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ABSTRACT
The "fish-bone" siructure of the intercluster interaction introduced
by Schmid is derived from first principles. It is shoun that this
structure does not depend on details of the cluster ground states, nor
on the details of the microscopic interaction, and is therefore a
fundamental symmetry of interactions betueen composites. The derivation
_is based on a recently proposed microscopic method of calculating Pauli-

corrected intercluster interactions. The relation betueen the present

approach and the Schmid model is examined.
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The Schmid or fish-bone model (FBM)! was a major progress in the
understanding of the forces between nuclear fragments subsequent to the
analysis of exchange kernels of the resonating group theory (RGT)? by
Tang and collaborators3® and the introduction of the orthogonality
condition model (OLM)*¥ by Saito in 1969. In Ref. (1), it was found by
numerical studies and physical insight that the RGM exchange kernels can
be split into a dominant and a residual part, where the dominant part of
the exchange interaction in the representation of the norm kernel
eigenstates is characterized by a fish-bone-like symmetry reflected in
the matrix M;j;:
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Wwith A; being the eigenvalues of the RGM norm kernel K. A physical
interpretation of the fish-bone symmetry was given in terms of the
reflection properties of a Fermi sphere of relative motion states uwith a
diffuse surface.5 In the past two years, FBM has been applied very
successfully in various reactions®:7+8 and extended to the three-cluser
system.® 1'% The important feature of the FBM is that it dogs not
viclate the Pauli exclusion principle even if the residual interaction
is neglected, and its principal advantage over the basic RGM theory is
its simplicity.

It has been argued!' that the discrete ambiguity of the potential

depth in the conventional optical models'? may be related to the



ambiguity in the choice of considering a partly Pauli-forbidden state to
be either fully Pauli-forbidden, or fully Pauli-alloued.

Although there are several indications's11-13 that the fish-bone
symmetry as an approximate symmetry of the effective interaction of
tightly bound clusters of fermions is more fundamental than it may
appear from the introduction given in Ref. (1), there has so far been no
microscopic proof of the validity of this assertion. In this paper, ue
shou from basic principles that the fish-bone structure is indeed a
general symmetry of the intercluster interaction. Our derivation is
based on a new microscopic method of calculating the Pauli-corrected
cluster interactions.'® This method overcomes many difficulties of the
RG6M, OCM and the projection method.!S éecause of the simplicity of its
interactions, it can be extended to realistic cluster ground states
Mithout much effort. This method has been succeésful\y applied in the
investigation'® of the influence of the Pauli exclusion principle on
two- and three-cluster resonances.

In the two-cluster, single-channel, no distortion case, the fish-hone
model is defined by Eq. (1).

[T + Vp - Er - % Jupd<uslT + vp - Erlusd My <u;l -
i3

Y Jui> <ui] T+ vp - Eruzd> mMEg <ujl]x =0

ij (2)

The potential Vp is the direct potential of the resonating group theory.
The tuwo double sums represent the effect of the Pauli exclusion
principle. The first one is the dominant part, and the second one
arises from certain residual interactions. The expansion basis {u;} is

given by the eigenstates of the resonating group norm operator K. The



matrix M is given by Eq. (1}. The matrix M¥® can be found only by
numerical comparison With resonating group exchange kernel for specific
reaction and nucleon-nucleon interactions.

One objection which could be raised against the introduction of FBM
in Ref. (1) is that the splitting in M + M* is somewhat arbitrary and
not based on a rigorous derivation, the more so, since the matrix
elements corresponding to the partly Pauli-forbidden states of M and M*
for @« - a interactions (with potential parameters chosen as in Ref.
(17)) are of the same order.

In all applications of the FBM, the residual interaction term uas
neglected and its absence compensated by a slight adjustment of the
direct potential Vg. One thus arrives af the optical version of FBM

[T_4 Vopt = Er - _Z IUi> (uiIT + Vopt — Er |u5) Mij (Ujl]x =0
" (3)
In case of the n - a system, it was shoun!® directly that Eq. (3)
reproduces almost exactly not only the on-shell properties of the R6M
equation but also its off-shell properties as well. This indicates
again that the fish-bone symmetry is a characteristic symmetry of the
RGM exchange kernels.

In order to prove that the fish-bone symmetry given by the matrix M
reflects a fundamental property of intercluster interaction, we have to
recall the Pauli-corrected Schrodinger equation for two clusters derived
in Ref. (14). It reads

AT + Vp - Ep) AX = 0, (4)

where

A

1
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and




I = 3]0 Fnl
n

The vectors f, are cluster-projections of microscopic Pauli-forbidden
states N of the two-cluster system:
Fa() = Np|d) ¢ . (5)

#(i) is the internal ground state wave function of the i-th cluster.

-
G

was pointed out in Ref. (14) that in contrast to the set {Nn}, {fnt is
not necessarily an orthonormal set. We can represent the operator I' by
its spectral decomposition:
I''=3|u'n> 2%n <u’n , With 12 A%n 2 A% nes . (6)
From the derivation given in Ref. (14) and Eq. (5), it follous that

A"n 2 1. Using the representation given in (6), we can evaluate Eq. (4)

and obtain

(T + Vp - Er = Xlu’i> <us1i|T + vp - Epfu’> 0755 <u’51x = 0 ,
i3 -
(n
uhere
07i5 = A% + A5 - AT§r7; . (8)

The matrix 0/ has the following properties:

13 0755 = 1 ifF A’y =1 or A%75 =1 ’
2) 0753 —/: A% ’

i 2w
3) 0755 —/> A% »

j?w

Together with the fact that 0’/ is a symmetric matrix, the fish-bone-1like
structure of the matrix 80’/ is established. The elements above (belouw)
the diagonal'and close to it are larger than the rest of the elements on
the same row (column) and above (below) the diagonal: 0755 > 07i(35+1)

for 3 2 i, and 0753 > 0’(j+4);5 for i 2 j. MWe therefore call 0’ the



"realistic" fish-bone structure. It will be seen later that this
property leads in the use of a - a scattering to a smaller residual
interaction for the matrix 07 than for the matrix M when compared to the
RGM potential exchange kernel.

In order to make this comparison, we consider as an example the £ = 0
a — a scattering, and use Gaussian functions for the alpha cluster
internal wave function #(i). According to RGM, we have then two Pauli-
forbidden states (A4 = A2 = 1) and infinite series of partly Pauli-
forbidden states with the decreasing weights 174, 1,16, 1764 ... , given
by the corresponding eigenvalues Az, Ag» As ... . Then we can directly
construct the microscopic Pauli-forbidden states

N;j = #(1) £(2) uj

It follous that u; = f; = u’; and A; = A%;, for i = 1,2. According to
the derivation given in Ref. (14) the fully antisymmetrized microscopic
wave function ¥ can be expressed in two ways

Vo= SIS DIx} =AY or v o= (- TINDWNNGDY
i

where .o/ denotes the antisymmetrization operator. From this ue obtain

CBDSDOFLZ 1$(DFITY) = CFDSDTIY - TINDWN; T S(DSITFD
i

and therefore the remaining part I/ of the operator T can be expressed
in the RGM approximation by

K’ = % Jui> A5 <uil. In this case 833 = A; + A5 - AjAj.

The m;;fix M and C for the ¢ - a system are given in Tables 1 and 2.
The matrix elements for the residual interaction M¥;; for & = 0 RGM

equation with parameters used in Ref. (17) are adopted from Ref. (1) and

displayed in Table 3. The corresponding matrix of the residual



interaction for the matrix 0 and for the same interaction is given in
Table 4. One observes that the residual interaction using the matrix 0
is even smaller than in the case of M. Houwever, we do not wish to duell
on this comparison, since we have used the same approximations as in the
RGM. The difference mainly originates in the fact that in case of Eq.
{(4) the partly Pauli-forgidden states are partially projected out
because of the operator A on the left-hand side of Eq. (4). We finally
mention that we can make the interaction given by Eq. (7) energy-
independent by an off-shell transformation:

g =1 - Z IU'i> [1 - Jl - O'ij] (u'il ,
i

(9
and
1=V -0

gt =1+ 3 u —— <],
i V1 - 0755 (18)

uhere the summation includes only the partly Pauli-forbidden inter-
cluster states. This transformation is a simple generalization of the
original off-shell transformation given by Schmid!. Then for ¥ = %

we obtain from Eq. 7

[T + Vg - Ep - Zlu’i) (u’iIT + Vp - eilu’j>5’ij (Ujl]i =0

i (1
wuhere ¢; is some large number if 0753 = 1,215 ¢; = 0 if 07;; ¢ 1, and
1 if 0735 = 1
0755 = 1 - 0%;
1-"/1-0’“ J1 - 0755 (12)

The significance of the off-shell transformation J and of the general

structure of Eq. (11) was discussed by Schmid and his collaborators in

several papers.1-7:8,10



In summary, We have shoun rigorously that the fish-bone symmetry
found by Schmid is a characteristic symmetry of interactions betueen
nuclear fragments. This symmetry is independent of the microscopic
interactions of the constituents or the details of the internal cluster
states. Moreover, it is valid for all approximations which take the
Pauli exclusion principle fully into account. He thus conclude that the
discovery of this symmetry by Schmid was significant progress uith
implications reaching beyond the scope of the resonating group theory
and the methods used in the theory of nuclear fragments.

The author uwould like to thank Professor H. Pierre Noyes for his
hospitality at Stantford University and Professor H. Partovi for helpful

comments.
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Table 1. The matrix Mjj of £ = 0 a-o scattering
adapted from Ref. (1). The first tuwo rows and the first
tuo columns correspond to the Pauli-forbidden inter-
cluster states. The matrix elements not equal one cor-
respond to partly Pauli-forbidden intercluster states.

1 1 1 1 1 !

1 1 1 1 1 1

1 1 0.2500 0.5500 0.250 0.250

1 1 0.2500 0.0825 0.0625 0.0625

1 1 0.2500 0.0625 0.015625 0.015625
1 1 0.2500 0.0625 0.015625 0.003%06
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Table 2. The matrix 055 of £ = 0 a - a scattering (see also
caption of Table 1).

1 1 1 1 1 1

i 1 0.4375 0.296875 8.261719 0.252930
1 1 0.296875 0.121084- 0.0771484 06.066162
1 1 0.261719 0.0771484 0.031006 6.019470
1 1 0.252930 0.066162 0.019470 - 0.007797




Table 3. The matrix M¥;5 of 2 =0 a - a scattering.
This table corresponds to Table 1 in Ref. (1). The
first two rous and first two columns correspond to

the Pauli-forbidden intercluster states. The matrix
elements not equal zero correspond to partly Pauli-
forbidden intercluster states.

0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 8.0 6.0 0.0 0.0
0.0 0.0 0.21 0.16 0.15 0.14
0.0 0.0 0.16 0.22 6.18 0.16
0.0 .0 0.15 0.18 0.17 0.15
0.0 0.0 0.14 0.16 0.15 0.13




Table 4. The matrix 0¥;5 of £ = 0 a - a scatter-
ing. Potential parameters are chosen as in Refs.
(1,17) (see also caption of Table 3).

0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.02 0.11 0.14 0.14
0.0 0.0 0.11 6.16 0.17 0.16
0.0 0.0 0.14 0.17 0.15 0.15
0.0 0.0 0.14 0.16 0.15 " 0.13
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