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Introduction

Quantization of the gravitational field in a flat background has led to a
systematic though non-renormalizable perturbation theory for S-matrix elements.
For the purpose of laboratory particle physics such a description may eventually

prove adequate.

The application of quantum mechanics to the universe as a whole is much
more problematic. In particular conceptual problems arise which concern the
operational meaning of the coordinate labels of space-time points. In classical
gravitation theory we are free to imagine physical coordinate frames composed
of rods, clocks, dust particles or other material systems. So long as these objects
are sufficiently light their influence on the gravitational field is negligible. In
contrast to this, the coordinate frames used to anchor the space time points in
flat space quantum theory must be infinitely heavy if they are not to fluctuate.
No fundamental principles of special relativity or quantum mechanics forbid such

heavy frames arbitrarily weakly coupled to the system under consideration.

The combination of quantum mechanics and gravitation makes it impossible
to introduce non-fluctuating material coordinates without disturbing the system
or violating the laws of nature. The only alternative is a coordinate independent
description. Consider then how coordinate time may be eliminated. The universe
is described by a wave function ¥ depending on spatial geometry and matter
fields {1,2]. Some dynamical variable such as the total spatial volume may be
chosen to replace time. Instead of asking how the probability for some field ¢
varies with time we ask for the conditional probability that ¢ has a specific value
given that the universe has volume V. This information is contained in the wave
function ¢¥(V,¢,...) similarly the wave function should not refer to particular

spatial coordinates.

In the case of flat space asymptotic conditions the problem of physically real-
izable coordinates is less serious if physical questions are restricted to scattering
amplitudes. In 341 dimensions gravitational influences die off sufficiently rapidly

so that asymptotic material coordinates can be introduced without disturbing the



interactions between particles. In quantum cosmology we have no such recourse
and must be content with a coordinate free description. Such a description can
be based on the formulation of Wheeler and Dewitt [1,3]. This paper is primarily

concerned with the W-D equations and their perturbative solution.

1. Canonical Formalism

We begin with a review of 2+1 dimensional general relativity and its canonical
formalism [4]. Spacetime is described by the 3-bein ef where a and p refer to

tangent space and coordinate space respectively. We shall choose coordinates
X9 X1, X2 so0 that the “shifts” vanish [4]

go1 =go2 =0 (1.1)

The time like coordinate will be denoted ¢ and the space-like tangent and coor-
dinate indecies @, m run from 1 to 2. In such coordinates we may choose the

3-bein to satisfy

ed = (goo)? 12)

) =el =0

The remaining components form a 2-bein e,. The matrix inverse of €3, is called

eg' and the determinant of e?, is called |e|. Thus

1
lel =5 €™ eapery e (1.3)
_ emn € en
en = —T‘;”—i (1.4)

The Einstein Lagrangian with cosmological constant \ is

1 by
Lg= g—]ﬁleleg R3 — P le] 58 (1.5)

where ¢ is a dimensional coupling with units of (mass)_% and Rj3 is the 3-

dimensional curvature scaler.



The Lagrangian (1.5) contains second time derivatives of e,. These may be

eliminated by adding a total time derivative to L. The result is given by

1 [—4]eé A
(=5 [+ g o] 24 (16)
g €o

where | e| is the determinant of the time derivative of e, and Ry is the intrinsic

2-space curvature given by

0 [ed o9el

From (1.6) we may derive a Hamiltonian density given by

AHE=d-% 1 - H 4 X (18)

Here 71" is the canonical conjugate to eg,;.
The classical field equations are:

1) Euler Lagrange equations of motion for ej,.

d & )Y
d—;'o'l =3 e e (1.9)

These are the space-space components of Einstein’s equations.

If we further restrict the choice of coordinates so that e} = 1 (synchronous

gauge) then e satisfies linear equations of motion

A
& = 3 e (1.10)
and the general solution is
Y
ed (z,t) = a',’,,(:r)e)é_'t + bfn(a:)e_)q_t (1.11)

2) Vanishing of the generators of local 2-space coordinate transformations.

Under an infinitesimal 2-space coordinate transformation

XM X™ 4 fM(z) (1.12)



the 2-bein transforms as

668 — der, oft
m

= F%n i X en (1.13)

The generator is given by

Py = / (6e2)r™ d2z

|G- RE
= [ Pula) 1)

The time-space components of the classical field equations are equivalent to

a ..m
oe%. m Oep 75"

0= Pp(z)= %0 " pxm

(1.15)

3) Vanishing of generators of local tangent space rotations. Under a local

2-space rotation of the tangent space e}, transforms as

8el, = 0(z)e%bed,

The local generator J is given by

0=J= (ﬁei'"?).’i?_ — ¢beb (2)7™(2) (1.16)

The vanishing of J is automatic in the usual formulation in terms of the

metric gmn.

4) Vanishing of H(z). This is the equation obtained by variation with respect
to ed(z). From (1.8) we get
__2lm lel Mel
The vanishing of the Hamiltonian is peculiar to theories which are invariant
with respect to time reparametrization [1,2]. Equation (1.17) is the time-time

component of Einstein’s equations.



The simplest classical solution is open-infinite exponentially expanding space.

em(z, ) = Spa(t)

(1.18)
eg =1
where a(t) is given by
At
a(t) =c exp!—;— (1.19)

The same solution can also be interpreted as a closed universe with the topol-

ogy of a torus. In this case the system is assumed periodic in z7 and zo.

Another class of solutions is given by [5]

es(z,t) = elzi—'a;‘,, + Me"_\/ﬂi“ (1.20)

where M is a traceless symmetric matrix satisfying
TrM? =2

These solutions have the peculiar property that |e] = 0 at ¢ = 0. This implies a

collapsed configuration of zero 2-volume.

Finally we can consider closed spherical space solutions. Let S%(z) be a 2-

bein describing a unit 2-sphere. Then solutions of the form
el = Ae’@s;',, + Be‘@sg, (1.21)
exist. A and B must be chosen so that (1.17) is satisfied. Thus we require
—4le|l+ Ne|—|e|]Re =0 (1.22)
For a sphere of radius Aelé& + BeJé& the curvature Ry is given by

-2
(Ae"\/;! + Be__\/ix_‘)



Thus
2 2
-4(,4?«34‘ - Bge")@) 15| + )\(Ae)g_‘Be”)@) IS|—1S]=0 (123)
This is solved by A= B = /%

e(z, t)5, = Sk(z) % coshl/_g (1.24)

Equation (1.24) describes a cosmological “bounce” solution in which the universe

initially collapses to a radius of order A~% and subsequently expands.

In 3 + 1 and higher dimensions solutions of the above type can be modified
by adding gravitational waves. In 2 + 1 dimensions the constraints are strong

enough to prevent the propagation of real perturbations.

2. The Space Of States

According to Wheeler and DeWitt [1] the quantum wave function of the
universe is a functional of intrinsic 2-geometries. A vector in the state space
is a function of the infinite collection of geometric invariants needed to specify
a 2-geometry. Alternately we may consider vectors to be functionals of the 2-
bein ey, (z) taking care to make sure that ¥(e%,(z)) is invariant under coordinate
transformations and tangent space rotations of 2-space. Accordingly the physical

subspace is defined by

Y(e(z)) = Y(€(2) (2.1)

if e(z) and €'(z) describe the same intrinsic 2-geometry. Eq. (2.1) can be written

in infinitesemal form

Pr¥(e)=0
(2.2)
J Y(e) =10
where Py, and J are given by (1.15) and (1.16) with
. 6



In order to ensure the coordinate independence of the state space we must
also require the inner product to be invariant. This is a subtle and difficult
problem which is closely connected to the way the theory is regulated. Most
of this paper does not depend on these subtleties but for definiteness we shall

assume a particular inner product [1]. Thus let us define

(¥]¢) = / Tl del.(z) ple(z))v"(e) ole) (2.4)

z,0,p

where p(e) is to be determined. Consider a coordinate transformation which

leaves the point z fixed. The 2-bein at point z transforms as

ef(z) = ek e3(2) (25)

The Jacobian of this transformation is

5el8 ax™ axn
det 3 = dt(a,, a‘('"’) det(aX,,,,) (2.6)

To compensate this Jacobian we choose
e)= ][ le|™2 (2.7
z
Thus
deX(z
{Y|¢) = / ]] '" ) (2.8)

With respect to this measure some of the usual operators are not hermitian.

Any real valued functional of e(z) is hermitian but the conjugate momenta
g (z) = —i— (2.9)

are not. A particularly simple set of operators given by

5
Setn(2)

D§(z) = e&(2)](a) = —iek(2) (2.10)



are hermitian. Alternatively we can define
D} = €% = (2.11)
which is also hermitian. The D2 and D" are related by

DT =% & Db
(2.12)
D} =¢, & D
The D} (D}) are generators of the group of general linear transformations on
the indecies m (a). The canonical commutation relations between e and 7 are
replaced by

[D§, Dy1=0
[D§(z), Dy(y)] = ié(z — y) (6 Dg(z) — 8 Dj(z))
(D7 (), Di(y)] = ié(z — y)(63. D — 6" D) (2.13)
[efm(z), De(v)} = ib(z ~ )67 epn(z)
lefa(2), Dl ()] = i8(z — y)8laeli(z)
The antisymmetric part of D} is the tangent space rotation generator
J =% D§ (2.14)
and annihilates all physical states.

The field variables can be divided into two mutually commuting sets. The

first set consists of the trace of D and the determinant of |e|.

D = D} = D (2.15)
The second set contains the traceless part of D called D and the part of e which
has det = 1. Thus define

Di=D¢-Ltsep

b= 4p — 9 b
ge, = m (2.16)
le|2

D,’,":D;,"-%a,';,p



Everything in set 1 commutes with everything in set 2. The D operator generates
local Weyl dilatations which rescale |e| while Dj and D}' generate the special

linear transformations on tangent space and coordinate space.

3. The Wheeler DeWitt Equation

All that is needed now to write down the W-D equation is to expression H(r)
in terms of the D’s and order it so that it is hermitian. According to (1.17) the

classical density H(z) consists of 3 terms

H(z)= H;+H;+ Hj (3.1)
2 ab
Hy= _% em,;e Ty mh (3.2)
Hy=-1 R
2= ? 2 (3.3)
A
Hy= 2l (3.4

Hjy and Hj are manifestly hermitian and may be taken over into the quantum
theory without modification. H) however is not hermitian as written in (3.2).

Using 77" = e}’ Dg and reordering the operators, H; can be made manifestly

hermitian
a 92 ¢ . bd
Hl - —Db Wel Dd € €gc (35)
2 2
=_9 1 9 papb
=~% D) 1 D)+ DED; (3.6)

The W-D equation is obtained by using

) 6
Dg(Z) = ""egn(x) 66%1(I) (3‘7)
and writing
D¢g® . 44 A Ry
——2Z DS "%, + e| — ] e)=20 3.8
2T Df e + —ylel = 3lute (39

10



Another form for the operator Hj is given by

(3.9)

____2|_7ﬂ 15(0) e, m}
g{4+8 e e

In order to see how the formalism operates let us consider a simplified model
in which the curvature term Hj is dropped from the Wheeler DeWitt equation.
In this case there is no coupling between spatially distinct points and the W-D

equation is statisfied by continuous product wave functions

% = exp it2——2—/ d?z |e] (3.10)

To see that (3.10) solves the W-D equation we write

Hy = — 2|7l’l ¥ — ﬁé( ) w
le]
(3.11)
g § & (abmn :g2 6(0)el, 6
——— € +
~ '8 bed, beb ¢ Y=g le] 6em¢ _?”‘b
Now note that
6y . al\/X +
g V= e Ty v
and that
€qpe™" 82 + A + VA % :
_— = —— é6(0 3.12
S V= —galdvE i 80 (312

Substituting in (3.11) shows that H¥* = 0. It is interesting to see that the

operator ordering (3.9) is required to cancel the singular term proportional to
16(0).

Note that the ¢§(0) term cannot be removed by simply subtracting a constant
from H because it has opposite sign for ¥+ and ¢~. Unfortunately we do not

11



know whether the simple prescription in (3.5) removes all such non hermitian

singular effects when the curvature term in H is restored.

4. Linearized Theory

In this section we will linearize and solve the W-D equation to leading order
in g. For simplicity we first consider the case of spatial geometries with the
topology of a torus, or infinite plane. Our solution corresponds to perturbing

about the classical solution given in egs. (1.18) and (1.19).
We begin by Fourier decomposing e2,

o0 )
el =Y e2 (k)e'k = (4.1)
k=0
where the values of k are determined by the appropriate periodicity of the toroidal

parameter space z. In the case of infinite space the sum is replaced by an integral.

The fourier amplitudes e(k) will be separated into a background part which
is not assumed small and a fluctuating part proportional to g. In particular the
fourier amplitudes e(k) for k 5 0 are all assumed small. The amplitudes e(k = 0)
are separated into a piece proportional to the unit matrix which is not assumed

small and a traceless part which is. Thus we write

e, =6%a+ ghy, + k § e'*zhe (k) (4.2)
k50

where k. is traceless. Similarly the canonical momenta are decomposed

m_0Q

1_ 1 .
4 +q +- Y eFTgn(k) (4.3)
2 9 9520

The variables (Q, a), (k,§) and (h(k), q(k)) form conjugate pairs. We shall use a

simplifying notation

Yeape™™ hin(k)h(—k) = [h(k)]

(4.4)
LeSemn gl (k)gR(—k) = |g(k)|

12



Let us assume that the wave function can be written in the form
(o o]
¥(h) = ezp| 3 4" zalh, a)|vo(h,a)
n=1

where 9 is gaussian in k (but not a) and z, are polynomials in k. The procedure
for finding ¢ and zy is straightforward. We apply the fourier transformed
constraint equations

H(k)yp =0

Pk)y =0
and require that they be true to order g"~1l. Surprisingly we find that this

(4.6)

guarantees that the total hamiltonian

Hp = / 42z H(z) (4.7)

annihilates 9 to order g". This is not totally unexpected for the following reason.
Consider the Einstein equations expanded to a given power in the fluctuations
h. The time-time and time-space equations are just the constraints (4.6). The
space-space equations are the hamiltonian equations of motion for e2,. In order
for these to be satisfied to order n — 1 the total hamiltonian must be correct to

order n.

The contribution of the curvature term —

eng to H(k) is an infinite series in

g. We shall need to know the first two terms of this series.

_lelRy _ _ kPTrh(k) — kokmhi(K)
g* ga

emn raz kmf,-

(4.8)
[Tr h(p)R3(€) — h(p)R5(0)]

where 3¢, means a constrained sum in which £+ p—k = 0.
In analogy with (4.4) we will sometimes write
[K*Tr h(k) — kokmh&, (k)] [K*Tr h(—k) — kyknhb(—K)] = [K*Tr h — kokmh(k)}?
(4.9)

13



In expanding H in powers of g the conjugate momentum @ should be assumed

to be of order 1/ g2. This can be seen by noting

oL  8a
=3i="=% (4.10)

Thus to order ¢°, H(k) and P(k) are given by

H(k) =5(k)[—ﬁ + 5‘-2-]

16 g2
2 _ a

~ [g oTr g(k) _ % AN h(k)ga kakmhm]
(4.11)

— {1k — \phie — S (7 o) K30~ BN ) e

€p
- ig?% Q
P =i g2 [kahia(k) — kb (K)] - % kmal'(k))

(4.12)

+ ;E{enh:',,(e)q?(p) — kmhy(€)gz"(p )}
p,t

We assume that 1p in eq. (4.5) is gaussian in the fluctuations h. Thus we

write
o = eap "S5 + 3 B30, D (R () (.13

Applying H and collecting terms of order g~ gives

1 (dA\2 )a?
i =0 .
16 g2 (da) + g2 ‘ (4.14)
or
A= +2id®>V/\ (4.15)

14



The ambiguity of sign in (4.15) is related to the possibilities of expanding or
contracting universes. The two possibilities are related by time reversal. We

shall choose the expanding solution which means the minus sign in (4.15).

Any linear superposition of the expanding and contracting wave functions is
also a solution of the W-D equation. The assumption that we can treat each
branch separately is equivalent to saying that time reversal (TCP) is sponta-

neously broken.

The general solution of P,1 = 0 to order 1/g is

Ala) .0A
Yo = exp[—z —2—(0) —is3 ) lh(lc)l]
g ek
(4.16)
X expE o(a, k) (k2T h(k) — kokmh)?

Next, using eq. (4.15) and applying H(k)yg = 0 to order g~! gives ¢(a, k)

cla, k) = m (4.17)
Thus giving
o = exp —21¢ \/X(Ez +Y Ih|)
’ ¢ (4.18)
% exp%z: (k2Tr h ;ngkmhg")Q

The objects in the exponents of (4.18) are the leading contributions to geometric

invariants. Consider first a2 4 g2 ¥ |A|.
a2+ g2 3 || =/ &z |e| = V (4.19)
k

where V is the spatial volume.

Next consider L(k2Trk — kokmh&)?/k%a?. From (4.8) we see that this is

equivalent in leading order to

2| 1e@) dzlety)] dy Ro(a)Rals)Golz,) (4.20)

15



where Gy(z, y) is the 2-dimensional green function given by

eik(z—y) 2
Go(z,y) = Z a°k . (4.21)

To make (4.20) into a geometric invariant we need only replace Go(z, y) by the

covariant green function G(zy) which satisfies
—0Om le| g™ 0nG(z,y) = 8(z — y) (4.22)

To zeroeth order in ¢ there is no difference between Gy and G. We therefore

define the invariant

1= [ le(z) lely)| 8% d%y R(2)G(z, ) R(y) (4:23)

The wave function (4.18) is then given by the leading contribution to

2VAV T ]
=erp—1 - 4.24
G e (424
The total Hamiltonian is given by
_[_@%* M?] [lql ] . 26(0)
Applying Hr to (4.18) we find that
Hrvo =0 4+ order g (4.26)

Let us now consider the significance of a wavefunction like (4.24). The first
striking feature is that it is a pure phase. Therefore all configurations of 2-space
are equally likely. In particular there is no suppression of highly irregular ge-
ometries with large values of the local curvature. This however does not mean
that space-time is highly irregular. In fact it is a direct consequence of Einsteins
equations that the space-time has uniform curvature. The point is that even in an

absolutely flat space-time, space-like 2-dimensional surfaces can have arbitrarily

16



complex structure. Our wavefunction has contributions from all space-like sub-
manifolds most of which are very irregular. Indeed the condition that H(z) =0
means that the wavefunction is unchanged by an infinitesemal local time dis-

placement. Obviously then it can not be concentrated at smooth geometries.

On the other hand invariant measures of the space time irregularities are
concentrated around their classical values. For example the 3-space curvature
is uniform and proportional to A as a consequence of equations of motion and
constraints. In Section 7 we will explicitly compute the fluctuation in a variable
¢p that was introduced [6] to study the gauge invariant fluctuation spectrum of
inflating universes. We will find ¢zry) = 0 in the matter free case.

To the next order in g the wavefunction has the form
o= {1+ IS KL () Kb (O} (427)

where p+ £ + k = 0. The order g correction term has two contributions. The
first is implicit in eq. (4.24) and comes from expanding the invariant I to order
g. It is given by

—i] & oh 6 I
E'\/_X[éh;‘n(k) 6hE(p) 6hE(6) g2

a b ¢
L=o"m(’c)hn(p)hr(€) (4.28)

The remaining contribution can be determined by applying H(k) = P(k) = 0 to
zeroth order in g. We find

& & & I
K nmr hb hb hf
ez,;{ baf +\/x [w 6hY 8hE “?] —o} mon

(4.29)

2E€2 2—(e-p)? 1 [le|R]x [le|R]; [lelR]p
3za2x372 2plk? g g g

kth

where |[|e]R]; means the mode of the linearized spatial curvature Equation

(4.29) can be written as an integral over 2-space. Define I}j by
b= [ d% d% d% [lelR]; [lelRlyle|R]:

(4.30)
X [8202 — (8= - 8y)%] Golz,y, 2)

17



where

Go(z,9,2) = [ du Go(z, w)Goly, ¥)Go(z, v) (431)
Then (4.29) becomes

2 5
3ia2)3/2 g3 (432)

we can make I’ manifestly invariant by replacing 8 by covariant derivative V, go
by the covariant green function and du by M{;(l“

I'= [ d d% d{lelR); elRly[lRLIV3VE — (V- Vy)AClz,,2) (433)
where

Gle,y,2) =15 [ dPule(w)] Glz, WGy, v)G(, v) (4.34)

Thus to order g the wave function has the form

or ] (4.35)

ezp?[2V\/>i——:/K+3ﬁ—

Notice that when written in terms of dimensionless invariants I, I'... the g2
dependence factorizes and the dimensionless expansion parameter is (VA)~1. The
series converges rapidly if the volume is large compared to the Hubble volume.
Up to this point no divergences appear in the calculation of . In the next order
infinities arise which can be countered by renormalization of ¢ and A. Beyond
that we do not know what happens but it is possible that an increasing number

of counter terms is required at each order.

It is also possible that non-hermitian counterterms will be needed to eliminate
some infinities. These would be analogous to the 16(0) terms we encountered
when we used the wrong ordering in the simplified model of section 3. They

would indicate quantum corrections to the measure (2.7).

18



5. Scalar Matter Fields

We now add a minimally coupled scalar matter field. The matter field La-

grangian is
Lm = eQlelgh’ 0,6 0y = = lel ¢° — Q|elg™"Bmdd 5
m = eqlelgh’d,é V¢—eo|el¢ eolelg” " Om@pOnd (5.1)
0

which leads to the local Hamiltonian

P2
B = |27+ elg™" 9 On9) (5.2)
~ where
a[-m ¢ 0
*Tap I 3
Expanding (5.2) in powers of g gives
Ps
Hp(z) = m(l — ga~1Trh) +(V¢)?
Trh 5.4
+ 9 (Vg ~ 2L WP Omp0ns 54
+ order 92
Similarly the matter field contributes to the generators P,.
(Pn)mat = am¢P¢ (5-5)

Since (5.4) and (5.5) vanish in order g=2 and g~! eqs. (4.14) - (4.18) are unaflected.

Accordingly we write the leading order wave function as

Yo = exp[—2i \/X(a2 + Xk: Ih(k))]

. (5.6)
! 2 a
X exp[m zk:(k Trh - kakmhm)]z(tp, a)

19



The matter wave function z can be obtained by requiring H;y:9g = 0 to zeroth
order in ¢
_[ 9 M"’} - 26(0)a {lql }
Hio =\~ g+ g} =i =3+ {7+ Mhiw)
(5.7)
Py(k)Py(—k
) DLt LM
where Py is represented by —¢ 5% We find that requiring H;¢1¢g = O implies a
Schroedinger equation for «

2
@? ~[-4 dng + k24(k)2| X (9) (5.8)

t

The physical meaning of eq. (5.8) can be seen by considering a quantum field

¢ in a classical background geometry given by

e, =e;=0

em = a(t)oy, = ei?& o

The fourier modes of ¢ decouple and the schroedinger equation for the mode

o(k) is

.0z 1 d?
i = [— o et k2¢(k)2]x (5.9)

Substituting

3 .8 VN 0

ot “%a 2 %da
we see that (5.9) and (5.8) are the same. Thus we see how the W-D wave function
contains information about the evolution of ¢ in the form of correlations between
the dynamical variables a and ¢. We also see that in the linearized theory these
correlations are obtained by solving the field dynamics in a classical background

geometry.
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This is the first place that the classical notion of time has entered our formal-
ism. It is a convenient description of the correlations in the W-D wave function,
within the semiclassical approximation. Once the geometry has large quantum
fluctuations, time loses all meaning. Many author’s [7] have attempted to define
time variables which make sense in the quantum region, but with no success. The
W-D equation is second order in all of its variables and it is impossible to convert
it exactly into a Schrodinger equation. We accept the argument of DeWitt [1]

that time is only an approximate concept in quantum gravity.

Gaussian solutions to (5.9) can be found which span the entire space of solu-

tions. We therefore look for solutions of the form

2(9) = exp — 5 [F(t, Do(k)9(~F)] (5.11)
Applying (5.9) to (5.11) we get an equation for F(¢, k)
i dF  F?

tdF  FT e
5 ar g K =0 (5.12)

The general solution to (5.12) is of the form

W e2ik[aVh _ p—2ik[ay/X
W e2ik/avA 4 o=2ik[av/X }

in the limit of small a. W is a complex integration constant.

F=ak

(5.13)

In general (5.13) is violently oscillating as a — 0. There exists a particular
solution which is well behaved, namely W = 0. This state can be thought of as
the state of minimal excitation and we will concentrate on it for the rest of this
paper. The choice W in (5.13) is equivalent to requiring that the energy in the
field ¢ not blow up as a — 0. To see this we note that if the field ¢ is replaced
by the dimensionless field X

X=¢a2

then the matter field hamiltonian is

Hp=Y P2(k) + k2X (k)2 — a VX X (k)?

k a
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When ¢ — 0, H,; becomes

Hp =5 P}k + X (k)
k

which has the eigenvalues

1
Em =-3_|k|n(k)
@%
Thus to keep FE finite as a — 0 requires all the occupation numbers n to vanish.
This is equivalent to requiring W = 0.

The solution of (5.12) with this initial condition is given by

2ialk| HV (ﬁ%)

(3

where H is the Hankel function. For large a, F' behaves like

4ik?  2a k2
in

“ATTE A

(5.14)

It is interesting that for large a the probability distribution for ¢(k) becomes

a-independent.

We have carried out the calculation of ¢ to order ¢ when the matter field is
included. In this order the quantum fluctuations in ¢ begin to become correlated

with the metrical perturbation h. The wave function to order g has the form

. VNl N
V= eXp[—zz = T Al Cavas 92]
x oxp 3-[~ 75 (k) (5.15)

x |1+ g T KD 908~ ~ )]
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The procedure for finding K}, is by now familiar. Apply H(k) and P(k) to ¢

and require the result to vanish to order g0. The result is

_ €baenmkbkn

Kg'(p,9)
+%2{5am(k-PFg-i-k.er)—(kaem+kmea)Fp (5.16)

+ (ke pm + km Pa)Ft}
where F is defined by (5.11). The first term in (5.16) can be written in the form

, |f dzdyd: ﬁ‘%ﬂ F(u — 2)F(u — y)Go(u — 2)8(z)d(y)le(2)| R(2)

1 VM 4§ oz 142 (V4(2)2Go(z — 2)le(2)|R(2)]

(5.17)

where F(r) is the Fourier transform of F(p). This is the lowest order contribution
to a new reparametrization invariant term in the wave function. There are many
ways to make it invariant and we would have to go to higher order to figure out

the correct one.

The term linear in F' is a correction to the invariant whose lowest order term
is the logarithm of (5.11).
6. Spherical Geometries

Thus far we have considered 2-spaces with the topology of a torus or plane.
We now turn our attention to topologically spherical geometries. We again de-
compose ey, () into a dominant term describing the homogeneous isotropic com-

ponent plus fluctuations. Let
em(z) = En, a(t) + ghy,

where E, describes a sphere of unit surface area. Such a sphere has uniform

Gaussian curvature given by

R=4r (6.1)
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For a simple description it is convenient to map the sphere onto the plane by
stereographic projection. Then E}, is given by

6(1
Ep =bg f(r)= ’(1—_,_—";7;) (6.2)

The fluctuation ghy,(z) is assumed orthogonal to E3,.
/ d%z E%(z) ht (z) =0
or
/ &%z f(r) Tr h(z) =0 (6.3)

To find the wave function we follow the same procedure as in section 4. To

leading order the total hamiltonian is

2 N 4nr
H=— 2Q” - _
9 16 + ZE (6.4)
where @ is conjugate to a and the constant 47 is obtained by integrating |e|Rs.

We apply (6.4) to 9(a) and require the result to vanish to order 512'. We write
Y(a) = e Alo)/¢*

and find

[dA(a)

- r =4 [161\' —4) a2] (6.5)

There are two solutions
A= 42 / V167 — 4Xa? da (6.6)

We next apply the local hamiltonian and P(z) and require them to vanish to

order g~ 1. The momentum constraint requires 1 to have the form

A(a?)
92

p=exp 24+ 2 [ |hia)| a2
(6.7)

xexp| [ [ d*2dy K3 (2, 9) W (2)RS()
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where A = %’% = + /167 — 4\a2, and the kernel K must satisfy

of 0
K- 1R =0 (6.8)

Equation (6.8) is the condition that the second factor be invariant with respect
to spatial reparametrization. It can be solved by invariants constructed from the

curvature R. Define the substracted curvature

4
R=R- - (6.9)
The density
Rle| = Rle| — | (6.10)

when expanded in powers of hj, has no zeroeth order term.

The general solution to the constraint P = 0 is given by

[ | K@bnw) = [ [ Rlele a9 Rlely gy 611

where G is any function of the invariant distance between z and y in the back-

ground geometry. The lowest order contribution to 12 |e| is given by

h20rf} mn rs

~[Rlel]z = gam [f(la:) orhi + —ﬁ—] €

(6.12)

—ga—'"{[f a,,,f]m} g%’f Trh f(z)

The next step is to solve for § by using H(z) = 0 to order g~ L. We find

H(z) ~— B Trafa) f() + 72 Trhla) S0

(6.13)

0n] Lo il 9m (L o] 1)
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Applying (6.13) to (6.7) gives

47 f(2)Tr h(z) +5’1'f(x/1( (z,9) kb (y)
(6.14)

+ am[; o,h7 + n faz” e — o[ 25 70m ]re 1} =0

The easiest way to solve (6.14) is to evaluate it for h of the form k(z)65,. In fact
there is no real loss of generality because any spatial metric in 2-dimensions can
be brought to this form. In this case eq. (6.14) takes the form

= (v + 8 )+9fi'f [ ke (7)o

Furthermore
"
~Rle|=2[v? + 87rf2](?) (6.16)

Thus §(z,y) can be identified as

4

a9y =1 (V2 + x2S () K (2, ) SNV + 877%) 7Y y)  (6.17)

Using (6.15) this implies that
§(z,y) = (V2 +8r)716(z — y) (6.18)

Thus we see that there are two differences between the toroidal and spherical

cases.

First, the term —\Qrz is replaced by =4~ (V) with A given by (6.6). The second
difference is the replacement of I=—] Rlel ——ZRIeI by

- 1
— - / Rlel rgmy Rl (6.19)
or more generally
I=- / Rle| G R|e| (6.20)
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where G satisfies the “massive” equation

—0mlelg™" OnGlz, y) + 8le|G(z, y) = 8(z — y) (6.21)

In this case the wave function of the linearized theory is no longer a pure
phase. For a > %\’—r

A = +4iVa
(6.22)
A= 42V a?
The large a wave function then has the form
Y =ezp— t[ \/—V ! ]
P/ W
However for a2 « ‘-‘% we find
Al =81
(6.23)
A=8/ta
and
8vrV WV
¥ = exp|+ + ] 6.24
g° T &gl (524

The reason that ¢ becomes real for a? < 4{ is that this is the classically
forbidden region. To determine which linear combination of wave functions in
(6.24) to use with (6.22) we must extrapolate through the region a2 ~ 43‘1. This

however is the region in which our approximations break down.

In the limit X — O the wave function has the form of (6.24). In the case

87V v
Y=erp— —u—— \g I
g 8g°/m
the wave function is well behaved since I > 0. However if
8V
¢ =ezp+ (——32—— @ I)
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it blows up for large volume and for wildly fluctuating (I >> 1) geometries of any

volume (of course our approximation breaks down for I >> 1.

Therefore requiring the wave function to be well behaved for wildly fluctuat-
ing geometries requires us to choose the wave function for which large volumes

are exponentially suppressed.

Adding matter fields can be done as in the toroidal case. In the lowest order

the wave function factorizes

AV I
Y = exp !(]2 )+ gQZ'(V)] Ymatter (6.25)

Applying [ H(z)d%z and requiring the result to vanish to order ¢° we obtain a

Schroedinger equation for Y¥matter-

.0
¢ _?%_M = Hmatter ¥matter (6.26)
where 7 is defined by
0
. = ’ —_—
t0r=A - (6.27)
For large a
0 d
g =4 Vo (6.28)
as in the flat or toroidal case. For small a
. 0
107 = V87 0 (6.29)

Thus we see that in the classically forbidden region ¥, satisfies an elliptic or

diffusion type equation with an imaginary time
ta
T=— 6.30
T (6.30)
7. Quantum Fluctuations In The Large Scale Structure of Space-Time

In this section we shall study the anisotropy and inhomogeneity in the large

scale structure of space time. Let us begin by considering a particular fourier
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component of |e(z)| R(z) in the case of a toroidal universe.
lel Rl = [ le(@)lR(z) e*= d%k (7.1)

The magnitude of [|e] R]; is a measure of the degree of fluctuation in the spatial
geometry. Since the wave functions that we have computed are pure phases,
at least to order g, the fluctuations in [|e] R]; are infinite. However this violent
fluctuation is not a signal of a meaningful fluctuation of space time. It is due to
the ambiquity of the 2-dimensional spatial surface imbedded in 2+ 1 dimensional
space-time. Accordingly we shall modify [|e| R]; so that it is independent of the
choice of spatial surface, at least to leading order in g.

It is convenient but not essential to work in “synchronous” coordinates de-
fined by

eg =1
(7.2)
eg=-¢€y=0
Given any initial space-like surface I' synchronous coordinates can be constructed
so that T is the origin of time. Let us consider a coordinate transformation
which displaces the initial surface by amount gfo(:z:, t) and which preserves the

conditions (7.2).

t—t+gfo%t, z)

(7.3)
X™— XM +g fM(t,2)
Imposing (7.2) on the transformed 3-bein we find
8 f0=0 (7.4)
as°
m __ _ .sm
To leading order in the coupling constant g eq. (7.5) becomes
aso 1
m -_— e —_——
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Let us now consider the variation of eg,.

de’ afv
bem = 95xv I + gxm ]
(7.7)
i ot
= 8, [0+ (Oneh) "+ ot
which to leading order becomes
[ Oel afv
bem = 9 8hm = 9| oxv I +a)£meg]
[ o - afe
—_— a
_g_émaf0+a3Xm] (7.8)
t
[ o a2 0 1
— a —— e —
=gjfmaf “aXmaXaO/ 02]
It is straight forward to show that the quantitym
_ d[ 2 0,0mh% Trh]
Zg = —le|lR(z) + gaa | =3 [v . . (7.9)

is unchanged by (7.8). To leading order we can replace @ by /A a. Thus define

Z,=g%" [ﬂaaamh Trh]

(7.10)
a)\ e
P v2 BaBmh?, Trh] le| R(z)
Using - —46%¢,,q0 it is easy to see that Z is given by
m b
D
Zy = g’ Hy(z) + 2 ¢° \/— 3 (7.11)

Equation (7.11) defines a measure of the geometric fluctuation at point z

which does not depend on the choice of space-like surface through z. For an

[1]Zg ia equivalent to V2® defined in (Ref. [6]) where Hy(z) and Py(z) are the
purely gravitational hamiltonian and space-translation generators.
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expanding torus with metric e}, = a(t)65,, Z obviously vanishes. Furthermore

for any geometry which uniformly expands in the sense that
&% (2, 1) = a(t) &z, 0) (7.12)
we find

Z, = —|e| R(z) (7.13)

Classically the general solution including matter fields asymptotically satisfies
(7.12) from which it follows that Z; asymptotically become time independent.
Such a geometry asymptotically tends to a fixed shape which dilates with time.

The question we shall consider is how quantum fluctuations of Z; behave
as the volume tends to infinity. Before beginning the calculation let us discuss
the meaning of the possible results. The simplest possibility is that Z; — 0 with
volume. This would indicate that the geometry becomes homogeneous. Quantum

fluctuations in the global structure of space die in time.

A more interesting possibility is that Z; is not zero but has a limit as volume
goes to oo. In this case the universe approaches a fixed shape which grows in

time.

Finally one may find that Z; grows with volume. In this case quantum fluctu-
ations cause bigger and bigger inhomogeneities and anisotropies as the universe

grows.

We shall compute the quantity

Wu(z, y) = (Y] Z(2) Z(y)|¥v)connected (7.14)

where 1, stands for the projection of (5.6) on the subspace with given volume
V. This quantity measures the correlation between fluctuations at points z and
y as a function of the the total volume. In particular we will be interested in the
limit of large volume. Notice that if |z — y| is kept fixed as V' — oo the proper

distance between the points grows like the scale factor a. Accordingly if (7.14)
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does not vanish as V — oo then quantum fluctuations distort the global large

scale geometry of the universe even when it grows to arbitrarily large size.

To begin the calculation we note that eq. (5.6) defines a product state with
the gravitational factor being unaffected by the matter field. Thus Hy(z) and
P,(z) annihilate it. This means that (7.14) vanishes identically to order g°. The
first non-vanishing contribution occurs at order g*. To compute it the wave
function must be calculated to order g2. However we can avoid this by observing

that the constraints H = P = 0 require

9’ Hy(z) = —g°Hm(2)
(7.15)
g°Py(z) = —g*Pr(z)

where Hy, and Pp, refer to the matter field. Therefore we can calculate the

quantity
(Yol Zm(2}Zm(Y)|¥v) connected (7.16)
by using
1 — 1

Note that 512 Zm is the matter energy demsity in a “co-moving” frame where
P (z) = 0. The operators Hy, and P are explicitly order zero in g. Therefore
to calculate (7.16) to order g* requires only the lowest order wave function given
n (5.6). In fact since to lowest order in g, Hy, and Py, are independent of h% (z)

we can ignore the gravitational part of ¢ and write

Ym = ezp[-g;m,a) B(k)$(—k) (7.18)

where a is identified with V. Since ¥'m satisfies the Schroedinger equation in
a classical background geometry the computation is identical to calculating the
corresponding quantity for a quantum field in a classical exponentially inflating

universe,
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Let us consider a typical contribution to (7.17). The matter hamiltonian has

a contribution (V¢)2. Thus consider the expectation value

g ((Vé(2))? (Vo)) (7.18)

Because (5.6) is gaussian in ¢ Eq. (7.19) can be written

0 0 2
~ ¢Omd(2) ndl0))? = 052 5 (9(2) S
\ (7.20)
= g*[[ dk kmku 9(k) $(=H) )]
For a gaussian wave function
1
so that
4 tmén )
W~y [Ze: BeFEa)’ y)] (7.21)

Equation (7.21) is ultra violet divergent. The divergence can be handled by
standard renormalization techniques. The subtractions are proportional to &(z —
y) and its derivatives. They do not affect the part of the k integral (k < a VA)
which corresponds to physical wavelengths of order the horizon size or larger.
Thus we can estimate the fluctuations by cutting off the £ integral at £ ~a VA
From eq. (5.14) we see that Re F is given by %/4_; for £ a\/\. Accordingly W

behaves like

s 2,0 (€9 ik(z—y) d2k
d°éd 6(f+qg+k)e y
g/ q 242 (E+q )

= 94/ A d¢ {%2—((53%%3 eik(z=y) &%k (7.22)

_ ah o (16 (E+R)] N\ ikz—p) @
—94>\a26H(z—y)+/ d2¢ {W_l}ek( y)d%k

where 8y is a smeared § - function.
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The first term of (7.22) comes mostly from modes with £ ~ a v/X. In terms
of proper momentum this means momentum of order VvX. The second term
is insensitive to the cutoff and arises from modes with ¢ ~ k. The remaining
terms in W give similar contributions. Thus we see that W consists of a volume

independent contribution plus a growing term given by
Agta® 6y(z - y) (7.23)

This term has a simple intuitive significance. The total co-moving energy in a

coordinate volume v is

v
The fluctuation in €y is
1
(Ber)? = () = (e = [z &% Wiz, ) ) (7.25)
v
From (7.22) we see that
(Aey)? ~ (va?)r (7.26)

The quanity va? is the total proper volume of the region v.
P

If we consider v to be composed of disjoint volumes of order the horizon
size then eq. (7.26) means that the energy fluctuations in these volumes are sta-
tistically independent and of order v/X. Evidently the rapid inflation produces
significant large scale distortions of the background geometry which do not dis-
appear as the volume expands. Indeed as the low k modes are inflated past the

horizon new fluctuations keep replacing them.

8. 3+ 1 Dimensions

The Lagrangian for 3 + 1 dimensional gravity is (in synchronous gauge)

abe \ R
L=—%2Tﬂ e‘,’négéﬁ—?|e|+—g|2ﬂ (8.1)
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and the Hamiltonian

Ae elR
H = —g%®, &7 Ty C+?|2—l I—?]IT (8.2)

which to zeroth order in g is

H = { Q22 )\ga}

2 2
{2g 02T h_ii_gg +Xa Trh+2V Tr B}

g g (8.3)

Q
-2 29 02 AT +T(Tr hTr g —hial) 3

]+ aX\[(Tr h)?

— hg,,h;"]} 2k?
2

o 1R

where Tr h=Tr h— k“ km tesm b and |h| = 1 €M e p0 hS h?l %’2&

It is helpful to consider a single fourier coefficient with wave vector along an
axis which we arbitrarily label z;. The 2-space orthogonal to k we call X M —
(X2, X3). The independent components of k%, are

a) hi
b) hf', hhe
c) h% + h§=h%=Trﬁ
(8.4)
d) h3 — h3=¢1a
e) h3 + h} = ¢oa
f) S~
The components of (8.4) labelled (a, b, ¢, f) are nonpropagating degrees of and

#1, o2 are the graviton degrees of freedom. We shall see that ¢; 2 behave in the

same way as minimally coupled scalar matter fields.
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The linearized wave function is obtained in the same manner as for 2 + 1

dimensions. In this case we find

a
T,

Y = exp—t
) (8.5)
2tk M\2
X exp| = —(k})?] 2(41,42)
8a\/\/6 M
where z(¢1, #2) satisfies the minimally coupled schroedinger equation
O [ 1 d? 2]
'W— gggﬁ? a?¢, Y (8.6)

where ¢ is defined by

a=exp 2 \/% t (8.7)

In other words the graviton fields ¢ behave like a pair of minimally coupled

scalars.

As in the 2 + 1 dimensional case a particular gaussian solution to (8.6) exists

which is nonsingular as @ — 0. It is given by

=Pl g0,

F=%; a[ "k'a/1+ Ik' )] (8.8)

As in 2+ 1 dimensions a measure of fluctuations is provided by Z, where Z,

where

2
Z, = —%‘l— 3g2;);- v2v.p, (8.9)

where Hy and P; are the graviton energy and momentum densities,

3 ;2 2
Hg(z)=a2¢ + a(V2¢)

Py(z) = a3 V¢
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As in the 2 + 1 dimensional case with matter fields we find that

(Zg(z) Z4(y))

consists of two contributions. The first contribution arises from graviton modes
with coordinate momenta ~ ]_:c_l—y[ This term is non growing. The second contri-

bution arises from modes with physical momenta of order v/ and has the form
agi)\%/2 §3(z — y) (8.10)

This leads to the same conclusions as in the 2+ 1 dimensional case. In particular
inflation leads to large scale inhomogeneity and anisotropy. It is an open question
whether this leads to observable effects.

Acknowledgements

We are deeply indebted to Emil Matrinec, Michael Peskin, Nick Tsamis,
Barat Ratra and Mark Mueller and Joseph Attik.

37



References

J. A. Wheeler, Superspace and the Nature of Quantum Geometrodynam-
ics, Battelle Rencontres, (W. A. Benjamin) 1968, B. S. DeWitt, PR 160,
1113 (1967).

S. W. Hawking and J. B. Hartle, PRD 28, 2960 (1983).
M. Hermeaux, M. Pilati and C. Teitelboiim PL 110B, 123 (1982).

R. Arnairtt, S. Deser and C. W. Misner, the dynamics of general relativity
in “Gravitation”, an introduction to current research ed. L. Witten, Wiley,
New York (1962).

E. J. Martinec, Soluble Systems in Quantum Gravity, PRD 30, Sept. 15t

issue.
J. Bardeen, PRD 22, 1882 (1980).

R. Brandenberger, Generation and Evolution of Fluctuations in energy
density in inflationary universe models. NSF ITP 84-76 (to be published
in 8" John Hopkins), Workshop on current problems (June 1984).

B. S. De Witt, see Ref. 1.

38



