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ABSTRACT

We consider N=1 supersymmetric systems of nonlinear fields and
gauge fields in 3+ 1 dimensional space-time. The nonlinear fields take
values on Kahlerian complex manifolds. In a Lagrangian formulation of
the systems based on Grassmann manifolds, which is a class of Kahler
manifolds, we show explicitly that both gauge symmetry and supersymmetry
are spontaneously broken. A general argument, in terms of counting of
‘degrees of freedom, further shows that spontaneoﬁs gaugeréymmetry
breakdown is also necessarily accompanied by supersymmetry breakdown
in systems based on other classes of Kahler manifolds. The resulting
particle spectrums of the systems have remarkable massless sectors

consisting of gauge fields and fermions only.
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I. INTRODUCTION

Nonlinear realizations of an internal continuous symmetry group (G)
which become linear representations when restricted to a given continuous
subgroup (H) had been applied, and extensively studied, in connection
with pion dynamics and its generalizations. Fields forming nonlinear
realizations are self-interacting scalar/pseudoscalar fields which take
values on the coset space G/H. There exist! standard form of nonlinear
realizations, and a systematic procedure for constructing Lagrangian
densities which are invariant under the nonlinear field transformations.
The method applies to global as well as local internal symmetry groups,
and puts little constraint? on the choice of G and H.

It is plausible that dynamical symmetry breakdowns may happen in
supersymmetric theory, leading to the formation of composite Goldstomne
farticles analogous to pions of low energy hadronic physics, which may
be described as supersymmetric nonlinear fields. Supersymmetric
generalization of the nonlinear fields has been considered by several

3

authors., Indeed, idea of nonlinear realization plays an important role

in a recent formulation"

of the SO(8) supergravity.

Not all the nonlinear fields can be supersymmetrized. In 3+1
dimensional space-time, and for N=1 supersymmetry, the supersymmetric
generalization is restricted® to chiral supermultiplets whose scalar
components take values on a special class of complex manifoids termed
Kihler manifolds.® This necessary condition greatly reduces the choice
of G and H. For example, for G = SO(2m), H must be U(m) so that G/H is

a Kahler manifold. Thus supersymmetry has an effect of circumscribing

the possible patterns of dynamical symmetry breakdowns.
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Some work has been done to study systems in which the supersymmetric
nonlinear fields are coupled to supergravity.7 In this paper we study
supersymmetric systems containing both nonlinear fields and gauge fields.
The specific class of Kahler manifolds involved directly in our Langrangian
formulation and analysis are called Grassmann manifolds (Gp,q)' Gp,q can
be represented as a coset space SU(q+p)/SU(q) x SU(p) xU(1l). The gauge
fields are those associated with SU(q+p).

In Section II, after defining Grassmann manifold Gp,q as a certain
class of complex matrices, and the supersymmetric generalization of these
matrices, we construct an action in N=1 superspace. The action is super-
symmetric as well as invariant with respect to the SU(p+q) gauge

transformations and auxiliary local U(p) transformations.®

Demanding
that fﬁe action be stationary with respect to variations in the auxiliary
-U(p) gauge fields leads to a constraint equation; The explicit expression
for the Lagrangian density, after integration over super-coordinates 8
and 6, is obtained in the Wess-Zumino gauge.

In Section III we perform a point transformation on the constrained
chiral supermultiplet to get rid of superfluous degrees of freedom.
By also consistently redefining other fields in the system, we eventually
arrive at a unitary picture. It is then clearly visible that the SU(q+p)
gauge group is broken into SU(q) x SU(p) xU(l) subgroup. The 2pgq gauge
fields, which correspond to the 2pq broken group generators, have eaten
all the nonlinear scalar fields, just the right number, and become massive
vector bosons. Of the 2pq two-component gauginos corresponding to the

broken group generators, half of them absorb the fermionic super-partners

of the scalar fields and consequently become pq four-component massive
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fermions, and the other half remain massless, forming a (q,p) repre-
sentation of the SU(q) x SU(p) gauge group. The other massless particles
are the gauge fields and gauginos of the unbroken SU(q) x SU(p) xU(1)

gauge group. Thus the mass spectrum reveals that supersymmetry is also
spontaneously broken. Indeed we calculate the energy of the ground state;
it turns out to be greater than zero.

What would happen if the nonlinear fields take values on Kahler
manifolds other than the Grassmannian? We argue in Section IV that
spontaneous breaking of supersymmetry will still happen. We then discuss
the unbroken subgroups (H), and the representation contents (I plus one
adjoint) of the massless fermions that would result in our systems, when
the nonlinear fields take values on different classes of irreducible,

compact, symmetric Kahler manifolds. Two remarkable cases are

6

We also discuss a number of other topics related to the findings reported

(1) H = Spin(10) xU(1l) and I =16; and (ii) H = E, xU(1l) and I =27.

above in Section V.
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IT. LAGRANGIAN FORMULATION OF THE SYSTEMS

We shall construct in this Section Lagrangian densities for the
systems in which the nonlinear fields take values on Grassmannian complex
manifolds Gp,q where p and q are two positive integer indices. The
manifold Gp,q has pq complex dimensions. It can be represented by
px{(q + p)-dimensional complex matrices A with the identification that, for
any A, A and vA, where v is any nonsingular p x p-dimensional unitary
matrix, are to be taken as equivalent.

For the purpose of constructing a supersymmetric theory, one replaces
the complex matrices A by px(q+p)-dimensional matrices (%) whose elements
are chiral superfields. We shall retain A to denote the scalar components
of the superfields, and use y and F to denote the fermionic components and

9

the auxiliary fields. The equivalence relation is incorporated into the

theory in a form of an auxiliary local U(p) symmetry. The auxiliary
symmetry reduces the number of actual, independent chiral superfields in
the theory to p(q-i-p)-—p2 = pq. The action for a system of purely

Grassmannian nonlinear superfields isl?

I, = fd‘*x a%e a5 Tr(—uZV + <b+qu>) (1)

where p is a mass characterizing the system, and V are the U(p) gauge
superfields in a form of p X p-dimensional matrix. The action is super-
symmetric as well as invariant with respect to the local U(p) trans-

formation:
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where A are chiral superfields parametrizing the group U(p). Besides
these expected symmetries, we observe that the action is also invariant

under a global SU(q+p) transformation:

o » o o

(3)
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with Q taking values on SU(q+p) algebra. The action required for a

supersymmetric system of Grassmannian nonlinear fields interacting with

SU(q+p) gauge fields then naturally suggests itself to be the following:
I-= f bx a%e dz'é{Tr(—pzv + <I>+eV<I>eU) + -;— Tr[WWs (8) +Wa(e)]}

(4)
where U and W are respectively the supersymmetric generalizations of the
gauge fields and field strengths of the SU(q+p). Note that in funda-
mental representation, we normalize the generators (Ta) such that
Tr(T? Tb) = %Sab. The action I is obviously supersymmetric and invariant
with respect to the U(p) x SU(q+p) gauge transformations. Applying
variational principle on I with respect to variations in V leads to a

constraint equation, namely

de e(l—B)VCI)eU <I>—lL eBV = uz Ilp (5)



-7 =

where lp denotes a p X p~dimensional unit matrix, Consequently the action

I can be expressed as
I = fd4x a%s a8 {Tr(-UZV) + = Te[wws (8) +Wa(e)]} (6)

with the V to be determined by the constraint Eq. (5).
The constraint equation takes its simplest form in Wess-Zumino (WZ)
gauge. The validity of WZ gauge is insured by the U(p) x SU(p+ q) gauge

invariance. In WZ gauge we write

U=-26 o“'e'Uu + i86BX - 1866) + —;—996613 (7a)
V=-00"8vV + 1600% - iBB6A. + L0085 D . (7b)
u v v 2 v

Thus we have V' =0=0U" for m > 3, and the exponentials in Eq. (5) become
polynomials., Equating coefficients of various powers of 6 and 8§ at both

sides of Eq. (5) yields the following:

AAT =y lp (8a)
Al = 0 = A (8b)
mat = 0 = aF (8c)
WV o+ 'S+ 1A% AT +av AT = o0 (8d)

! i u
. 2 i U i Mo = + 1 pot . T

A+ 5 APy - =AM T = V2 uF - — AU oM’ + iAxA' = 0
iua, 75 %u Y % uw P 7 AU

(8e)
1 2 i pt 1wty i i =
EuDv—(auA+—2—AUu)(8A —ZUA)+2<auw+2wUu)o¢
i ouf. - i = i o=\ 1 2 w1 _+ F o
_i 1 = - + = v + = ADA" + FF =0

> Yo (auxp ZUU¢)+/§(¢AA AM}) RS 5 ADA

(8£)
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and, of course, the adjoint of (8e). The first three constraints are

necessary for defining Grassmannian nonlinear superfields; the others

determine Vu, Av’ Av’ and Dv‘

Substituting Eq. (8) in Eq. (6) we finally obtain the expression

for the Lagrangian density
= [T I S S Ve N 1 P,
L(x) = Tr{ 2 pD"W + 3(2,45"F - vo'aT)

1 20 LU t .1 t i t 3T
+ 7wV R+ 5 apa +/§(¢AA AXD)

+ i(@ APy - Advw X) Ll P4
u u 2 Tuv

where
i
y = a + =
- QhA uA > AUu
i
g = 3 + = YU
@b MRS
and
i i
DA = 3 X+ = A -=U A .
7)) y > Uu 7 U,

(9)

(10a)

(10b)

(10c)

F  is simply the field strength of SU(q+p) gauge fields and V]J is

uv
given by Eq. (8d).
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III, PHYSICAL CONTENT OF THE SYSTEMS

Let us now install the SU(q+p) gauge coupling constant (g) in the
theory. This is achieved by first scaling each field in the Lagrangian
density of Eq. (9) by a factor 2g and then discarding an overall factor
of (2g)2 from the resulting Lagrangian density. The new expression,

after some rearrangements, is

- SoaHAT L i(g oMo MG T
L(x) = Tr{—@uA@ AT+ (@ 4etT - D)

+ FFT + gapA’ + 1v2g(p2a’ - ATY)
. iy Uep 1 Hv
+ 1(@qu X - Ao @ux) F ELE DD} (11)
with -
DA = 3 A+ 1 + 1 . 12
EZUA UA 1gAUu 1gVuA B (12a)
D p o= 3 Y+ i + i 1
@ud) UIP IE;IPUu 1gVu1P (12b)
Q%A = BUA + 1g>\Uu - 1ngA (12¢)
FW = BUUV - aqu + ig[UU,U\)] (124)
and
- _ 28 - Lo, T +
v, ¥ (vo"P + 145 A7 + 2gaU A ) . (12e)

In order to explore the physical content of the systems we shall replace
A and ¢ (F=0 obviously) by unconstrained fields. We find it useful to

make the following polar decomposition:

g
H

%é-ei¢(0 i llp)eig

(13)

and

<
L

ei¢(x i 0) it
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where exp(i¢) and exp(if) take values respectively on U(p) and
SU(q+p)/SU(q) x SU(p) xU(l) and x is a p x q-dimensional matrix of two-
component fermions. They are uncostrained. It is easily seen that the
constraints AA* = u2/4g2, and Ay = 0 =¢mﬁ are well respected by the polar
decomposition.

The apparent degrees of freedom associated with ¢, though not con-
strained, are superfluous; their contributions to the Lagrangian density
eventually cancel completely because of a local U(p) invariance associated
with the composite gauge fields VU' On the other hand, & associate with
genuine degrees of freedom, their contributions do not cancel but are
summarized and absorbed by a new definition of the SU(q+p) gauge fields

and gauginos. The new gauge fields UL are given by the following,

R K- -ig ig ~-ig
= U - 3 14
1gUu ige i e we B (14)

and the new gauginos \' by
AY = ie1€ Ae_ig . (15)

We will also use subscripts N, E, W, S to denote the four submatrices,
being of dimensions qxq, qXp, pXxq, and p xp, respectively, of
(q+p) x (q+p)-dimensional matrix.

In terms of unconstrained fields, the Lagrangian density, after

elimination of the auxiliary fields F and D, takes the following form
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= _]; t e HY . ' PP PSS BEPRE B U"v]
L(x) = - 5 Tr Fqu + 21 Tr[(auk + igh Uu 1gUuA )0 A

. . . u—=
+ i Tr[(aux + ngU&N - 1gUﬁsx)o x]

2
f Tr(0L + AaX ) - - Tr(Uuw uE)

+ 5—-Tr(x0u§)(xoui) —————jEL—— . (16)
u 64()

. . . ] 5 171 1 '
It is clear that massive gauge fields are /2 UuE and V2 Uuw (UuE and UuW
are adjoint of each other), with mass squared u2/8. Meanwhile fermionic
partners of the nonlinear scalar fields, namely ¥, combine with gauginos
V2 Ké to form pq massive four-component fermions of mass u/2. The other

degrees of freedom, including gauge fields U'

N and ULS’ and gauginos

A&, Aé and X*, remain as massless particles. The gauge group SU(q+p)
-is spontaneously broken to SU{(q) x SU(p) xU(1l), as manifested on the mass
spectrum of the particles. The most remarkable phenomenon is, however,
that supersymmetry is also spontaneously broken in the systems. It is
shown both by the mass spectrum and by the presence of a nonzero positive
ground state energy, namely the constant u4pq/64g2(q+p) in #(x) of

Eq. (16). The constant results from Tr(gADAf-FDD) term of Lagangian

density of Eq. (11).
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IV. GENERALIZATION TO SYSTEMS BASED ON OTHER KKHLER MANTFOLDS

Algebraic manipulations in the last section demonstrate explicitly
spontaneous supersymmetry breakdowns happening in the systems of
Grassmannian nonlinear fields interacting with gauge fields. The breaking
of supersymmetry is intimately tied to that of gauge symmetry. Let us
show the necessity of this connection by an argument based on counting
of degrees of freedom.

Consider a supersymmetric system of nonlinear fields taking values
on a coset space G/H, assuming to be a Kahler manifold, and gauge fields
of gauge group G. The number of degrees of freedom is Ni = (4xdimG +
2x dimG/H). If the gauge group G is broken to H, assuming that gauge
fields corresponding to generators of G/H eat the nonlinear scalar fields,
without triggering a spontaneous supersymmetry breakdown. Then we would
éxpect at least the number of massless vector supermultiplet to be dim H;
each vector supermultiplet contains one gauge field. The total number of
degrees of freedom would then be at least Nf = 4xdimH + 8x dim G/H because
each massless vector supermultiplet has four degrees of freedom but the
massive one has eight. Since Ni--Nf = -2x dim G/H, the assumption of
having gauge symmetry breaking G- H without supersymmetry breakdown is
therefore false in the systems we are interested.

Let us continue the above line of reasoning but admit that super-
symmetry breaks while the gauge group G breaks to H. Thus Nf = Ni =
4x dimH + 6xdimG/H. After symmetry breakings, a half of the degrees
of freedom form the massive and massless gauge fields, the remaining

half are fermionic: (2xdimH + 2xdimG/H) for gauginos, and 1lx dimG/H
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for fermionic partners of nonlinear scalar fields. They form definite
representations of the unbroken gauge group H: an adjoint plus repre-
sentations I and If for gauginos, and a I' for the other fermions. [I_is
representation content of the nonlinear scalar fields.] Assuming that
the mechanism for generating masses for gauginos is Yukawa coupling, which
is supersymmetric counterpart of minimal gauge coupling of nonlinear
fields, then gauginos in adjoint representation and I representation would
remain as massless particles while the other fermionic degrees of freedom
become massive,

What are the available subgroups H and representations I'? Kahler
manifolds expressible as G/H with G being a compact, comnected, simple
Lie group are classified into six classes.!! They are (i) G/H =
SU(q-Fé)/SU(q)><SU(p)><U(1) with number of complex dimensions dimCG/H =
qp, so I is a (q,p) representation. (ii) G/H = SO(Zq)/U(q), dimCG/H =
q(q-1)/2, so I is a second rank antisymmetric tensor representation.
(iii) G/H = Sp(2q)/U{(q), dimCG/H = q(q+1)/2, so I is a second rank

symmetric tensor representation. (iv) G/H = S0(q+2)/S0(q) xU(1l),

dimCG/H = q, so I' is a vector representation. (v) G/H = E6/Spin(10)><U(l),
dimCG/H = 16, so I' is a spinor representation 16. (vi) G/H = E7/E6><U(1),
dimCG/H = 27, so T is a minimal representation 27. Except in case (iv),

T are always complex representations of non-Abelian part of H. H carries
a U(l) factor, which is a necessary condition for G/H to be Kahlerian.
Generalization of our work to cases where G is noncompact will not
be a simple task, if it is possible at all. This is so even in cases
without supersymmetry.2 We simply want to make a remark here that

mathematically noncompact, irreducible, symmetric Kdhler manifolds can
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also be classified!! into six classes parallel to the compact cases, and

have a list of H and T identical to the above one.

V. CONCLUSION AND DISCUSSION

We have shown in this article that there exists a class of models
in which spontaneous breakdown of gauge symmetry is necessarily accompanied
by spontaneous breakdown of supersymmetry., What we consider are N=1
supersymmetric systems of the nonlinear fields interacting with gauge
fields in (3+1) dimensional space-time. The systems have a rich geometri-
cal structure in the sense that the nonlinear fields take values on Kahler
manifolds G/H, G is also the gauge group to be broken. Explicit Lagrangian
formulation of the systems based on the first class of Kahler manifolds,
namely, the Grassmannians, is achieved. It may be useful to do so for
gystems based on other types of Kidhler manifolds,!! and we see no obstacle
of principle against it.

The above mentioned connection between breakings of gauge symmetry
and supersymmetry is in strong contrast to what happens in renormalizable
supersymmetric Yang-Mills theories. In such theories, if the chiral part
of scalar potential, which is polynomial of scalar components of chiral
superfields only, does not break supersymmetry then the presence of gauge
interactions does not change this situation whether or not there is gauge
symmetry breaking, if any. The reason is that the chiral part of the
potential is invariant with respect to complex extension of the gauge

2

group.1 Interpreted along the line of reasoning used in Section IV,

the complexification doubles the number of would-be Goldstone particles
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so that there are enough degrees of freedom for forming massive vector
supermultiplets and thus not conflicting with supersymmetry.

Our result should not be taken as implying that supersymmetry will
break down whenever there is an interaction between gauge fields and the
nonlinear fields. For example, if we modified the systems such that the
gauge group were H, or smaller subgroups, instead of G, there would be no
breakdown of supersymmetry nor that of gauge symmetry., However, for
modified systems with gauge group X such that G D X D H, one obtains
breakdowns of both gauge symmetry and supersymmetry. Lagrangian densities
for modified systems can be easily obtained by modifying that of the
original systems. For example, in the Grassmannian cases, the modifica-
tions are achieved by taking U of Eq. (4) to be that of the desired gauge
groupél

The resulting particle spectrums of our systems havé some remarkable
properties., First one notices that a well known sum rulel3 for masses is
violated, at least in the Grassmannian cases. Secondly one notices that
there is no scalar particle, the spectrums consist of only gauge bosons
and fermions. In particular, the massless sector consists of gauge fields
of H, their corresponding gauginos, and a [ representation of other
gauginos. In most cases [ are complex representations (see Section IV
for a complete listing) of non-Abelian part of H. Since I runs through
representations 16 and 27 respectively for the cases where the non-Abelian
part of H is Spin(10) and E., one cannot resist speculating on a possible

% But in this

connection between the I' gauginos and quarks and leptons.
respect our systems appear to be incomplete; they cannot accomodate the

phenomenon of repetition of the family-structure of quarks and leptons.
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We also observe that the systems presented are nonrenormalizable, as
manifested by, for instance, the presence of a quartic fermion inter-

action term in the Lagrangian density, Eq. (16).
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