SLAC-PUB-2871
January 1982
(T/E)

ZERO RANGE FOUR PARTICLE EQUATIONS”

H. Pierre Noyes
Stanford Linear Accelerator Center
Stanford University, Stanford, California 94305

ABSTRACT

We prove that the zero range four particle equations are one
variable equat&ons of the same form as the three particle equations
with the two particle amplitudes replaced by the appropriate analytic
continuation of the on shell three particle amplitude. Thanks to the
Faddeev-Yakubovsky combinatorics we believe that -the N particle zero

range equations can be written in terms of N-1 particle amplitudes in

the same way.
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We' have shown! that by applying the conventional two particle zero
range boundary condition kctnd = A(kz) for each pair to the asymptotic
form of the three particle wave function we can derive three particle
equations of the Faddeev form?:3 with t(q,a;zﬁﬁz) replaced by T(z-gz)

where the on shell two particle amplitude is
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and € is the two particle binding energy. For consistency with time
reversal invariance and on shell three particle unitarity A(kz) must be
chosen so that T has no singularities for negative k2 other than bound
state poles, as will be true for example of a class of Castillejo-Dalitz-
Dyson" solutions of the Low equation. By following the same procedure

we derive in this communication the corresponding four particle equatiomns,
and indicate the generalization to N particle equations using the Faddeev-
Yakubovsky5 combinatorics.

Karlsson and Zeiger® have shown that if the conventional three parti-
cle theory is formulated using interacting two particle states rather than
plane waves as a basis that the equations for any finite number of partial
waves contain only the half on shell amplitudes tﬁ(k;azzti0+) =
Ti(&z)[(k/q)zi-(iz-az) fqz(k)]. Here f ,(k) is a real function’ measuring
the departure of the wave function fromqthe asymptotic form at short dis-
tance and the factored form holds for any short range interaction for any
finite angular momentum %£. In what follows we will confine ourselves to

2=0 since the generalization to any finite number of partial waves is
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immediate. KZ factor out the Jost function rather than Tg. If we look
at the Faddeev amplitudes Mab(pa,qa;pb,qb;z) on shell, that is with
32 = z-Ez, it follows immediately that for any three particle system

generated by two particle short range interactions, this amplitude will

always have the form

o) = ~2 ~2 X ~2
M (pysPy32) = T, (2= )6, 8(p -p ) /p Py + T (2-P )2, (p,spy32) Ty (2-Pp)

(2)
If we take the zero range limit of the KZ equations,8 we find a one
variable integral equation for Zab depending only on two particle observa-
bles, and by invoking a dispersion-theoretic representation for T(Z;EZ)

can transform itg into the once iterated Faddeev form
= R LJ 2 R . -
Zab(pa’pb’z) B —Rab(pa’pb’z) - c=za+ fpc dpe Rac(pa’pc’z) Zcb(pc’pb’z)
-0

[+ <]

- 2 ' -
R (P,sPp32) - Z fpc dp_ 2, (posP32) Ry (P 5Py 52)
0

c=at

(3)
with

= 1< - 2 2 -1 -
Rb™ 2 Sap f[Pa/zub+pb/2ua+papb6/mc—z] dg 3 6, = 1-6_, (4)
-1
Here we have dropped the factors T, and T with which the equation must
be clothed to restore the once iterated Faddeev form. Since we will
derive a similar equation below, we do not provide here the direct deri-
vation of this equation from the zero range boundary conditions in the

three particle space. Thanks to Eqs. (1) and (2) by comparison with OB

Egqs. (IV.7) and (IV.8) we find that the physical elastic scattering and
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rearrangement amplitudesgﬁgb = NazabNb and that the physical breakup

amplitude is

| N2z b 20\
%Ob(pa’qa;péO);z) - ;%a(z—ﬁi)zab(p ’PéO)’z)Nb - agg—; b'- ) :
a a
(5)

Hence the cross sections for the physical processes can immediately be
obtained from OB Eqs. (III.8), (III.15), (IV.37) and (1v.39).

In order to extend our treatment to the four particle case we define
the (3,1) configurations with r=1,2,3,4 and the (2,2) configurations with
r=5,6,7 geometrically in Fig. 1l and algebraically in Table I. We see
that, analsgous to the treatment by Yakubovsky, we must consider 18
initial and 18 final configurations and construct our theory in terms of
the amplitudes Fzg where the symbols are only defined when a C r and
bC t. Starting from a state of four free particles, we project out the

state in which all angular momenta are zero and obtain the radial wave

function
sin pr( ) Z sin q:(o)y; sin s(o) r
U(Xa’ya’zr)-— r(0) r(0) S(O)
Py 9, r
0 o0 [~
'2 2. 2
- fpzy dp f Z. dq . f s1ds
“1 a'Cr' 0 0

(6)
Yt r’ 1 r'
(P 159,158 v;E)
~rt2  ~r'2  ~2

pa, +qa +s ,—E—1O

X

. r'r T . r'r r
v/;Q sin pa,a(Q)xa sin qa,a(ﬂ)ya sin S 1.2,

r'r r'r
va(Q) qa|a(Q) sr'r(Q)
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In order to apply our zero range boundary condition to this wave
function, we must first reduce the spacial dependence to the coordinate

yz of the distinguished pair, which can be done by Fourier transformation

yielding
. x(0) r__r(0) (0)
" T - sin q_ () 5(pa-pa ) 6(5 ) 5
r a’ r(0) r r(0) (O) ab rt
PaSr qa papa srs
ikaya

a a

r’r
ﬂu Fab(p .k sr,E) e

r't

’ ¥
z Z d T Zd s2 ds a'b
aa l p 1 q ! q r' r' 52 ~2 2

r'=1 a'Cr’ +q +8°-E

X

' 1
f sin ., @y, §(p,-po () 8(s -5, (D)
1 de

r'r rr'r
'a(ﬂ) papa.a(ﬂ) 5,.5.1.(2)

6aa' =1- éaa'

)

where we have kept only the asymptotic form of tﬁe amplitude corresponding
to the distinguished pair, consistent with our zero range assumption, and
used the on shell value for q; defined in Table I. Applying our zero
range boundary condition U'/U = chtncSa in the limit y; > O+ we find by
invoking Eq. (1) that

rt _ rr' _r't
el XX o fen ] o

r'=1 a'Cr'

Since this equation still contains disconnected scattering processes

when r=r', we move these to the left hand side of the equation and obtain
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By examination of this equation on the left for the (3,1) configurations,

we find that this is simply the zero range Faddeev equation M==t(l-1f§M)
(0)

. of the four parti-

clothed with the momentum conserving 6(sr-s§0))/srs
cle spectator and with the energy W replaced by E-—Ei. But, as noted
above, this equation also holds in the time reversed form M==(1-—fMi)t
obtained by applying the boundary condition to the first scattering rather
than the last. Hence (1-—/Mi)(l-+f§)M = M providing an algebraic inver-

sion of the operator on the left in Eq. (9) which when applied makes the

driving term in the equation for F-

t r ~2 () (0)
ab into Mab(E--sr)cS(sr s, )/Srsr .

For the (2,2) configurations, the only terms which couple are an

2

r s . . r _ _~r2 2 r_ (0
and Féa’ establishing immediately that Faa = ta(E P, sr)é(pa Py ) x

G(Sr-séo))/pr;(O)srsio). The coupled terms appear to give a problem
since neither component of either pair scatters from the other, the
spectator momentum factors out, and we anticipate a factored form. The
factored solution is immediate in the Schroedinger equation in configura-
tion space, but in the integral equation we get contributions in the
iterations to any finite order in the multiple scattering series.
Blankenbeclerl® has pointed out to the author that the same problem occurs
in the conventional theory; it is mentioned by Mitra, Gillespie, Sugar

11

and Panchapakesan. However, if we iterate the two pair equation once

we find that
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— RM ;

E

r C 5,6,7 (10)

Here we have used the fact that in this configuration pE = q; as can be
seen immediately from Fig. 1. But E = 52(0)2-+5;(0)2-Fg§0)2 showing that
there is an on shell singularity in the first iterate. Hence we can
multiply Eq. (10) through by this singularity and remove the unwanted
multiple scattering term _fﬁM. In configuration space this singularity
does lead to the factored form tatbeikgyg eikgyg as expected. Further,
we see that for these configurations we also have Eq. (2) with
Zab = —6§b(522-52(0)2-io+)‘1. Thus we have the Faddeev form for the
equations and the algebraic inversion proceeds just as in the (3,1) case.

In the three particle equation we can see ekplicitly from Eq. (4)
that the factorization of t allows the reduction of the equation to one
variable with a geometrical kernel involving an integration over the angle
cos-li between ﬁa and aa' All that happens for higher angular momentum
states is that we acquire additional rotation matrices as functions of
this angle and additional indices which are given explicitly in BO. The
reduction occurs because of the §-function for the spectator which puts
the two body scatterings in the three particle space. In the four body
case we have an extra integration in momentum, but also an extra

§-function, so the same reduction occurs. Hence we obtain by inverting

the left hand side of Eq. (9) (as discussed above) the one variable
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equatidns for the zero range four particle problem

1]

(4), rt, r t__ 3),r , r _t 0 0
Mab(pa’pb’E) Mab(pa’pb;E) [Grtd(sz-sz( ))/Srsﬁ )

-/' r' (4)z rr (p;, Z JE) (4) T t(pr:,pb,E)}
r' a'Cr!

aa'

(11)

where

4)=rr ~2~2 ~2 1
()r'( a’Py st)_ r' aa’ fdﬂqu ,fds, r +qr, +s -E-10)

< phy % ah 22 6 (pE = pEa (@) (s, - s, (@) pTPE E@s s, (@) (12)

a aaa

and we have replaced the F;E which refer explicitly to the four particle

(4)M;E with an eye to generalization to the N particle case. Just

case by
as in the three particle case, we could obtain an alternative equation by
applying our boundary condition to the first scattering rather than the
last; that is, we also have the equation (4)M = (l-—f(A)M(4)§>(3)M

We also have the generalization of Eq. (2), namely

(&), rt _ (3),r 3),r 4),rt (3), .t
Mab - Mob Grt aab + Mob Zab Mob (13)

Hence by one iteration of Eq. (l1) we can obtain an integral equation

(4)

for the smooth function Z in which the primary singularities have been
factored out. Thus knowing Z we can immediately recover all the physical
four particle cross sections in a manner strictly analogous to the three

particle case discussed in OB. We are grateful to V. Vanzani for showingl?

that the form of our four particle equations is identical to the form of
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one set' of such equations he has developed in the conventional theory,13

except that the off shell behavior in his equations requires a convolu-

. 3 . . ]
tion over ( )M which prevents the factorization we have found in the zero

range theory.

Since our theory does not rest on a Hamiltonian model for the inter-—

actions; we are required!“ to prove that the resulting equations are

*
ab Mab -

- 2: MaC(RO-RS)Mzb follows immediately from the form of the Faddeev

unitary. In the three particle case the unitarity condition M

equations and the two particle on shell unitarity condition ta-t: =
—ta(RO-RS)t:, as was pointed out by Friedman, Lovelace and Namyslowski15

and discovered independently by Kowalski.l® Using a matrix notation, the

proof is simple:

M

— * * - -_—
-2 Mpe Ry = RpIMyp
cd

(Gac _2 Mac'ROSC'c)(tC - ti)(sab - Zgéc"RgMi"b

C' C”

S ——

C

< * *
-2 8eb Mac (Rg ~ Rp)Myy
cd
; M, ovRoS v R ( 23 rRot, ..b>
+ ;(Gac - zMac'Roscc') Z 8 "ROMc"b

C' Il

it

L= Foy o
B ; acd Mac(RO _RO)Mdb (14)

where the first line diagonal term is obtained by using the Faddeev
equations in appropriate order and the two particle unitarity condition
(which is on shell thanks to the §-function implied by RO-—RS); the
unwanted terms in the last equation vanish by a second application of

the Faddeev equations. In order to convince those who find this somewhat
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~symbolic proof inadequate, the proof has been carried through using the

explicit integral expressions and including the bound state poles1 and
checked by Erwin Alt.l7 But, since the four particle equations depend
now only on factored three particle input, which has just been shown to
satisfy three particle on shell unitarity, the same steps immediately
establish the unitarity of our four particle equations. Just as in the
three particle case, the two forms of the equation lead to time reversal
invariance.

We claim that the generalization to the N-particle case is now trans-
parent. We write our N-particle equation in configuration space using the
full Faddéev—Yakubovsky combinatorial decomposition and reduce this to a
one variable equation in the distinguished coordinate. Applying our zero
range boundary condition as before, the two particle amplitude factors
out. Transferring the appropriate configurations to the left hand side
we obtain spectator problems in reduced spaces which can be inverted in
the same way that we demonstrated explicitly for the (3,1) and (2,2) con-
figurations above. The driving term on the right now has N-2 &§-functions
rather than 2 before the inversion, and N-3 §-functions after the
inversion. Hence, just as before, we can obtain one variable equations
driven by the appropriate analytic continuation of the N-1 particle
amplitudes. The integral equations that provide these continuations have
no singularities other than bound state poles provided only the two parti-
cle amplitudes themselves have no such singularities, as already required.
Time reversal invariance follows from two forms of the equations as before.
Unitarity is immediate from an obvious generalization of the FLN proof.
The reduction of the kernel to one variable follows from standard appli-

cations of angular momentum techniques, which of course become increasingly
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tedious' as the number of particles increases, but which have to be faced
in any exact N-particle theory. We therefore claim to have proved that
the N-particle zero range equations are always one variable equations of

the form

(N}, c)C’ () (N-1), C(N) (15)

Me@-1)... = Mem-1). ..

and in reverse order. Finally, the essential singularities can always be
factored out by an obvious generalization of Eq. (13).

The ﬁhysics lying behind the remarkably simple result we have obtained
is simply that by sticking to two particle on shell scatterings of the
pairs as the driving mechanism and making the angular momentum reduction,
the only variable content left on which these amplitudes can depend, thanks
to momentum conservation, is the appropriate analytic continuation to
negative energies required by the uncertainty principle. The factorization
is quite general for short range interactions as was proved long ago.7
The simplification was conjectured a decade ago,lu but could not be proved
because of the reluctance of this author to abandon "left hand cuts" in
the two particle input, which turns out to be the key to success. In the
relativistic generalization of this approach, which we claim to be
immediate and which has been shown to work in the three particle case,la’19
this assumption turns out to be analogous to the "locality" assumption of
quantum field theory. Our theory differs in that it can be kept con-
sistently to sectors in which only a finite number of particles enter by

using particle functions rather than field functions as the basis. The

basic trick in the relativistic generalization is simply to assume that
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"particle" and "quantum" bind to make a state with the same mass and
quantum numbers as the "particle". As in the non-relativistic theory
presented in this communication, unitarity and time reversal invariance
are immediate. '"Crossing' and relativistic spin are under investigation.

As already noted, confidence in the four particle approach was gained
thanks to detailed study an earlier version of the equations by V. Vanzani.
Conversations with W. Sandhas, H. Haberzettl, and E. Alt were also helpful.
Recent discussions with R. Blankenbecler, L. Biedenharn, and M. Orlowski
were instrumental in bringing this work to completion. The author is
grateful to the Humboldt Stiftung for an award and to E. Schmid and the
University of Tubingen for hospitality during the first pass at the four
particle zero range equations.

This work was also supported by the Department of Energy, contract

DE~AC03-76SF00515.
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TABLE I

Four Particle Coordinates

i=1 i=1 i
r C 1,2,3,4 r C 5,6,7
M =M-m_ 3 My =Mm My = (m_+m_ )(m_ +m_)
T r, r rr, T oL, ry T,
ri=r—l+41 ri=r—5+31
2 . a2
s, = Zvrsr
a,b,c C . uf = m_m /(m +m_ )
a T I,/ T,
r\2 _ T Y2
(q )" = 2u (@)
a=(ry,r)) 5 b= (ry,ry) ;¢ = (rg,ry)
Mn =m_ (m_ +m ) ; (Sr)2 = 2nF( r)2 a= (ry,r,); b= (ry,r,);
r a T, ot ’ a a‘Pa 327472 12747
c ='(r2,r4)
r ~r, 2 r, r\2 -r
Mn =m_ (m_+m_ ) ; (p.)" = 2n, (p,) p.o=m. m /(m +m_ ), etc.
T b r, r3 T, b b b a rg T, rq r4 ’
r ~r, 2 2 ~r, 2 - r,2
Mo =mn, (m +n ) ; ()" = 2al(py) G = 2u_(p))", etc.

1 "2 3

If the four particle c.m. energy normalized to zero at four particle

2,72

breakup threshold is called E, then the on shell condition E = EZ-FE +s
is configuration and channel invariant. The on shell momentum for the
~o ~ 1
distinguished pair is defined as kz = EZMZ(E-pZZ-si)]é. The spacial
, X T r r r .
coordinates corresponding to Py 9, and s, are X, ¥, and Z.. respectively.

In order to express the four particle wave function in terms of a single

set of coordinates we will need to know the geometrical comnnections
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1 1 \J | 1
r, r' T rr r, r' r rr
s = x_(x z =X etc. which are readil
Ea(_Eav ,g_a' s_rv) Eaals —a(—a' ’za"—r') aa'’ y

obtained from Fig. 1. If we take out the dependence on the orientation

of the configurations in space, which can be done by an appropriate appli-

cation of rotation matrices analogous to that done with care for the three

particle case in OB, these transformations will depend on the three direc-
. . AY AT AT A AT A . , ,

tion cosines (pa-qa), (pa°sr), (qa-sr) which we symbolize collectively by

Q. The reduction of the plane wave basis exp i(p*x+gq*y+s-z) to the

scalar form used in the text is greatly facilitated by the identity

1 1 1 1
r _TTY r rr r'r r r'r r
X'E, 4+ gt + 5 ez = x + Yy 4 sy vz .
Ba'24ar 92"V 5" Zr Zrr' Para"%a " 95v3" L T Ep sy

(3, 1)
"
o Xa P
Yar9a r3
\\\%r’§r
rz q
rct,2,3,4 rc5,6,7
Ti=r‘|+4 i rizr—5+3i

4250A1

Fig. 1. Geometrical definition of the four particle coordinates used
in this study for the (3,1) and (2,2) configurations. Algebraic

details are given in Table I.



