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ABSTRACT

The running coupling constant §(Q?) in QCD is investigated using the general
principle of renormalization and renormalization group theory. From the formal ex-
pression of color dielectric function, an exact functional relation between §2 and mo-
mentum transfer Q2 has been obtained. For large Q2 the theory is consistent with the
perturbative QCD. For small Q2 the running coupling constant behaves as 72(Q%) =
(M?/Q%* where k > 0. Tt is shown that in the infrared region the scale transfor-

mation 32 = X g2 is essential to the renormalization group theory in QCD for small

Q.
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1. Introduction

Quantum Chromodynamics is a renormalizéble non-Abelian gauge field theory of
color quarks and gluons. In this theory the renormalization group running coupling
constant or the effective charge plays an important role. One of the fundamental prob-
lems in QCD is to find the momentum dependence of the effective charge 32 (Q?). QCD
became a most attractive theory, only when it was understood to be asymptotically
free.1'2 For large momentum transfer or short distance the effective charge becomes
small, this allows perturbative calculations to be performed for large Q2. The study
of the effective charge for small Q2 or large distance (i.e. the problem of confinement)
has known only a limited success. The investigation in this case encounters great diffi-
culties due to a failure of perturbative theory. Several methods were developed based
on Schwinger-Dyson equation,3~7 dispersion relation® and self-consistance condition
imposed by Ward-Slavnov—-Taylor identities.?

Since QCD is a non-Abelian gauge theory, the gluons themselves carry color
charges and interact with each other. So the color charge of a quark is no longer
located at a definite place in space, it is diffusely spread out due to gluon emission and
absorption. At small spatial distance (for large Q2), only a small part of color charge
acts effectively, and the effective coupling constant thus appears weaker as the mo-
mentum Q2 is increased. On the other hand, at large spatial distance (for small QZ),
the effective charge should be much stronger, which may lead to confinement property.
This gives an intuitive physical picture of the momentum dependence of the effective
charge in QCD. From this viewpoint the running coupling constant 3% (Q?) was studied

using the color dielectric function (e.g. Ref. 10), which plays an antiscreening role in

QCD.

— In this paper the running coupling constant §2(Q?) in QCD is investigated using

the general principle of renormalization and renormalization group theory. From the



formal expression of the color dielectric function, an exact functional relation has been

obtained.

1 =bfn Q’ —aftng®+ f(7°)
72 M?

where b = —fg and a = $,/8q, Po and B correspond respectively to the one-and two-
loop renormalization group coefficients. The function f(g)? possesses nonperturbative
feature, it characterizes all higher order contributions. This functional relation had
been studied in ghost—free gauge!! (z; = z3), in which the running coupling constant is
defined as the renormalized transverse gluon propagator. In our theory the definition
of the running coupling constant is directly from the renormalization group theory
and the gauge is not specified.

The theory is consistent with the perturbative QCD. When g2 — 0, the function
f(g?%) vanishes guaranteeing the asymptotic freedom behavior. Using the functional
relation of g2 and ¢ = %Zn %;, the analytic properties of the function Cn%&t) in the
complex plane of ¢t has been studied, from which we obtain the dispersion relation for

én g2 (t). We find that in the infrared region (for small Q2)
J@)=ctng’, ¢>a
and in the infrared region

>0

@)= (), k="

The corresponding Callan-Symanzik function for large g2 (Q2)is

c—a

@Y =—-2k g

This momentum dependence of the running coupling constant §(Q?) in case k = 1

15 consistent with the confinement solution (or self-consistent ansatz) of Schwinger—

Dyson equation for Q2 /M 2 & 1 in Landau gauge® and in axial gauge.5_7 The case



k < 1 was studied in dipersion relation theory.8 The unknown index k in our theory
should be further determined by the dynamic structure of non-perturbative QCD.

In this paper, it is also shown the in the infrared region for different renormalization
schemes the corresponding running coupling constants g2 and g2 are related by the

scale transformation (or scale mapping):

72 =x7
where A\ is an arbitrary constant. This new invariant property is essential to the
renormalization group theory in QCD for small Q2 and plays an important role in
studying the infrared behavior of QCD.

The theoretical structure and formulation proposed in this paper is also applicable

to other quantum gauge field theory.

2. A Formal Theory of Running Coupling Constant

In renormalization group theory the running coupling constant or the effective

charge g(t) is introduced by the defining equation
d gt
220 _ g (a) (1

with the boundary condition

93(0)=yg (2)
Here B(g) is the Callan-Symanzik function

Lad, @——g g

p2 is the renormalization point and g is the renormalized coupling constant. For

--—convenience equation (1) is usually written as

190 _ g(5200) (@



where 3(7?) is given by

B =2983) — (5)

The solution of equation (4) with boundary condition (2) can be formally expressed

7(t)
t= [ Y2z =¥(s* (1) - (s (6)
02

For a given renormalization scheme W(g‘é’ (t)) should be a unique function of 3%(¢).
An important property directly deduced from equation (4) is that the derivative

of any function of §2(¢) with respect to ¢ is also a function of 32 (£):

do(a
W)~ $ahe”) )
It can be also proved that if the derivative of a function f(t, g2) with respect to ¢ is a

function of g2 (¢) alone, then the general expression for f(t, g%) should be

f(t,9%) = 1@ + k1t + k2 (8)

where k; and ko are constants, kj is independent of g2 and f;(g2) is a function of g2
alone.

Let us denote the ratio of the bare coupling constant gg to g2 (t) by €£(Q?) and the
ratio of g to g% (t) by K (t)

0] =% 9)
and
B 2() = L K@) =1 (10)
g —m, =



From (2), (9) and (10) we have

g = ?(—75 . ) (11)

and

2
K(t) = %‘(%r)’ (12)

The function £(Q2) in (9) may be looked upon as the color dielectric functionl®
in momentum space, and the function K (¢) expressed by (12) may be regarded as the
relative color dielectric function. In the Axial gauge y2(t)/g8 = £(Q?)~1 could be
expressed by the gluon propagator d(Q?) = 1/1 — g§7(Q?), where 7(Q?) is the gluon
vacuum polarization function, and 7(Q?) could be determined further in terms of the
gluon propagator and vertex function through Schwinger-Dyson equation. In this
paper we shall not specify the gauge and shall not be concerned with the dynamical
expression for £(Q?) and K (t).

Differentiating (10) with respect to ¢ and using (4) we find

dK
-5 A0 0) = 2 S (13)

Since the left hand side at (13) is a function of g2 (t) alone, it requires the expression
51, ﬂ;ﬁ) at the right hand side to be a function of §2(¢). From this requirement and

(8) we find that the general expression for the function K(¢) should be
1
2K =2t + F(g2 (t)) +A (14)

where F(g2) is a function of g2 (¢) alone, A and b are two constants. Using the boundary

condition K(0) = 1 and g2 (0) = g2, we have

1
A=52—F(92)



Substituting A into (14) we find the general expression for K (¢):
K() =1+ 2%t + ¢?[FI° (0] - Fle?)] (15)

Then from (10) and (15) we obtain the relation between 32(t), g% and ¢

l —

0]

g 512 +obt+ [F(§2) _ F(g2)], (16)

and the function ¥(g2) in (6) should be
171
¥(72) = - [ —F -2]
@) =35 [z~ F@) (17)
Using the multiplicative renormalization relation
g = (Z5)**(2,)* g
and (11) we find

EW?) = (232 (18)

where Z3 is the gluon wavefunction renormalization constant and Z; is the triple gluon
vertex renormalization constant. If we use the cut-off procedure, Z3 and Z; will be
expressed as the function of u2, g2 and the ultraviolet cut—off A2. Then it follows from
(18) that €(u2) is also a function of u2, g2 and A2, and £(Q%) should be a function of
Q?, 4%, g% and A2. Taking notice of the fact that £(Q?) is dimensionless, the expression
(12) can be written in a more detailed form

2 2
o g _ &(r,8,9%)
Kto) = 26 = s, )

(19)

_ _Wwhere r and s are two independent and dimensionless variables which are defined as

1, Q2 1 2
r=; Cnp, 8=5 in (20)

?‘_Jt



and ¢ is related to r and s by

t=r—s - (21)

Since the running coupling constant g (¢, g%)is independent of A2, the right hand
side at (19) should be independent of A2. To study the consequence of this requirement,

differentiating (19) with respect to £nA2 and using (20), we have

a&(r,s,%) 0E(r,s,g° 9&(s, 8, g°
5(8,8,92)[ (:9:9) (rsy)] £(r, 5, 6% (Z:g)=0 (22)
Defining

4(r,8,9%) = tn E(r,s,9°) (23)

(19) and (22) can then be rewritten as

2
8(r,8,0%) = 8(s,8,0°) = tn oy = Alt.°) (24)
2

0¢(r, s,9°) +3¢(s,8,g ) _ dé(s,8,9%) _ = B(s, ¢ (25)

or Js ds
From (24) and (25) we see that the expression in the left hand side of (24) is required
to be a function of ¢, and the expression in the left hand side at (25) is required to be a
function of s. It is not difficult to find that the general form of the function ¢(r, s, g2)

which satisfies the conditions (24) and (25) simultaneously should be

#(r,8,9%) = 2k'r + x(t, ¢%) + n(s, ¢%) (26)

where K is a constant and x(¢, %) = x(r —s, g2). Substituting (26) into (24) and using
(21) we have

2

én (t) = 2Kt + x(t, g%) — x(0, ¢%) (27)



Differentiating (27) with respect to ¢ and using (4) we obtain

—Q—ﬂ[ (t)]_2k,+dx(;tg) T (28)

This equation requires that dy(t, g2)/dt is a function of §2(t). Thus from (8) we have
x(t, g%) = 2kt + G[g2 (t)] +D (29)

where k' and D are constants. Substituting (29) into (27) we find

tn 5-2% =2kt+G@)-G(¢?), k=F+¥ (30)

From (6) and (30) we obtain
V(7)) = — g [tn 3° + G(@) (31)

For a given renormalization scheme the function ¥(g?) in (6) should have a unique
form. Comparing (17) and (31) we find that the function F(g2) in (17) must contain a
teri ¢n g2 and the function G(g?) in (31) must contain a term 1/32. This means that

F(3°) and G(32) must take the following forms respectively

F(@%) = —a tng®+ (3%

171 (32)
oy 11 o
6" = |- 1)
where @ = —b/k. These lead to a unique form of ¥(g%):
-2 11 2 2
V(o)) = 5|5y + o tn? - 17 (33)
2blg
From (17) and (33) we obtain the implicit relation between g2 (t), g2 and ¢:
N 1 1 g2 (¢

m—_— ?+2bt—a an—gg—)+ [f(az)—f(gz)] (34)



This result is deduced from the general principle of renormalization and renor-
malization group theory, which is independent of gauge and ig exact for all values of
Q2. Therefore it gives a nonperturbative description ofmthe momentum dependence
of the running coupling constant gz(t). The expression (34) had been found in ghost
free gauge (Z; = Z3) by means of the relationship between g2 (¢) and gluon propaga-
tor with some assumption!! and also used to study the higher order calculations in
perturbative QCD.12

Differentiating (34) with respect to t and using (4), we obtain the non—perturbative

expression for B(g°):

—2bgt
2
= 35
PO = e P+ @) )
If we define a mass parameter
1M1 2_ (2
M2, %) = e St o I (36)
i.e..
o1 2 2
blnm=;§+a£ng - f(g°), (37)
then the expression (34) can be reduced to a simple form
= 2ty —a tn Pltrg) + [(7) (39)
g% (tm)
where
1, Q?

“The mass M2 expressed by (36) gives a general definition for dynamic mass, which is

used to scale the momentum dependence of the running coupling constant, and is the

10



nonperturbative generalization of the expression given in Ref. (13). It can be proved

from (35) and (36) that M 2 satisfies the renormalization group equation

oM? o, OM?
l"‘é‘”—‘*‘ﬂ(g )—652__ . (40)

3. Comparison with Perturbative Theory

In perturbative theory the Callan—-Symanzik function can be expressed by the

following power series

50 = X pog®™*? (41
From (5) and (41) we have
pla") = X 260(s”)+*? (42

To study the relationship between the nonperturbative theory (35) and the perturbative
theory (42) we write (42) in the form

B(@°) = 2603* u(3%) (43)
where
=2y __ c- b =21k
u(@”) = Y b(3°) (44)
k=0
and
=55 =1 (45)
0
Using the formula of the expansion of an inverse function, we have
- 1 § 2.k
gy = ax\d 46
@ K(3) (46)

11



where the coefficient aj, are determined by 1214

a=1 ay=-by, ag=0bf—by, az= (-1} —2b1bo+b3), .. (47)

The general expression for ay, isl4

an =T (1) (b)) (b)°2 ... (b))% (49)

ay! ag! ... ap!
with
{al+a2+a3+...+a¢=m
aj+200+3az+...+layg=n

The above series hold true only in its region of convergence, which will be discussed

later.

Substituting (46) into (43), the perturbative expression for 5(g2) can be expressed

as
- 2609 260 7"
2 0 0
= = 49
.B(g ) IC;O=0 ak(y2)k 1+ a; g2 + a4 Ezo=2 ak(g2)k ( )
comparing (49) with the nonperturbative expression (35) we find
b=—Po, a=-a1=0b= g—; (50)
2 _ 3= . (n2\k=1
F@) =Y ex(@®)*” (51)
k=1
where
€k = Gk+1

) ‘_It is well-known that when flavor number n; = 4 or 6, we have

gt 2

12



and

6 R
w g _ § ) A

Then from (50) we find that the constants a and b in (34) and (35) are both positive
b>0 a>0 (52)

where b and a are determined by one and two loop contributions in QCD.

From (51) we have

91 o= Ck ok
1A= %@ (53)
k=1
where
cr=bf—by , cg=—(bf—2biby+b3), ..
54)

m! o (

with

or+as+..+ap=m
ay+2a9 + ...+ bay =2k + 2
Therefore the function f ((]2) characterizes all the higher order contributions in QCD.
The series (53) should be understood as the Taylor’s expansion of the nonperturbative
function in (34) for small g2.
From (53) we have

Ikl g2yt (55)

We notice that each coefficient 3 in the series (42) must be finite, otherwise the

7@ <

s

perturbative expression for ,3(5‘]2) would be meaningless. Then the coefficients b, =

* Bk /Bo should be also finite. Let the largest absolute value of coefficient b be B:

Sup |bp| =B , B>0 (56)

13



from (54) it can be proved that

ici < Bau+BF (57)
Substituting (57) into (55) we find
o 1 k(2\k
G < B Y 3 (1+B(@) (58)

This series is convergent when g% < ITIB’ and the function | f(32)| satisfies the inequal-
ity

1
1—-(1+B)g?

/@) < —Btn1—(1+B)3*| =B tn (59)

which means when §2 < ITIB,B in T—Tl-}»?)? is the upper bound function of f(g?).
From (58) we know that

f(3) =0 , when gZ—0 (60)

The property of f(g2) for small 3 (60) and the constant b > 0 are of importance,
because they guarantee that QCD is an asymptotically free theory for large Q2. To

see this we express (34) as
1=2btp 3%~ a3’ tn g + 3% (3% (61)
Using the formula

32 tng? — 0, when 32 — 0

~ .and (60)

3 f(3) —0, when g2 —0

14



we find that for small g2 (61) becomes 1 = 2bts 32, which leads to the well-known

asymptotic freedom formula

2 — 11
T 9btay Q'
M blnm

b>0, (62)

which shows that small §2 corresponds to Q2 >> M2,
Since for small g2, alén g% | > | f(3°)] (for small 32, £(g%) =~ ¢; 3%), dropping higher

term f(3%) in eq. (38), we obtain expression up to two loops

Q@ 11 2
This means that if we choose the renormalization scheme in which g2 is sufficiently
small, the dynamic mass M? determined by (37) can be expressed as
2

B 1
bln—m=b—§+a€n g* (64)

Iterating the expression of (64) we obtain the renormalized coupling constant

p? p?

1
?=b€nm+a n an (65)

which depends only on the one- and two-loop renormalization group coefficients.!®

But (64) is more rigorous then (65).

4. The Infrared Behavior of 32 (t)

In order to study the infrared behavior of the running coupling constant §2 (), we

write (34) as

2
%fn %2 — % 31, +a tng® — f(3%)] = ¥(7°) (66)

T‘ﬁ‘here a > 0,b > 0. From (66) we find that when Q2 decreases from +o0o to 0, the

function W(g%) decreases continuously from 400 to —co. We know from (62) that

15



when Q2 — 00,32 — 0, this gives §2 — 0, ¥(g%) — +oco. Suppose that ¥(g?) is a
continuous function of §2 in the interval 400 > g% > 0, then 'Iﬂ(yf) is finite for finite
2. Excluding the case 32 — 0 which corresponds to \I’(QE) — +00 [see (60) and (66)],
there is only one possibility for the value of g2 for ¥(3%) — —oo, this is §Z — +oo,
when Q2 — 0.

Therefore in the infrared limit Q2/M? « 1,3? is large, and (66) can be expressed

b tn f; =a g’ — f(3%) (67)

Since when Q2/M? « 1, n(Q%/M?) € 0, from (67) we have the inequality
J(@) >atng®,  for large 3° (68)

Moreover, from (35) we find that for large g2 (when §2 > %), B(3%) takes the form

8% = 20"
g)—W (a>0,b>0) (69)

which tells us that the infrared behaviour of 8(32) is determined by the property of
the function g2 f/(g2) for large g2.
We continue to study the behavior of §2(¢) by means of the dispersion relation

theory. To do this, we define a function
2
T(t) = tn 3 g( J (70)

and study its analytic properties in complex plane of {. From (34) the function T'(¢)

can be written as

——

T(t) = -2;": +%V(t) (71)

16



where
VO=UA -1 [ (72)
Since when Q% = p2, t = 0 and §2 = g2, we have
V({0)=0 (73)

Using (4) and (73), in the neighborhood of the ¢ = 0. The Taylor expansion of V(t)

gives

Vit)=h't (74)
where h is a finite constant
h=[7" + 5] 86" (75)
Then in the neighborhood of ¢ = 0, (71) can be expressed in the form
T(t)= gﬁ;i ¢ (76)

Therefore in the neighborhood of ¢t = 0, T'(t) is a regular function of ¢.

For Q2 is large enough, £3s = t = 1£nQ?, substituting (62) into (70), we have
T(t)=—tnt, forlarge ¢ (77)

This means that the function T(¢) possesses a branch cut along the real axis of ¢ and
a branch point is at ¢ = +00. Since T(t) is a regular function in the neighborhood of
t = 0, the other branch point, say { = «, must be on the positive real axis, that is
a>0.

Now we consider a function defined by

—

_2
G(t) = Zg_) = zlgen i’-g,(;_) (78)

17



Using (70), (76) and (77), we find that this function has the following singularities and

asymptotic properties: ‘ ~

(i) A branch cut along the positive real axxs of ¢t from a to +o0o0. The
branch point @ > 0 and G(a) is finite.

(i) A simple pole at ¢ = 0, which is not lying on the branch cut and the

residue of G(t) corresponding to this pole is

_zb+h
T a

ro (79)

where the constant h is defined by (75).
(iii) |¢|G(t) — 0, when |¢| — oo.
(We suppose that there is no branch cut along the negative real axis of ¢.)
These properties are of importance to derive the dispersion relation for G(t). We
take a contour C that excludes the branch cut and the pole of G(t) in the usual way

in the theory of complex variables so that we can apply Cauchy’s integral theorem:

Gty =5 [ SN (80)

27t
[

Since |t|G(t) — 0, when |t| — oo, the integral around the large contour vanishes. Then

(80) gives the dispersion relation for G(¢):

_ro, 1T A#)at
G’(t)--t—+;a =0 (81)

where A(t) is the difference of the discontinuity of K(¢t) along the cut and is given by
At) = -21—',[K(t +ie)— K(t—i€)] (82)
It is well-known that if K(¢) satisfies the condition

K*(t*) = K(t)

18



then A(t) is the imaginary part of K(t);
A(t) = Im K () - 7

In this paper we shall not concern with this condition.

Substituting (78) into (81), we have the following dispersion relation for g2 (¢):

\at!
I H=r t+ t,Aft,)_ =D (83)

We notice that for all value of ¢ off the cut the denominator (# — ¢) in the integral
of the above expression is never zero and therefore the integral is well defined in this
region. In the infrared limit Q2 « p?, t € 0 (t — —o0), ¢t is far away from the cut,

in this case (83) becomes

t A(t')at
—gg—)_ ro t+ %— for Q? « pu® (84)
C!
If we define a constant
P A(t)de
( 2 ’ (85)
then from (3) and (84), we find that g2 has the following infrared behavior
p2\F
77 (@) =4 (@) , for@Q® <y (86)

We have argued at the beginning of this section that when Q% — 0, 32 — +oo,

therefore k must be a positive constant:
k>0 (87)

Using (35), (75) and (79), it can be proved that

2bg* 2
o =— — —
Ly gy o R LA

(88)

19



Usually, we always choose the renormalization point that ﬂ(g2) is negative, therefore

ro <0

Then from (85) and (87), we have the inequality

/ A < 1) )

In the infrared limit, taking into account of (68), (34) can be written as

2 #2
@) = aEnEQ+ben (Qg)

Substituting (86) into above equation we find that for large g2

f@)=ctn @ (90)
where
b
c=a+p>0 (91)

Using (68) and (80), we have ¢ > a, then from (91) we see again that k¥ > 0.

From (69) and (90), we obtain for large g

2 26 o

D) = ——— 9= k7’ (92)

which tells us in the infrared limit, §2(¢) satisfies the equation

=—k 3*(!) (93)

—

g (94)



where X is an arbitrary constant. This transformation is essential to the renormaliza-
tion group theory in QCD for small Q2. o
To study the meaning of the scale transformation (93). Let z = g2 and y = 2 be

two running coupling constants corresponding to two different renormalization schemes

respectively and they are related by the scale transformation
y=A\z (94)

It is well-known that in renormalization group theory z and y should satisfy the

relationl6

dy ___d_z
Bly)  Bl=)

where 8 (y) and B(z) are the Callan-Symanzik functions corresponding to two different

(95)

renormalization schemes respectivey. In our theory (see eq. (35))

—2bz?
Alz) = 1—az + z2f!(z)
and
_ 2
B(y) 20y

1-ay+92F(y)
where f(z) and f(y), in general are two different functions.

For small @2, z and y are large, 8(z) and 3 (y) can be written as

Blz) = x_f’-%t——g and B(y) = ﬁ—(—zl;il:; (96)

Substituting (96) into (95), we have

diny zfl(z)—a
dinz  yf(y)—a

(97)

21



Since for the scale transformation (94)'

diny
dtn

then from (97) we obtain an equation
zf'(z) =y (v)
Substituting (94) into (98), we find
zfl(z) = )‘z]"()\:c) for large z

this equation can be expressed as

(98)

(99)

The left hand side of (99) is a function of z alone, it requires that the derivative of

f(\z) with respect to €n X is to be independent of \. The only solution for f(\z)

satisfies this requirement is

F(Z\z)=ctn z+ctn \
where ¢ is a constant. Substituting it into (99), we have
zfl(z)=c for large z

which leads to

f(z) =ctnz for large =z

-~ From (98) and (100), we have the analogous equation

—

yfy)=c

22
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and

fly)=ctny  forlarge y-

we see that f(y) and f(z) have the same form and the constant ¢ is also the same.
This means if in the infrared limit two running coupling constants in different renor-
malization schemes are related by the scale transformation (94), the unknown function

f(°) in our theory must take the unique form (90).

ACKNOWLEDGEMENTS

It is a pleasure to thank Professor Yung Su Tsai and Professor Helen Quinn for

useful discussion and Professor Sidney Drell for the hospitality.

23



10.
11.
12.
13.

14.

15.
16.

References
H. D. Politzer, Phys. Rev. Lett. 30, 1346 (1973). o
D. J. Gross and F. Wilzeck, Phys. Rev. Lett. 30, 1343 (1973).
H. Pagels, Phys. Rev. D15, 2991 (1977).
R. Anishetly, et. al., Phys. Lett. 86B, 52 (1979).
J. S. Ball, et. al., Nucl. Phys. B186, 531 (1981).
B. A. Arbuzov, Phys. Lett. 125B, 497 (1983).
Y. S. Duan, et. al., Commun. in Theor. Phys. (China) Vol. 1, 385 {1982).
R. Oehme, et. al., Phys. Lett. 79B, 314 (1978); Phys. Lett. 79B, 93 (1978).
U. Rar-Gadda, Preprint SLAC-PUB-2379 (1979).
M. Baker, Preprint of Univ. of Washinton (Seattle), RLO-1388-871 (1981).
B. H. Kellet, Phys. Lett. 74B, 85 (1978).
M. Moshe, Phys. Lett. 79B, 88 (1978).
A. DeRujula, H. Georgi and H. D. Politzer, Ann. Phys. 97, 315 (1976).
I. S. Gradshteyn and 1. M. Ruzhik, Table of Integral, Series and Products,
(Academic Press, New York, London, Toronto, 1980).
G. ‘tHooft, Phys. Lett. 109B, 474 (1982).

G. Grunberg, Phys. Lett. 95B, 70 (1980).

24



