss. -. 

Cold DM consists of particles for which free streaming is of no cosmologi- 

cal importance. Two different sorts of cold DM consisting of elementary par- 

ticles have been proposed, a cold Bose condensate such as axions, and heavy 

remnants of annihilation or decay such as heavy stable neutrinos. A perennial 

candidate, primordial black holes, is beginning to be constrained by analysis and 

observations. ’14s-1501 Finally, I have already mentioned another sort of superdense 

objects that would behave astrophysically as cold DM: quark nuggets. As we will 

see, a universe dominated by cold DM looks remarkably like the one astronomers 

actually observe. 
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It is of course also possible that the dark matter is NQTA - none of the 

above! Maybe the dark matter is a mixture, for example ‘jupiters” plus neutrinos [I511 

or Ujupitersn plus cold dark matter.‘1521 Some models even include unstable DM 

that decays into relativistic particles.f153-1591 

3.4 GALAXY FORMATION WITH HOT DM 

The standard hot DM candidate is massive neutrinos,‘1e0-‘631 although other, 

more exotic, theoretical possibilities have been suggested, such as a umajoron n t1641 

of nonzero mass which is lighter than the lightest neutrino species, and into which 

all neutrinos decay. ‘W For definiteness, I will discuss neutrinos. 

Mass Constraints 

Left-handed neutrinos of mass 5 1 MeV remain in thermal equilibrium until 

the temperature drops to Tvd, at which point their mean free path first exceeds the 

horizon size - see Fig. 3.5 - and they essentially cease interacting thereafter, 

. except gravitationally. 16’1 Their mean free path is, in natural units (tL = c = 

l), X, - [a,n,*]-’ - [(G$T2)(T3)]-l, where GF = 10m5 GeVm2 is the Fermi 

constant that measures the strength of the weak interactions. The horizon size 

is Xh - (Gp)-‘j2 - MplTB2, where the Planck mass Mp( z Gq1i2 = 1.22 x 

1O1’ GeV. Thus Xh/& - (T/TY~)~, with the neutrino decoupling temperature 

T -l/3 
ud - Mpl 

-213 
G, -1MeV. (3.11) 

After T drops below f MeV, e+e- annihilation ceases to be balanced by pair 

creation, and the entropy of the e+e- pairs heats the photons. Above 1 MeV, 

the number density n,i of each left-handed neutrino species (counting both vi 

and pi) is equal to that of the photons, ny, -times the factor- 314 from Fermi 

versus Bose statistics; but then e+e- annihilation increases the photon number 
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density relative to that of the neutrinos by a factor-of li/4r(* ) Thus today, for 

each species, 
3 4 

n v,. = 4 - 11 n7,0 - - 10903cc3 , 

where, as above, 0 G (To/2.7K). S ince the present cosmological density is 

p=f-lpc= 11 S2h2keVcmm3 , 1 (3.13) ; 

it follows that 

c m,,i < p/n,,o < 100 hZh2K3eV , 

(3.12) 

(3.14) 
i 

where the sum runs over all neutrino species with Mvi 5 1 MeV.(Heavier neu- 

trinos will be discussed shortly.) Observational data imply that Rh2 is less than 

unity. Thus if one species of neutrino is substantially more massive than the oth- 

ers and dominates the cosmological mass density, as for definiteness I will assume 

for the rest of this section, then a reasonable estimate for its mass is m,, - 30 

eV. 

At present the experimental evidence for nonzero neutrino mass is apparently 

not entirely convincing. Although one group has reported”“’ that 14 eV < mve < 

40 eV and that rn,,. -. > 20 eV at the 95% confidence leve1[1661 from tritium p- 

decay endpoint data, the experiment is extraordinarily difficult and according 

* Since the argument giving the 1114 factor is simple, and since the idea of warm DM is based 
on a generalization of it, I will sketch it here. The key ingredient is that the entropy in 
interacting particles in a comoving volume is conserved during ordinary Hubble expansion, 
even during a process such as electron-positron annihilation, so long as it occurs in equilib- 
rium. (This fact should be intuitively obvious, since the process is reversible, and anyway 
it is easily derived - see e.g. Ref. 65, 015.6.) That is, Sl = gl(T)N,(T) = constant, where 
N7 = n,V is the number of photons in a given comoving volume V, and gz = (gB + ggF)z is 
the effective number of helicity states in interacting particles (with the factor of 5 reflecting 
the difference in energy density for fermions versus bosons). Just above the temperature of 
electron-positron annihilation, gr = g7 + i x ge = 2+ i ~4 = y; while below it, gz = g7 = 2. 
Thus, as a result of the entropy of the electrons and positrons being dumped into the photon 
gas at annihilation, the photon number density is thereafter increased relative to that of 
the neutrinos by a factor of 11 4’ 

- 
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to some independent authorities”“’ their data are consistent with mve = 0. 

Several sensitive experiments are in progress using alternative methods. The 

so far unsuccessful attempts to detect neutrino oscillations also give only upper 

limits on neutrino masses times (essentially unknown) mixing parameters. 

In deriving eq. (3.14)) 1. h ave been assuming that all the neutrino species 

are light enough to still be relativistic at decoupling, i.e. lighter than an MeV. 

The bound (3.14) h s ows that they must then be much lighter than that. In the 

alternative case that a neutrino species is nonrelativistic at decoupling, it has been 

shown”681 that its mass must then exceed several GeV, which is not true of the 

known neutrinos (vc, vP, and v7). (One might at first think that the Boltzmann 

factor would sufficiently suppress the number density of neutrinos weighing a few 

tensof MeV to allow compatibility with the present density of the universe. It is 

the fact that they “freeze out” of equilibrium well before the temperature drops 

to their mass that leads to the higher mass limit.) I have also been assuming 

that the neutrino chemical potential is negligible, i.e. that In, - n~j < n-,. This 

is very plausible, since the net baryon number density (na - ng) 2 lo-‘+, but if 

. it is not true the consequences can be rather dramatic. P-1 

Free Streaming 

The most salient feature of hot DM is the erasure of small fluctuations by 

free streaming. Thus even collisionless particles effectively exhibit a Jeans mass. 

It is easy to see that the minimum mass of a surviving fluctuation is of order 

Let us suppose that some process in the very early universe - for example, 

thermal fluctuations subsequently vastly inflated, in the inflationary scenario[“” 
- gave rise to adiabatic fluctuations on all scales. Neutrinos of nonzero mass 

m, stream relativistically from decoupling until the temperature drops to my, 

_ during which time they traverse a distance d, = &(T = m,) - Mplmy2. 

In order to survive this free streaming, a neutrino fluctuation must be larger 

in linear dimension than d,. Correspondingly, the minimum mass in neutrinos 
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of a surviving fluctuation is MJ,~ - d~m,n,(T e. m,)- -d3 m4 Y Y - MS, mi2. 

By analogy with Jeans’ calculation of the minimum mass of an ordinary fluid 

perturbation for which gravity can overcome pressure, this is referred to as the 

(free-streaming) Jeans msss. (See Fig. 3.3.)A more careful calculation [162,172] 

gives 

d, = 41(m,/30eV)-r(l + z)-‘Mpc , (3.15) 

that is, d, = 41(m,/30eV)-1 Mpc in comoving coordinates, and correspondingly ’ 

MJ,~ = 1.77 n/r& my2 = 3.2 x 1015(m,/30eV)-2Ma , (3.16) 

which is the mass scale of superclusters. Objects of this size are the first to form 

in a v-dominated universe, and smaller scale structures such as galaxies can form 

only after the initial collapse of supercluster-size fluctuations. 

The limits on small-angle 6T/T fluctuations are compatible with this picture. 

When a fluctuation of total mass - 1015Ma enters the horizon at z - 104, the 

. density contrast hB of the radiation plus baryons ceases growing and instead 

starts oscillating as an acoustic wave (as usual), while that of the massive neu- 

trinos S, continues to grow linearly with the scale factor R = (1 + z)-’ since the 

Compton drag that prevents growth of $tB does not affect the neutrinos. By 

recombination, at zr - 103, bB/& 2 lo-‘, with possible additional suppression 

of ORB by Silk damping. (See Fig. 3.4.) Thus the hot DM scheme with adiabatic 

primordial fluctuations predicts small-angle fluctuations in the microwave back- 

ground radiation somewhat below current observational upper limits. Similar 

considerations apply in the warm and cold DM schemes.‘17s”7’1 

In numerical simulations of dissipationless gravitational clustering starting 

with a fluctuation spectrum appropriately peaked at X - d, (reflecting damping 

_ by free streaming below that size and less time for growth of the fluctuation 

amplitude above it - cf. Fig. 4.2), the regions of high density form a network of 

filaments, with the highest densities occurring at the intersections and with voids 
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in-between. [lJ6,176,177j The similarity of these features to thoseseen in observations 

is cited as evidence in favor of this model.“‘*’ 

Potential Problems with u DM 

A number of potential problems with the neutrino dominated universe have 

emerged in recent studies, however. 

1. From studies both of nonlinear’177’761 clustering (X 5 10 Mpc) and of 

streaming velocities ““l in the linear regime (X < 10 Mpc), it follows that 

supercluster collapse must have occurred recently: zsC 2 0.5 is indicated,““’ 

and in any case zsc < 2. I”” (See Fig. 3.6.However, the best limits on 

galaxy ages coming from globular clusters and other stellar populations 

indicate that galaxy formation took place before z = 3.[“” Moreover, 

if QSOs are associated with galaxies, as is suggested by the detection of 

galactic luminosity around nearby QSOs and the apparent association of 

more distant QSOs with galaxy clusters, the abundance of QSOs at z > 2 is 

also inconsistent with the “top-down” neutrino dominated scheme in which 

superchsters form first: z8c > z&azie8. 

2. Numerical simulations of the nonlinear “pancake” collapse taking into ac- 

count dissipation of the baryonic matter show that at least 85% of the 

baryons are so heated by the associated shock that they remain unable to 
-. condense, attract neutrino halos, and eventually form galaxies. [lea1 This 

could be a problem for the hot DM scheme for two reasons. With the pri- 

mordial nucleosynthesis constraint nb 5 0.1, there may be difficulty having 

enough baryonic matter condense to, form the luminosity that we actually 

observe. And, where are the X-rays from the shock-heated pancakes? 

3. The neutrino picture predicts”“l that there should be a factor of - 5 in- 

crease in M/Mb between large galaxies (M - 1012Ma) and large clusters 

(M 2 1014Ma), since the larger clusters, with their higher escape veloc- 

ities, are able to trap a considerably larger fraction of the neutrinos. As 

I discussed in Lecture 1 (see especially Fig. l.ll), although there is some 
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indication that M/L increases with M-, the ratio of-total to luminous mass 

M/Mum is probably a better indicator of the value of M/i&, and it is 

roughly the same for galaxies with large halos and for rich clusters. 

4. Both theoretical arguments regarding the dwarf spheroidal (dS) satellite 

galaxies of the Milky Way’1rr1 and data on Draco, Carina, and Ursa 
Minor 1165,ls61. imply that dark matter dominates the gravitational potential 

of these dS galaxies. The phase-space constraint (* ) then sets a lower 
limit I”‘] m, > 500 eV, which is completely incompatible with the cosmo- 

logical constraint eq. (3.14). (Note that even for neutrinos as the DM in 

large spiral galaxies, the phase space constraint implies m, > 30 eV.) 

These problems, while serious, may not be fatal for the hypothesis that neu- 

trinos are the dark matter. It is possible that galaxy density does not closely 

correlate with the density of dark matter - for example, because the first gen- 

eration of luminous objects heats nearby matter, thereby increasing the baryon 

* The phase space constraint [“” follows from a theorem in classical mechanics to the effect 
that the maximum Bdimensional phase space density cannot increase as a system of colli- 
sionless particles evolves. At early times, before density inhomogenitites become nonlinear, 
the neutrino phase space density is given by the Fermi-Dirac distribution 

n”(p) = $ 
[ 

-1 

l+exp(L kT ( ,,I YZ ’ 
where here h is Planck’s constant and gv = 2 for each species of left-handed v plus ii. (Since 

-. momentum and temperature both scale as redshift z as the universe expands, this distribu- 
tion remains valid after neutrinos drop cut of thermal equilibrium at - 1 MeV, and even into 
the nonrelativistic regime T, < m,.) The standard version of the phase space constraint 
follows from demanding that the central phase space density 9[2(2?r)5/2Gr,2amz]-’ of the 
halo, assumed to be an isothermal sphere of core radius re and one-dimensional velocity dis- 
persion cr, not exceed the maximum value of the initial phase space density n,(O) = gv/2h3. 
The result is 

m, > (12OeV) ( 100k~s-1)1’4 (A-$!>“’ ($C)-li4. 

The lower limits on m, quoted in the text use this result. A more conservative phase 
space constraint has recently been obtainedil”’ assuming (perhaps unrealistically) that the 
neutrinos are in the most compact distribution possible, rather than an isothermal sphere. 
Assuming that for the dS galaxy Draco, M > 108M~ and r, < 2 kpc, it follows that 
m, > 127 eV. This is still in trouble with the cosmological upper bound on m,. 
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Jeans mass and suppressing galaxy formation. This could-complicate the com- 

parison of nonlinear N-body simulations with the data. Also, if dark matter halos. 

of large clusters are much larger in extent than those of individual galaxies and 

small groups, then virial estimates would underestimate mass on large scales and 

the data could be consistent with M/Ml,, increasing with M. But it is hard 

to avoid the constraint on zdC from streaming velocities in the linear regime’“01 

except by assuming that the Local Group’s velocity is abnormally low. And the 

only explanation for the high M/L of dS galaxies in a neutrino-dominated uni- 

verse is the rather ad hoc assumption that the dark matter in such objects is 

baryons rather than neutrinos. Of course, the evidence for massive dark halos in 

dS galaxies is not yet solid. 

In summary, the evidence against hot DM is rather impressive. At very least, 

it indicates that a neutrino-dominated universe must be rather more complicated 

than theorists have yet envisaged. 

3.5 GALAXY FORMATION WITH WARM DM 

Suppose the dark matter consists of an elementary particle species X that 

interacts much more weakly than neutrinos. The X’s decouple thermally at a 

temperature Txd >> Tvd and their number density is not thereafter affected by 

particle annihilation at temperatures below TXd. With the standard assumption 

of conservation of entropy in comoving volumes, the X number density today 

nx,, and mass mx can be calculated in terms of gl(T), the effective number of 

helicity states of interacting particles evaluated at TXd.‘1811 These are plotted in 

Fig. 3.7, assuming the “standard model” of particle physics. The simplest grand 

unified theories predict gr(T) k: 100 for 2’ between lo2 GeV and Ttot - 1014 GeV, 

with possibly a factor of two increase in gI beginning near lo2 GeV due to N = 1 

supersymmetry partner particles. Then for TXd in the enormous range from - 1 

GeV to - TGIJT, n$ - 5gxcmm3 and correspondingly mx = 2R h2 gi’ keV,[‘801 

where gx is the number of X helicity states. Because of free streaming, such 
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“warm” DM particles of mass mx - 1 keV will cluster on-a scale - M& my2 - 

1012Ma, the scale of large galaxies such as our own. 

Candidates for Warm DM 

What might be the identity of the warm DM particles X? Pagels and 111”’ 

suggested that they might be the &l/2 helicity states of the gravitino e, the spin 

3/2 supersymmetric partner of the graviton G. The gravitino mass is related to 

the scale of supersymmetry breaking rngysy by rng = (4r/3)1/2m&syM~~, 

so rnE - 1 keV corresponds to rnSUSy - lo6 GeV. This now appears to be 

phenomenologically dubious, and N = 1 supersymmetry models with rn,gUsy - 

1011 GeV and m- G - lo2 GeV are currently popular.‘1021 In such models, the 

photino 7, the spin l/2 supersymmetric partner of the photon, is probably the 

lightest particle that is odd under the supersymmetric reflection symmetry R, and 

hence stable. But in supersymmetric GUT models there is a relation between the 

mass of the gluino z, the supersymmetric partner of the gluon (the gauge boson 

.of &CD), and that of the photino: my - + m;3, and there is a phenomenological 

lower bound on the mass of the gluino T 2 3 GeV.[“” The requirement that 

the photinos almost all annihilate, so that they do not contribute too much mass 

density, also implies that rn: 2 0.5 GeV,‘lO’l and they thus become a candidate 

for-cold rather than warm dark matter. 

A hypothetical right-handed neutrino VR could be the warm DM particle,‘1051 

since if right-handed weak interactions exist they must be much weaker than the 

ordinary left-handed weak interactions, so TYRd > T,,d as required. But particle 

physics provides no good reason why any VR should be light. 

Thus there is at present no obvious warm DM candidate elementary particle, 

_ in contrast to the hot and cold DM cases. But our ignorance about the physics 

above the ordinary weak interaction scale hardly allows us to preclude the exis- 

tence of very weakly interacting light particles, so we will consider the warm DM 
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case, mindful of Hamlet’s prophetic admonition _ - 

There are more things in heaven and earth, Horatio, 

Than are dreamt of in your philosophy. 

Fluctuation Spectrum 

The spectrum of fluctuations 8, at late times in the hot DM model is con- 

trolled mainly by free streaming; S,(M) is peaked at - MJ,~, eq. (3.16)) for any 

reasonable primordial fluctuation spectrum. This is not the case for warm or 

cold DM. 

The primordial fluctuation spectrum can be characterized by the amplitude 

of fluctuations just as they enter the horizon (see Lecture 2). It is expected that 

no mass scale is singled out, so the spectrum is just a power law 

. (3.17) 

Furthermore, to avoid too much power on large or small mass scales requires 

CYB, 
o. i~17JW and to form galaxies and large scale structure by the present 

epoch without violating the upper limits on both small’14s1 and large[1061 scale 

(quadrupole) angular variations in the microwave background radiation requires 

K - 10s4. Equation (3.17) corresponds in Fourier transform space to l&&l2 = kn 

with n = 6cr+ 1. The case (Y = 0 (n = 1) is commonly referred to as the constant 

curvature or (Harrison-) Zeldovich spectrum. As I discussed in Lecture 2, infla- 

tionary models predict adiabatic fluctuations with approximately the Zeldovich 

spectrum. 

The important difference between the fluctuation spectra ~DM at late times 

_ in the hot and warm DM cases is that bM,warm has power over an increased 

range of masses, roughly from 1011 to 10”Mo. As for the hot case, the lower 

limit, Mx - M&mi2, arises from the damping of smaller-scale fluctuations 
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by free streaming. In the hot case, the DM particles become nonrelativistic 

at essentially the same time as they become gravitationally dominant, because 

their number density is nearly the same as that of the photons. But in the 

warm case, the X particles become nonrelativistic and thus essentially stop free 

streaming at T = mx, well before they begin to dominate gravitationally at 

Tw = 6s2 h2 eV. (As usual, the subscript “es” refers to the epoch when the energy 

density of massless particles equals that of massive ones.) During the interval _ , 

between T w mx and T T M rg, growth of ~DM is inhibited by the “stagspansion” 

phenomenonL1S61 (the generalization to adiabatic fluctuations of the “Meszaros 

effect” ““’ effect), which we will discuss in detail in the section on cold DM. Thus 

the spectrum ~DM is relatively flat between Mx and 

3 

pc,&, = 2.2 x 10’5(f&,h2)-2Ma . (3.18) , 

Fluctuations with masses larger than Meq enter the horizon at z < z,*, and 

thereafter ~DM grows linearly with R = (1 + z)-l until nonlinear gravitational 

. effects become important when ~DM - 1. Since for CY = 0 fluctuations of all sizes 

enter the horizon with the same root-mean-square amplitude, and those with 

larger M enter the horizon later in the matter-dominated era and subsequently 

have less time to grow, the fiuctuation spectrum at the present time falls with M 

forM > Me*: JDM,~ cc M -‘i3. For a power-law primordial spectrum of arbitrary 

index cy, 

GDM,o a: M -a-(2/3) = M-(n+3)/6 , M > Mcq . (3.19) 

This is true for hot, warm, or cold DM. In each case, after recombination at 

zr = lo3 the baryons ‘fall in” to the dominant DM fluctuations on all scales 

larger than the baryon Jeans mass, and by z = 100, & = bDM.'lOs' 

- 

In the simplest approximation, neglecting all growth during the “stagspan- 

sion” era, the fluctuation spectrum for Mx < M < Meq is just JDM,~(M) a 
M-(n-w~ = M-(“~ff+~)/~ where n,ff = n - 4; i.e., the spectrum is flattened by 
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a factor of M2j3 compared to the primordial spectrum; The small amount of 

growth that does occur during the “stagspansion” era slightly increases the fluc- 

tuation strength on smaller mass scales. Detailed calculations of these spectra 

are now available.‘1Qo’1721 For a! 5 0, 6x(M) has a fairly broad peak at M - Mx. 

Consequently, objects of this mass - galaxies and small groups - are the first 

to form, and larger-scale structures - clusters and superclusters - form later 

as 6x(M) grows toward unity on successively larger mass scales. _ , I 

Potential Problems with Warm DM 

The warm DM hypothesis is probably consistent with the observed features of 

typical large galaxies, whose formation would probably follow roughly the ‘core 

condensation in heavy halos” scenario. [100,200] The potentially serious problems 

with warm DM are on scales both larger and smaller than Mx. On large scales, 

the question is whether the model can account for the observed network of fil- 

amentary superclusters enclosing large voids. The most productive approach to 

this question has employed sophisticated N-body simulations with N - 3 x lo4 

_ in order to model the large mass range that is relevant.[“” The N-body results 

suggest that warm and cold DM can reproduce the observed large scale structure, 

although to get good agreement it may be necessary to assume that galaxies do 

not accurately trace the DM distribution. I will discuss this further in the next 

Lecture. 

On small scales, the preliminary indications that dwarf spheriodal galaxies 

have large DM halos~‘64~‘*51 pose problems nearly as serious for warm as for 

hot DM. Unlike hot DM, warm DM is (barely) consistent with the phase space 

constraint. ~les~lrsl But since free streaming of warm DM washes out fluctuations 

6x for M 2 lOl’M@, dwarf galaxies with M - 107Mn can form in this picture 

only via fragmentation following the collapse of structures of mass - Mx, much 

_ as ordinary galaxies form from supercluster fragmentation in the hot DM pit- 

ture. The problem here is that dS galaxies, with their small escape velocities 

2 lOkms-’ , would not be expected to bind more than a small fraction of the 
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X particles, whose typical velocity must be-w 102kmsS1 (G rotation velocity 

of spirals). Thus we expect M/M I=,,, for dS galaxies to be much smaller than 

for large galaxies - but the indications are that they are comparable.L1”‘1*~~1E6’ 

Understanding dwarf galaxies may well be crucial for unravelling the mystery of 

the identity of the DM.“OO’ 

-. 
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4. Cold Dark-Matter - - 

To summarize the terminology introduced in the previous lecture, the dark 

matter (DM) that appears to be gravitationally dominant on all astronomical 

scales larger than the cores of galaxies[” can be classified, on the basis of its 

characteristic free-streaming damping mass MD, as hot (MD - 10’5Ma), warm 

c”D - 101’Ma), or cold (MD < 108Ma). For the case of cold DM, the main 

subject of this lecture, the shape of the DM fluctuation spectrum is determined 

by (a) the primordial spectrum (on scales larger than the horizon), which is 

usually assumed to have a power spectrum of the form l&l2 cx kn (inflationary 

models predict the “Zeldovich spectrum” n = 1); and (b) “stagspansion” ,““’ the 

stagnation of the growth of DM fluctuations that enter the horizon while the 

universe is still radiation-dominated, which flattens the fluctuation spectrum for 

An attractive feature of the cold dark matter hypothesis is its considerable 

predictive power: the post-recombination fluctuation spectrum is calculable, and 

it in turn governs the formation of galaxies and clusters. As I will discuss in this 

lecture, good agreement with the galaxy and cluster data is obtained in the cold 

DM model for a Zeldovich spectrum of primordial fluctuations, and the model 

also appears to be reasonably consistent with the observed large-scale clustering, 

including superclusters and voids. “‘I -. 

4.1 COLD DM CANDIDATES 

Besides the evidence summarized in Lecture 3 against hot and warm DM, a 

further reason to consider cold DM is the existence of several plausible physical 

candidates, including axions of mass - 10m5 eV; i205’20s1 a heavy, weakly interact- 

ing, stable particle, such as the photino, with a mass 2 i GeV;““’ and primordial 

black holes ““’ with 1017g s ?npBH 2 Mo.‘261 Still another exotic cold DM can- 

didate has recently been proposed by Witten: unuggetsn of u 2 d - s symmetric 

quark matter.‘13” There is thus no shortage of cold DM candidate particles - 
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although there is admittedly no direct evidence that any of them actually exists. 

In the remainder of this section, I will briefly discuss the rationale for each of 

these cold DM candidates. 

First, the axion. Quantum chromodynamics (QCD) with quarks of nonzero 

mass violates CP and T due to nonperturbative instanton effects. This leads to 

a neutron electric dipole moment that is many orders of magnitude larger than 

the experimental upper limit, unless an otherwise undetermined complex phase 

OQCD is arbitrarily chosen to be extremely small. Peccei and Quinni2os1 have pro- 

posed the simplest and probably the most appealing way to avoid this problem, 

by postulating an otherwise unsuspected symmetry that is spontaneously broken 

when an associated pseudoscalar field - the azion I2091 - gets a nonzero vacuum 

expectation value (4=) - jaeie. This occurs when T - ja. Later, when the QCD 

interactions become strong at T - AQCD - lo2 MeV, instanton effects generate 

a mass for the axion m, = m, jr/ ja = 10m5 eV (1012 GeV/ ja). Thereafter, the 

axion contribution to the energy density is’21o1 pa = 3m,T3 j~(hf~~dQCD)-‘. (A 

coherent state of axions behaves cosmologically like pressureless dust, despite the 

‘fact that m, < Z’QCD.‘~~~’ ) The requirement pt < p&l implies that ja 5 1012 

GeV, and m, 2 low5 eV.‘210’ The longevity of helium-burning stars implies’2121 

that ja > 10' GeV, m, < 10d2 eV. Thus if the hypothetical axion exists, it is 

probably important cosmologically, and for m, - 10e5 eV gravitationally dom- 

inarit. (The mass range ’ 10 - I2 GeV, in which j= must lie, is also currently 

popular with particle theorists as the scale of supersymmetry[‘Q21 or family sym- 

metry breaking, the latter possibility connected with the axion. ’21s’ ) If axions 

comprise the dark halo of our galaxy, laboratory experiments have recently been 

proposed that could detect them.IaogJ 

A quite different sort of cold DM elementary particle arises naturally in super- 

symmetry. The lightest supersymmetric partner (LSP) particle is stable because 

- of R-parity, a reflection symmetry equivalent tof2”l 

R = (-1)3’B-L’(-1)F , (44 

86 



where B, L, and F are baryon, lepton, and fermion numbers, respectively. R- 

parity is therefore an exact symmetry in any theory in which (B - L) and F 

are conserved. Under R-parity, all ordinary particle fields are unchanged and all 

superpartner fields change sign. 

In many supersymmetric theories, the LSP is a photino of mass rn: k f GeV, 

this lower limit corresponding to cosmological critical density and dependent on 

the theoretical parameters controlling the 7 mass and interactions.““’ (Cf. also 

$3.6 above.) The 5s almost all annihilate at high temperatures, leaving behind a 

small remnant that, because my is large, can contribute a critical density today. 

Remarkably, there is actually one piece of observational evidence that the Milky 

Way’s DM halo is composed of photinos: the calculated’2151 annihilation rate 

77 + pj3 for rnq ti 3 - 10 GeV leads to a flux of low-energy (0.6-1.2 GeV) anti- 

protons comparable to the observed primary cosmic ray flux, and no plausible 

alternative explanation is known for j% below the - 2 GeV kinematic threshold 

for secondary production. This theory can be checked by additional observations 

of the spectrum and anisotropy of cosmic ray anti-protons, positrons, and gamma 

rays. 

Another possibility for the LSP is a sneutrino 5 (a scalar partner of a neu- 

trino). The main difference from the photino as LSP is that the 2; annihilation 

ra@ can be much larger (semiweak rather than weak because it is mediated by 

2, a fermion, with amplitude proportional to rnz rather than mi), so that there 

is no lower limit on the c mass from the cosmological density.““’ However, the 

assumption that c is the LSP implies that m;T s 2 GeV if ~;7,~ - PC, 0. 

The next cold DM candidate to be considered may seem rather contrived: a 

particle, such as a VR, that decouples while still relativistic but whose number 

density relative to the photons is subsequently diluted by entropy generated in a 

_ first-order phase transition such as the Weinberg-Salam SU(2) 8 U(1) + U(1) 

symmetry breaking. ““l (Recall that the rnx bound in Fig. 3.7,~corresponding to 

warm DM, assumes no generation of entropy.) More than a factor - lo3 entropy 

87 



increase would overdilute q = nb/n7, if we assume q..was initially generated by 

GUT baryosynthesis; correspondingly, rnx 5 1 MeV, and MX 2 105Mo. 

Finally, there is the possibility that the DM consists of objects more massive 

than any stable elementary particle. Two cases that have been investigated are 

“quark nuggets” and black holes. 

A “quark nugget” is a hypothetical chunk of quark matter with roughly equal 

numbers of u, d, and s quarks. Because the Fermi energy is shared among three 

species, u - d-s symmetric quark matter is more stable than u - d quark matter, 

and perhaps absolutely stable, as long as the strange quark mass m, 5i 200 

MeV. 1194,217) Note that even if an ordinary nucleus of atomic weight A is more 

massive than an amount of u - d - s quark matter with equal baryon number, 

the decay rate of the ordinary nucleus is extremely small since it is proportional 

to - A powers of the weak interaction constant GF. At the time of the QCD 

confinement phase transition in the early universe, however, there were almost 

as many s quarks as u and d quarks, since m, is comparable to Z'QCD. So 

if the bubbles of the high temperature (quark plasma) phase can radiate the 

annihilation energy of the excess qq pairs primarily by bulk neutrino emission, 

then these bubbles can become u-d-s quark nuggets. But as Witten[“‘l admits, 

“There is a rich element of wishful thinking here, since this picture assumes 

neut_rino losses are the main way for the high temperature phase to lose energy, 

while in fact neutrino losses and surface evaporation appear comparable.” 

How large might quark nuggets be? Witten argues that when bubbles of the 

high temperature phase begin to shrink, their radius is of order RI k: 1 - lo4 cm. 

The lower limit arises under the assumption that the bubbles grow by coalescence 

of smaller bubbles of initial size & < RI. In this case, the effective bubble size 

is independent of & and is determined by surface tension, with the result that 

-RI N MifITQc~ 513 = 1 - 10 cm. The upper limit, R1 ti lo4 cm, applies if I&-J is as 

large as it could possibly be (a little smaller than the horizon length M~~/TQcD 

at the QCD transition). The linear dimensions of the bubbles then shrink by 
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a factor of ~‘1~ ti 10W3, where as usual q is the baryon to photon ratio. The 

result is that a quark nugget is expected to have a radius of low3 - 10 cm, and 

correspondingly a mass mq, - lo6 - 1018 g. 

It follows from the discussion in Lecture 1 that the density of dark matter in 

our part of the galaxy is 

U2 
PDM - - k: 10-24g cmB3, 

47rGr2 
(4.2) ; 

where u M 220 km s-l is the circular velocity and r k: 8 kpc the galactic radius 

of the sun. The flux intercepted by the earth is thus - 10’ g per year. Given 

the rather large uncertainty in mqn, this flux corresponds to anywhere from lo3 

light quark nuggets striking the earth per year, to one heavy one in the earth’s 

lifetime. Such dense projectiles would pass right through the earth. De Rujula 

and Glashow ““I call any aggregate of stable nuclear matter intermediate in size 

between nuclei and neutron stars that happen to hit the earth, a “nuclearite”. If 

they exist in the mass range discussed, they can be detected by looking for linear 

. “astroblems” (the debris of their passage through rock) or linear seismic sources. 

Primordial black holes of typical mass MBH 2 Ma could have formed if 

there were fluctuations of large amplitude when that mass scale first entered the 

horizon, or black holes of mass MBH 2 MO could have formed from collapse of 

orZnary matter after recombination. A rather wide mass range is allowed, 

10-16Ma 2 MBH 5 106M@, (4.3) 

the lower limit implied by the non-observation of 7 rays from black hole decay by 

Hawking radiation, and the upper limit required to avoid disruption of galactic 

disks and star clusters.120”21Q1 Stronger but less certain upper limits are MBH 5 

_ 103Ma from non-observation of accretion onto BHs as they plunge through the 

galactic disk,[a20’2s1 MBH s 102Ma from dwarf spheroidal halos,‘lsel and MBH 2 

10e2Ma from the non-observation of the focusing of quasar cores.‘2211 
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You will doubtless have noticed that, while there~is no direct evidence against 

any of these candidates for cold DM, there are no convincing arguments in their 

favor either. Actually, it is not clear that we have a good basis to judge the plau- 

sibility of any DM candidates, since in no case except possibly “quark nuggets” 

is there a fundamental explanation - or, even better, a prediction - for the 

ratio w = PDi~,o/Plum,o~ which is thought to lie in the range 10 5 w 5 102, the 

lower limit corresponding to an open universe and the upper limit to n B 1. Two 

fundamental questions about the universe which the fruitful marriage of particle 

physics and cosmology has yet to address successfully are the value of w and of 

the cosmological constant A. 

4.2 GALAXY AND CLUSTER FORMATION WITH COLD DM 

“St agspansionn 

I will follow the current conventional wisdom and assume that the primordial 

fluctuations were adiabatic. In the standard formalism, fluctuations 6 E tip/p 

grow as 6 - R2 on scales larger than the horizon (cf. §2.5), where R = (1 + z)-’ 

‘is the scale factor normalized to 1 at the present. When a fluctuation enters the 

horizon in the radiation-dominated era, the photons (together with the charged 

particles) oscillate as an acoustic wave, and the non-interacting neutrinos freely 

stream away (they are still relativistic, since in the cold DM case their masses 

are-< 30 eV). As a result, the main driving terms for the growth of ~DM disap- 

pear and the growth accordingly stagnates as the universe continues to expand 

(“stagspansion”) until matter dominates; see Fig. 4.1. Matter domination first 

occurs at 2 = z,*, where (cf. eq. (2.43)) 

zeq = 4.2 x 10*h2 fl (1 + O.SSlv,)-’ 

(4.4 
= 2.5 x 104h2 n for N,, = 3 

The first study of the growth of cold DM fluctuations was the numerical 

calculations of Peebles,““] who for simplicity ignored neutrinos: N,, = 0 in the 
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above equation. Subsequent numerical calculations have included the effects of 

the known neutrino species (NV = 3, my ks 0) both outside and inside the . 

horizon. [135,203,204,178,174,222] Numerically, the largest effect of including neutrinos 

is the change in zeq. 

It is instructive to make the further approximation of setting &+b = 6, = 0 

once a fluctuation is inside the horizon. Then one can analytically match the 

solution for R > &orizon . I 

bDM(R) = Adh(R) + AzD2(R) , 

D1 = 1 + 1.5~ where y = R/R,, , 

02 = D1 In I. 
P+ yY2 +l -3p +-#2 
(1+ y)'/2 - 1 1 . (4.5) 

to the growing mode ~DM - R2 for R < Rhorizon. Matching the derivatives 

requires A2 D2 comparable to AlDl but opposite in sign. For R >> Rhorizon 

only the growing solution D1 survives, which explains the moderate growth in 

_ &DM between horizon crossing and matter dominance. In the limit of large k, 

one finds[20s1 ISkI cy: k n/2-2 In k, where as usual n = 1 corresponds to a primor- 

dial Zeldovich spectrum. Correspondingly, for M < A& B 1016Ma, the rms 

fluctuation in the mass within a random sphere containing average mass M is 

6Ad/M Oc 1 In M13i2. S ome authors have considered only the Meszaros solution 

D1 and erroneously inferred that the fluctuation spectrum would be essentially 

flat for M < A& for a Zeldovich primordial spectrum, which would then be incon- 

sistent with observations.‘a291 One can match the boundary conditions without 

D2 only for isothermal primordial fluctuations, for which the amplitide does not 

grow at very early times since the fluctuating component is subdominant. (This 

was the case considered by Meszaros. I1971 ) 

- 

Figure 4.2(a) is a sketch of lip/p(M) for hot, warm and cold DM. Figure 

4.2(b) shows numerical resultsiZo4’ for 6M/M, again assuming a Zeldovich (n = 1) 

spectrum and normalized so that 6M/M = 1 at R = 8h-1Mpc.‘2021 Notice that 
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sM/M is relatively flat for M < lo’&, and-steepens to GMjM = M-2/3 (that 

is, n = 1, reflecting the primordial spectrum) for M >> Meq.‘2e’20r1 

Galaxy and Cluster Formation 

The key features of galaxy formation in the cold DM picture are these: after 

recombination (at z,~~ = 103) the amplitude of the baryonic fluctuations rapidly 

grows to match that of the DM fluctuations; smaller-mass fluctuations grow to 

nonlinearity and virialize, and then are hierarchically clustered within succes- 

sively larger bound systems; and finally the ordinary matter in bound systems 

of total mass - 108-‘2Ma cools rapidly enough within their DM halos to form 

galaxies, while larger mass fluctuations form clusters. 

_ , I 

At any mass scale M, when the fluctuation 6M/M approaches unity, nonlin- 

ear gravitational effects become important. The fluctuation then separates from 

the Hubble expansion, reaches a maximum radius, and begins to contract. Spher- 

ically symmetric fluctuations, for example, contract to about half their maximum 

radii (see Lecture 2). During this contraction, violent relaxation 122r1 due to the 

. rapidly varying gravitational field converts enough potential energy into kinetic 

energy for the virial theorem, (PE) = -2 (KE) , to be satisfied. After virial- 

ization, the mean density within a fluctuation is roughly eight times the density 

corresponding to the maximum radius of expansion. I2251 

Since the cold-DM fluctuation spectrum 6M/M is a decreasing function of 

M, smaller mass fluctuations will, on the average, become nonlinear and begin to 

collapse at earlier times than larger mass fluctuations. Small mass bound systems 

are subsequently clustered within larger mass systems, which go nonlinear at a 

later time. This hierarchical clustering of smaller systems into larger and yet 

larger gravitationally bound systems begins at the baryon Jeans mass (MJJ, - 

105Ma at recombination) and continues until the present time. 

- 

Although small-mass fluctuations are the first to go nonlinear in the cold DM 

picture, pressure inhibits baryons from falling into such fluctuations if M < MJ,b. 
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More importantly, even for M > MJ,~, the baryonsare not -able to contract fur- 

ther unless they can cool by emitting radiation. Without such mass segregation 

between baryons and DM, the resulting structures will be disrupted by virializa- 

tion as fluctuations that contain them go nonlinear.‘2261 Moreover, successively 

larger fluctuations will collapse relatively soon after one another if they have 

masses in the flattest part of the &M/M spectrum, i.e., (total) mass 5 lOgMa. 

Gas of primordial composition (about 75% atomic hydrogen and 25% helium, 

by mass) cannot cool significantly unless it is first heated to 2 lo4 K, when it be- 

gins to ionize. “‘I Assuming a primordial Zeldovich spectrum normalized so that at 

the present time &M/M = 1 at R = 8h-1 Mpc, as recommended by Peebles,‘2021 

the smallest protogalaxies for which the gas is sufficiently heated by virialization 

to radiate rapidly and contact have total mass M = lOgMa. One can also deduce 

an upper bound on galaxy masses by requiring that the cooling time be shorter 

than the dynamical time’2271 ; this upper bound is M 5 1012Ma. These limits 

are illustrated in Fig. 4.3, which shows the density of ordinary (baryonic) mat- 

ter versus internal kinetic energy (temperature) of typical fluctuations of various 

. sizes, just after virialization, calculated from 6M/M for 62 = h = 1. This is su- 

perimposed upon the Rees-Ostriker cooling curves (for which cooling time equals 

gravitational free fall time) and data on galaxies (with kinetic energy determined 

from rotation velocity for spirals and velocity dispersion for ellipticals).* 
-. 

Only in protogalaxies for which the cooling time is short compared to the 

dynamical time can the baryons dissipate and contract. This dissipation leads to 

higher baryonic densities and somewhat higher temperatures. 

The collapse of fluctuations having mass > 1013Ma leads to clusters of galax- 

ies in this picture. In clusters, only the outer parts of member galaxy halos are - 

stripped off; the inner baryonic cores continue to contract, presumably until star 

* See Ref. 26 for a considerably more elaborate version of Fig. 4.3, with virialieation curves 
for several multiples of the rms fluctuation spectrum for an open as well as an Einstein- 
deSitter universe, much more detailed galaxy and cluster data, and discussion of molecular 
and Compton cooling. 
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formation halts dissipation. _ - . 

Fluctuations that start with greater amplitude than average will turn around 

earlier, at higher density, and thus lie below the virialization curve on Fig. 4.3. As 

the baryons in a virialized fluctuation dissipate, their density will initially increase 

at constant 2’ within the surrounding isothermal halo of dissipationless material 

(DM), and then 2’ will increase as well when the baryon density exceeds the DM 

density, as suggested by the dashed line in the figure. The Zeldovich primordial 

spectrum is more consistent with the data in Fig. 4.3 than an n = 2 (or n = 0) 

primordial spectrum, which lies too low (too high) on the figure compared to 

the galaxies. With the Zeldovich spectrum, the important conclusion is that one 

should observe dissipated systems with large halos having total mass 108Ma 2 

M 2 1012Ma. This is essentially the range of observed galaxy masses. 

While the nb - T diagram (Fig. 4.3) is useful for comparing data and pre- 

dictions with the cooling curves, it is also useful to consider total mass M versus 

T, as in Fig. 4.4. This avoids having to take into account the differing amounts 

_ of baryonic dissipation suffered by various galaxies. The heavy solid and dashed 

curves again correspond to the n = 1 cold DM spectrum, for (n = 1, h = 0.5) 

and (n = 0.2,h = 1) respectively. It is striking that the galaxies in the M - T 

diagram lie along lines of roughly the same slope as these curves. This occurs 

because the effective slope of the n = 1 cold DM fluctuation spectrum in the 

galaxy mass range is n,ff m -2, which corresponds to the empirical Tully-Fisher 

and Faber-Jackson laws: M OS: u4. The light dashed lines in Fig. 4.4 are the 

post-virialization curves for primordial fluctuation spectra with n = 0 (white 

noise) and n = 2. Again, the n = 1 (Zeldovich) spectrum is evidently the one 

that is most consistent with the data. 

The points in Fig. 4.4 represent essentially all of the clusters identified by 

_ Geller and Huchra’22*1 in the CfA catalog within 5000 km s-l. The cluster data lie 

about where they should on the diagram, and even the statistics of the distribu- 

tion seem roughly to correspond to the expectations represented by the 0.5,1,2, 
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and 30 curves. _ - . 

Notice that spiral galaxies lie roughly along the la curve while elliptical 

galaxies lie along the 20 curve. Although this displacement is not large com- 

pared to the uncertainties, it is consistent with the fact that more than half of all 

bright galaxies are spirals, while only about 10 % are ellipticals. In hierarchical 

clustering scenarios, it seems likely that the higher o fluctuations will develop 

rather smaller angular momenta, as measured by the dimensionless parameter X 

(E J&G-‘M-i ). There are two reasons for this: high-overdensity fluctuations 

collapse earlier than average fluctuations, and are thus typically surrounded by a 

relatively homogeneous matter distribution;‘22Q1 also, higher amplitude fluctua- 

tions are typically rounder[2801 and consequently have lower quadrupole moments. 

Both effects result in less torque. This difference appears to exist with either 

white noise or a flatter spectrum, but to be somewhat larger in the latter case. 

If high cr fluctuations have little angular momentum, their baryons can collapse 

by a large factor in radius, forming high-density ellipticals and spheroidal bulges, 

as shown in Fig. 4.3. Since, with a flat spectrum, higher u fluctuations occur 

. preferentially in denser regions destined to become rich clusters, one expects’2311 

to find more ellipicals there - as is observed.‘42’48”31 Note that the rich clusters 

lie along the same 2 and 30 curves in Fig. 4.4 as do the elliptical galaxies. 

-Note also that while the galaxy data lies below the rms virialization curve, 

the data on groups and clusters of galaxies lies more or less evenly around it. 

This suggests that galaxy formation may be an inefficient process, with lower- 

amplitude fluctuations of galaxy mass not giving rise to visible galaxies. I-331 

Presumably the collapse of the low-X protoellipical galaxies is halted by star 

formation well before a flattened disk can form, yielding a stellar system of 

spheroidal shape. The mechanism governing the onset of star formation in these 

_ systems is unfortunately not yet understood, but may involve a threshold effect 

which sets in when the baryon density exceeds the DM halo density by a suf- 

ficient factor. ’22s’1e11 Disks (spirals and irregulars) form from average, higher-X 
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protogalaxies, which, for a given mass, are larger and more- diffuse than their 

protoelliptical counterparts. The collapse of disks thus occurs via relatively slow 

infall of baryons from - lo2 kpc, halted by angular momentum. Infall from such 

distances is consistent both with the extent of dark halos inferred from observa- 

tions and with the high angular momenta of present-day disks (X - 0.4). i2s21 The 

location of the galaxies in Fig. 4.3 is consistent with these ideas if the baryons in 

all galaxies collapsed by roughly the same factor, about an order of magnitude, 

but somewhat less for late-type spirals and irregulars and somewhat more for 

early-type E’s and spheroidal bulges. 

It has been theorized that the Hubble sequence originates in the distribu- 

tion of either the initial angular momenta or else the initial densities’2341 of 

protogalaxies. However, if overdensity and angular momentum are linked, with 

the high-o fluctuations having lower A, then these two apparently competitive 

theories become the opposite sides of the same coin. 

It is interesting to ask whether the cold DM picture can account for the wide 

_ range of morphologies displayed by clusters of galaxies in X-ray and optical-band 

observations, ranging from regular, apparently relaxed configurations to complex, 

multicomponent structures. (Cf. Figs. 1.8 and 1.9.) Preliminary results are 

encouraging. In particular, simulations show that large central condensations 

form quickly and can grow by subsequent mergers to form CD galaxies if most of 

the DM is initially in halos around the baryonic substructures, as expected for 

cold DM, but not if the DM is initially distributed rather diffusely throughout 

the whole cluster, as expected for hot DM.“71 

Consider finally the difference in Fig. 4.4 between the solid and dashed 

lines. The dashed lines, representing a lower-density universe (n = O.2), curve 

backward at the largest masses and lie far away from the circle representing the 

_ cores of the richest clusters, Abel1 classes 2 and 3. Since these regions of very 

high galaxy density contain at least several percent of the mass in the universe, 

the circle should lie between the 2 and 30 lines (assuming Gaussian statistics). 
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It does so for -the solid (n = 1) lines, but not-for the.dashed lines. At face value, 

this is evidence favoring an Einstein-de Sitter universe for cold DM. However, 

there are at least two reasons why this argument should probably not be taken 

too seriously. First, the velocity dispersions represented by the Abel1 cluster 

circle in Fig. 4.4 correspond to the cluster cores. The model curves on the other 

hand refer to the entire virialized cluster, over which the velocity dispersion is 

considerably lower (as indicated by the arrow attached to the circle in Fig. 4.4). 

Second, the assumption of spherical symmetry used in obtaining both sets of 

curves in the figure is only an approximation. The initial collapse is probably 

often quite anisotropic - more like a Zeldovich pancake than a sphere. It is 

therefore preferable to compare these data with N-body simulations rather than 

with the simple model represented by the curves in Fig. 4.4. This will require 

N-body simulations of large dynamical range, which can perhaps be achieved by 

putting many mass points into one cell of the P3M-type simulations. Until this 

becomes possible the data in the figure do not allow a clear-cut discrimination 

between the n = 0.2 and n = 1 cases, especially if the Hubble parameter h is 

_ allowed to vary simultaneously within the observationally allowed range, as has 

been assumed. 

It is important to appreciate that some means of suppressing galaxy formation 

in regions of lower than average density is required in the cold DM model both 

for -n = 1 and for f3 = 0.2. [‘*I In the former case, this is needed to hide most 

of the mass. In a low-n universe, on the other hand, large regions of much 

lower density than average cannot form by gravitation alone.1295’ The amplitude 

of linear fluctuations stops growing in an open universe when it goes into free 

expansion (i.e. for & 2 n,‘), and large voids would stop expanding in comoving 

coordinates. Thus formation of large galaxies must be inhibited somehow in 

regions of moderately low density if the number density of of galaxies in voids 

_ is less than one-quarter of the average, the quoted upper limit for the Boiites 

void.[2361 Since it is possible to imagine various physical phenomena which might 

contribute to suppression of galaxy formation in underdense regions, 1261 this is 
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not necessarily a problem for the cold DM picture. But-it does imply that the 

distribution of luminous galaxies probably cannot be an accurate tracer of the 

mass distribution on large scales in any version of the cold DM universe. 

4.3 N-BODY SIMULATIONS OF LARGE SCALE STRUCTURE 

Elaborate N-body simulations of the evolution of large scale structure in a 

universe dominated by cold DM have recently been carried out by Davis, Efs- 

tathiou, Frenk, and White (DEFW)““’ using the P3M (particle-particle/particle- 

mesh) scheme, f2s71 in which the equations of motion are integrated directly for 

nearby particles while the gravitational effects of more distant masses are cal- 

culated by applying fast Fourier transform methods to Poisson’s equation, with 

periodic boundary conditions at the edges of the computational volume. A wide 

range of structures arise in such simulations, including filaments, superclusters, 

and large regions of fairly low density. As Fig. 3.6 shows, the distribution of 

galaxies is qualitatively similar to observations. A more quantitative comparison 

reveals various problems, however. 

Comparison with Obserations 

Ensembles of simulations were run for !I = 1 and also for R = 0.2. In the 

n = 1 simulations, there is no time when the mass autocorrelation function is 

a good match in both slope and amplitude to that of the galaxies. Moreover, 

the rms peculiar velocities of pairs of particles are several times larger than 

those actually observed for galaxies (discussed in $2.4 above). For R = 0.2, 

the mass autocorrelation function matches the galaxy autocorrelation function 

fairly well for h k: 1.1, and the peculiar velocities are in better agreement with 

observation at separations of N 5h-’ Mpc although still too large on smaller 

scales. The parameter Q which relates the galaxy three-point and two-point 

correlation functions (see eq. 2.26) is observed to be about unity and weakly (if 

at all) dependent on the size of the three-point triangle; Q determined from the 

simulations is too large by almost a factor of 2 on small scales for n = 1 and 
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even a little larger for fI = 0.2, though in better argeement wtth Q = 1 on larger 

scales. An independent set of N-body simulations’2s81 found that in neutrino 

models Q varies strongly with scale in a manner completely inconsistent with 

observations; while the weaker dependence of Q in cold DM models is more in 

accord with observations, the residual variation still exceeds any seen in the data. 

Thus, while the cold DM simulations are not in such gross disagreement 

with observations as the u simulations, neither the Einstein-de Sitter nor the 

open universe cold DM simulations agree quantitatively with observations of 

galaxy spatial and velocity distributions. Although the open universe simula- 

tions are perhaps in better agreement, they are in potential conflict, with the 

latest data”“] on small-angle fluctuations in the cosmic background radiation, 

which imply1174’173’ that fI 2 0.2hs4i3 unless there is significant reheating of the 

intergalactic medium after recombination (cf. eq. 3.8). There is also a serious 

problem with the age of the universe (see Figs. 2.4 and 2.5): to = 8.3h-’ Gy 

for n = 0.2 (assuming A = 0), which is in severe conflict, with globular cluster 

age estimates and even in conflict with nuclear cosmochronometry for h 2 1. 

Finally, n = 0.2 is in conflict with the expectations of the inflationary universe 

hypothesis. 

Flat Universe with Positive Cosmological Constant 

The age problem can be relaxed and inflationary models allowed if the cosmo- 

logical constant is non-zero. ‘aQ’2sQ1 If, as is usually supposed, there is much more 

than enough inflation to solve the flatness and other cosmological problems, then 

the curvature k becomes vanishingly small. Einstein’s equation (2.8) evaluated 

at the present is then 

1=n+&. (4.6) 

If A = 0, this of course implies Sz = 1, but a pbsitive cosmological constant can 

compensate for fI < 1 in an inflationary universe. 
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Jn a universe characterized by eq. (4.6); the time dependence of the scale 

factor in the epoch of nonrelativistic matter domination (p cc Rs3) is 

R(t) oc sinh[(3A)1/2t/2]2’3, 

and the age of the universe is 

2 
to = 3Ho(1 - n,yl2 sinh-‘(0,’ - 1)‘i2 

(4-V 

(4.8) 

for positive A. Figure 4.5 shows the corresponding values of cosmological density 

parameter no and Hubble parameter h for various values of to. Comparison with 

the analogous plot for the case A = 0, Fig. 2.5, shows tliat it is now somewhat 

easier to bring the predicted age to into consistency with globular cluster age 

estimates. Moreover, since fluctuations grow considerably more after z 5 n,’ in 

the present case compared to the case A = 0,[23Q1 there is now no conflict with 

the observational constraints[‘431 on AT/T for n = 0.2. 

DEFW ran one N-body simulation of the case (4.6) with no = 0.2, and found 

that the results closely resembled those found for A = 0 and the same value of 

no. Matching the galaxy autocorrelation function again leads to h k: 1.1, and 

although this now corresponds to to = 10 Gy rather than 7.5 Gy, it still leads to 

a universe which is embarrassingly young. 

“Biased” Galaxy Formation 

Thus far, I have discussed DEFW’s attempts to fit their cold dark matter 

N-body simulations to the observed universe under the assumption that the dis- 

tribution of bright galaxies closely approximates the distribution of dark matter. 

The results are better than for the neutrino simulations, but not really very im- 

pressive. DEFW found much better agreement with the data, however, when 

- they tried assuming that bright galaxies form only at relatively high peaks of the 

linear density distribution. The visible galaxies thus are pictured as being like 

the unsubmerged peaks of a vast flooded mountain range. 
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DEFW’s biasing procedure depends on two parameters: the th_reshold v and 

the smodthing size ro. After smoothing, they identified all peaks of amplitude 

at least Y times the rms density fluctuation and tagged the nearest particle to 

each as a “galaxy”, whose motion is subsequently followed over the course of 

the simulation. With a biasing threshold of u = 2.5 for their Einstein-de Sitter 

(a = 1) simulations, DEFW found that the correlation length of the galaxies 

exceeds that of the dark matter by a factor of about 2.4, and the observed two- 

and three-point correlations are fit, quite well for h = 0.44 (corresponding to 

to = 15 Gy). The simulations also fit the observed peculiar velocity distribution 

rather well (about as well as the unbiased n = 0.2 simulations did). Since 

the dark matter is mostly rather smoothly distributed in the biased model, the 

peculiar velocities generated are much smaller than in the unbiased model with 

the same density (!I = 1). 

Since both star and galaxy formation are very poorly understood, it is going 

to be hard to put biased galaxy formation on a solid theoretical footing. But the 

basic idea that bright, galaxies should form only at the highest peaks of the linear 

density distribution is a rather plausible one, and a number of possible physical 

mechanisms have been proposed.‘24o1 Moreover, as BFPR already pointed out 

in connection with Fig. 4.4, the greater range of velocity dispersions observed in 

groups and clusters of a given mass as compared to galaxies is evidence for biasing: 

Groups of relatively low velocity dispersion, which presumably arose from lower 

amplitude fluctuations, are visible because of the galaxies that they contain. The 

absence of bright galaxies of correspondingly low rotation velocity (for spirals) 

or velocity dispersion (for ellipticals) suggests that only the fluctuations of larger 

amplitude form visible galaxies. 

Very Large Scale Structure 

How well can the cold DM picture account for the largest structures observed 

in the universe: superclusters and voids? To answer quantitatively, it is necessary 

to compare predictions with observations statistically. The challenge is to devise 
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appropriate statistical tests which not only are amenable-both to calculation and 

observation, but also actually discriminate between alternative theories. I will 

here discuss several statistical tests: cluster autocorrelations, the size distribution 

of voids, percolation, and correlations between the orientation of rich clusters and 

the directions to nearby ones (Binggeli’s statistic). 

The autocorrelation function of rich clusters appears to have the same slope 

as that of galaxies, but with a correlation length to about five times greater. 1172,791 

(See Fig. 2.8.) As Kaiser’24’1 has emphasized, statistical effects in the formation 

of rich clusters can lead to just such an effect: &lustercl (r) M Atdensity( with the 

amplification factor A increasing with the richness of the clusters, in qualitative 

agreement with observation. Three-point and higher order correlations are also 

enhanced in a calculable way,‘2421 and it may soon be possible to check whether 

these statistical predictions are in accord with observations. If this is indeed the 

right explanation for the enhanced clustering of rich clusters, then if Abel1 clusters 

are actually positively correlated at r k: lOOh-' Mpc, the underlying mass density 

must also be. DEFW point out that the correlation function corresponding to the 

cold DM linear density distribution is negative for r > 18(nh2)-l Mpc, and thus 

argue that for this picture to make sense, CZh < 0.18. But this is in trouble with 

AT/T unless A > 0, and with globular cluster ages. Biased galaxy formation 

does not help. Of course, it is possible that the strong correlation of rich clusters 

is at least partly caused by something entirely different from the effect that 

Kaiser discussed, in which case this line of argument is irrelevant.Indeed, N- 

body simulations of the clustering of clusters124s”61 suggest that some additional 

physical effect beyond the Gaussian statistics of rare events will be necessary to 

account for the large amplitude A that is observed. 

The several thousand acurate galaxy redshifts presently available are not yet 

enough to tell us very much about the statistics of voids, but DEFW made some 

pr&ninary comparisons with their 0 = 1 N-body- simulations. They did this 

by distributing the particles in redshift space, in which two of the coordinates 

are positions and the third is the corresponding velocity component, and then 
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constructing what amounts to a volume-limited redshift catalogue. They find 

that S-10% of the cubes of size 32 h- ’ Mpc have density less than half the mean, 

while only 0.6% of such cubes have density less than 30% of the mean. Large, 

low-density regions are even less common in open universe simulations, and in 

the biased galaxy versions of fI = 1 simulations. For comparison, an analysis of 

galaxy counts in randomly placed spheres of radius 20 h-’ Mpc (i.e. with the 

same volume as a 32 h- ’ Mpc cube) suggests that 20% of such spheres have den- 

sity less than half the mean, about twice the number found in the simulations. I2011 

The 30 h-l Mpc radius Boijtes void appears to have a density of bright galaxies 

less than 25% of the mean.12ss1 There is nothing like it in the simulations. 

The percolation statistic was advocated by Shandarin’24’1 and his colleagues[17812451 

I 

for comparing models with the observed galaxy distribution. The basic idea is 

to draw a sphere of radius r around each galaxy, and determine how the length 

of the longest chain of overlapping spheres depends on r. Unfortunately, per- 

colation turns out not to be a very useful statistic: it is rather sensitive to 

irrelevant features such as sampling parameters and the depth of the galaxy red- 

shift survey, but not very sensitive to differences between neutrino and cold DM 

simulations. (246,247] 

Although there is no statistically significant alignment of ordinary galaxies 

with larger-scale structures,15s1 the brightest galaxies in rich clusters are often 

aligned with their parent clusters, and Binggeli”” found that nearby rich clus- 

ters tend to point toward each other. More precisely, Binggeli found a correlation 

between the position angle of the major axis of a cluster and the position an- 

gles of the lines connecting its center to those of neighboring clusters. This 

correlation was found to be strongest for clusters separated by less than 20 h-' 

Mpc. Dekel and collaboratorsi24*‘5s~ have looked for similar effects in N-body 

simulations. They found that there are none in Poisson simulations (i.e., simu- 

-1ations that start with randomly distributed mass points), and that in neutrino 

simulations the correlations are comparable to but a little stronger than those 

Binggeli found. Correlations similar to Binggeli’s were obtained in Dekel’s “AI” 
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simulations (which have Poisson noise superimposed on a neutrinaype power 

spectrum), and in DEFW’s cold DM simulations only for flh < 0.2. 

Very recently, Struble and Peebles[541 have repeated and extended Binggeli’s 

observations with a sample of 237 clusters, more than five times the number (44) 

in Binggeli’s sample. They find that there is at most marginal alignment, and 

conclude that Binggeli most probably hit a statistical fluke. They also remark 

that in the light of their data, the success of Dekel et a1.‘24e1 in reproducing the 

alignments in Binggeli’s data sample with neutrino-type simulations is evidence 

against such models. 

Binggeli’s statistic does discriminate between different theoretical models, 

and allows ready comparison with data. Related statistics are being developed 

by Dekel, Vishniac, and others (personal communications). It will be very in- 

teresting to see the results of further analysis of models and comparison with 

data. 

4.4 SUMMARY AND PROSPECT 

I have a hard time keeping all this information straight, so I imagine that 

you might also. In order to help, I have prepared a “Consumer’s Report on Dark 

Matter”, Fig. 4.6 (following the notation of the Consumer Reports magazine, 

which is l&own for its authoritative reviews of American consumer goods). I 

have tried to be reasonably objective in rating how well each of the three models 

discussed here - hot, warm, and cold DM - accords with each category of data 

considered. 

The first column of Fig. 4.6 lists the three sorts of dark matter, and candi- 

dates for each (g = gravitino, 7 = photino, PBH = primordial black holes). The 

next two columns summarize theoretical expectations regarding the fluctuation 

spectTum (solid line), the dependence of the ratio of total to luminous mass on 

size, and the contents of voids. The evidence on M/Mlum summarized in Fig. 

1.11 is evidently most consistent with cold DM. Because free streaming damps 
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out all.but supercluster-size structures in the hot DM--model and galaxies can 

form only after the pancake collapse of these protosuperclusters, the voids (i.e., 

the regions between the pancakes) are expected to contain essentially no galaxies. 

But since galaxies form before large scale structure in the warm and cold DM 

models, voids are expected to contain at least some small galaxies. Preliminary, 

indirect evidence favoring the latter expectation has recently been published:““’ 

absorption lines corresponding to triply-ionized silicon and carbon have been de- 

tected at the redshifts of the Perseus-Pisces and Boiites voids in the ultraviolet 

spectra of background quasars. In the hot DM picture, any gas in the voids 

should be of primordial composition. 

According to the “Consumers Report”, the two most severe difficulties of the 

hot DM model are the phase space constraint indicating that the heavy halos 

that are apparently associated with dwarf spheroidal galaxies cannot be made 

of light neutrinos, and the mismatch between the recent (z < 2) formation of 

superclusters indicated by density and velocity data and the early formation of 

galaxies and quasars. I have just discussed the difficulty for hot DM posed by the 

neiv data of Struble and Peebles on Bingelli’s statistic; and I mentioned earlier in 

this lecture the indications that it is hard to form CD galaxies by mergers in small 

clusters unless the protogalaxies are assumed to have individual heavy halos, as 

expected for cold or warm but not hot DM. Peculiar velocities are too large in 

all n -z= 1 models unless galaxy formation is “biased”; and although peculiar 

velocities are smaller in open cold models their distribution does not agree in 

detail with observations. Yet another difficulty with hot DM is that the dense 

clumps that form in this model cannot be correlated with any known population 

of objects.(1s01 Even if galaxy formation were for some reason suppressed in the 

densest regions, they would provide a highly visible population of X-ray sources. 

The cold dark matter model can be credited with several successes in explain- 

ing galaxy and cluster formation. ‘261 It predicts roughly the observed mass range 

of galaxies, the dissipational nature of galaxy collapse, and dissipationless galac- 

tic halos and clusters with the observed Faber-Jackson and Tully-Fisher relations 
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for galaxies. In addition, it may also provide natural explanations for galaxy- 

environment correlations and for the differences in angular momenta between 

ellipticals and spiral galaxies. 

If the cold dark matter is distributed like bright galaxies, then n = 0.2. 

However, this version of the cold DM model is in serious conflict with the obser- 

vational limit on small-angle AT/T fluctuations, and also with globular cluster 

age estimates since h B 1 for AT/T fitting the galaxy autocorrelation function. 

The AT/T problem is removed and the age problem is ameliorated, but only 

a little, in the zero-curvature version of this model, with cosmological constant 

A = 3P(l- fI). Perhaps the best overall fit to the data is obtained in the 

n = 1 cold DM model with biased galaxy formation. This version may have 

more trouble than the open universe ones in accounting for the distribution of 

voids, however. 

The cold DM models’ possible difficulty in producing voids like that in Boijtes 

and in explaining the enhanced clustering of rich clusters both suggest that 

there. is still an important physical ingredient missing in the cold DM scheme 
- maybe a feature in the fluctuation spectrum on a “superpancake” scale of 

order 100-150 h-l Mpc, as Dekel has suggested.‘261’661 Perhaps the least ugly 

way of obtaining this is from the added growth of fluctuations exceeding the 

photon-baryon Jeans mass in a universe with adiabatic primordial fluctuations 

and roughly equal amounts of cold dark matter (to preserve the galaxy-size fluc- 

tuations, as usual) and baryonic matter (mostly dark now - perhaps “jupiters”): 

nb k: ncDM M 0.1. 

As always, there is work for theorists. But the special excitement of the 

present era in astrophysics is that there is also plenty of relevant observational 

data, with the prospect of lots more coming soon. Fig. 4.7 summarizes the rela- 

tivesensitivities of a number of existing and planned astronomical instruments. 

Just to give one example to illustrate the sorts of new data that will soon be 

available, consider the observation of ultraviolet Lyman CY absorption lines with 
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the Space -Telescope, now scheduled to be launched in 1986. Ai Iexplained in 

connection with Fig. 2.9, some of the Ly (Y absorption lines seen in quasar spec- 

tra are apparently caused by clouds of neutral hydrogen distributed along the 

line of sight from the quasar to us. Dekel”“” has argued that the absence of 

autocorrelation in the Ly a! absorption line “forest” of individual quasars, PW 

and of cross-correlation in Ly a! forests of two quasars separated by - 1 h-l 

Mpc perpendicular to the line of sight,[16’1 indicate that the formation of super- 

clusters did not begin until z 5 2. (This conclusion also follows from other lines 

of argument, as I have discussed.) Oort ‘2’s] argues on the contrary that the 

observation ’25s1 of two pairs of quasars at z = 2.83 and 2.85 and z = 3.14 and 

3.16 suggests that superclustering has existed since z = 3, and that the lack of 

cross-correlation in the Ly cy forests of the neighboring quasars can be explained 

by a filamentary distribution of hydrogen clouds in superclusters. If Dekel is 

right, then ultraviolet observations of the Ly cx forest at redshifts z 2 1.5 will 

show the onset of superclustering. (It is of course also possible that the Ly CY 

clouds are not associated with superclusters, but instead occur only in voids.) 

Similar observations can also determine the composition of the gas in voids.‘2ro1 

Such data would obviously be an important constraint on cosmological theories 

for galaxy formation and large scale structure. 

Remarkably enough, such data may also shed important light on the in- 

teractions of elementary particles on very small scales. Fig. 4.8 is redrawn 

from a sketch by Shelley Glashow which was reproduced in the New York Times 

Magazine. ““I’ Glashow uses the snake eating its tail - the uroboros, an ancient 

symbol associated with creation myths[2581 - to represent the idea that gravity 

may determine the structure of the universe on both the largest and smallest 

scales. But there is another fascinating aspect to this figure. There are left-right 

connections across it: medium small to medium large, even smaller to even larger, 

and go on. Not only does electromagnetism determine structure from atoms to 

mountains,bs91 and the strong and weak interactions control the properties and 

compositions of stars and solar systems. The dark matter, which may hold the 
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key to understanding the origin of galaxies, clusters, an&supe&&ers, may it- 

self reflect fundamental physics below the weak interaction scale. And if cosmic 

inflation is to be believed, cosmological structure on scales even larger than the 

present horizon arose from interactions on the grand unification scale. 
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Figure Captions 

Fig. 1.1. Sizes and distances. 

Fig. 1.2. Hubble’s classification of galaxy types.“] Elliptical (E) galaxies have 

a spheroidal appearance with no visible disk, while lenticular (SO) and spiral (S) 

galaxies have a disk in addition to a spheroidal central bulge or nucleus. SO’s 

have no spiral arms, and relatively little dust and ionized hydrogen in the disk; 

these are more prominent in spiral galaxies. A large minority of S galaxies have 

“bars” across their nuclei, with the spiral arms beginning from the ends of the bar 

rather than winding out directly from the nucleus. Some irregular (Irr) galaxies 

resemble disk galaxies but with less symmetry; others are even more irregular 

than that. 

Fig. 1.3. Rotation curves for many spiral galaxies, obtained both (a) from 

21cm observations and (b) f rom optical measurements (see text). (Sources: (a) 

Ref. 6, reprinted in Ref. 5; (b) Ref. 7. Reproduced by permission.) 

Fig. 1.4. Mass of the Milky Way Galaxy interior to radius R, deduced from 

the dynamics of its components and satellites: carbon monoxide clouds, globular 

clusters, (12,18,83] the Magellanic Clouds’1s’161 , a distant RR Lyrae star (assumed 

to be bound) ,“‘I’ and satellite galaxies. (Adapted from Ref. 18.) 

Fig 1.5. Total mass (assumed to be 10 x Ml,,) vs. velocity (rotation velocity 

for disks, velocity dispersion for spheroids) for various galaxy types. Slopes are 

roughly consistent with L a u4. (From Fig. 4 of Ref. 26; reprinted here as Fig. 

4.4.) 

Fig. 1.6. Schechter luminosity function. Axes are loglo qi(L) and Lt$(L) vs. 

lo&-J L/L* . 

Fig. 1.7. Schematic plot of mass density vs. distance from center of the 

Milky Way. (See text for explanation. From Ref. 32.) 

Fig. 1.8. X-ray isodensity contours for six rich clusters of galaxies. The 

clusters on the left represent those having large X-ray core radii and no central, 
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dominant galaxy. Those on the right have smaller k-ray core radiiand contain CD 

galaxies. The clusters at the top of the figure are less dynamically evolved than 

those at the bottom. (From 0.5-3.0 keV imaging proportional counter images 

from the Einstein satellite. Reproduced, with permission, from Ref. 217; 01982 

by Annual Reviews, Inc.) 

Fig. 1.9. Contours of galaxy density in rich clusters. (Reproduced, with 

permission, from Ref. 39, as reproduced in Ref. 40.) 

Fig. 1.10. Fractions of elliptical, lenticular, and spiral plus irregular galaxies 

as a function of the log of the projected density, in galaxies per Mpc2. Also 

shown is an estimate of the space density, in galaxies per Mpc3. The upper 

histogram shows the number distribution of the galaxies in the sample (- 6000 

galaxies in 55 rich clusters) over the bins of projected density. (Reproduced, with 

permission, from Ref. 42.) 

Fig. 1.11. Mass-to-light ratio, M/LB, and total-to-luminous mass, M/Ml,,, 

for structures of various sizes in the universe. Although M/LB increases system- 

atically with mass, the more physically meaningful ratio M/Ml,,,, appears to be 

constant on all scales within the errors. If the velocity dispersion data for the 

dwarf spheroidal galaxies are interpreted to imply heavy halos, the upper esti- 

mates in the figure result. The lower estimates follow from assuming that all the 

mass is.visible. The upper estimates are probably more realistic. (Reproduced 

from Ref. 26. The data come from Table 1 of this Ref.) 

Fig. 1.12. Perseus supercluster. (Top) Map of the surveyed region of the sky 

(coordinates are declination vs. right ascension), showing galaxies with 3700 < 

V, < 8200 km s-l. (Bottom) Wedge diagram of all galaxies in the survey with 

V, < 10,000 km s-r. The position variable is each galaxy’s projected position 

on the majop axis of the Perseus supercluster filament with arbitrarily chosen 

zero point. The foreground galaxies are clustered, although one galaxy is found 

in an otherwise void region. At redshifts higher than the supercluster’s, very few 

galaxies are found. (Reproduced, with permission, from Ref. 51.) 
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Fig. 2.1. (Left) Schwarzschild and (Right) Hubble.spheres. (Left figure 

adapted from Ref. 67, Fig. 9.7.) 

Fig. 2.2. Mass and linear size. 

Fig. 2.3. Sketch of solutions of Einstein’s equations for the scale factor R(t) 

in open (Ic < 0), flat (k = 0), and closed (k > 0) Friedmann universe models. 

Hubble’s constant Ho is the slope I& and deceleration due to gravity acting since 

the Big Bang (at t = 0 in the figure) implies that the actual age of the universe to 

is less than the Hubble time H;‘; the precise relationship is given by eq. (2.18). 

Fig. 2.4. The function f(n) = toHo for a Friedmann universe (A = 0). 

Fig. 2.5. Relationship of cosmological density parameter c1, and Hubble’s 

parameter H,, z 1OOh km s-l Mpc-’ for various values of to (in Gy). 

Fig. 2.6. Geometry for the three-point correlation function. 

Fig. 2.7. Two-point galaxy correlation function c(r) calculated from the CfA 

data,P31 as reploted and fitted by Dekel and Aarseth. Dots (0) are E and pluses 

(+) are 1 + e. (Reproduced, with permission, from Ref. 75, which discusses a 

possible physical interpretation of the fits and the corresponding length scales 

rc, ro, rb, re. 1 

Fig.-2.8. The cluster-cluster correlation function has the same slope as the 

galaxy-galaxy correlation function, but is roughly an order of magnitude larger. 

Fig. 2.9. Schematic sketches of quasar spectra, showing (Left) the unatten- 

uated redshifted Ly Q! emission feature and the absorption trough that would be 

seen if there were significant absorption by intervening hydrogen, and (Right) the 

actual sort of spectra seen, with discrete absorption lines from small intervening 

“Ly CY clouds” of neutral hydrogen. (From unpublished maunscript by George 

Blumenthal.) 

Fig. 2.10. Mass MH (heavy solid line) of nonrelativistic matter encompassed 

by the horizon as a function of redshift. The Jeans mass MJ is approximately 
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equal to MB until the era (+) when nonrelativistic matter b%gins to domi- 

nate gravitationally; at recombination (z,), MJ drops sharply (light solid line). 

Photon diffusion (Silk damping) erases adiabatic fluctuations in radiation plus 

ordinary matter that cross into the region below the dashed line. Fluctuations in 

a universe dominated by hot or warm dark matter are damped by free stream- 

ing until the temperature drops to the mass of the dark matter particles and 

they become nonrelativitic; the corresponding (free-streaming) Jeans masses are i I 
indicated. (See Lecture 3.) 

Fig. 2.11. “Top-hat” fluctuation: constant density p,(1+6) inside a spherical 

volume of radius R(l + a) in a universe of background density pm = jj. 

Fig. 2.12. Schematic sketches of radius, density, and density contrast of an 

overdense fluctuation. It initially expands with the Hubble expansion, reaches 

a maximum radius (solid vertical line), and undergoes violent relaxation during 

collapse (dashed vertical line), which results in the dissipationless matter forming 

a stable halo. Meanwhile the ordinary matter (&) continues to dissipate kinetic 

energy and contract, thereby becoming more tightly bound, until dissipation is 

halted by star or disk formation. 

Fig. 2.13. N-body simulation of gravitational collapse. (Reproduced, with 

permission, from Ref. 94.) -. 

Fig. 2.14. During the inflationary (de Sitter) expansion, regions once causally 

connected expand much faster than light (dotted lines). After reheating, the 

universe becomes dominated by matter rather than the effective cosmological 

constant associated with the Higgs self-energy; and as the horizon expands faster 

than the Hubble expansion (R oc t’j2 in a radiation-dominated universe), regions 

again become causally connected. 

- Figure 3.1. Radiation temperature (T,) and density (u7) and nonrelativistic 

matter density (pm) from neutrino decoupling (1).to the present, according to 

the standard Hot Big Bang picture. (See text.) 

i3i 



I 

Figure 3.2. Calculated primordial abundances, by number relative to hy- 

drogen, of light isotopes D, 3He, and 7Li, and by mass of ‘He (Yr) for Nv=2, 

3, and 4 light v species (the error bar shows the effect of Ar = f0.2 min un- 

certainty in the neutron lifetime). The primordial abundances inferred from 

observations are YP = 0.23 - 0.25, (D/H) 2 1 x 10m5, (D+3He)/H 5 10v4, 

(7Li/H)= (1.1 f 0.4) x lo-". These are consistent with the predictions for 

rj = (4- 7) x 10-10 and NY 2 4. (Reproduced, with permission, from Ref. 86.) 

Fig. 3.3. Jeans mass vs. scale factor for a universe dominated by baryons 

(solid line), neutrinos (m = 30 eV), and warm dark matter (m = 1 keV). (From 

Ref. 191.) 

Fig. 3.4. Overdensity 6 = 6p/p of a fluctuation vs. redshift. The light solid 

line represents the growth of a baryonic fluctuation in a universe with no dark 

matter. With the constraint &, 5 0.1 from big bang nucleosysthesis, growth of 

the fluctuation amplitude 6 slows when z 5 0.1 and there is only a factor of - lo2 

growth from recombination (zr) until the present. Even without this constraint 

(dashed line), the factor of lo3 growth of 6 since recombination requires too 

large an amplitude of adiabatic fluctuations at recombination to be consistent 

with AT/T constraints. This problem is avoided with dark matter (DM): ~DM 

(heavy solid line) grows a (1 + z)-’ after dark matter becomes gravitationally 

dominant at z ep; but Compton drag prevents baryonic fluctuations (dotted curve) 

from growing until after recombination, when they rapidly grow to match SDM. 

Fig. 3.5. Decoupling of neutrinos occurs when their mean free time tj exceeds 

the Hubble time tH. 

Fig. 3.6. (a) CfA galaxies shown on equal area plot of the northern sky 

(outer circle corresponds to Galactic latitude +40°, lower blank region below 

declination 0” is blocked by our galaxy’s disk). “Galaxy” locations in N-body 

simulations, plotted as in (a), for universe dominated by (b) neutrinos and (c) 

cold dark matter. The neutrino simulation assumes f’I = 1, h = 0.54, and that 

galaxy formation began at z = 2.5; the triangles represent galaxies while the 
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dots~ are points in whose neighborhood the matter has not y& collapsed. The 

cold dark matter simulation assumes II = 0.2 and h = 1.1. (Reproduced, with 

permission, from Ref. 180.) 

Fig. 3.7. Mass rnx and present number density of warm dark matter particles 

X, assuming the standard particle physics model with no entropy generation after 

TGUT. The mass (left axis) scales as fZh2. 

Fig. 4.1. Numerical results for the growth of 6 = k3i2& versus scale factor 

a for fluctuations of various masses M = ir4ke3p,. The curves are drawn for 

n=l,fI= h = 1, and a baryonic to total mass ratio of 0.1. The vertical line 

represents the value of a when the universe becomes matter dominated, and the 

dashed line shows the (constant for n = 1) value of 6 when each mass scale crosses 

the horizon. These curves illustrate the stagnation of perturbation growth after 

small mass scales cross the horizon and show why at late times 6(k) is nearly flat 

for large k (small M). (From Ref. 203.) 

Fig. 4.2. Density fluctuations as a function of mass. a) k3i2 IS,/ = bp/p(M), 

where M = 4r4po/3k3, for isothermal white noise (n = 0), and adiabatic Zel- 

dovich (n = 1) neutrino’lOO1 and cold dark matter spectra. b) Root-mean-square 

mass fluctuation within a randomly placed sphere containing average mass M 

in a cold dark matter universe, for (hz = 1, h = 0.5), (0 = 0.2, h = 1). The 

curves are normalized1’021 at 8 Mpc and assume a primordial Zeldovich (n = 1) 

fluctuation spectrum. 

Fig. 4.3. The baryonic density versus temperature as root-mean-square per- 

turbations having total mass M become nonlinear and virialize. The numbers on 

the tick marks are the logarithm of M in units of Ma. This curve assumes n = 1, 

0 = h = 1, and a baryonic to total mass ratio of 0.07. The region where baryons 

can cool within a dynamical time lies below the cooling curves. Also shown are 

the positions of observed galaxies, groups, and clusters of galaxies. The dashed 

line represents a possible evolutionary path for dissipating baryons. (From Ref. 

32.) 
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Fig.- 4.4. Total mass Mversus temperature ?’ . The-quantity T is pV2/3k, 

where ~1 is mean molecular weight (= 0.6 for ionized, primordial H + He) and 

k is Boltzmann’s constant. M for groups and clusters is total dynamical mass. 

For galaxies, M is assumed to be 10 Ml,, (corresponding to Fig. 1.11). If 

dwarf spheroidals actually have M/LB = 30, they may have suffered baryon 

strippinglX8” , in which case A4 is a lower limit (arrows). Details of the region 

occupied by massive galaxies are shown in the inset in upper left. Model curves 

represent the equilibria of structures that collapse dissipationlessly from the cold 

dark matter initial fluctuation spectra with n = 1. The curves labeled la refer 

to fluctuations with 6M/M equal to the rms value. Curves labeled O.Sa, 2~7, and 

3a refer to fluctuations having 0.5, 2, and 3 times the rms value. Heavy curves: 

n = 1, h = 0.5; dashed curves: n = 0.2, h = 1; these cases were chosen to span 

the astrophysically interesting range. In addition to the n = 1 curves, two la 

curves for n = 0 and n = 2 are also shown (light dashes). 

Major conclusions from the figure: 1) Either set of curves for IL = 1 (Zeldovich 

spectrum) provides a good fit to the observations over 9 orders of magnitude in 

mass. Curves with n = 0 and n = 2 do not fit as well. 2) The apparent gap 

between galaxies and groups and clusters in Fig. 4 (which stems from baryonic 

dissipation) vanishes in this figure, and the clustering hierarchy is smooth and 

unbroken from the smallest structures to the largest ones. 3) The Fisher-Tully 
-. 

and Faber-Jackson laws for galaxies (M CX: V4 or T2) arise naturally as a con- 

sequence of the slope of the cold DM fluctuation spectrum in the mass region 

of galaxies. 4) Groups and clusters are distributed around the n = 1 loci about 

as expected. The apparent upward trend among the groups is not physically 

meaningful but arises from their selection as minimum-density enhancements 

(see constant-density arrow). 5) Th e exact locations of galaxies are somewhat 

uncertain. In particular, the temperatures of E’s and SO’s may be overestimated 

owing to the use of nuclear rather than global velocity dispersions. Taken at face 

value, however, the data suggest that early-type galaxies (E’s and SO’s) arise 

from high-GM/M fluctuations, whereas late-type galaxies (SC’S and Irr’s) arise 
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from low-GM/M fluctuations. 6) Groups and chrsters appear tofill a wider band 

than galaxies. If real, this difference may indicate that very weak, low-GM/M 

fluctuations on the mass scale of galaxies once existed but did not give rise to 

visible galaxies. This suggests further that galaxy formation, at least in some 

regions of the universe, may not have been fully complete and that galaxies are 

therefore not a reliable tracer of total mass. 7) There seems to be a real trend 

along the Hubble sequence to increasing mass among early-type galaxies. Nei- 

ther this trend nor the rather sharp demarcation between galaxies and groups 

and clusters is fully understood. (This figure is from Ref. 26.) 

Fig. 4.5. Cosmological density fl vs. Hubble parameter for various values of 

t, in a flat universe with cosmological constant given by eq. (4.6). 

Fig. 4.6. Consumers’ Report on Dark Matter. 

Fig. 4.7. Relative sensitivities of astronomical instruments. (Figure courtesy 

of the Space Telescope Science Institute. 

Fig. 4.8. Cosmological uroboros. (Adapted from Ref. 32.) 
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