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FIRST- AND SECOND-ORDER CHARGED
PARTICLE OPTICS

Karl L. Brown
Stanford Linear Accelerator Center, Stanford University, Stanford, CA 94305
and
Roger V. Servranckx
Universsty of Saskatchewan, Saskatoon, Saskatchewan, Canada STN-0W0

1 SUMMARY AND INTRODUCTION

Since the invention of the alternating gradient principle there has been a
rapid evolution of the mathematics and physics techniques applicable to charged
particle optics. In this publication we derive a differential equation and a matrix
algebra formalism valid to second-order to present the basic principles governing
the design of charged particle beam transport systems. A notation first intro-
duced by John Streib' is used to convey the essential principles dictating the
design of such beam transport systems. For example the momentum disper-
sion, the momentum resolution, and all second-order aberrations are expressed
as simple integrals of the first-order trajectories (matrix elements) and of the
magnetic field parameters (multipole components) characterizing the system.

These integrals (listed in Tables I, I, and III) provide direct physical insight
into the design of beam transport systems. From them one obtains an intuitive
grasp of the mechanism of second-order aberrations. For example, the effects of
magnetic symmetry on the minimization or elimination of the aberrations is im-
mediately apparent. In fact it is demonstrated that all second-order aberrations
will vanish under appropriate symmetry conditions.

It has also proved convenient to express the magnetic fields via a multipole
expansion about a central trajectory. In this expansion, the constant term, pro-
portional to the field strength at the central trajectory, is the dipole term. The
term proportional to the first derivative of the field (with respect to transverse
dimensions) is the quadrupole term and the second derivative is the sextupole
term, etc.

At high energies, a considerable design simplification results if the dipole,
quadrupole, and sextupole functions are physically separated such that cross
product terms among them do not appear, and if the fringing field effects are
small compared with the contributions of the multipole elements comprising the
system.

At the risk of oversimplification, the basic function of the multipole elements
may be identified in the following way:



The purpose of the dipole elements is to bend the central trajectory of the
system and to generate the first-order momentum dispersion. The quadrupole
elements provide the first-order imaging. In addition to their fundamental pur-
pose, dipoles and quadrupoles will also introduce higher-order aberrations. If
these aberrations are second order, they may be eliminated or at least modified
by the introduction of sextupole elements at appropriate locations.

Dipoles introduce both second-order geometric and chromatic aberrations.
Quadrupoles do not generate second-order geometric aberrations but they do
have strong chromatic (energy dependent) aberrations.

In regions of zero momentum dispersion, a sextupole will couple with and
modify only geometric aberrations. However, in a region where dispersion is
present, sextupoles will also couple with and modify chromatic aberrations.

Quadrupole elements may be introduced in any one of three characteristic
forms: (1) via an actual physical quadrupole consisting of four poles such that a
first field derivative exists in the field expansion about the central trajectory; (2)
via a rétated input or output face of a bending magnet; or (3) via a transverse
field gradient in the dipole elements of the system. Clearly any one of these

“three fundamental mechanisms may be used as a means of achieving first-order
imaging in a system. Dipole elements will tend to image in the radial bending
plane independently of whether a transverse field derivative does or does not
exist in the system, but imaging in the plane perpendicular to the plane of
bend is not possible without the introduction of a first field derivative. Like
the quadrupole element, a sextupole element may be generated in one of several
ways; first by incorporating an actual sextupole, that is, a six-pole magnet, into
the system. However, any mechanism that introduces a second-order derivative
of the field with respect to transverse dimensions is, in effect, introducing a
sextupole component.

We have included in the report a discussion of linear (first-order) optics as
it relates to beam transport systems and to the design of circular machines and
to the relationship between the two. Also included is a discussion of the basic
optical building blocks that are most often used in the design of such systems. In
addition we have provided some applications of second-order optics to the design
of chromatic corrections in beam transport systems and circular machines.

It is our hope that the information supplied will provide readers with the
necessary tools to design any beam transport system suited to their particular
needs.

For the study of details beyond second order, computer ray tracing programs
or higher-order formalisms such as the Lie algebra techniques developed by Alex
Dragt and his students should be explored by the reader.



2 A GENERAL FIRST- AND SECOND-ORDER
THEORY OF BEAM TRANSPORT OPTICS

The fundamental objective is to study the trajectories described by charged
particles in a static magnetic field. To maintain the desired generality, only
_ one major restriction is imposed on the field configuration: Relative to a plane
that is designated as the magnetic midplane, the magnetic scalar potential ¢ is
an odd function in the transverse coordinate y (the direction perpendicular to
the midplane), i.e. ¢(z,y,8) = —¢(z,—y,s). This restriction greatly simplifies
the calculations, and from experience in designing beam transport systems it
appears that for most applications there is little, if any, advantage to be gained
from a more complicated field pattern. The trajectories are described by means
of a Taylor expansion about a particular trajectory (which lies entirely within
the magnetic midplane) designated henceforth as the central trajectory. Re-
ferring to Fig. 1, the coordinate 8 is the arc length measured along the central
trajectory; and z,y, and s form a right-handed curvilinear coordinate system.

by T ARC Length
T= (O'C) of
Arbitrary
Trajectory

ARC Length
(0-A) of
Central
Trajectory

s

Central Trajectory
(Iies in mognetic)

midplane

Magnetic Midplan
0 | 4809A1

Fig. 1. Curvilinear coordinate system used in the derivation of the equations of
motion. ‘



The results are valid for describing trajectories lying close to and making small
angles with the central trajectory.

The basic stéps in formulating the solution to the problem are as follows:

1) A general vector differential equation is derived describing the trajec-
tory of a charged particle in an arbitrary static magnetic field which possesses
midplane symmetry.

2) A Taylor series solution about the central trajectory is then assumed; this
is substituted into the general differential equation, and terms to second order
in the initial conditions are retained.

3) The first-order coefficients of the Taylor expansion (for monoenergetic
rays) satisfy homogeneous second-order differential equations characteristic of
simple harmonic oscillator theory; and the first-order dispersion and the second-
order coefficients of the Taylor series satisfy second order differential equations
having-driving terms.

4) The first-order dispersion term and the second-order coefficients are then
" evaluated via a Green'’s function integral containing the driving function of the
particular coefficient being evaluated and the characteristic solutions of the ho-
mogeneous equations.

In other words, the basic mathematical solution of beam transport optics
is similar to the theory of forced vibrations or to the theory of the classical
harmonic oscillator with driving terms.

It is useful to express the second-order results in terms of the first-order
coefficients of the Taylor expansion. These first-order coefficients have a one to
one correspondence with the following five characteristic first order trajectories
(matrix elements) of the system.

1) The unit sinelike function s;(8) in the plane of bend defined by s;(0) =0
and s%(0) = 1. See Fig. 2.

2) The unit cosine-like function ¢;(s) in the plane of bend defined by ¢ (0) =
1 and ¢%(0) =0. See Fig. 3.

3) The dispersion function d;(s) in the plane of bend defined by d.(0) =0
and d%(0) = 0 and a2 momentum p such that (p — po)/po = 1. See Fig. 4.

4) The unit sinelike function sy(8) in the nonbend plane defined by s,(0) = 0
and s%(0) = 1. See Fig. 5.

5) The unit cosinelike function ¢y (s) in the nonbend plane defined by ¢, (0) =
1 and ¢/ (0) =0. See Fig. 6.



— S Se(s) + x5
fo Fo P
Central el D
Trajectory 0
4809A4

5-84 -

Fig. 2. Sinelike function s;(s) in the magnetic midplane.

Central
Trajectory

4809A3

Fig. 3. Cosinelike function c;(s) in the magnetic midplane.
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5-84 ’ 4809A2

Fig. 4. Dispersion function d,(s) in the magnetic midplane.

S84 480546

Fig. 5. Sinelike function sy(s) in the nonbend plane.
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Central
/-0 Trajectory

5—84 . 480945

Fig. 6. Cosinelike function ¢y(s) in the nonbend plane.

In the first-order Taylor expansion for the transverse position of an arbitrary
trajectory at position s in terms of its initial conditions, the above five quantities
are the coefficients appearing in the expansion for the transverse coordinates x
and y as follows :

z(8) = cz(8)zo + sz(8)z b + dz(8)6
and
y(s) = ¢y(s)yo + sy(s)y b

where zo and yo are the initial transverse coordinates and z% and yb are the
initial slopes of the arbitrary ray with respect to the central trajectory.
6 = Ap/po = (p — po)/po is the fractional momentum deviation of the ray from
that of the central trajectory.

2.1 THE VECTOR DIFFERENTIAL EQUATION OF MOTION

We begin with the usual vector relativistic equation of motion for a charged
particle in a static magnetic field, equating the time rate of change of momentum
to the Lorentz force:

p =¢(V x B)

and immediately transform this equation to one in which time has been elimi-
nated and we are left with only spatial coordinates. The curvilinear coordinate
system used is shown in Fig. 1. Note that the variable 8 is the arc distance
measured along the central trajectory. With a little algebra, the equation of
motion is readily transformed to the following vector forms:

10



Let e be the charge of the particle, V its velocity, V its speed, p its momen-
tum magnitude, T its position vector and T its distance to the origin. The unit
tangent vector of the trajectory is dT/dT. Thus the velocity and momentum of
the particle are, respectively, (dT/dT)V and (dT/dT)p. The vector equation of
motion then becomes:

d (dT dT

Var(z?) =+ (G *B)
or

d*T dT /dp dT
pars + ar(ar) = (a7 ¥ B)

where B is the magnetic induction. Then, since the derivative of a unit vector
is perpendicular to the unit vector, d®T/dT? is perpendicular to dT/dT. It
follows that dp/dT = 0; that is, p is a constant of the motion as expected from
the fact that the magnetic force is always perpendicular to the velocity in a
static magnetic field. The final result is

d*T e/dT
= ;(ﬁ xB) . (2.1)

2.2 THE COORDINATE SYSTEM

The general right-handed curvilinear coordinate system (z,y,s) used is illus-
trated in Fig. 1. A point O on the central trajectory is designated as the origin.
The direction of motion of particles on the central trajectory is designated as
the positive direction of the coordinate s. A point A on the central trajectory
is specified by the arc length s measured along that curve from the origin O to
point A. The two sides of the magnetic symmetry plane are designated the pos-
itive and negative sides by the sign of the coordinate y. To specify an arbitrary
point B which lies in the symmetry plane, construct a line segment from that
point to the central trajectory (which also lies in the symmetry plane) intersect-
ing the latter perpendicularly at A; the point A provides one coordinate s; the
second coordinate z is the length of the line segment BA, combined with a sign,
(+) or (—) according as an observer, on the positive side of the symmetry plane
. and facing in the positive direction of the central trajectory, finds the point on
the left or right side. In other words, z, y, and 8 form a right-handed curvilinear
coordinate system. To specify a point C which lies off the symmetry plane,
we construct a line segment from the point to the plane, intersecting the latter
perpendicularly at B; then B provides the two coordinates s and z; the third
coordinate y is the length of the line segment CB.

-~

We now define three mutually perpendicular unit vectors (£,9,§). § is
tangent to the central trajectory and directed in the positive s direction at the

11



point A corresponding to the coordinate 8; £ is perpendicular to the principal
trajectory at the same point, parallel to the symmetry plane, and directed in the
positive z direction. § is perpendicular to the symmetry plane, and directed
away from that plane on its positive side. The unit vectors (£, §,8§) constitute a
right-handed system and satisfy the relations

E=gx8,
§=8x%,
5=&x§. (2.2)

The coordinate s is the primary independent variable, and we shall use the
prime to indicate the operation d/ds. The unit vectors depend only on the
coordinate s, and, from differential vector calculus, we may write

Z'=hs,
- g'=0,
8'= —ht, (2.3)

where h(s) = 1/pg is the curvature of the central trajectory at point A defined
as positive, as shown in Fig. 1.

The equation of motion may now be rewritten in terms of the curvilinear
coordinates defined above. To facilitate this, it is conveninent to express dT/dT
and d2T/dT? in the following forms:

dT _ (dT/ds) T’
dT  (dT/ds) T'’
T 1 d(T')
dT? T' ds\T')’
or
d’T 1 T d
28t _p_2 2% 2
=T 2T'2ds(T)‘

The equation of motion now takes the form

n 1 T d Iz_e ' '

In this coordinate system, the differential line element is given by
dT = Zdz + §dy + (1 + hz)dds
and

(dT)% = dT - dT = dz* + dy® + (1 + hz)%ds?® .

12



Differentiating these equations with respect to 8, it follows that

T?=z?+y?+(1+hz)?,

d
E(T'z) =z'z"+y'y"+ (1 + hz)(hz'+ h'z),

[

T'=Z%z'+gy'+ (1 + hz)8,

T'=2z"+Z'z2'+Jy"+9'y'+ (1 + hz)§'+ (hz'+ h'z)§ .

Using the differential vector relations of Eq. (2.3), the expression for T " reduces
to

T"=2%(z" - h(l+ hz)) + Jy" +8(2hz' + h'z) .

The vector equation may now be separated into its component parts with the
result

#{(z" — h(1 + hz)) — %f(x'z" +y'y"+ (1+ hz)(hz' + h'z))}
+g{yu_ %—,7(:6':5"+y’y”+ (1+h$)(h$'+h'$))}

B (1+ hz)

+ 8{(2hz' + h'z) T

(z'z"+y'y" + (1 + hz)(hz'+ h'z))}

€
=-T{T'xB
_T/(T' x B)

T'{%(y'Bs — (1 + hz)By) + §({(1 + hz) B, — z'Bs)

R

+8(z'By — y'Ba)} . (2.5)

Note that in this form, no approximations have been made; the equation

of motion (2.5) is still valid to all orders in the variables z and y and their
derivatives.

If now we retain only terms through second order in z and y and their

derivatives and note that T'2 = 1 4+ 2hz + ---, then the = and y components of
the equation of motion become

2" — k(1 + hz) — z'(hz’ + h'z) = ;T'(y'B, — (1+ hz)By) ,

y"—y'(hz'+h'z) = ;T’((l—f—h:r:)Bz —z'Bg) . (2.6)

13



The equation of motion of the central orbit is readily obtained by setting z
and y and their derivatives equal to zero. We thus obtain

€ Po
h = —B,(0,0, Bpo = = . 2.7
o y( 8) or Po . (2.7)

This result will be useful for simplifying the final equations of motion. pg is
the momentum of a particle on the central trajectory. Note that this equation
establishes the sign convention between h,e and By.

2.3 EXPANDED FORM OF A MAGNETIC FIELD HAVING MEDIAN PLANE
SYMMETRY

We now evolve the field components of a static magnetic field possessing
median or midplane symmetry. See Fig. 7. We define midplane symmetry as
follows. Relative to the plane containing the central trajectory, the magnetic
potential ¢ is an odd function in y : i.e. ¢(z,y,8) = —¢(z,—y,s). Stated in
terms of the magnetic field components B;, By, and B, this is equivalent to

Bz (I) y,s) = BZ(I, =Y, S) ’

B,,(:z:,y,s) =By(x’ —-Y, s) ’

Bg(z,y,8) = — Bs(z,-y,8) .

N

W
N

s-s4a DIPOLE QUADRUPOLE SEXTUPOLE 748A10

Fig. 7. Dllustration of the magnetic midplane for dipole, quadrupole, and sex-
tupole elements.
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It follows immediately that on the midplane B; = B, = 0 and only By remains
nonzero; in other words, on the midplane B is always normal to the plane. As
such, any trajectory initially lying in the midplane will remain in the midplane
throughout the system.

The expanded form of a magnetic field with median plane symmetry has
been worked out by many people; one of the most convenient and comprehensible
references is provided by Teng.

For a magnetic field in vacuum, the field may be expressed in terms of a
scalar potential ¢ by B = V¢.”1 The scalar potential will be expanded in the
curvilinear coordinates about the central trajectory lying in the median plane
y = 0. The curvilinear coordinates have been defined in Fig. 1, where z is the
outward normal distance in the median plane away from the central trajectory,
y is the perpendicular distance from the median plane, s is the distance along
the central trajectory, and h = h(s) is the curvature of the central trajectory.
As previously stated, these coordinates (z,y,8) form a right-handed orthogonal
curvilinear coordinate system.

As has been stated, the existence of the median plane requires that ¢ be
"an odd function of y, i.e. ¢(z,y,8) = —¢(z,—y,8). The most general expanded
form of ¢ may be expressed as follows:

QS(IB, y,S) =(4'410 + Allz + A12($2/2!) + A13($3/3!) + .- -)y

+ (Asz0 + As1z + Asz(22/2!) + - )y /3! +

Prod 2m+1

,g__: z=: 2m+1,n l (Zijn;'m (2.8)

where the coefficients Ay, 41, are functions of s.

The differential line element dT of the coordinate system is

dT? = dz* + dy? + (1 + hz)?(ds)? (2.9)
and the Laplace equation has the form

1 a¢ 24 1 a(( 1 a¢>:0.

Vi¢ = (1+h:1:)6x((1+h )Bz)+6y +(1+hz)5§ 1+ hz) 9s

(2.10)

Substitution of Eq. (2.8) into Eq. (2.10) gives the following recursion formula

#1 For convenience, we omit the minus sign since we are restricting the problem
to static magnetlc fields.

15



for the coefficients:

—A2mi3n =A"Smi1n + PRA Smi10-1 — nh'Abmi1n—1 + A2mt1,nt2
+ (3n + 1)hAzm 1,041 + n(3n — 1)R2 Agmi1,n
+n(n—1)2h3Asmi1,0-1
+ 3nhAsm+3n—1 + 3n(n — 1)h2 Aom+3 n—2
+n(n —1)(n — 2)h* A2m+3,n—3 (2.11)

where prime means d/ds, and where it is understood that all coefficients A with
one or more negative subscripts are zero. This recursion formula expresses all
the coefficients in terms of the midplane field By(z,0,s) via the coefficients Ay n:

- n
Ay n= (aa:iy) ., = functions of s . (2.12)

y=0

Since ¢ is an odd function of y, on the median plane we have B, = Bg = 0. The
normal (in z direction) derivatives of By on the reference curve defines By over
the entire median plane, hence the magnetic field B over the whole space. The
components of the field are expressed in terms of ¢ explicitly by B = V¢ or

gn yImtl
mz_:og—.:c)jlzmﬂ T Bm )
y2m
mZ_O”Z_O 2m+1n 2m)' ,
1 d¢ I yimtl
B, = (1 + hz) ER (1 + h:z:) mZOnZ_%AzmH ney (2!1!11 R (2.13)

where B, is not expressed in pure expansion form. This form can be obtained
_in a straightforward way by expanding 1/(1 + hz) in a power series of hz and
multiplying out the two series; however, there does not seem to be any advantage
gained over the form given in Eq. (2.13).

The coefficients up to sixth-degree terms in z and y are given explicitly below
as derived from Eq. (2.11).

16



Azp =— A"to — A12 — hAyp,
A3z; =— A"y +2hA"o+h'AYyg — Az — hAyp + BPA;
Ay =— A'ta +4hA"1 +2h'AYy1 —6h* Ao — 6hh' Ao — AL
— hAy3 + 2h* Ay — 2h3 4y, ,
A3z =— A"z +6hA"y +3h'AY; — 18h2 A"y — 18hh'AY,
+ 24h3A "o + 36R%h' Ao — Ars — hA1s + BhP A3
—6h% 452 + 6h4;;
Aso =A"40+2A"3 — 2hA"y1 + h" Ay + 4h2 A" + 5hh' A
+ A1q +2hA13 — K2 A2 + R* Ay
Agy =A"yy —4hA" o —6h'A" o —4h"A"o — h" Ao+ 2A"3
—6hA™y —2h'AYz + h"Ayz + 10h2 A"y + Thh'AYy — 4hh" Ay
~3h'2Ay; — 16R% Ao — 29R%R' A0 + Ars + 2R Ay4
— 3h%A13 + 3h% A1 — 3R%Ay, . (2.14)
In the special case when the field has cylindrical symmetry about §, we
can choose a circle with radius pp = 1/h constant for the reference curve. The
coefficients Aam41, in Eq. (2.8) and the curvature h of the reference curve are
then all independent of 8. Equations (2.14) are greatly simplified by putting all
terms with primed quantities equal to zero.
2.4 FIELD EXPANSION TO SECOND ORDER ONLY

If the field expansion is terminated with second-order terms, the results

‘may be considerably simplified. For this case, the scalar potential ¢ and the
field B = V¢ become

1 3
¢(z,y,8) = (AIO + Annz + §A12$2 + )y + (430 + )-'Z; + e,
d"B
Aipn = 8:z:"y - = functions of s only ,
’=

17



and
Azg = —(A"o + hAyp + Aya)

where prime means the total derivative with respect to 8. Then B = V¢ gives

0
B.(z,y,8) =3—: = Any+ Apzy+---,

0 1
By(z,y,8) = aj A+ Anz+ A12-'B + 2'Asoy + -
1 0 1
Bq(z,y,8) = o¢ _ (Aoy+Anzy+---). (2.15)

U+ ha)ds (1t ha)

By inspection it is evident .that B, B, and B,, are all expressed in terms of
Ao, A11, and A;2 and their derivatives with respect to s. Consider then By on
the midplane only:

By (z,0,8) = Ayo + Aniz + —A12:B + -

21
dipole quadrupole sextupole etc.
0By 1 62By 2
= By z=0 + ax z=0z a ET z=ox + . (2'16)
y=0 y=0 y=0

The successive derivatives identify the terms as being dipole, quadrupole,
sextupole, octupole, etc., in the expansion of the field. To eliminate the necessity
of continually writing these derivatives, it is useful to express the midplane field
in terms of dimensionless quantities n(s), 8(s), etc., or

By(z,0,8) = By(0,0,8)(1 — nhz + Bh’z? + yh3z® + .. .) (2.17)

where, as before, h(s) = 1/po, and n, § and ~ are functions of s. Direct com-
parison of Eqgs. (2.16) and (2.17) yields

2
) - _[hBy( o )];f° and  f= [Z!hiBy <3a£y)]::g ) (2.18)

=0

'We now make use of Eq. (2.7), the equation of motion of the central trajectory:

By(0,0,8) = h(%o) .

Combining Egs. (2.7) and (2.18), the coefficients of the field expansions become
Do
Ao =B =h|—=
10 y(0,0,S) h(e) ’
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_aBy _ 2 Do
An =, =0 = —rh (?) ’
21412 =31 g | sz = PP (%)

TT—Y
Al =h'(_}.:9) :
o w3 o

To second order the expansions for the magnetic field components may now
be expressed in the form

Bz(za Y, S) =(1—;g) (——nhzy + Zﬂhaxy + .. ) ,
By(:l:, Y, S) :(_89) (h —nhlz + ﬂhszz
— %(hu _ nh3 + 2ﬁh3)y2 + .__) ,

By(z,y,8) = (%Q) (h'y — (n'h® + 2nhh' + hh")zy +---) , (2.20)
where py is the momentum of the central trajectory.

2.5 EXPANSION OF THE MAGNETIC FIELD AS A FUNCTION OF
MULTIPOLE COMPONENTS

The magnetic field on the midplane may also be expressed as follows:
\ o0
By(z,0,8) = Bp Z Kp(s)z" (2.21)
n=o

where Bp = B/h = po/e is the magnetic rigidity of a particle of momentum po
and charge e along the central trajectory. From Eq. (2.21) it follows that

%6 = (5;) (21 (5 222
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and
L

Sn = [ Kp(s)ds (2.23)
/

where S, is the integrated strength of an nth order multipole component of
length L.

2.5.1 Multipole Strengths for Pure Multipole Fields

Consider the scalar potential of an nth-order (2(n + 1)pole) pure multipole
element:

Bor""'l
= 5] 0 2.24
¢ n+ Do sin(n + 1) (2.24)
where
- z=rcosf and y=rsinf .

By is the field at the pole and a is the radial distance to the pole from the central
‘trajectory.

Expanding ¢ as a function of z and y and differentiating, we have

B=%=%W+)
from which
K, = (%) (Bip> (2.25)
and
e (2)(2) e

where L is the length of the multipole element. "

For a dipole (n = 0), the dipole strength is

0=———=

Bp

where o is the angle of bend of the central trajectory.

#2 Note that in most European publications the monomial K,(s)z" in Eq.
(2.21) would be replaced by —K,(s)z"/n!, which would result in a change
of sign and the introduction of the factor n! in the definition of K, in Eq.
(2.25) and S, in Eq. (2.26).
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For a quadrupole (n = 1),

= (2)(%):
5= (2)(%):

and so on for higher-order multipoles.

for a sextupole (n = 2),

2.5.2 Multipole Strengths for a Non-Uniform Field Expansion
Consider the midplane field expansion of a non-uniform field:
By(z,0,8) =By(0,0,8)(1 — nhz + B(hz)? + v(hz)® +...)
=Bp(h — nh®z + Bh3z? + yh*23 4 .. )
O
=Bp Z K,(s)z" . (2.27)
n=0
The multipole strength factors are
K0=h’ KI:_nhz’ K2=,Bh33
The integrated strengths S, are

So=hL=a, S =-nh’L, Sy = BREL

2.5.3 Multipole Strengths for a Contoured Entrance or Exit Boundary of
a Dipole

. A third method of introducing multipole components is via a curved entrance
or exit boundary of a dipole magnet. To calculate the multipole strengths in
_this case, we integrate Eq. (2.21), holding z constant. The shape of the exit (or
entrance) pole face is introduced by letting the limit of integration L(z) vary

with z. Thus we have the following relation:

L(z) L(z) .

/B (zOsds—BpEx / (s)ds =Bp ) Snz™ . (2.28)
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We assume By to be a constant inside the effective field boundary and zero
outside (the finite extent of the fringe field is ignored). In this sharp-cutoff
approximation, the field boundary L(z) is given by

L

—

z)
1

L(:z:) = Fy Sz 2

By(z,0,8)ds = %z + 5Tt (2.29)

o,

where h = 1/p.

The slope of the boundary at z = 0is S; /h. If we denote the boundary angle
by 3, the slope is also —tan 8. The minus sign defines the positive orientation
of the angle. Thus we have

S1=—htang.

A positive § implies radial (z-plane) defocusing and transverse (y-plane) focus-
ing. -

The boundary defining a sextupole component is parabolic. It is convenient
‘(from a construction point of view) to relate the sextupole strength to the radius
of curvature R of the parabola at £ = 0:

1 Z" 25
R (1+2Z?%)32 hsec3B
or
hsec3
Sp=—p— -

From Eq. (2.28) we conclude that a positive multipole component of the field
increases the value [ Bds as r increases. Thus a positive sextupole is represented
by a concave surface at the boundary. Figure 8 shows the sign conventions used
in the TRANSPORT program for # and R.
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‘Fig. 8. Field boundaries for bending magnets. The quantities illustrated in
the figure have a positive sign when using the convention of the TRANSPORT
program.

2.6 THE EQUATIONS OF MOTION IN THEIR FINAL FORM TO SECOND
ORDER

Having derived the expressions (2.20), we are now in a position to substitute
them into the general second-order equations of motion (2.6). We find for

z"—h(1+ hz) — z'(hz' + h'z)
=(%)T'{(1 + ha)[—h + nhz — Bh32? + %(h" ~ nh® +26h%)y?|

+ h’yy' + ...}
~and for y
y"—y'(h:z:' + hlz)

=(%)T'(——z 'h'y — (1 + hz)(nh®y — 28R%zy) +--.) .

Note that we have eliminated the charge of the particle e in the equations of
motion. This has resulted from the use of Eq. (2.7), which is the equation of
motion of the central trajectory.
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Inserting a second-order expansion for

T'= \/zIZ +yl2 + (1+h$)2

and letting

po Do

D  —1-6§+6+--. 2.30
p  po(l+6) (230

we finally express the differential equations for z and y to second order as fol-
lows:

"+ (1 — n)hiz =h6 + (2n — 1 — B)R3z® + h'zz' + %hz 2
1
+ (2 - n)h%z6 + E(h“ — nh® + 28h%)y?

1
+h'yy' — Ehy 'z _ hé? + higher-order terms ,

y" +nhly =2(8 — n)h3zy + h'zy' — h'z'y + hz'y' + nh®yé

+ higher-order terms . (2.31)

From Eqs. (2.31) the familiar equations of motion for the first-order terms
may be extracted:

"+ (1—n)hz=h6 and y"+nhly=0. (2.32)

Substituting Ky = —nh? into Egs. (2.31), the equations of motion for a pure
quadrupole field result by taking the limit h — 0, h' — 0, and A" — 0. They
. are

z" + K1z =Kyz6 ,

y"— Kiy=—- Kiyé,

K= (3)() = (2) (5 -

] Similarly, to find the equations of motion for a pure sextupole field, we substitute
__ K, = Bh® into Egs. (2.31) and take the limit A — 0, ' — 0, and A" — 0. The

where
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equations are

y" —2Kyzy =0,

K= (2) () = (&) (5) (234

2.7 THE DESCRIPTION OF THE TRAJECTORIES AND THE
COEFFICIENTS OF THE TAYLOR EXPANSION

where

The deviation of an arbitrary trajectory from the central trajectory is de-
scribed by expressing x and y as functions of 8. The expressions will also contain
Zo, Yo, T, Y b, and &, where the subscript 0 indicates that the quantity is evalu-
ated at 8 = 0; these five initial values will have the value O for the central trajec-
tory itsélf. The procedure for expressing z and y as a fivefold Taylor expansion
will be considered in a general way using these initial values, and detailed for-
‘mulas are given for the calculations of the coefficients through quadratic terms.
The expansions are written

=) (zlefrdz b y " 6X) il z b y b s ,
— K, A1 b LV EX) ALl PVEX 2.35
y (ylzGyoz b"y 6" 6X)z5yo T oy b¥ 6% . (2.35)

Here, the parentheses are symbols for the Taylor coefficients; the first part
of the symbol identifies the coordinate represented by the expansion, and the
second indicates the term in question. These coefficients are functions of s to
be determined. The ¥ indicates summation over zero and all positive integer
values of the exponents «, A, u, v, x, however, the detailed calculations will
involve only the terms up to the second power. The constant term is zero, and
the first-order terms that would indicate a coupling between the coordinates z
and y are also zero; this results from the midplane symmetry. Thus we have

(z[1) =(y[1) =0,
(zlvo) =(y|z0) =0,
(zlyb) =(ylzb) =0. (2.36)
Here, the first line is a consequence of choosing o = yo = 0, while the second and

third lines follow directly from considerations of symmetry, or, more formally,
from the formulas at the end of this section.
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As mentioned in the introduction, it is convenient to introduce the following
abbreviations for the first-order Taylor coefficients:

(zlzo) = ez(s) ,  (z]zb) =s2(8) ,  (2|6) = ds(s) ,

(vlyo) =cy(8) ,  (ylyb) =sy(s) - (2.37)

Retaining term
Hetaining ter

n
o
Q
0
[4]
o

o d usine Eas (2 36) and (2 27) ¢
on and using u\lu- (4.0} ana (2.87), th ay
T e

Cz Sz d,
P e N —
= (z|zo) o + (z]zb) zh +(z|6) 6
+(z|2d)=] +(z|zoz0)zozo  +(z|T06)Z06
+(z|zH?)z b2 +(z|z68)z b6 +(z|6%)62
+(z|vd)vd +(zlyoy b)yoyo  +(z|y6?)y b2
] (2.38)
and
Cy Sy
e, N
y= (vlyo) wo + (ylyo) ¥o

+(ylzoyo)zovo  +(v|zoy b)zoyb +(ylz byo)T byo
+ylzbyb)zovo  +(ylyob)wed  +(ylyo6)yos

Substituting these expansions into Egs. (2.31), we derive a differential equa-
tion for each of the first and second order coefficients contained in the Taylor
expansions for z and y. When this is done a systematic pattern evolves, namely

Cz” + k:cz = 0 ’ Cy" + k:cy = 0 ’
" 2 — n 2 J—
8" +kzsz =0, sy +kysy =0,

0" +kigz = fz o'+ kjay = fy (2.39)

where k2 = (1 — n)h? and k2 = nh? for the z and y motions, respectively. The
first two of these equatlons represent the equations of motion for the first-order
. monoenergetic terms s, ¢z, sy, and cy. That there are two solutions, ¢ and s, is
a manifestation of the fact that the differential equation is second order; hence
the two solutions differ only by the initial conditions of the characteristic s and
c functions. The third differential equation for ¢ is a type form which represents
the solution for the first-order dispersion d, and for any one of the coefficients
of the second-order aberrations in the system where the driving function f for
each aberration is obtained from the substitution of the Taylor expansions of
Egs. (2.38) into the general differential Egs. (2.31).
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The coefficients satisfy the boundary conditions:
c¢(0)=1, ¢'(0)=0,
s(0) =0, s'(0)=1,
d(0) =0, d'(0)=0,

g(0)=0, g¢'(0)=0. (2.40)

The driving term f is a polynomial, characteristic of the particular ¢ whose
terms are coefficients of order less than that of q, and their derivatives. The
coefficients in these polynomials are themselves polynomials in h, h', ..., with
coefficients that are linear functions of n, 8, ... . For example, for ¢ = (z|z2),
we have

- f=@n—1—mﬁ&+hm¢;+;wf. (2.41)

In Table I-are listed the f functions for the remaining linear coefficient, the
momentum dispersion d;(8) and all of the nonzero quadratic coefficients, shown
in Eqs. (2.38), which represent the second-order aberrations of a system.

The coefficients ¢ and s (with identical subscripts) satisfy the same differ-
ential equation, which has the form of the homogeneous equation of a harmonic
oscillator. Here, the stiffness k? is a function of s and may be of either sign. In
view of their boundary conditions, it is natural to consider ¢ and s as the analogs
of the two fundamental solutions of a simple harmonic oscillator, namely cosws
and (sinws)/w. The function ¢ is the response of the hypothetical oscillator
when, starting at equilibrium and at rest, it is subjected to a driving force f.

The stiffness parameters k2 and kz represent the converging powers of the
field for the two respective coordinates. It is possible for either to be negative,
in which case it actually represents a diverging effect. Addition of k2 and k;‘;
yields

k2 + k3 =h?. (2.42)

For a specific magnitude of h (within one dipole magnet), k2 and k; may be
* varied by adjusting n, but the total converging power is unchanged; any increase
in one converging power is at the expense of the other. The total converging
power is positive.

A special case of interest is provided by the uniform field; here A = const
and n = 0; then k2 = h? and k2 = 0. Thus, there is a converging effect for
z resulting in the familiar semicircular focusing, which is accompanied by no
convergence or divergence in y.
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Table I. The Driving Terms for the Coefficients

dy = (z/6) | h
(z|z3) "+ (2n—1- p)h332 +h'czc’s +ihct,?
(z|zoz o) +2(2n— 1 - B)h%czs;  +h'(cz8's +c'8s) +hehs
(z]z06) (2—n)h%c; +2(2n—1— B)h3cd;  +h'(cad’z + c'zd;) +he'pd
(z]z0?) (2n — 1 — B)h3s2 +h'szs'y +1hst?
(z]z06) (2—n)h%s; +2(2n—1—B)h%s,d, +h'(szd’s +8%d;) +hsd’
(z]6?) —h+(2—n)h%d, +(2n—1— B)h3d2 +h'd,dy +3hd 2
(z|yd) F(h'" —nh®+28R%)c2 +hicycy —3hety?
(zlyoy ) (h" = nh® + 28h%)cysy +h'(eysy +clysy) ~heys’y
(zlyo?) 3(h" — nh®+2B1%)s2 +h's,s’, —3hsty?
(ylzayo) 2(B — n)h3cqcy +h'(cgey — c'yey) +hezcly
(v]z03%) 26 - n)heus, thi(east — c'asy) thes),
(ylz'oyo) 2(8 — n)h%szcy +h'(szcy — s'zcy) +hsicy
(ylzoy ) 2(8 — n)h3s.sy +h'(sz8Yy — s%sy) +hstsy
(y]yob) nh2cy, +2(B — n)h3c,d, —h'(cyd’y — cydy) +he'yd’y
(vly 09) nh?s, +2(8 — n)h%syd —h'(syd’s — sydz) +hsyd’

Another important special case is given by n = 1/2; here, k2 = k2 = h?/2.
Thus, both coordinates experience an identical positive convergence, and ¢, = ¢,
and s; = sy; that is, in the linear approximation, the two coordinates behave
identically, and if the trajectory continues through a sufficiently extended field,
a double focus is produced.

The method of solution of the equations for ¢ and s will not be discussed
here, since they are standard differential equations. The most suitable approach
to the problem must be determined in each case. In many cases it will be
a satisfactory approximation to consider h and n, and therefore k? also, as
.piecewise constant. Thus, ¢ and s are represented in each interval by a sinusoidal
function, a hyperbolic function, a linear function of s or simply a constant. Using
Eq. (2.39) it follows for either the z or y motions that

d
a;(cs —c’s)=0.

Upon integrating and using the initial conditions on ¢ and s in Eq. (2.40) we
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find
cs'—cls=1. (2.43)

This expression is just the determinant of the first-order transfer matrix
representing either the z or y equations of motion. It can be demonstrated that
the fact that the determinant is equal to one is equivalent to Liouville’s theorem,
which states that phase areas are conserved throughout any first-order system
in both the z and the y plane motions.

The coefficients ¢ are evaluated using a Green’s function integral
8
g= / £(r)G(s, 7)dr (2.44)
0

where
- G(s,7) = s(s)e(r) — s(r)e(s) (2.45)

~and
g = s(s) / f(r)e(r)dr — ¢(s) / f(r)s(r)dr . (2.46)
0 0

To verify this result, it should be noted that this equation, in conjunction with
Eq. (2.43), reduces the last of Egs. (2.39) to an identity, and that the last pair
of Egs. (2.40) follow readily from this proposed solution. In particular, if f =0
then ¢ = 0. Then it will be seen from Table I that several coefficients are absent,
including the linear terms that would represent a coupling between z and y .
Frequently, the absence of a particular coefficient is obvious from considerations
of symmetry.

Differentiation of Eq. (2.46) yields

q'=s'(s) / f(r)e(r)dr — ¢'(s) / f(r)s(7)dr (2.47)

- and

g"=f +s"(s)/f(1)c(r)dr —c"(8) / f(r)s(r)dr . (2.48)
.0 0

The driving terms tabulated in Table I, combined with Eqs. (2.46), (2.47),
and (2.48), complete the solution of the general second-order theory. The explicit
solutions for specific systems or element of systems can be found in the report
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SLAC 75 by Brown® It is useful to integrate the driving terms tabulated in
Table I for a separated function lattice, so that the dipole, quadrupole, and
sextupole terms are separated. The results are shown in Table II for point
to point imaging (8;4(8) = 0), and in Table III for parallel to point imaging
(¢z,y(s) = 0). The fringing field terms containing h'(s) have been dropped. This

is a reasonable annroximation at hioch enercies where (ﬂ\ is very large compared
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with the beam dimensions.

Tables I, II, and III are especially useful for determining the symmetry con-
ditions needed to make a given aberration or group of aberrations vanish, or
to determine the coupling coefficient of the terms with respect to the multipole
strengths Sy; for the jt* element. Where n is the order of the multipole and j
identifies distinct multipole magnets.

Table II. The integrated values of the second-order matrix elements for a
separated function lattice for point to point imaging (s;4(s) = 0); fringing
field terms are not included.

Dipole Sextupole Quadrupole
(z)z3) = —Fea(s) [y cuisada +ci(8) 3o Sajcisa
(z|zozb) = —cy(s) [y chszszdat2es(s) 3, Szjcas]
(z]|z0b) = —cz(s) f;c’zd’zszda—f—Zcz(s) Zj S2jczS8zdz—cz(s) Ej S1j€z8z
(z|zo0'2) = —Fea(s) fo s 22sada +c5(8) 2o Sz583
(z|z0'6) = —ca(s) [y s2d%ssdat2e,(s) > Sajsids —cg(s) X, S1j8%
(z]6%) = —%c,(s) fO'd’zzszdaﬁ-c,(s) Zj Sgjszd2  —cz(s) ZJ- Syj8zds
(z|ud) = 2ea(s) [y ¢4Pszda —ca(8) 3o Spjckss
(zlyoyo’) = cz(8) fy cysyszda —2¢5(8) 3, Szjeysyss
(z|yo'?) = Jea(s) [y sy2sada —cz(8) 3o, Szjstss
(ylzoyo) = —ey(8) fy ctzeysydo—2cy(s) 2_j Szjcacysy
(y|zoyo') = —cy(s) f:c‘zs ysyda—2¢cy(8) 3 Sajess),
(vlzo'yo) = —ey(s) [y sucysyda—2cy(8) 3, Sajszcysy
(y]zo'yo') = —cy(s) f;s'zs'ysyda—ch(s) > ngszsz
(ylyob) = —cy(s) [y ciydzsyda—2cy(8) 3=, Szjeydssy+ey(s) o5 Sijeysy

(ylyo '6) = —cy(s) fo' sydysyda—2cy(s) Zj Szjdzsg +cy(8) Ej Sljs§

30



Table III. The integrated values of the second-order matrix elements for
a separated function lattice for parallel to point imaging (czy(s) = 0);
fringing field terms are not included.

Dipole Sextupole Quadrupole
(z|zd) = +384(8) [y c2Peada —s5(8) 3, Sz5¢3
(z|zozh) = +84(8) [y chs'cada—28,(8) 3, Szje3sz
(z|zob) = +82(8) [§ cadcada—28,(8) X_; Sajclids  +s2(s8) 2o Sijel
(z|z0'?) = +3ss(8) [y sh2cada—sz(8) X, Sajsics
(z|z0'6) = +55(s) [y s'%dcsda—2s,(s) 37, 528z¢2dy+55(8) 35 S158z¢4
(2167) = +1s4(s) J§ dhPeada—s2(8) X Spjeadl  +52(8) T Sijeada
(z|vd) = —1s:(s) [y cyPczda +8,(s) 3, Syjcie,
(z|goyo') = —s5(8) [, ciysyczda+2s,(s) > SajeySycs
(zlyo ') = —3s2(8) [y syPeado+s4(s) Yo ; Sajsies
(y]Zoyo) = +5y(s) [y ¢zcycyda+2sy(s) >, Szjezcl
(vlzoyo) = +sy(8) [y ¢'zsyeyda+2sy(s) 3o, Sajeacysy
(ylzo yo) = +sy(s) [5 szcyeyda+2sy(s) 5 Saysach
(ylzo'vo") = +sy(8) [y ssycydat+2sy(s) 1o Sajsacysy
(ylwo8) = +sy(s) [y cyd'zeyda+2sy(s) Y Saicyds  —sy(s) 25 Sijc
(ylyo'8) = +sy(8) [y s yd'zeyda+t2sy(s) 2 Spjdzcy  —sy(8) 3o; Sijsycy

3 FIRST-ORDER OPTICS
3.1 NOTATIONS AND DEFINITIONS

This chapter is devoted to the detailed study of first-order optics. The results
are derived from those obtained in Chapter 2, and in particular from Egs. (2.35)
to (2.40).

In order to simplify the notation, the following convention is adopted:
The variables z, ', y, ¢/, I, § will be denoted by z;, z2, z3, 74, T5, Z6.

Using this notation and restricting ourselves to first order, Eq. (2.35) can
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be written in the following form:
6
zi =Y Rijzo;, i=1,2,...,6 (3.1)
)=l

where we have adopted for (z;|zo;) the notation R;; as used in linear algebra.
Equation (3.1) can also be rewritten in compact matrix notation as

X =RX,.

3.1.1 Geometric Terms, Chromatic Terms, and Phase Space

In optics studies it is customary first to study the properties of a set of optical
elements by restricting the momentum of the test particles to one value (called
the reference momentum), and then to study the properties as the momentum
is changed. The elements R;; of the matrix R that contain one subscript with
the value 6 are called chromatic terms. The elements R;; for which no subscript
.is equal to 6 are referred to as geometric terms.

The condition expressed by Egs. (2.36) and (2.37) simplify the matrix R to
the following expression:

cz(s)  sz(s) 0 0 0 di(s) \
cz'(8) sz'(s) O 0 0 d;'(s)
R 0 0 cy(8) sy(s) O 0
0 0 ¢/(s) sy'(s) O 0
Rs; Rs2 Rs3 Rsy Rss Rse

\RGI Res Rez Res Res Reej

Because there is no coupling between the variables z;,z2 and z3,z4 (resulting
from midplane symmetry) it is convenient, when one is not considering the
chromatic terms, to retain only the two by two matrices describing the motion
in the planes defined by the coordinates z;,z; or z,z' and by the coordinates
z3,Z4 or ¥,y'. The first plane is the horizontal phase space or the (z,z') phase
" plane, and the second is the vertical phase plane or the (y,y') phase plane. The
matrix R, called the transfer matrix, then reduces to the simple 2 x 2 form for

each plane:
Ri(s) Riz(s) =[c(s) s(s)]
c'(s) s'(s)|

R(S)'—" Rzl(s) Rzz(s)
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3.2 GREEN’S FUNCTION INTERPRETATION

Consider two points in a beam line defined by the positions r and s (assumed
in increasing order) of the longitudinal coordinate, as illustrated in Fig. 9. An
interesting problem is to determine at the point s the effect of a punctual (zero
length) magnetic element located at coordinate r. It is understood that only
angular kicks can be achieved by such elements.

x‘(t)
l/ |
T Y
T S
{ o
| Re,s |
b6 -84 ) 4809A24

Fig: 9. Green’s function interpretation: an angular kick at position 7
results in an effect at position s.

Let z'(7) denote the angular kick produced at position 7. The values of z(s)
and z'(s) denoting the effect-at position s are given by

1:(8) R 0 Ru R12 0
z'(s) "\ z(r) Rn Rpj  \z'(7)
where R is the linear transformation matrix between positions 7 and s.

() s
R(”"(c'(r) s'(r))

transfers data from position 0 to position 7, the transfer matrix R, , between 7
and s is obtained as follows:

Since the matrix

R(s) = R, R(r)

" from which one gets
Rrq = R(s)R(r)™*

or, in explicit form,

(Ru RIZ) =(°(9) 3(9))(3'(7) —S(T))
Ry1 Ry re c'(s) s'(s) —c'(r) (1)
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from which
(R12)r,s = —c(8)s(r) + s(s)e(r)
and

(R2g)re = —c'(8)s(r) + s'(s)e(7) .

(Ri12)+6 is the Green’s function for z(s) and (Rz2)r, is the Green’s function for

z'(s).
3.2.1 Example of the Use of the Green’s Function

Find the expression for the first-order dispersion in terms of the ¢ and s
functions and find the condition (in terms of the same functions) for first-order
achromaticity (a dispersion-free system). The dispersion function d;(s) is the
solution of the equation

d2 + k2d, = h(s) = (1/po) -

In this equation h(s) is the driving term f for the dispersion d;; then, from Eqgs.
(2.46) and (2.47), we have

do(s) = / £(1)G(r,8)dr = / h(1)G(r,s)dr
0

0
-—:sz(s)/-cz(r)h('r)dr—cz(s)/ssz(r)h(r)dr.

Denoting dr/po by de, the differential angle of bend of the central trajectory,
we obtain
8 8

d.(s) '= sz(s)/cz(r)da—cz(s)/sz(r)da

0 0

and
di(s) = s,,"(s) /s cz(r)da — ¢i(s) j sz(r)de .
0 0

From these two formulas defining the dispersion and its derivative in terms of
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the ¢ and s functions we get the achromaticity conditions as

/cz('r)da =0 = /Ru(r)da ,
0 0
0/sz('r)doz =0 = O/ng('r)da .

3.3 LINEAR BEAM OPTICS

By the word beam we mean a set of n particles where n is a large integer. The
behavior of beams can be studied by the tracing of a large number of individual
particles or by studying the transfer properties of algebraic curves which are
assumed to bound the particles contained in the beam. It is a property of linear
algebra that the only curves that are simple to transfer are the conics (second-

_degree curves). Therefore, as a simplification decision, it will be assumed that
beams restricted to two dimensions are adequately described in linear optics by
an ellipse.

3.3.1 Elliptical Beam Envelopes

Let us first consider the two-dimensional case in the horizontal phase plane
r,z'.

The general equation of an ellipse, centered on the origin, is
az’ + 2bzz' +cx'? =m
which can be written in matrix form as
X'BX =m

where B is a positive definite symmetric matrix defined by the coefficients a, b, ¢

_as follows:
a b T
B = ( ) and X = ( )
b ¢ z'

and X* is the transpose of X. The multiplication of all four coefficients by a
common factor does not change the ellipse. One has then the choice of either
letting m = 1 or det B = 1. In the first instance the area of the ellipse is given
by n/v/det B and in the second instance the area equals mm.
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Let us adopt the definition
X'BX =1 (3.2)

and denote o as the inverse of matrix B
o11 021
c=B"1= . (3.3)
021 022

One can prove, by using techniques of dual spaces in linear algebra, that /011
and ,/0zz are the tangential projections of the extreme points of the ellipse on
the axes z and z' respectively, as shown in Fig. 10.

/
X =/

x/ deto slope= 72
o/ rod
.'nt o / 1

Xmax= v 9

- det o

Xint =/ >
Beam 22
Centroid

7-84 4809A25

Fig. 10. A beam ellipse based on the o matrix. The maximum
extent of the ellipse and its orientation are shown as a function
of the matrix elements.

With this definition the equation of the ellipse may also be expressed as
XlolX=1

or alternatively as
0922% — 200127 + 01122 = det o

and its area is A = 7v/det 0.
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This definition may be extended in a straightforward way to n-dimensions.
An n-dimensional ellipsoid is defined by o, a positive definite symmetric matrix,
and has the equation

XtolXx =1

where now X stands for an n-dimensional vector. The volume enclosed by the
ellipsoid is given by
7l’"'/2
———<Vdet o .
T'(5+1) e
In particular for dimensions 4 and 6 the volume of the ellipsoid is given by
(r2/2)v/det o and by (72/6)+/det o respectively.

3.3.2 Beam Ellipse Transformation

Assume a beam to be defined at a longitudinal position s; by the matrix o;.
Its equation is

X{O’I_IXI =1.

“Consider the point 83 and assume that R is the linear transfer matrix from s,
to s3. The coordinate transformation satisfies the following relations:

X, = RX; and Xi=R!X, .

This linear transformation will change the ellipse o; at point s; into another
ellipse 03 at point 82. The equation of the second ellipse is

X§02‘1X2 =1,

We need to find the relation between o2 and 0;. To do so we express Xé and
X, in terms of X} and X;. We obtain

Xi{R'o;'RX; =1
from which we conclude
o] 1= Rta; 1R
and, by inverting,
( o1 = R7loy(RY)™!
or equivalently
03 = Ro R .
Note that since det R = 1 (Liouville’s theorem) it follows that

det 01 = det o3 ,

showing that the transformation has preserved the phase volume of the beam.
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Before pursuing the study of the transmission of beams through a system we
shall look at the formulas that govern single-particle motion in closed machines.

3.4 SINGLE-PARTICLE OPTICS FOR A CLOSED MACHINE

The first-order equations of motions are given by

T+ Ke)e %g’=6h(s),

Y 4 kis)y =

In a closed machine the functions k;(s), ky(8) and p(s) are periodic functions
of 8 . Let us consider solutions for the nondispersive (§ = 0) stable case. The
theorem of Floquet states that there exist two functions 3(s) (periodic) and ¥(s)
in terms of which the general solution z(8) can be expressed:

z(s) = VeB(8) cos(¢(s) + ¢)

where € and ¢ are two arbitrary constants and the two functions 3(s) and (s)
are not independent, but are linked by the relation

dr

Y(s) = 30 °
0

¥(s) is called the “machine phase shift” between points 0 and s . Differentiation
of z(s) with respect to s yields

2(6) =y o 24 cos(p(s) + 6) ~ VB (sin((s) + ¢)

=)
( Bls) 2 B(s)

— - y[555 (a0 costvts) + ) + sin(u(9) + ¢))
‘where we define the function a(s) by

B'(s) = —2af(s) .

Alternatively z/(s) can be written in the form

z'(s) = Vey(s) cos(x(s) + @)
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where x(8) satisfies the relation

1

tMK¢@)—x@D==;@5

or equivalently

sin(u(s) = x(6)) = = s
and the function ~(s) is defined by
7M=L%§£-

Let us note that the functions B(s), a(s), and ~(s) are periodic with the period
L where L is the length of the closed machine. Consider now the values of the
solution z and its derivative at successive revolutions at a fixed point s. We
can describe the motion at position s by plotting the values of z and z' in the
_“z-phase plane”. Eliminating the trigonometric functions from the expressions
of z(s) and z'(s) yields, after some manipulation,

v(s)z? + 2a(s)zz' + B(s)z'? = €,

which shows that the positions (z,z’) of a particle at the coordinate s upon
successive turns lie on an ellipse. This ellipse can also be written in matrix form.

The parameters a, #, and ~y are sometimes referred to in the literature as
the Twiss parameters.

3.4.1 The Machine Ellipse

Let T denote the matrix

T=<ﬂ® —Mﬂ) (3.4)
—a(s)  ~(s)

“where T has a determinant equal to 1. The equation of the ellipse characteristic
of the machine may then also be written in the matrix form

XT X =¢. (3.5)

The area of this ellipse is me. As was shown for the beam ellipse in a previous
paragraph, we can compute the maximum z excursion Tyax and the maximum

39



z' excursion z'max. They are given by the expressions :

Zmax = / PBe ’ Z'max = /€ . E

From the explicit equation of the ellipse one can also obtain the coordinates of
the intercepts with the axes:

€ ' €
Zinter = ; ’ Z inter — 'ﬂ‘ .

From these expression one can deduce alternative expressions for the area of the
ellipse:

Area = M€ = TTmaxZ 'inter = TTinter 'max -
This result can also be generalized to dimension n. For n dimensions € is the

product of one intercept ,one maximum and (n — 2) maxima of subspace inter-
_cepts. Figure 11 illustrates these points in two dimensions.

Ax/

xr’n0x=‘\/>7€-\
x{nf =\/_B?—\

V -
X
/ Beam
Centroid
5-84 , 398941

Fig. 11. An ellipse based on the machine parameters 3, a,
=, illustrating single-particle motion in a closed machine. The
area of the ellipse is A = 7e.



Consider now two points S; and S; on the reference orbit of the closed
machine. Let T} and T; denote the machine ellipse matrices at these two points
and R the transfer matrix from point S) to point Sz. As for the beam ellipses,
we have the following transformation relating T3 to T1:

T; = RT\R!
or
B2 R}, —2Ry1 Ry R%, p1
a2 | =| —RuRan 1+ 2Ri2Rn1 —RizRp o | - (3.6)
Y2 R2, —2R2;1 Ry RZ, 1

3.5 THE RELATIONSHIP BETWEEN THE BEAM ELLIPSE AND THE
- MACHINE ELLIPSE

Having-defined ellipses both for beams of particles and for single-particle
motion in closed machines, we now turn our attention to the relationship between
the two. Consider a closed machine that is characterized by the ellipse E; with
emittance ¢ and area A;, as shown in Fig. 12. Let P, denote a point on that
ellipse and let O denote the origin of the axes. After successive turns around
the machine the point Py will reappear at P2, Ps, etc. Since the transformation
R governing this motion is linear and area preserving, the area O P, P; is equal

A x/

5~-84 4809A11

Fig. 12. The superposition of beam ellipses
E; and E53 with a machine ellipse E;.
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to area OP, P;, etc. It also follows that these areas and A satisfy the following
relation:
OP, P,
Ay

= mod(%, 1)

where mod(z,1) denotes the fractional part of z . Here we have introduced the
new notation u, defined as

n=1(L),

which is the phase shift for one complete revolution of a closed machine, where
L is the length of the closed machine. The ratio p/27 is denoted by v and is
called the tune of the machine. Consider now an ellipse F7 inscribed in E; with
a contact point at P;. Let the ellipse E; represent a beam of particles circulating
in the machine. Ellipse E2 becomes, after one turn, ellipse E3 with contact point
P;. Ellipses E; and E3 have the same area.

When the beam ellipse E; is concentric and similar to the machine ellipse
E;, the beam is said to be matched to the machine. In this instance the beam
‘reappears on successive turns as the same ellipse, but the individual particles in
the beam rotate around the ellipse as did the points P; etc. This observation
shows that the phase space area (and consequently the physical aperture) needed
to accommodate a given beam is minimum when the beam is matched to the
machine. We shall now use the above properties to define beamlines in various
ways which prove useful in practice.

Let us find the transfer matrix which transforms the ellipse defined by the
input values #; and a; at position s; into an ellipse with the values 3; and a;
at position s;.

Consider the solutions as given by the Floquet theorem:

z(s8) =v/€0(8) cos(y(8) + ¢) ,

z(s) = — \/% (als) cos((s) + ) +sin(u(s) + ¢) )

- Expanding the trigonometric functions and simplifying the notation gives
z =v/¢B(cosycos¢p —sintsing) ,
. .
=y /—ﬂ—(acosd)cosd» — asinysin ¢ + sint cos ¢ + cos Ysin @) .

The point having ¥ = 0 is assumed to be associated with the values 8; and o
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and z; and z;’; these values then satisfy the following relations:

Ty =\ ef1cosd,

T =— \/Z(al cos$ +sing) .
B

Denoting by f2, a2, z3, and z'; the values associated with ¢ nonzero, and
eliminating cos ¢ and sin ¢ from the previous four equations, one gets

Ty =Ty \/I_g——g(cos Y+ aysiny) + zy'v/ PP siny |

—agcos't/)—sint,b-—azalsinw—i-alcosd)+ , [ B
I -—

VB2 P2

From the above equations we deduce the transfer matrix between position 1 and
position 2 to be

(cosyp — agsiny) .

' =z

\/g—f(cos Aty + a; sin Ay) VB1B2sin Ay

1+ qlaz) sin Ay -1— (2a2 — aj) cos Ay \/g_g(cos A% — ay sin AY)
(3.7)

R =

where A1) is the phase shift between position 8; and s;.

In the particular case where the input values (81, ;) are equal to the output
values (s, az) the transfer matrix becomes

R (cosu+asinp, Bsinp >

—~sinp cospu — asinu
where we have defined

ﬂ=ﬂ1=ﬂ2’ =0 = &, #=A¢7

and
1+ a?

’7 by
ﬂ.
Formula (3.7) expresses the elements of the transfer matrix R in terms of the

input parameters 8;, o), the output parameters 83, az, and the phase advance
A between positions 8; and s;.
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It is also possible to express the output Twiss parameters and the phase
advance in terms of the input Twiss parameters and the matrix elements. The
first part of this ¢nversion process is achieved in formula (3.6) which we reproduce
here: ‘

B2 R? —2R11 Rya R, b1
a; | = | —RuRyy 1+ 2R12Ry1 —Rj3Ra2 o1 . (3.8)
Y2 Rfl —2R;1 Ry2 R%z 8!

The phase shift A1y is derived from formula (3.7) as

Ri2

AU =
tan A¥ Ry181 — Rizay

(3.9)

or

) Ry2
sin Ay =
T VB1B2

_or equivalently by the formulas relating ¥(s) and §(s):

(3.10)

2
ds

av= [ g5
1

Let us look at some elementary configurations and determine their phase
shifts:

a) A thin lens is characterized by s; = s so that Ay =0.

b) If R;; = O (point to point imaging) then Ay = n.

¢) If Ry = O (parallel to point imaging) then tan Ay = ~-1/0q.
d) For a drift of length L, R = L and sin Ay = L/\/B1Pz.

3.5.1 Introduction to an Alternative Notation for Beam Definition

A In obtaining Eq. (3.3) we have shown that a beam contained in an ellipse
can be characterized by the matrix

J11 012
o=B"1= .
O12 022
Let us recall that the square roots of the diagonal terms give the maximum

extent of the beam, and that the number ¢ = v/det o is called the emittance
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of the beam. The area of the beam ellipse is then me. With this notation the
equation (3.2) of the boundary ellipse is

X'BX =1

where B is the inverse of o and its determinant is equal to €2. Let us multiply
each element of the matrix B by the scalar € and let us denote the newly obtained

matrix by E and let
c a
E= ( ) : (3.11)
a b

det E=bc—a®=1
and the Eq. (3.2) of the ellipse becomes

Observe that

X'EX =¢. (3.12)

The above results show that a beam contained in an ellipse may be defined in
. two equivalent modes, either by the four parameters:

o11 02 022 €

and the relation
Vdet o = ¢

or by the parameters

and the relation
be—a?=1.
Let us now turn our attention to Egs. (3.4) and (3.5), in which we defined an

ellipse associated with the transfer matrix for single-particle motion in a closed
machine. This ellipse has the form

X'T X =¢ (3.13)
A where
T = ( b —a) (3.14)
—a
and
By—a’l=1.

The mathematical similarity between the relations (3.14), (3.13) and (3.11),
(8.12) is clear. This has led many designers to use the parameters g, «, v, and €
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to define a beam ellipse as well as to define a transfer ellipse for a closed machine.
This habit can lead to some confusion. It is certainly mathematically correct,
but the interpretation of the physics is clearly different.

To illustrate this mathematical equivalence let us consider an optical cell
characterized by the machine transfer matrix

R (cosu+asinp. Bsinp )

—sinu cosyu — asinyu

and an input beam characterized by the matrix

E, will be transformed as follows:
E;=(R)'E,R7'.

With the explicit multiplication of the above matrix relation one can show that
E5 = E;7 when the beam defined by E} is such that

bp=8, a =a, c1=".

When these conditions are met one says that the beam is matched to the cell.
This alternate notation for a beam defining ellipse gives a very simple form to
the matching conditions.

This fact alone justifies the usefulness of the alternative notation presented
here.

4 OPTICAL BUILDING BLOCKS

Having studied the behavior of beams in a general context, we shall now
turn our attention to the study of special elements or sets of elements which can
" be used to design modules with specific functions in beam optics. The following
sections are devoted to the study of a few simple and practical modules that
occur frequently as lattice building blocks.
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4.0.1 A Drift Space or Field-Free Region

The transfer matrix of a drift is

(o)

Arx =29 — 21 = Lx1' and zg' = x1' = a constant .

from which one derives

The Twiss parameters transform as follows according to formula (3.8):

B2 1 —2L L? B
a2 = 0 1 —L (23]
Y2 0 O 1 95!

From this relation one obtains
Ao =as —oa; =—Ly and Y2 =71 = a constant .
The relation (3.10) applied to the drift gives

Ry» L

AV = = hg

showing the relation between the phase advance and the length. The relation
(3.9) gives

Ry, L

ta.nA = = .
v Ry181 — Ry 1 — Loy

- Consider the extreme point on the beam ellipse shown in Fig. 13.

As the beam travels through the drift space, this point will be displaced by

Az given by
Az = L,/[qe= L, /-E—
w

where B, is the 8 value achieved at the point where the beam has a waist.
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| -
p , ' Ax I
x5 = x4 = constant Xfhax=V/ Y€ =constant
Ax=(xp-x;) =L x}
' 2
X' -
/ A E
X X2
! Xint= /€ = constant
ﬂl +H Y
ds L
x/=constant y =constant
5—84 Ax=Lx/ Da=-Ly 3989A2

Fig. 13. The transformation of an ellipse through a drift (field-free) space.

4.0.2 A Thin Lens

A focusing thin lens has the following transfer matrix:
1 0
R =
(e 3)
T

T3 = z; = a constant and Ar'=z7' —21' = —— .

F

from which one derives

The Twiss parameters transform according to formula (3.8),

B2 1 0 o B
" which gives
Bs = p = a constant and Aa=as—a; = % .

The relation (3.9) gives

Ry3
tan Ay = =
an Ay R — Ry 0
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and so Ay = 0 because the integral

av= [ 4o =0

since the thin lens has a length equal to zero. The transformation of an ellipse
through a focusing thin lens is illustrated in Fig. 14.

x/
%o =—\/F€= a constant A

|
[/ = 1 /
X} —_ X2

2
~~Xmax = VBe€ =constant
x = constant B = constant
X B
Ax'=—(—) A =+(—) |
5—84 F a F 3989A3

Fig. 14. The transformation of an ellipse through a focusing thin lens.

4.0.3 A Quadrupole

The thin lens quadrupole behaves in each phase plane (z,z') and (y,y’) like
a thin lens of opposite signs. If the lens is focusing in the z-plane, the matrices
can be written as follows:

. R= .
A : F1/F 1

We have assumed here that the quantity F is positive.

The phase advance is zero in both planes, and § is constant in both planes.
The change in « is given by

B
Aa=+—.
a :i:F

In these expressions the upper sign applies to the (z,z') focusing plane and the
lower sign to the (y,y') defocusing plane.
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4.0.4 A thin Dipole

A wedge dipole with the field index n equal to 0 (i.e. a uniform field) can
be simulated as a thin element (having zero length), located at its middle, and
having the following transfer matrix:

1 0 0
R=| —sina/p 1 sina
0 0 1

where « is the deflection angle of the central trajectory and where the third row
and column describe the part of the transformation associated with the energy-
dependent parameter § = (Ap/p). The wedge dipole behaves like a thin lens
of focal length F' = p/sina in the (z,z') plane. In the (y,y’') plane the wedge
dipole behaves like a drift for a sharp cutoff field boundary. The matrix R gives
- -

sin «
T9 = T1 = a constant and A:z:'=:z:2'—:z:1'=—2:1 + ésine .
p
The formula (3.8) becomes
B2 1 0 0 16}
az | = | sina/p 1 0 o
~a sin® a/p? 2sina/p 1 M
which gives
B sin

B2 = B = a constant and Aa=ay— o] =

As for the thin lens, the relation (3.10) shows that Aty = O for the zero length
dipole. The transformation of an ellipse through a wedge dipole magnet is
illustrated in Fig. 15.
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Fig. 15. A wedge dipole magnet from input to output principal planes.

4.1 STUDY OF SIMPLE USEFUL COMPOSITE MODULES

Using the basic elements discussed in the previous section we shall now
explore some typical composite modules.

4.1.1 Basic Focusing Module

If a focusing thin lens of focal length F is placed between two drifts of length
F, the transfer matrix for the composite system is

‘ 2l ) G )6
(e 0

From the matrix R we observe that angles are transformed to displacements and
displacements to angles as follows:

zy = Fz,' and Ty'=——.
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From the relation (3.8) we have

B2 0 0 F? b1

(57 = 0 -1 0 (23}

~a 1/F* 0 o M
from which

ﬁz = Fz”]l and a = —0g .

Relations (3.9) and (3.10) yield

tan Ay = _1 and sin Ay = F

3} VB1Bz

from which we can conclude the following result: If oy = as = 0 then, since
sin Ay > 0, we must have Ay = 7/2 and F = {/B,0;.

This relation links the lens focal length F and the length L = 2F of the
module to the magnitude of the 8 values.

Practical two-dimensional modules based on this concept are typically achieved
by symmetric triplets or by quadruplets, as shown in Fig. 16.

For the triplet, the focal length is different in the two phase planes (z,z')
and (y,y') because of basic properties of triplets.

If it is required that F; = Fy, then a symmetric quadruplet array of quadrupoles
may be used as illustrated in Fig. 16.

6-84 fy fa fa fy 4809A22

Fig. 16. A triplet and a quadruplet lens system pos-
sessing parallel to point and point to parallel imag-
ing in both planes.
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4.1.2 The FODO Array

The FODO array is perhaps the most common building block used in the
design of machine lattices and beam lines. Its structure is illustrated in Fig. 17.

T

f f

—

L/2 L/2

A ¥
-

6-84 4809A21

Fig. 17. A FODO array as a building block for
lattices. 1) The transformation for one cell be-
tween the centers of the lenses. 2) The trans-
formation for one cell between the centers of the
~drift regions.

It is informative to study the FODO array at two different observation points
in order to better understand its basic properties.

1) First case: The cell begins and ends at the center of a lens, then the
transfer matrix for the z and y planes is obtained by the following multiplication:

e 1 °\(t I 1 o\ (1 L 1 0
_(¢1/2f 1) (o 1)(:&:1/}‘ 1) (o 1)(;1/2}‘ 1)

where again the upper sign applies to the (z,z') plane and the lower sign to the
(y,y') plane.

If we assume that §; = 82 = f and o; = a3 = a, then

| L? L
ct+as Ps _ (lmﬁ) 2L(liﬁ>
-8 c¢—as B L L L2

i (75) (1-ap)
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from which

L2
cosu=c=(1——zﬁ> R

n(2) =T L

14+sin(u/2
By, = 2rrEsn®/2)
sin u
and
Oz y = 0,

and, using symmetry arguments, the ratio of the beta functions in the focusing
and defocusing lenses is given by

- Bmax _ 1+ Sin(ﬂ/z)
‘ Bmin 1 —sin(u/2)
'Note that this ratio is independent of the length of the cell.

2) Second case: If we now begin the FODO array in the middle of one
of its drifts, the transfer matrix for one cell is given by

R_IL/Z 1 o\ /1 L 1 0\ /(1 L2\
_(o 1 )(:i:l/f 1) (0 1)(;1” 1) (0 1 )

then -

<c+as Bs ) ( 2f2 4f2
—vs c—as 2
_L 1_L_ :i:£
f? 2f2 f
- from which we obtain
L2
cosuz(l—ﬁ) R
(kY _ L
sin (5) = 57

which is the same as in case 1, but

L

Bzy = — (2 - sin®(p/2))
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and
2sin(p/2)

Gzy = F sin u B

The last two relations show that at this location we have the interesting relations
Bz = ﬂy and Qz = —Qy ,

which is the same property possessed by a thin lens quadrupole.

A particular case of interest is obtained when u = 7/2. This corresponds
to (L/f) = v/2. This FODO cell is then often referred to as a ‘quarter-wave’ or
A/4 transformer and is shown schematically in Fig. 18.

e e

f

6~ 84 p=m/2 4B09A20

Fig. 18. The A/4 transformer.

The transfer matrix R of this quarter-wave transformer is

FV2 3L/2
-2/L £v2

Yy —

and we have the interesting property Rj; = —Rj32 and Rj;, and R3; both change
signs between the z and y planes.

We shall use all of the above properties later when we discuss the problem
of matching between two dissimilar FODO arrays.

413 A Telescopic System

The optical system illustrated in Fig. 19 is called telescopic.

Its transfer matrix is given by
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/
g " -

/"‘ X
M= <§—2) 2 VB2€
|
xp=—Mx, \
- l / ‘VBIE
2ETA\M/
- a = constant
B,=M2B,
Ay = 7 =Phase Shift 398945

Fig. 19. A one-dimensional telescopic system.

R= 1 Fp 1 0 1 L+ F; 1 0 1 F
“\o 1 )\-yR” 1/\0o 1 (—I/Fl 1 (0 )

_(-BR/R 0 (M 0 41
B 0o -R/BR) \ o0 -1M)’ .

From the R matrix we obtain

[a—y

- T2 = —Mz and z2‘=—§14’ .
. The relation (3.8) becomes:
Pz M* 0 O P
as | = 0 1 0 oy
Ya 0o o0 1/M? T

which shows that

B2 = M?By and a3 = a; = a constant .
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Since Rj2 = 0, the relations (3.9) and (3.10) reduce to
tan Ay = 0 and sinAy =0.

Using the formula (3.7) rewritten as

\/%cos Ay 0
R= 1

- P1
0 —cos A
B v
we deduce that cos Ay < 0, and consequently that Ay = 7.

A telescopic system has an optical magnification M given by

It also has the property that the transfer matrix R is an invariant if a drift
length situated to the right of the lenses is transported to the front with the
multiplication factor M%. To prove and illustrate this property, consider the
telescopic system having the transfer matrix of Eq. (4.1) and let it be preceded
by a drift of length /; and followed by a drift of length /3. The total matrix is

B — 1 I ~-M 0 1 i
T"(o 1)( 0 —UﬁM))(O 1)
M M~y /M
0 —(1/M) '

The matrix Rr is equal to the matrix of the original telescopic system if and
only if the following condition holds:

Ml +13/M =0

or equivalently
Iy = —M?, .
In practice, to achieve a telescope in both planes one needs at least two
quadrupoles to simulate each lens of the telescope. Figure 20 shows such a

solution.
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Fig. 20. A two-dimensional telescopic system.

The magnification may be different in each plane; therefore, the general 4 x 4
transfer matrix of the system becomes

-M, 0 0 0
ro| @ 1 /M, 0 0
0 0 -M, O

0 0 0 —1/M,

or

(—\/g-?—f 0 0 0 )
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4.1.4 Repetitive Cells

Consider the following transfer matrix:

(cosu+asinu Bsinu )
R, =

—sinu cospu — asinpu

>
Iy
B
o
+
B
o
>
Hl
Y]
U‘
®
o
]
2
o
n

RU = (cos(nu) + asin(nu) B sin(np) )
‘ —sin(nu) cos(np) — asin(nuy)

such that after each successive cell
ﬂl=ﬂ2:"'=ﬂn=ﬂ

and

0] =0 =+ =0p=0.

This system is nonmagnifying in .
4.1.5 Repetitive Magnifying Cells
How can one obtain a set of magnifying cells that would have the properties

Q=03 ="+ = Qg

B _ Bs _ . _ . [Bn _.
B1 B2 Bn-1 ’

in other words each cell has a transverse magnification equal to r? Since phase
space areas must be preserved, the transverse slopes will be subjected to a
magnification of 1/r. Consider then the following matrices R4 and M:

cos 4+ aj sinp Bisinp r O
Ry = . . , M= .
—~p sin cospu — apsinu 0 1/r

If the first cell in such a sequence has the matrix

and

Ry = MR, — (r(c + g ) rBis )

—y18/r (e —a1s8)/r
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and the successive cells are defined by a similarity transformation
Rm=MRp M~ = M™R M~ (")
then the total matrix for a sequence of n cells becomes

Rr=Ry---R = M"R}

or
r*(cos nu + a; sinnp) r" B sinnu
Ry = v sinnu cosnu — o sinny
Ty re

In the particular case where u is chosen so that ny = w, the total matrix Ry
becomes

. P — (—f" 0 ) _ (-—vﬁn/ﬂl 0 )
T o -1/ 0 —/Bi/Bn

"and the set of n magnifying cells becomes a telescopic system with an optical
magnification of r™. :

4.2 CELL MATCHING

In a previous paragraph we derived the conditions under which a beam
contained in an ellipse is matched to a cell. It was also indicated in paragraph
3.5 that when the matching conditions were satisfied between a beam and a set
of repetitive cells the aperture required to contain the beam is minimized.

All lattices, be they beamlines or segments of circular machines, are made
by the juxtaposition of a series of cells having different transfer properties. One
important problem facing the designer can be expressed in the following way:

Consider a section Sz which is to follow a section S;. Suppose the beam is
matched to the section S;. Generally this beam will not be matched to section
Ss. Is it possible to design an intermediate section S;; so that the beam is
matched from S; to S3? The problem of finding such a section Si3 is called the
. section matching problem.

Many design programs help the designer in solving this problem in its gen-
erality. It is, however, important to have some rational guidelines on how this
matching can be achieved. The following paragraphs indicate two general meth-
ods for matching one FODO array to another FODO array.



4.2.1 General Considerations on FODO Cell Matching

Consider the matched symmetric FODO cell that was described in paragraph
4.1.2. If we choose the beginning of the cell to be halfway between the two
quadrupoles, the following conditions hold at this point in every cell:

Bz = ﬁy and az; = —Qay .

Consider now two sets of FODO cells characterized by the two sets of rela-
tions

Bz = Py and a1z = —ayy ,
B2z = Pay and az = —Qgy .

What properties should a matching section have in order to transform the
values B;, aj, 71 into the values B3, az, 2?7 If the transfer matrix of the
matching section for the z,z’ plane is

B Ry Rp2
Ry; Ry

then the following relation exists:

B2 R} —2R11 Ryo RZ, A1
a | = | zRuRa RuRs+ RuRu —RuRy I (4.2)
Y2 R}, —2R31 Ry RI, M

Let us note the following:

If at the input of the matching cell we have

Piz = Py and Qajz = —Qiy (4.3)

and if the transfer matrix R of the matching cell is such that the underlined ele-
ments in Eq. (4.2) change sign from the (z, z') plane to the (y,y’) plane and the
other elements do not change sign, then it follows from the Twiss transformation
" that:

P2z = ﬂ2y and 02y = —Qy .
When such a situation is created, then the values of a FODO cell are matched
to the values of another FODO cell. This, however, does not mean that the

above procedure matches any FODO cell to another arbitrarily chosen FODO
cell. The following procedure will exemplify and extend the preceding one.
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The first condition can be realized generally in two ways: either the matrix
R is such that

or it is such that

where we have underlined the elements that must change sign as one switches
from plane (z,z') to plane (y,y’). An example of a practical matching system
is the following.

4.2.2 Beam Matching with a Quarter-Wave Transformer

Consider the quarter-wave transformer defined in the FODO array section
of paragraph 4.1.2 and illustrated in Fig. 21 .

Fot——Fd

Q - f f Q,

6—84 4809A18

Fig. 21. A quarter-wave matching transformer.

The matrix element of this cell can be written as

(%2

where, according to our convention, the underlined elements change sign when
switching from the (z,z') plane to the (y,y') plane.

The transformation of this cell satisfies the condition of the previous para-
graph, and this cell will match pairs of FODO cells whose parameters both
satisfy the relation '

ﬂz 02 —2ab b2 ﬁl
as; | = | ac —a®—bc ba o
v2) \e -2 a? T

Using the A/4 cell, which matches specific pairs of FODO cells, one can obtain,
by the addition of two elements, a cell which will match any two pairs of FODO
cells (with some constraint on the range of ;).
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Consider a quarter-wave transformer to which we add a quadrupole Q; at
its entrance and another quadrupole @3 at its exit.

The insertion of quadrupole Q3 does not change the exit value 82 but will
change the value ay of the planes (z,z') and (y,y') in opposite directions and
so preserves the condition az; = —ayy.

The insertion of quadrupole Q; at the entrance does not change the value
B1 or the relation a;; = —eoyy but it does change the absolute values of oy,
and ajy. The Twiss transformation, Eq. (3.8), for the quarter-wave transformer
shows that this variation of Q; will change the values of both §; and a; while
preserving the conditions By; = By and a;; = —ayy.

Using the transformation matrix of the quarter-wave transformer and con-
sidering a; to be variable (via variation of the strength of @), one can show
that the value 83 that can be matched by the preceding cell has a minimum
value equal to b%/8,, as follows:

The expression for g2 is

By =a’By — 2abay + b*y;

b’(1+ o2
=a?B; — 2aba; + ———(il—) .
b1
The first and second derivatives with respect to «a; are
dﬂz 2b2a1
— = —2ab+
day P1
and
2 2
by _ 27 .
do? B

Therefore, a minimum will be achieved if

o) = %ﬂl
and the value of this minimum is
b2
ﬂme - -,3—1 .

The procedure of adjustment of the matching cell then becomes:

The quadrupole Q; is adjusted so that, given the input values §;, ay, the
required output value §; is achieved at the exit. Quadrupole Q3 is then adjusted
to obtain the required a3, and the match is accomplished.
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4.2.3 Beam Matching with Half-Wave Transformers

Telescopic systems which have a phase shift of 7 may also be used as match-
ing transformers with the restriction that a; = a; and 8; = M?8,, where M
is the optical magnification of the transformer. Their most obvious application
is to match between two points where a; = a3 = 0 (the location of an erect
phase ellipse). They have the advantage that M, does not have to equal M,.
They also have the property of minimizing the higher-order optical distortions
because of their optical symmetry. Half-wave matching transformness are illus-
trated schematically in Fig. 22.
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Fig. 22. A half-wave matching transformer: 1) using doublets; 2) using triplets.



5 SECOND-ORDER OPTICS

In Chapter 2 we introduced a general notation for the coefficients of the
Taylor expansion of the solution of the equations of motion. The notation of the
first-order terms was simplified in order to conform with the standard matrix
notation. For example,

Ry = (z|z0) , Ry = ('|z0) Rss = (ylyb) -

In order to ease the writing, a similar simplification of notation is introduced
for the second-order terms: the tensor T;;; can be defined in a similar way. For
example,

Ty12 = (z|zozh) , Tas6 = ('|y66) .

The following discussion will frequently use the adjectives geometric and
chromatic to describe the optical properties of beam lines.

All terms for which no subscript is equal to 6 will be referred to as geometric
"terms or alternatively as geometric aberrations because they depend only upon
the central momentum pg.

Any term R;; or T;,; where one subscript is equal to 6 will be referred to as
a chromatic term (or chromatic aberration) by virtue of the fact that its effect
depends on the momentum deviation § = Ap/pg of the particle.

5.1 SECOND-ORDER PROPERTIES OF BASIC ELEMENTS

In Chapter 2, table I gives the driving terms which generate the various
second-order coefficients for a general magnetic element . From this table it is
possible to deduce the contributions to second-order terms from the following
basic elements: dipole, quadrupole, and sextupole.

For a pure dipole n = 0 and 8 = 0 with h(s) = (1/po) # 0.

For a pure quadrupole let § = 0 and take the lim(k) = 0 and lim(nh?) =
—k} = —K;.

For a pure sextupole let A = 0, nh? = 0 and take the lim(8h®) = K,.

A careful examination of Tables I, II, and III will show that the following
statements are correct.

Dipoles introduce both second-order geometric and second-order chromatic
aberrations.

Quadrupoles do not introduce second-order geometric aberrations.

Quadrupoles do introduce chromatic aberrations.
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Sextupoles introduce both second-order geometric and chromatic aberra-
tions.

The chromatic aberrations of a quadrupole can be interpreted simply in the
following way:

The magnetic induction of a quadrupole is a linear function of either vari-
able z or y. In other words the gradient of the induction is constant within
a quadrupole. A particle with momentum p will be affected differently than
a particle with momentum pg. The corresponding strengths of the quadrupole
K;(p) and K;(po) satisfy the relation

Ki(p) _ po

Ki(po) p°

In other words, the focal strength of a quadrupole decreases as the momentum
of the particle increases.

The chromatic properties of a sextupole may be interpreted in a similar
fashion.

The geometric properties of a sextupole may be understood in the following
simplified way:

The magnetic field of a sextupole varies quadratically with the variable z. Or
the gradient of the field varies linearly with z. In the immediate neighborhood
of z the sextupole can be considered to be a quadrupole whose gradient varies
linearly with the variable z. This intuitive view of the sextupolar field will be
helpful in the understanding of the underlying principle of chromatic corrections
in beam lines to be discussed later.

5.2 OBIECTIVES IN SECOND-ORDER OPTICS STUDIES

Second-order optics studies come as a complement to the first-order studies
and serve to detect and correct deviations from the results obtained in first-
order studies. These deviations, generally called aberrations, are of two types:
chromatic and geometric. In some cases, as for example in resonant extraction,
the second-order properties of a lattice are an essential feature.

5.3 CHROMATIC CORRECTIONS

As described in a previous section, chromatic effects occur because particles
with different momenta respond differently to a given magnetic field. Consider

a lattice made up entirely of quadrupoles, as illustrated schematically in Fig.
23. -
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Fig. 23. Schematic representation of a lattice with quadrupoles.

A particle with nominal momentum pg and initial coordinates z; = 0 follows
the axis of the system. The linear motion of neighboring particles of the same
momentum is described by the functions ¥(s8) and B(s). These two functions
determine the amplitude of oscillation and the phase advance of individual par-
ticles. A particle with the same input coordinates but a different momentum p;
(its sixth coordinate 6§ # 0) will follow the same central axis in the quadrupoles,
and the motion of neighboring particles having this new momentum p; is de-
scribed by the functions ¥(s,6) and B(s,6). The difference in the values of
the furictions is the result of the fact that the particles with momentum p; see
the quadrupoles with strengths different from the strengths experienced by the
- particles with momentum pg.

To compensate for this chromatic difference a lattice may be designed where
particles of greater momentum encounter an extra quadrupolar field to com-
pensate for the increased momentum. This is achieved by the introduction of
dipoles and sextupoles into the lattice structure.

Figure 24 shows a lattice made up of quadrupoles and dipoles which has the
potential for chromatic corrections because particles of different momenta follow
different trajectories.

\

Position |

4809A30

Fig. 24. A chromatic correction lattice.

A particle Py with zero initial coordinates and nominal momentum follows
the central trajectory (axis of the figure). The particle P; with zero initial coor-
dinates but with § # 0 will follow the trajectory defined by the function éd;(s).
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This function is nonzero after the first dipole of the lattice. Consider position
1 in the lattice. At this point particle P; will have encountered quadrupolar
strengths that are slightly different from the strengths encountered by particle
Py. Let us introduce at point P; a sextupolar element with its axis coincident to
the reference axis of the lattice. Particle Py and neighboring particles will not
experience any first-order disturbance of their motion from the sextupole (a sex-
tupole field has zero gradient on its axis). However, particle P; will experience
a gradient that is proportional to its displacement and therefore is proportional
to the quantity 6. If the strength of the sextupole is appropriately chosen, the
extra gradient will exactly compensate the difference in gradient experienced by
particles with different momenta in the preceding quadrupoles. By progressing
along the lattice it seems feasible to set up a family of sextupoles that would

exactly compensate for the chromatic aberrations arising from the quadrupolar
fields.

However, in this process, the sextupoles will in general introduce geometric
distorfions. In the next section we describe a simple procedure that eliminates
the chromatic aberrations to second order without introducing second-order ge-

- ometric aberrations.

5.3.1 Module for Sextupolar Chromatic Correction

Consider two FODO cells set up as in paragraph 4.1.2 and tuned so that
Kz,y = 90 degrees for each cell. Such a setup is often referred to as a —I telescopic
transformer because its transfer matrix in both the z and y transverse planes is

-1 0
Rz,y = _'I = ( ) .
0o -1

In Fig. 25 is a schematic representation of such a —I transformer. Let 1 and 2
denote the entrance and exit positions.

AK

2

| - 1£K

6-84 4809A17
Fig. 25. Principle of a —I transformer.

A particle at position 1 with coordinates z,, z] will emerge at position 2 with
coordinates z2, zj given by

Zg = —I,; and 5 =-1.

Imagine now that we place at position 1 a thin magnetic element that produces
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an angle kick to the particle, say AK. The particle of momentum py will now
arrive at position 2 with the coordinates

zg¥—x1' and n=-1—-AK.

If we now submit the particle to another angle kick equal to AK at position 2,
we see that the exit coordinates are the same as they were without kicks. In
conclusion, when particles are submitted to equal angle kicks at the entrance
and exit points of a —I transformer, there is no visible effect on their behavior
outside the —I transformer for monoenergetic particles having momentum po.

Let us apply this principle, using some of our elementary building blocks.

1) Dipoles: Dipoles are even-order elements in the sense that the angle
kick they deliver to a particle is an even function of the lateral displacement (in
this case a constant function). Thus, if we place two identical dipole magnets
(one at-the entrance and one at the exit) of a —I transformer, there will be no
net angular deflection experienced by particles of momentum py outside of the

~—1I transformer.

2) Quadrupoles: The angular displacement produced by a quadrupole
is an odd function of the lateral position z. (In this case the angle kick is
proportional to z.) Consequently two identical quadrupoles of opposite polarity
placed at the entrance and exit of a —I transformer will have no net effect
outside the transformer.

3) Sextupoles: Sextupoles are even-order elements . The angular kick
they produce is proportional to z2. In this instance pairs of equal strength

sextupoles will have no net effect outside the —I transformer.

Thus, in summary, all odd-order elements (quadrupoles, octupoles, etc.) will
have to be introduced in pairs of opposite polarity, and all even-order elements
(dipoles, sextupoles, etc.) have to be introduced in pairs with the same polarity
in order for the cancellation to be effective.

5.3.2 A —1I Transform Sextupolar Chromatic Correction

Consider now a —1I transformer with two sextupoles of equal strength placed
at the entrance and exit, and suppose that dipoles have been inserted in each
cell of the —I transformer. From the previous discussion we know that the
sextupoles will not introduce geometric aberrations. The presence of the dipoles
between the sextupoles ensures that there will be coupling between the sextupole
strengths and the chromatic behavior of particles. Having thus demonstrated
the principle of the chromatic correction, let us analyze its feasibility in greater
detail.
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In practice one must do at least one chromatic correction per phase plane,
and sometimes two or more per plane. The ideal situation, from the point of
view of the secohd—order geometric aberrations, is to assemble enough —I trans-
formers so that the different sextupole pairs (placed —I apart) do not interfere
with each other. This condition is often prohibitive in its space requirement and
in its cost. So let us analyze the effect of interlacing sextupole pairs used in
chromatic corrections.

Consider, as shown in Fig. 26, two consecutive —I transformers containing
two interlaced pairs of sextupoles S; and S,.

5 S,
_.I .

6—84
4809A16
Fig. 26. Interlaced sextupole pairs.

If the sextupoles are pure second-order elements, no additional second-order
aberrations are introduced by the coupling between the sextupoles of the two
pairs.

Suppose a particle arrives at the first sextupole S; with displacement z;.
As it reaches the first sextupole of the pair S;, its motion, within the —I trans-
former that separates the pair S, is perturbed, and the particle will reach the
second sextupole of the S; pair with a displacement that is not equal to —z;.
Consequently the second sextupole of the S; pair will not exactly compensate
the geometrics introduced by the the first sextupole. However since the distur-
bance introduced by the sextupole S; is of order two, the uncorrected geometric
aberration of the pair S} is of order three and four.

In a following paragraph we shall show a complete practical setup of a cor-
rection scheme using interlaced families of sextupoles.

5.4 GEOMETRIC CORRECTION USING REPETITIVE SYMMETRY

The second-order aberrations are obtained by the computation of integrals
containing the sinelike and cosinelike functions (see, for example, Tables II and
III). The first-order condition that a lattice be stable implies that the sinelike
and cosinelike functions oscillate in a manner similar to the circular functions.
Symmetries introduced in the design of a lattice may have the desirable effect
of canceling some second-order aberrations. Among the important symmetries
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to be considered are mirror symmetry, rotational symmetry, (z,y) symmetry,
repetitive symmetry, and repetitive symmetry with magnification.

Let us look at a general approach to the study of the effect of some of these
symmetries on the second-order aberrations.

Inspection of Tables I, II, and III shows that the second-order geometric
aberration terms can be expressed as

L
Tgr = [ Kp(Rig(s)"(Ra(s)"ds  where  (n+m) =3

where Kj is the dipole strength per unit length and K is the sextupole strength
per unit length. Pure quadrupoles do not generate second-order geometric aber-
rations.

Since the R;;(s) are linear combinations of sin Ay and cos Ay, we can write

L
Tijx = /Fp sin”" (A1) cos™(Av)ds
0

where the functions F are equal to the strengths K, multiplied by some power
of the B(s) functions. Adopting a complex variable notation, we obtain the
condition for having all second-order geometric terms Tj;; vanish, namely,

L L
/Fpeii'/’ds =0 and /Fpeisi"’ds =0.
0 0

The integral of the expressions Fpeii'/’ and F, e+ for each separate element
of a lattice can be represented geometrically as a vector in the complex plane, as
shown in Fig. 27. The integrals over the total lattice become the vector sums of
all the complex vectors representing the geometric aberrations of the individual
elements, namely, '

N - N .
E Fie'¥* and Z Fpe3¥e
1 1

For reasons that should appear clear in the next paragraph, one generally places
the vectors corresponding to 11 in one diagram and the vectors corresponding
to 319 in another. The second-order geometric aberrations are zero if both these
sums are zero.
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We shall now restrict our study to the case of repetitive symmetry.

|2 "
V’ll K \l
-
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Fig. 27. Complex plane diagram for second-order aberrations.

5.4.1 First-Order Repetitive Geometric Correction

For repetitive symmetry (i.e: when the lattice is made of the juxtaposition of
-equal cells), the beta functions are equal from cell to cell and so are the element
strengths.

In this case the functions Fp(s) are equal in value at the same location from
cell to cell. Let us analyze two special cases: a lattice containing four identical
cells and a lattice containing three identical cells, and such that the total phase
advance for the lattice is 27 in both cases.

Consider the ¢ plot of Fig. 28. The vectors correspond to the number of
the cell to which they belong. In the ¢ plane they appear in consecutive order
with an angle of 90 degrees. Their sum obviously is zero. In the 31 plane the
angle between consecutive vectors becomes 270 degrees, and their sum will also
be zero.

In conclusion, in a lattice made of four equal cells with total phase shift of
27, the second-order geometric aberrations originating in individual elements
will cancel.

Consider now the ¢ plot of Fig. 29. The three vectors display an angle of
120 degrees, and so their sum is also zero. However, in the 3% plot they will
" have an angle of 360 degrees and will all coincide. Their sum is not zero unless .
their amplitude is zero.

In conclusion, for a lattice with three cells and a total phase shift of 2,
some geometric aberrations do not cancel.

We can now formulate the following important theorem:

In a lattice made of n identical cells with n > 3 and having a total phase
shift of 2mm, all second-order geometric aberrations will cancel.
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Fig. 28. Complex plane diagram for second-order aberrations in a four-cell
~lattice with repetitive symmetry and a 27 phase shift.
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Fig. 29. Complex plane diagram for second-order aberrations in a three-cell
- lattice with repetitive symmetry and a 27 phase shift.

5.5 THE SECOND-ORDER ACHROMAT

Modern high energy machines require long beam lines to transport the beam
from one region to another or to perform specific functions within a lattice.
These beam lines are expected to transport the beam achromatically to as high
an order as possible without introducing appreciable geometric aberrations. We
call an achromat a line that would meet that goal perfectly. We qualify the name
with nth order when the goal is met up to the order n in the Taylor expansion
- of the motion.
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In the following sections we restrict our analysis to repetitive cell structures.

5.5.1 The Firét—Order Achromat

Consider a lattice made of n identical cells having the following transfer
matrix:

a b u

M v
R=cdv=( )
0 1

0 01

The total transfer matrix T will be

M Mg+ M 204+ @
0 1 ’

The dispersive vector of the total transfer matrix T can be written in the fol-
"lowing form:

d=M" 14+ M" 24+ o=(M"-T)(M-1)"'7.

From the above expression one can deduce the following theorem:
A lattice made of n identical cells is achromatic to first order if and only if
) M*=1
or
2) w=0.

In other words, it is achromatic if and only if each cell is achromatic, or
the total transfer matrix is the identity matrix (equivalently if the total phase
advance is 2mn for any integer m).

This first-order result is the basis for the building of achromatic beam lines.

5.5.2 A Practical Second-Order Achromat

Figure 30 shows a possible layout for a four-cell second-order achromat.
The labels BD stand for bending dipoles. The labels QF and QD stand for
horizontally focusing quadrupoles and horizontally defocusing quadrupoles. We
assume that the quadrupoles have been tuned to provide a total phase advance
of 2m.
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Fig. 30. Example of a practical second-order achromat with four cells.

Sextupoles have been introduced so that the chromatic correction procedure
can be performed in both the (z,z') and the (y,y’) plane.

The sextupoles of the family SF will couple predominantly with the z plane
because they are located close to the focusing quadrupoles, where the values of
the B, function are greater.

Similarly the sextupoles of the family SD will couple predominantly to the
* y motion, where G, is larger.

Once the quadrupoles have been tuned to provide a 27 phase shift, the
second-order geometric aberrations introduced by the dipoles and by the sex-
tupoles cancel exactly.

One then tunes the sextupoles SF and SD so that one of the second-order
chromatic terms Tjje or T2j¢ and one of T3;4 or Tyje are zero. It has been shown

previously8 that all the second-order chromatic terms except Ts¢6 then become
simultaneously zero.

We now have a system that is completely achromatic to second order with
the only exception being the momentum dependence of the path length.

5.5.3 Application of the Achromat Concept to Chromatic Corrections

The second-order achromat as described above is an optical system whose
transformation matrix is the identity matrix to a precision of second order in
all of the phase space variables z, z', y, ¥, I, and § except for the second order
~ matrix element relating the path length to the square of the momentum.

While the second-order achromat may not be directly applicable to the de-
sign of circular machines, the optical principles evolved for its development are
definitely useful when formulating the sextupole configurations necessary for the
chromatic corrections in circular machines and in particular for storage rings,
where the interaction regions have very small beta functions. Let us review the
salient features of the second-order correction theory developed above that are
applicable to this problem.
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1) Any family of sextupoles inserted into a lattice such that their vector sums
cancel in the ¢ and 3¢ diagrams described above will not introduce second-order
geometric aberrations.

2) The interlacing of two or more sextupole families, each of which satisfies
criterion 1), does not introduce second-order geometric aberrations.

3) Interlacing of one sextupole family with another sextupole family will
introduce third- and higher-order distortions to the lattice.

4) It should be noted that in order for the sextupoles not to introduce second-
order geometric distortions, the tune shift per cell of the lattice in the region
of the sextupoles must remain fixed and must be equal in both the z phase
plane and the y phase plane. The quadrupoles in this region must not be used
to vary the tune of the machine. The variation in tune must be achieved in a
‘sextupole-free’ region.

It follows from the above that a simple recipe for the introduction of sex-
tupole families to correct for chromatic effects and at the same time minimize
the optical distortions at the interaction regions may be evolved by following

the guide lines contained in the preceding paragraphs. This has been discussed
in previously,9 and has been implemented in the design of many of the new ma-
chines in the last decade. Some examples are the LEP machine at CERN, the
EROS ring at Saskatoon, the SLC at SLAC, and the CEBAF ring at SURA. All
of these machines have a lattice design that permits these important principles
to be implemented.

The basic procedure is the following: The sextupole families are chosen
according to the above rules, and their strengths are then adjusted to correct
for the second-order chromaticity introduced by the quadrupoles in the lattice
and to correct locally for the momentum dependence of the beta functions.
If there are enough (at least three) independent families in each phase plane,
the strengths of the families can be adjusted relative to each other so as to
minimize the optical distortions caused by the cross coupling between families.
This is not a trivial exercise, and special programs have been written to handle
this particular problem. Examples are the program HARMON developed by
Donald™ and the program PATRICIA developed by Wiedemann. '°
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