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Summary

A transverse distribution of injected particles in a storage ring
is often far from the equilibrium Gaussian distribution. In addition,
the characteristic size of the injected bunch can be comparable with the
aperture of the machine. This is especially true of positron injection.
This situation occurs, for example, in the damping ring of the SLAC
Single Pass Collider. In such cases one can expect particle losses.
Questions now arise concerning the magnitude of these 1losses and their
dependence on the ring parameters. MWe suggest here the ansuers to these
questions for a ohe-dimensional particle motion.
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1. Introduction

It is well known that in an electron storage ring the combined
actions of radiation damping and quantum fluctuations bring particles to
a stationary Gaussian distribution which can be expressed in the
following manner:

Let Tryd be the radiation damping time, and let D be the diffusion
coefficient due to quantum fluctuations of particles having amplitude a.
Then the stationary distribution ¥(a) is:

Y(a) = (1/2n6%)exp(-a2/202) )

uhere
62 = DTpr3q/2 2)

It is also knoun that this result is an approximation, valid only
in the absence of any boundary. The presence of vacuum chamber walls
distorts this distribution, especially its tail. Note that this
distribution has =zero value only for infinitely large amplitude a; a
real distribution function should become zero at the uall, allowing for
the finite lifetime of the stored beam.

If the ratio of the vacuum chamber size A to the characteristic
size of the bunch o is large enocugh, only a small fraction of the total
number of particles is in the distribution tails. In this case the
presence of the wall distorts the distribution only slightly, and
particle losses and the corresponding quantum Jlifetime 7 can be found
from the unperturbed stationary Gaussian distributiont!-2-3:

T = Trad(o2/7R2)exp(a2/s2062) (3)

where A is the maximum amplitude of particle osciilation, defined by the
machine aperture.

A more exact solution of the problem is obtained in reference 4.
The presence of the uall is taken into account in this work by imposing
the zero boundary condition on the distribution function:

Vy(A) = 0 (4

The solution found in reference 4 1is valid if the quantum lifetime
T is much larger than the radiation damping time T,.54. In the limit A/c
>>1 the expression for T reduces to formula (3). All of these solutions
have one common drauback in that they essentially deal only wuith
equilibrium distributions. Hence they are wunable to start {from some
initial distribution and include into consideration the transition from
it to an equilibrium distribution with the time course.

The general exact solution of the one-dimensional problem 1is



obtained in reference 5. In Section 2 we describe this solution, which
is valid for any ratio of 7/7,.54. Section 3 gives examples of numerical
computations using the derived formulae. ’

2. Distribution Function and Particle Losses

We consider here the motion of a particle in a plane. The Fokker-
Planck equation for this case which governs the behavior in time of the
distribution function V¥ of the square of particle amplitude u has the
following formé-7:

(2¥/728) = u(diyr/d3u?) + (u+1)(a¥y/du) + ¥ (5)
where we introduce the dimensionless time variable 6:
9 = 2t/‘rrad (6)
and the dimensionless amplitude variable u:

U = a?/Dfpead = alrs2a? @)
which is the ratio of the square of the amplitude of the particle
oscillation to the rms of the square of the amplitude calculated using
the unperturbed distribution function (1). The distribution function
v(6,u) at all times 6 satisfies the boundary condition:

v(8,¢) =0 (8)
with

& = A%/202 (9)
where A is the maximum allowable amplitude of particle oscillation.
Equation (8) 1is a consequence of the condition that all particles which

reach the aperture of the machine are lost.

Let us count time 8 from the moment of injection. Then at 6=0 the
distribution function should satisfy the initial condition:

v(0,u) = yp(u) (10)

where ¥o(u) is the distribution function in u of the injected particles.
The integral of v(8,u) gives the number of particles uwhich are
still in the machine at the moment 6. In particular at 6=0 this

integral gives the number of injected particles. It is convenient to
normalize this distribution to 1: ’



§
J Yo (ul} du = 1 (QRD]
0

Then the fraction of the total number of injected particles which
stays in the machine until time 8 is:

£
n(g) = J v(6,u) du (12
0

and the portion of injected particles which is lost up to the moment 8
is 1-n(8).

To solve equation (5) together with the initial (10) and boundary
(8) conditions we expand v(8,u) into the following series:

[+ ]
V(8,u) = ¥ bpexp(-kn,8)fn(u) (13)
n=0

Here bj and &k, are constants which will be defined shortly. The

functions {,(u) are the solutions of the f{following differential
equation:

utn’’ + (Utifnp” + (l+x)fn = 0 (143

To insure that the series in equation (13) satisfies condition (8) at

all times B8 each function fnx(u) should satisfy its oun boundary
condition:

Tnig) =0 (15

It is easy to see that fh(u) can be defined in terms of a confluent
hypergeometric function Fl-Kkn,1,u):

N

frlu) = exp(-ulF{-Kkn,1,u) (16l
Equation (15} implicitly defines the constants kpn:
F("Kn)1)f) =0 (17)

He see from this expression that X, is uniquely determined by the
quantity & from equation (9). For each given value of ¢ equation (17},
in respect to xn, has infinitely many roots. Fig. 1 illustrates the
behaviaor of F(-x,1,¢) as a function of ¥ for £=30. Fig. 2 shous the
dependence of the first four roots, K¢ through k3, on &. For large ¢
the n-th root tends to the integer n. Hence for large ¢ and for large 8

all the terms in (13) but the zeroth decrease exponentially. In this
case we have: ’

v(6,u) = boexp(-k¢B8-u)F(~Kgp,1,u) (18



where
(1/7%k9) = Ei(gE) - In(g) - 0.577 (18)

Function Ei(&) here is an integral exponent®. For large &, Ei(f) =
exp(£)/7& and we have as the result for the quantum lifetime:

T = Tradexpl(E)/2¢ 202
which after substitution of expression (9) coincides with equation (3).
For very small Xxg:
Fl-ko,1,u) = 1 - {Ei(W=-1n(u)-0.5771/[Ei(£)-1n(£)-0.577]

and the solution (18) coincides with the solution obtained in reference
4.

Let us return now to the general expression (18). We still have to

determine the coefficients bp,. To do this we use the initial condition
(10):

o]
Yo(u) = Y buexp(-udF(-Kpn,1,u) (213
n=0
As shown in the Appendix, when weighted by the factor exp{(-u) the

functions F(-Kn,1,u) are orthogonal to each other on the interval [0,¢#].
By using this property we get:

4
j ‘;‘O(U)F("anlyu) du
bn = 40 (22)

£
J exp(~u)F2(-Kn,1,u) du
0

So, ftinally, for the distribution function we have the follouwing
expression:

3
© J Vo (WF(-xpn,1,u) du
Y(6,u) = Y exp(-kn8-ulF(-kn,1,u) JO (23)
n=0 E
J exp(-udFZ(-kpn,1,u) du
0

The general expression for the fraction of the number of injected
particles which stays in the storage ring until time 8 is:



£ &
© [ exp(~u)F(-Kkn, 1,u) du J Yo (UudF(~Kn,1,u) du
n(g) = Y expl(-xn8) JO 0 (24)
n=0 3
J exp(-ulFZ(-kn,1,u) du
0

3. Numerical Results

In this section wWwe describe the techniques and results of the

computation of n(B8) and v(8,u) for Five different initial particle
distributions.

1) Techniques:

In each case we compute an approximation of n(8) by truncating the

infinite series of (24) after an appropriate number of terms. Reuriting
(24) ue have:

3
brexp(-kn8) J exp(-ul)F(-Kkn,1,u) du (25)
0

n(g) =
n

1t ™1 O

0

where i is chosen so that the total computing time in each case is less
than 30 minutes. (It turns out that, in each case, f is 10 or 11 and
that the magnitude of the first truncated term is less than 10°%8.)

Our program needs only to compute n(8) for one particular value of
8; we used B8p= 1.0. We compute n(87) for any other time 67 in the
following uay:

&
N(Bp)n = bnexpl{-k,8p) J exp(~u)F(-xn,1,u) du (26)
0
then
A
n(Bo) = z N(eo)n
n=0
and hence
i
n(8”) = ¥ expl-xn(67-60)IN(8p)n 27
n=0 '

We begin our computation by generating a table of values of



F(-Xx,1,#) as a function of the parameter x. The values from this table
are shoun plotted vs ¥ in fig. 1. We create this table by integrating
the following differential equation subject to the given initial
conditions (see equation (A1) in the Appendix):

uF’’ + (1-u)F’” + XF = 0
(28}

F(OY = 1 5 F7(0) = -k

(note that we cannot integrate (28) to ¢ starting at u=0; we actually
integrate from u=1.0x10"'% without significant loss of precision).

We then use a simple bisection technique to find the =zeros of the
function of x shouwn in fig. 1, thereby finding the values Xk, for which
F(-Xkn»1,¢) satisfies the boundary condition (17). Using a standard
numerical integration routine and the appropriate initial particle
distribution function we then compuie b, from (22), and then N(Bg), from
(26); summation then yields n(8g).

Next, We generate plots of n(8) vs 8 by implementing (27) and

finally, using the values of x, that we computed previously, we generate
plots of ¥(8eq,u) by using (23). (8gq Will be defined below...)

11) Results:

Our results are presented in the form of plots: n(8) vs 6 and
¥(B8aq,u) for 08 < u < £ where Bqq is defined in such a way that the
particle distribution function has reached equilibrium at some time
8 ( Begqs 1.e. particie losses due to the transition from the initial
particle distribution to the equilibrium distribution have occurred uell
before 8q4. (He’11 see that in all cases investigated particle losses
due to this transition have pretty much died out by 0=1.0; we used
8eq=10 to insure that equilibrium had been reached.) e performed our
computations for five different initial particle distributions.

Initial Particle Distribution #1: ¥alu) Uniform in u:

This distribution function (uniform 1in the square of particle
amplitude) has the form:

Yol(u) =M for 0 (u < ¢

where M s some constant. He normalize this distributio: by
implementing (11) and have for Vo(u):

volu) = /¢

A plot of n(8) vs 6 (A=11) for this initial distribution is sihioun
in fig. 3. We note that the contributions from higher order terms in
(27) decrease quickly and n(8) rapidly approaches the value N(8gp)g. For
£=30, Kp = 10°'! which means that n(8) decreases only very slouly after



the equilibrium particle distribution has been reached. For this
particular initial distribution:

n(8) = 0.9654 for 8 2 Beq

A comparison of the initial particle distribution with the
equilibrium distribution for 6=8,4 is shoun in fig. 4.

For the reader’s further edification we present in +fig. 5 a
histogram plot of the relative magnitudes of the first 12 terms in the
series of equation (26) for this initial particle distribution and £=30.
We note some mathematically interesting behavior 1in the higher order
terms, but only on a scale which 1is insignificant when compared to the
zeroth order term which has a magnitude of order unity.

Initial Distribution #2: ¥a(u) Uniform in Ju:

This distribution (uniform in particle amplitude) has the form:
VolWu) =M for 0 € u < ¢

As before, we normalize this distribution according to (11) and
have for volu):

Volu) = (4¢u)-172

A plot of n(B) vs 6 (R=10) for this initial distribution is shoun
in fig. 6. MWe see the same qualitative behavior that we saw in case #1;
the initial decrease due to the transition to the equilibrium
distribution is faster since the initial distribution is closer to the
equilibrium distribution than in case #1. For our second initial
distribution we have:

n(e) # 0.9820 for 8 2 Bgq

A comparison of the initial and equilibrium particle distributions
for 6=68¢q is shoun in fig. 7.

Initial Distributions #3,4,5: Va(u) Gaussian:

These distributions have the form:
Yolu) = M exp(-u?/0492) for 0 £ u < ¢
where co=ak; a is a parameter which determines the width of the initial
Gaussian distribution. Normalizing in the wusual manner using (11} ue
have for vo(ul:

Yolu) = [ogCql texp(-u2/og2)

where



17a
Ca = exp(-x2) dx
0

We consider nou three different cases:

i) Narrow initial distribution (a=1/3 , Cgq=0.8862)

A plot of n(8) vs 8 (R=10) for this initial distribution is shoun
in fig. 8. Again uwe see the same qualitative behavior that we’ve seen
in the previous cases; the value of n(8) after the transition to the
equilibrium particle distribution is:

n(8) = 0.9999 for B 2 B.q

We note that for this case particle loss is quite small, since at
all times the particles are far away from the boundary.

A compariscn of the initial and equilibrium particle distributions
for 8=8¢4 is shoun in fig. 9.

11) Medium width initial distribution (a=1 , Cq=0.7468)

A plot of n(B8) vs 8 (A=11) for this initial distribution is shoun
in fig. 10. The qualitative behavior of n(8) for small 8 is as seen
previously; in this case n(8) is:

n(8) = 0.9818 for B8 2 Beq

A comparison of the initial and equilibrium particle distributions
for 8=8z4 is shoun in fig. 11.

iii) Broad initial distribution (a=3 , £g=0.3214)

A plot of n(8) vs B8 (h=11) for this initial distribution is shoun
in fig. 12. The qualitative behavior for small 8 is as before. For
this case n{(8) is:

n(8) = 0.9677 for B 2 Baq

This value is smaller than in the previocus tuwo cases due to the
increased width of the initial distribution.

A comparison of the initial and equilibrium particle distributions
for 8=8¢q is shoun in fig. 13.

Qur final plot (fig. 14) illustrates the effect that the machine
aperture parameter & has on the fraction of injected particles remaining
in  the beam at time B8qoq;5 i.e. the portion of the injected bunch
remaining in the machine after the transition from the initial to the
equilibrium distribution. For this plot ue have used the broad Gaussian
distribution («=3) as the initial particle distribution.
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Appendix

Orthoqonality of the confluent hyperqeometric functions

A confluent hypergeometric function F{(-kn,1,u) satisfies the
following differential equation$:

ufF’? + (1-uWF’ + Xk F = 0 (A1)

It is easy to show that the function f(u) = exp(~U)F(=Kn, 1 u)
satisfies a similar equation:

uf’” + (1+udf7 + (+x)f = 0 (A2)

Let us multiply equation (A1) by f and equation (A2) by F and
subtract the second equation thus obtained from the first. We get:

(Km~K)TF = dlu(fF’-f/F-fF)]/du (A3)

Nou uwe integrate both sides of equation (A3) over u from 0 to &.
Each of the functions f and F satisfies its oun boundary condition:

F(_Kn)1yf) =0 (Ad)
f(‘Kmy‘yf) =0 (A5)
Hence, by integrating (A3) one gets:
£
(Km—Kn) fF du =0 (AB)
0
or
£
exp(-U)F(-Kp, L,udF(-Kn, 1,ud du = Npbp, n (A7)
4]
where §,,y is the Kroneker symbol:
1 if n=m
0 if n#m

and N, is some constant.
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List of fiqure captions

F(-k,1,&) vs k¥ for &=30
Kn vs & for n=0,1,2,3

n(8) (sum of first 12 terms) vs 8 for ¥o(u) wuniform in u,
£=30

Initial and final particle distributions: ¥o{u) (broken line)
and ¥(8gq,u) (solid line) for volu) uniform in u, &=30

Relative magnitudes of first 12 terms of n(68) for Volu?
uniform in u, £=30 and 8=84=1.0

n(B) (sum of first 11 terms) vs 8 for ¥o(ul uniform in Ju,
£=30

Initial and final particle distributions: vo(u) (hroken line)
and ¥(Beq,u) (solid line) for Vo(u) uniform in Ju, £=30

n(8) (sum of first 11 terms) vs 8 for ¥olu) narrow Gaussian
(a=1/3), £=30

Initial and final particle distributions: ¥o(u) (broken line)
and v(B8qq,u) (solid line) for ¥o(u) narrow Gaussian (a=1/3),
£=30

n(8) (sum of +First 12 terms) vs 6 for <Yo(u) medium width
Gaussian (a=1), §&=30

Initial and final particle distributions: ¥o{u) (broken line)

and v(Bcq,u)  (solid line) for vy(u) medium width Gaussian
(a=1), £=30

n(6) (sum of first 12 terms) vs 8 for vo{u) broad Gaussian
(a=3), £=30

Initial and final particle distributions: ¥g(u) (broken line)
and v(Bgq,ul (solid line) for volu) broad Gaussian (a=3),
£=30

Fraction of the number of injected particles remaining in the
machine after the transition from the 1initial particle
distribution to the equilibrium distribution as a function of
the machine aperture parameter ¢ '
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