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I. Introduction

In some applications of quantum field theory, the fields must be
defined, not in whole space, but in finite cavities and with non-
periodic boundary conditions on the walls. The presence of boundaries
can give rise to new quantum phenomena, the classical example being the
Casimir effect in QED.! More recently the bag model for hadrons? has
increased the interest in confined field theories.

In this paper we develop techniques for computing quantum (i.e.,
loop) corrections in charged scalar and gauge theories. The relevance
to the bag model of a scheme for calculating loop corrections in con-
fined QCD is obvious. Since our technique is restricted to rectangular
cavities and does not permit spinor fields, it is, however, not directly
applicaéle to most phenomenological bag calculations. It will, though,
enable us to indirectly check the validity of appfoximate'methods
frequently used to handle loop diagrams in the bag.

The main physical motivation for this work is however not to im-
prove on bag phenomenology, but rather to understand qualitative fea-
tures of a recently pfoposed model in which the QCD vacuum is densely
filled by JPC = O++ two gluon glueballs.3 The reason for believing in
such a glueball "condensate'" is the large negative colormagnetic inter-
action energy of two gluons in a O++ color singlet state. In fact, by
calculating the magnetic part of the diagrams of Fig. la,b in a static
spherical cavity with radius R, one obtains after correcting for the
c.m.s. motion of the gluonss’q

2 2
2 2.74 1.58 2.74
MO = (2>< =2 - (R) =2 ) - 2x (—-——R ) (1)
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Since thé strong coupling constant increases with R we expect

MZ(R)min < 0. The presence of a tachyon signals an instability of the
perturbative vacuum against creation of O++ glueballs. Of course these
will interact, but as shown in Ref. 3 the overlap is small, and we are
thus led to the picture of the QCD vacuum as a condensate of O++ glue—-
balls. It is important to check whether the minimum of Eq. (1) is
stable against variations of the shape of the glueball; it might, for
example, occur for a tubelike configuration. Secondly, Eq. (1) is
based on the approximation of keeping only the magnetic contribution

to the interaction energy5 but to be more precise we also need the elec-
tric part of Fig. la,b as well as the self energy diagrams of Fig. 2.
We hope that the methods developed in the next sections will provide
means gé handle these problems.

The plan of the paper is as follows. Sectioﬁ 11 begins with a
general discussion of confined perturbation theory. We then construct
propagators for scalar fields in a rectangular cavity with various
boundary conditions. Next gauge fields are treated and ghosts with
proper boundary conditions are introduced. A first application of our
methods is given in Section III where we calculate the Casimir effect
in a box using a covariant gauge. The second application is to compute
the energy shift of the lowest confined photon mode in scalar QED in a
cube, which is done in Section IV. Some integrals needed for this
calculation are listed in Appendix C, and some intermediate results in
Appendix D. Appendix A deals with properties of the cavity propagators
and in Appendix B we derive the boundary conditions for the ghost fields

using functional techniques.



II. Cavity Propagators

i. General Considerations

To do perturbation theory, one needs vertices and propagators. The
vertices are local functions and will not be changed by confining the
theory to a cavity. The propagators, however, are modified so that the
fields from a source fulfill the prescribed boundary conditions on the
cavity walls. A straightforward method to construct the confined Green
functions is by summing over cavity eigenmodes.6 So is, for example,

the Feynman propagator for a real scalar field given by

o (x) ¢ . (y) dw(xy=y,)
iA(x,y) = fdmz 2N 2N — e P (2)
N w - L\)N-— 1€

where N labels the solution ¢N(x) to the field equation with suitable

boundary conditions, and w, is the energy of the mode. This way of

N .

wfiting the cavity propagator is unfortunately not very well suited for
calculations of loop diagrams. The reason is that in all such calcula-
tions one has to deal with divergences arising from the singular short
distance behavior of the propagator. In unconfined field theory these
infinities appear as divergent momentum integrals which are handled by
the usual regularization and renormalization procedures. In the case

of a confined theory using the propagator in Eq. (2) we instead encounter
divergent sums which are much harder to deal with. The way to overcome
this difficulty, as will be discussed and exemplified in Sections IIT

and IV is by separating the propagator into two parts:

A(x,y) = Ao(x,y) + AB(x,y) (3

Here the first term, which is the free propagator, contains the usual

short distance singularity whereas the boundary term AB(x,y) is regular
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at x=vy éxcept perhaps on the boundary itself. For an arbitrary geometry,
we do not know how to construct AB, but in the case of rectangular cavi-
ties the problem can be solved by summing over mirror images as shown
below.

Before discussing the various propagators in detail, we comment on
the relevance of considering rectangular cavities. Although the presence
of sharp edges and corners are unphysical features, we have reason to
believe that these are not very important. So is, for example, the
energy of the lowest mode of the e.m. field in a cubical conducting

cavity of volume V

cube _ 4.44

pcube _ S84 (4)
0 Vl/3

while the corresponding lowest energy in a sphere is

sphere _ 4.42 ' -
£o SVE (5)

Also if we compare the "inside" (cf. the discussion in Section IV) con-
tribution to the Casimir energy in the two cases

cube _ 0.091
SV (6)

sphere _ 0.104

E ASLE g
C V1/3

(7)

the similarity is striking, and strongly suggests that the finite part
of the energy is insensitive to the shape of the cavity.

ii. Scalar Fields

In order to construct the propagator for a scalar field, confined
in a rectangular cavity, we use the image charge method introduced by

Lukosz.’ Here, the boundary conditions are fulfilled by adding the
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contribuéions of direct propagation from the source point to those from
an infinite number of mirror sources obtained by reflections in the
walls. This is a particularly simple case of the more general method
of multiple scattering expansion of propagators. Because of the simple
geometry we can obtain analytic expressions for the propagators, which
is usually not possible. In Ref. 8 the electromagnetic field is treated
in a general cavity using the multiple reflection method.

For a box with sides li centered around origo, the positions of the

mirror charges are given by (index i not summed over)

N nj
vy = (-1) 7 yi +n; 2y (8)

. N
where N = (nl,nz,n3), y is the position of the original source (yo = yo)
and the—ni the number of reflections in the ith direction. The solution

to the Neumann boundary value problem

0 ey A6 = -8 G-y (9a)
a;ii Ax,y) =0 on  x, = i% 2, (9b)
is given by®
A(x,y) = Z Y (x =™ (10)
N

where Ay 1is the free propagator and the sum runs over all integers.

As it stands, the N-sum in Eq. (10) is only conditionally conver-
gent, and a prescription must be given in order to define this and
similar expressions that will occur below. Such a prescription essen-
tially involves a redefinition of the sum by grouping several terms

together in such a way that the new sum is absolutely convergent. This
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is described in detail in Appendix A. Similarly the Dirichlet boundary

value problem

0 (x) A(x,y) = Y (x-y) (11a)
1
Alx,y) =0 on x, = ii-ﬁi (11b)
is solved by
n,+tn,+n
-y = DD L2 2 -y (12)
N

The generalization to mixed boundary conditions is straightforward. It
is obvious that Eqs. (10) and (12) separate out the free part Ay(x-y),
since y(0,0,0) = y, Singularities occur for yN = x, which means that
all terms with two or more reflections in any direction are regular.
Terms with one reflection in one direction are only singular on a sur-
féce, etc. (see Fig. 3). Of_course it does not matter Whiéh point is
considered as source, i.e.,
ZA(x—yN) = EA(XN"Y) (13)
N N

iii. Gauge Fields and Ghosts

Now consider a Yang-Mills fieldl0 (QCD) in a covariant gauge defined
by

2 (14)

- _1 uwv _ 1 u
QYM+ ZGF 7 © G Y (auA)

where A = AaTa, MV = szTa, T2 being the generators of the gauge group,

and

Guv = ELlAV - 3\)Au - 1g[Au’Av] (15)



The field equations read

5, 6" + 2 o, A = 1g16",A ] (16)

1

Again consider a rectangular cavity, and impose the gauge invariant "bag'

boundary condition

nu ¢*V =0 on T (17

> -
where nIJ = (0,n), n being the outside unit normal vector on the boundary
I' of the cavity. This boundary condition is "confining" in the sense

that the normal component of the {color) current

Mo L ou
3h = igle”™, a1, (18)

vanishes on the cavity walls in all gauges. Written in terms of E- and
B-fields Eq. (18) reads
=0 : B (19a)

on T
=0 (19b)

By By
W Y

which are recognized as the boundary conditions on a perfect magnetic
conductor. It is easy to convince oneself that for a rectangular cavity
the boundary conditions Eqs. (17) or (19) can be realized in terms of

potentials as

ncA=0 (20a)
M +-VaxA=0 on T (20b)
n-vl=0 _ (20c)

The propagator is the solution of Eq. (17) for a point source, i.e.,!!

Ogy Doy Gooy) + <1 - %) Wy 380 DT ey = g 6Py D
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Hv pHY

All propagators are diagonal in color, i.e., (D(a))ab = Gab ()

Together with the boundary conditions of Eq. (20) this completely deter-

etc.

mines D%X)(x,y). Now choose Fermi gauge (a=1), i.e.,
O DGy = 8 s -m (22)

Using the same method as in the scalar case we get

DV ,y) = " DM (x,y) (23)
where
0 (x,y) = E Ay (x - o) (24a)
N
n.
pD ey =)D Fae-yD (260)
N

From Eq. (8) we immediately have the useful identities:

—aﬁy> (% (x,y) " (25a)

]

31(1}{) D(u) (x,v)

aiX) p¢® (x,7)

—a§Y) o (x,v) (25b)

To get to an arbitrary covariant gauge characterized by o we make the

gauge transformation

A =AM+ oM (26)

where AY is given in Fermi gauge. From the requirement
L iH2=10 ah 27)
2 u ’ :
one obtains
0¢ = (Vo - 1) % A¥ (28)
Now it follows from Egs. (20) and (22) that

@ -V auA“ =0 on T (29)
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so Eq. (18) can be inverted to

¢ = (Vo - 1) p(®) auA“ (30)

Now,
iV (x,y) = (0| P@a*x) AY())]| 0) (31a)
1DV (x,y) = (0| P& () &' () 0) (31b)

where P stands for T, [ , ] etc., together with Eqs. (25), (26), and (30)

gives after some algebra

v v 0 0
DED(X’Y) = pH (x,y) + (1-0) S%X) 8¥Y) D( )(x,z) D( )(z,y) (32)
Here the product D(O)D(O) is to be understood in the sense of matrix

multiplications. 1In a similar way we can obtain the propagator in other
gauges, -as for example, Coulomb gauge.

It is well known that in order to quantize a gauge thgory in a co-
variant gauge ghosts are needed. For an Abelian theory, the ghosts do
not couple to anything and are usually neglected, but in this case we
must consider them as disgussed in Section ITI. 1In Appendix B we show
how to modify the conventional Faddeev-Popov procedure in order to take
the boundary conditions Eq. (20) into account, and here only the result

is stated. The ghost Lagrangian is
= - Ty eate - qg [aAM
S?Gh = (auC Y@~ Cc - ig[A7,CcD) (33)

and is now supplemented with the boundary condition

_).
n « VC

1l
[on]

on T (34)

giving the propagator

p¢® (x,7) (35)

S(x,y)
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Ghost loops as usual carry a minus sign. Note that the contribution to

the current from the ghostfields is

iby = g B ¢ cl (36)
sé Eq. (34) is consistent with nuju = 0 on the boundary.

We shall finally comment on another possible set of boundary condi-
tions. As pointed out earlier the boundary condition Eq. (20) corresponds

to a perfect magnetic conductor. In the case of QED the dual condition,

i.e., that of a perfect ordinary conductor, is more interesting

n 6" =n euvcl G. =0 on T (37)
u u ch
or
A xE=0 ' (38a)
- on T
>
n

An analysis like the one above gives in this case the propagator

M (x,y) = g* M (x,y) (39)
whgre
an
5y = =D D A=y C (40a)
N
z nk
5D ) = =) DM -y (40b)
N

while the ghost propagator is still given by Eq. (35). Transformations

to other gauges can be carried out as above.
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_

IT1I. Thé Casimir Effect in a Box

The ground state energy of a quantum field theory is usually
quartically divergent. For example, in the case of a massless scalar
field with periodic boundary conditions a box with volumn VO one has

E=/ d3x<olaf(j§,t) l0) = %wz (41)
v, x
where wz are the eigenfrequencies in VO. This divergence is usually
handled by normal ordering of the Hamiltonian density é?(g,t). As first
noted by Casimir (in the case of QED), this simple prescription does not
work if the theory is defined in a cavity with nonperiodic boundary
conditions. Here one should instead consider a regularized form of

Eq. (41), e.g.,

- T - =
B (1) =Z% wge ¥ (42)
N

where the eigenfrequencies Wy depend on the boundary conditions and the
geometry of the cavity. The ultraviolet (1~ 0) divergent parts of E(7)
can by general arguments be shown to be simply related to the geometry
of the cavity. For the case of QED in a box (volume V, sides li) with

boundary conditions of a perfect conductor Egs. (20) or (39) we have’

. _3 v 1 in
lim E(1) = 5L T A 5 + EC (li) _ (43)
=0 T T

where Eén is t-independent, and can also be shown to be independent of
the cutoff procedure. Except for the quartic divergence proportional

to the volume, discussed above, there is a quadratic divergence related

to the edges of the box.8 (For a smooth surface the l/T2 term is a
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surface integral of the mean radius of curvature.l?) If the cavity is

thought of being placed inside a large normalization volume, it is clear

. i . s . ,
that the regular piece ECn(li) is the "inside'" contribution to the

Casimir energy.8 We shall now show how the methods of Section III allow
for a simple calculation of Eén.

Choose Fermi gauge, that is, take the effective Lagrangian

£ = - 2

B

PV %(a“ ah? - ¢t (44)

F
uv
where F*V is the Abelian field tensor. From Eq. (44) we construct the

Hamiltonian density

= M + + _
H =1 (BOAU)+HCBOC.+ M8, C & (45)
with
h 0
T o= ~3p A (46a)
o (46b)
T = =39 ct (46c)

which gives

N 2 0.k +
Ho= -(3gAD" + (3, Ay - 8A )8 AT - 2(3;C)3,C +

1 _ v o1 Hy2 1
+2(auAv avAu)a A +2(auA) +(auc)a C (47)

In order to relate S to the Greens function of the previous section, we

regularize this expression by

> it > it
AU(X) Av(x) 4'Anl<x,-§—> A\)<X, __E_)

A (x) A, (x") (48)
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This regularization corresponds in k-space to the ome of Eq. (42) and it
is easy to see from the explicit expressions that Duv(x,x') and its de-

rivatives are finite for v # 0. From Egqs. (32) and (47) we get

(. )y =3 (305 + 8, 8]) {Z D) (,xty +
k

+ 08 (x,x") - 28(x,x')i| (49)

where 8; denotes derivative w.r.t. x'. FEquation (36) gives

(5, =5 (3,00 +0,8)) [Z D™ (x,x) - D(°><x,x'>] (50)
k

and this together with Eq. (25) and the explicit expression

-1

1A, (x,x") = ————— (51)
- 0 4n2(x-x')2
gives for the regularized energy
(E(1)) = fd3x J(’T(§) (52)
box
In the 1~ 0 limit
L.+ 8, + 2
- 3 v _ 11ttt
U B(1) = =5 = - 45 )
=0 ™ T T
v ' 2 272
- Z [mlkl) + (my2)” + (myhy) ] +
16w
M
+Z’I§<li+zl—-+%—> (53)
1 2 3

1]
where in the summation 2: the point M = (0,0,0) is excluded. This
result agrees with earlier calculations using other methods.’ It is

clear that the term V/T4 comes from the tree propagators which are
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singular'in the whole volume, while the (21 + &, + 23)/12 term arises

2
from propagators with two reflections which are singular only on the
edges, as discussed in Section II. The possible A}rea/'r3 divergence from
the surface is canceled between different terms. By comparison with

Eq. (43) we identify Eén as the two last terms of Eq. (53).

The contributions of ghosts, with the particular boundary condition
Eq. (35), was crucial in order to get the correct result13l(taking, i.e.,
C+ = 0 on T would have given a different answer). The,resﬁlt thus serves
as a check of the formalism developed in Section IT.

Since ghosts, though always formally present in covariant gauges,
are usually neglected in QED calculations a comment on their importance
here might be in order. The reason for not considering the ghosts in
Abelian<£heories is that they have no coupling to the gauge field (or
any other field) and thus do not contribute to S—métrix elements. There
is, however, one possible ghost diagram, namely the single ghost loop,
and this contributes to the vacuum energy. Usually this is subtracted
away as are all other zeropoint contributions, but in the confined case
it is these very terms that give rise to the Casimir effect and must be
included. Physically this is not surprising that the ghost terms are
important, since one has already included effects of other unphysical
degrees of freedom (longitudinal gauge fields) which must be compensated
for.

The above calculation clearly shows the advantage of the separa-
tion of the propagator into a free and a boundary dependent part,

although in this simple case the result can be obtained by direct cal-

culation of the sum in Eq. (42).
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Iv. Eneréy Shift of Confined Photons in Scalar QED

In this section we shall illustrate the use of the techniques
developed earlier, by calculating the energy shift at the lowest cavity
mode of an Abelian gauge field confined to a cube and coupled to a like-
wise confined scalar field (i.e., confined scalar QED).

Since the mass shift of an unconfined photon is zero due to gauge
invariance, we expect only a finite energy shift of type SE ~ const./Vl/B.
We shall go into some detail about how to handle the short-distance
singularities, and our main result in this section is an explicit demon-
stration that all divergences disappear and that we obtain a finite well
defined result for the energy shift.l%

Although this calculation has no direct physical relevance, the
structu;é of the diagrams involved 1s very similar to that of the QCD
case (cf. Figs. 2 and 4). So even though the lattér is more complicated
because of the tensor structure, we expect the methods used below to be

applicable also to the QCD calculations.

Consider scalar QED, i.e.,

= —l- u\) -— l“_ H
k4 i Fqu 5 Duqu [0} (54)
where
D = -1
y au 1eAu (55)

The diagrams contributing to the energy shift are shown in Fig. 4. For
the gauge field we take the confining boundary conditions of Eq. (21)
and specifically consider one of the lowest modes given by

/71 X ™ -imxo
Ao(x) - v sin L sin 2 e (56a)
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X mX -10X
Al(x) = - ! cos —— ¢oOS —2 e 0
arvwa a a
A2(x) = AS(x) = 0 (56b)

where a is the side of the cube and w = V2m/a the energy of the mode.

For the scalar field, we demand

>
Vveeji=20 on T (57)

where the conserved current is given by
. . * % 2
4 = del¢* (3" 9) - (3 0%)e] - 2e7A% ¢%9 (58)

Since the boundary condition on AY ensures nuAu = 0 on I the condition

Eq. (57) can be realized as either

$ =0 on T (59)
or
eV =0 on T A ) (60)
or as a mixture of these. Either choice will do, and we shall take the

second which means the propagator

In,
. 1
iA(x,y) = Z DY a, -y (61)
N

kY

The energy shift 6E is given by
4mi8(0) 8E =TI (62)

where

I =1t + 12 (63)
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= ez'/D' atx %y ENEN 140 x,v) 5! 102 (x,y) -

-3 3 iA(z)(x,y)iA(l)(X,y) - BUBL iA(l)(x,y)iA(2>(x,y) +

uov
+3 106Dyl 8P aniae - ) retad (64a)
N1N2
2 . 2 4 u vH 2
T° = 2ie d'x AV(x) 1A (x,x)A7 () = H¢)) (64b)
/ >

Here 1 and 2 refer to contributions from Figs. 4a and b, respectively.
The image charges in A(l), A(z) and A are labeled by Nl, N2 and N, re-
spectively. The symbol O denotes x and y integration over the cube and

the prime derivatives w.r.t. y. It is easy to see that there are pos=

sible short-distance singularities in Hl for
1 2
oy [ <1  and |nf | <1 (65)
X 2
and in II” for

|n; | <1 (66)

All other terms are regular at x=y.l® The tricky part of the calcula-
tion is to show that these singularities cancel. To do that, some care
has to be taken to regularize the integrals without destroying gauge
invariance.

Before explicitly demonstrating how this is done, we shall briefly
discuss the remaining explicitly nonsingular terms. First, we notice
that the sums over image charges in Eq. (64) are only conditionally

convergent. If, however, the summations are carried out symmetrically
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around origo, and in such a way that the total image charge does not
grow, the sums are well defined as discussed in Appendix A.
It turns out to be convenient not to consider the singular terms

alone, but the sums Hé and Hg defined as

H=HS+HNS=Hé+H§+HNS (67)
where
né = Z Hl(Nl,Nz) (685)
(ni,ni)ési
2 = 1 (68b)

The set Si is shown in Fig. 5. HS includes all the possible short-
distance singularities of II. The remaining terms are all finite, and

their sum is absolutely convergent, as can be easily checked. Now go to

momentum space by

(1) ini d4 e—ip(x—yN)
A (x,y>=§ (-1) f £ (69)
COM
N
and similarly for A(Z). Then change to the summation variables
1_
n, = ng (70a)
2 By
= - 1
n; =n, + (-1) n' (70b)

giving

Hé = E Z I(N,N") (71)
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Also make the variable change

n,
T |
y; = -1 Yy +n;a (72)
which gives

a/2 (ni+%>a

/ dy, +f dy, (73)
i 1 i
~a/2 (n!——)a
i 2

By using the wavefunctions in Eq. (56) one can also show

NN GENL (74)
We can now trade the N'-summation for an extension of the y integral to

all space, i.e. (again letting $+9)

2 In.

- i 1 b 4 4 1
né - z (-1) ezfd4x f iy A¥ () f d 94 f d 1’4
n o= G —oo (2m) (2m)

- i ot

n\) nv 1
- (-1 ' (- Th' o+ ot 4L
x [ - (-1) PPy (-1 PP, T PP, pupv] pzp,z

n
x expil(p+p');x; = (p+(-1) ip")iy].L -+, x-y), -

*
- plnjal A () 73

The X5 Y, and pé integrations can easily be done, and by writing

vk > d3q ~iqey ,V* ‘
A" (q) =f e A () (76)

also the y and p' integrations can be performed. By using the Fourier
representation of 5(4)(x-y) similar manipulations can be made on the

term Hg. The final result is
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: 2
T, = 2me? 6 (0) Z fd3x A“(x)f
ni=—2 ]

n,

. 1
* —1(_1) q.X,
AT@) e e

d3q
(2Tr)3

el
4 i(-1) “q;n.a n
xf—‘LL{e t [p,(2p+a) + (-1 " G+a), 2p+a),]

em®
nl+n2+nu 2 iPixi
- 2(-1) (p+q) 8 2. 2 (a7
p (p+aq)
where n¥ = n if q # 0, otherwise n* = 0, and
u 1 U u
X, = 2n.a for n, = 2m, (78a)
i i i i
X, = 2%, - n.a for n, = 2m, + 1 (78b)
i i i i i

The momentum integral can now be done using the formulas in Appendix C.
From Egs. (77)-(78) it is clear that we must distinguish between odd (o)
and even (e) n, and\treat the different combinations N = (e,e,e),(e,0,e)
etc., separately. The results are listed in Appendix D. From Egs. (p1)-

(D8) we obtain the numerical result

M = ZHS(N) = ie?s(o) 937 (79)
N

a

Since the N-summation includes a substantial part of the ni - ni plot
and the sum is supposed to converge rapidly (when performed symmetrically)

we make the approximation I = HS
(80)

where
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We have by explicit calculation verified that all short-distance
singularities disappear in the final results. In order for this to
happen, the dimensional regularization method described in Appendix C

is dimportant. A typical example is the integral

1
£ , 1
(na) J(' dx, cosx, sinx, Ni1-e/2 (81)

which we encounter in the calculation of H(l’0’1>.

This integral is
convergent for € 2 1, (¢ = 4 - D) and we define it for € = 0 by analyti-
cal continuation. The only place where we pick up poles is in the term

H(O’O’O) which however give no contribution to §E.

V. Conclusions

We have shown how perturbative calculations can be done in boxes
by using the image representation of the propagators. This expansion is
to be preferred over mode expansions since in the image method singulari-
ties are present only in a finite number of terms, which can be handled
analytically. This feature was exemplified by a recalculation of the
Casimir effect in a box using a covariant gauge and by a calculation of
the one loop energy shift of a confined photon in scalar QED. Although
the image representation only exists in closed form for boxes, the
multiple reflection expansion is its direct analog for general cavities,

so the method has a wider applicability.
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Appendix A
In this appendix some properties of the cavity propagators defined
in Section III are discussed. First consider the scalar propagator with

Dirichlet boundary conditions on all walls

In,
. + 1
Mx,y) = == ) (1) —E (A.1)
i ; | N.2

-y

For large n, we can expand

n, )
(x ~ (-1) T y), n, -
1 1 i i 1
x-y92  |3]° k35 (lh*l“)

When summing over N, neither of the two first terms gives an absolutely
convergent series, but both are conditionally convergent. In the first
one, there is a cancellation between even and odd values of ny and in

the other, an exact cancellation between the n, and -n, terms. All re-
maining terms in the expansion (A.2) give absolutely convergent series.

If we look at the derivatives of the propagator

ix—(l)u -n 2

5 Alx,y) = ——Z(l) ( \I‘)‘A L (A.3)
X -y

the only possible divergence comes from the sum Znill K ]4 which is
N

conditionally convergent as discussed above. Higher order derivatives
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of the pfopagator give only absolutely convergent sums. It is thus
important that whenever the propagator itself or its first derivative
occurs, the infinite N summation is taken simultaneously over both even
and odd and both positive and negative values of n;. This can be formally
achieved by grouping these terms together, and redefining the summation
which is now absolutely convergent. From a physical view, this is an
obvious condition. It simply means that in order to satisfy the boundary
conditions well, one must sum the contributions from all the image charges
inside a large box centered around the cavity, and, for example, not all
contributions from one side of the cavity. Almost everything said so

far holds also for propagators with Neuman or mixed boundary conditions.
There is one exception though. In the case of Neuman boundary conditions

on all sides,

'y l i ot
A(x,y) = — (A.4)
b ZN: x-y?

In,
il

there is no (-1) ~factor to allow for a cancellation between odd and
even terms so the leading linear divergence remains. The physical
origin of the divergence is clear. In this case all image charges have
the same sign as the original charge, so an infinity in the field is
generated by the infinite image charge, while in the Neuman or mixed

cases, the average mirror charge is zero. To get rid of the infinity,

we simply put in compensating charges of opposite sign

4 N (x-y) |n l

0f course, the precise way in which the infinity is subtracted plays no

role since the Neuman b.c. only specifies the derivative of the field.
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Appendix B

The generating functional of unconnected diagrams, ng[J]’ for a

non-Abelian gauge theory can by standard path integral methods be written!

- . 4 U
W3] —fd[Au] b a1 81 (4] x exp lfd X[ @Lpg+ 3, A BD)
\Y

where
vpa1 = [ate1 sig, G (8.2)

and g is a gauge transformation. Sra(Au), which appears inside the

§-functional, is a gauge condition which we shall take as
= _ H
3Ta(Au) By = 3, A (B.3)
for arbitrary constants Ba' Let 37(Au) = 0, then as usual because of the
S§-functional, only infinitesimal gauge transformations g = 1 + «
BAM = A" - D o - (B.4)

contributes to the integration. Here o = aaTa and the covariant deriva-
tive are given by

Dua = 8ua - ig[Au,a] (B.5)
We can now replace d[g] by d[a] and extend the a~integration to all
space. Then substitute Eqs. (B.3)-(B.5) into Eq. (B.2) and rewrite the
§-functional as a functional integral over the dummy field B(x) = Ba(x)Ta

A_l[Au] =fd[a,8] exp i‘/-dax B(x) au Duoc(x) : (B.6)
\Y

To this point everything follows as in the free case, but now notice

that in our case only those g where BpH satisfy the boundary conditions

6
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Eq. (21)'are to be integrated over. A necessary and sufficient condi-

tion for both AM and 1+

AY to satisfy Eq. (21) is
@ ") ax =0 ; xeT (B.7)

To cast Eq. (B.6) into a more familiar form, we impose the same boundary

conditions on the dummy field, i.e.,

(m«9) 8(x) =0 ; x€T (B.8)

By the variable change
o=a+b (B.9a)
B=a=-b>b (B.9b)

and the subsequent contour relation b - ib we can write

A—l[Au] =fd[C,C+] exp if atx ¢t 3, p* ¢ (B.10)

where we identify
C=a+ ib ) (B.11)
and consequently
-
ns-vc=0 ;5 xX€T (B.12)

Using this boundary condition and integrating by parts gives:

A—l[Au] =fd[c,c+] exp ifd4x Zon® (B.13)
\
= +y M

SPGh = —(au c) b"c (B.14)

As usual we now go from A—l[AU] to A[Au] by treating C and C+ as anticom-
muting fields which introduce a minus sign for each closed ghost loop.

Since A[Au] is independent of Ba’ we can make the replacement16

_ u . 4
6[Ba 811 Aa] > exp i fd x ‘QGF (B.15)
v
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where '
- _1 U, 2
Lor = 52 (3,45 (B.16)
and finally
W] =fd[A“cc+] expifd“x(g + Lo+ 2.+ T AY (8.17)
2% ' ™ GF Ch u .

i

This completes the proof that to quantize a YM-theory in a covariant
gauge fixed by Eq. (B.16) and with the boundary conditions Eq. (21), one

needs the usual ghost Lagrangian, Eq. (B.1l4), together with the boundary

conditions, Eq. (B.1l2).

Appendix C
In this appendix we list some useful integrals and discuss shortly

the regularization procedure used. The following integrals in D = 4 - ¢

euclidian dimensions can be obtained by standard methods:

de e—ipx i e/2 € oo ia3°§
D7 5 = 5 (2m) T do K_E/Z(qar) e (C.la)
2m)” pT(p+q) 8w 0
D -ipx 1
d e i ~
f PD 5 5 pu = ———12 (2'rr)€/2 rsf da [—OL K—e/Z(qar) qu +
@2m)” p(pt+q) 8m 0
Xu i a %
. aq-.
+ i Kl—e/Z(qur) rz] e (C.1b)

de e 1PX

pp = (2m)%/? refldo‘ {0‘2 ¥ . (er)q q -
D 2 2 5 —e/2
@0 p +qd” WV 8r 0 ef27 a7 Tuy

~ K/l [i“ 2 T2

~ XX\) i—)—-)'
- BV tadrx (C.1e)

K
2_6/2(qar) r4
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where q2'< 0, r2 = —x2 > 0 for Xy = 0 and

qi = q%a(o-1) (c.2)

~

K, (x) = x° K, (%) (C.3)

where Kv(x) is a Bessel function of second kind. As usual we must intro-
€ . . . . .
duce a factor u  to fix the dimensions. For an on-shell particle, as in

our case, we take the limit q2 >0, i.e., qi » 0 and use

. 1-|v]
}1;13 K GO = (%) Pyl (C.4)

Then the parametric integrals in Eq. (C.1) can be explicitly performed and
<

for € £ 2 we get the two important integrals

- >

dD elp-x 2
Lim f pa 2 2 [(zpﬂl)u (2p+q), - 2(p+q) gw] =
2 >
= (quqv - gu\)q ) HS (q,x) +
. —,‘—>."'>' . __—>.—> qx +xq
+._1_2 (21T)€/2 r€{2[1+e iq - x +__21_ (l-—e iq x)i\ Suv Tty
> > > 2
8m q-x G- Dr
P > > g L e X x
+ 4[e igex 1 (l_elq )] uz\) + 81+ (l iq x) Uz\,}
q-*X r g-*X r
(C.5a)
and
D ig . %
. d
1im f 7 5 [qu(2p+q>v -2p+)% g v} -
q2->0 @2m) pp+q) u
=(qq - ¢ q2>n' (q,2) +
\ UV gLl\) e 4
. - q X g
bl o/ (-t E) vy T (C.5b)
2 > o 2
8 G Dr .
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In the limix ; -+ 0 one can show that Hg(x,qz) is the usual free vacuum
polarization He(qz) and H'(qz) is a closely related function.

In most of the calculations of Section V we can directly put € = 0,
but as discussed in the text, there are a few integrals which are defined
only when € Z 1 in Eq. (C.5). The final ; integration, however, is
essentially only over the physical subspace of the D-dimensional space
(we keep X in 3 dimensions so the extra ¢ dimensions contribute only an
overall volume factor that goes to 1 as £ = 0). After the x integration

has been performed the result is analytically continued to € = 0.

Appendix D

Here we list the 8 different contributions to HS which are obtained

after a lengthy calculation using Egs. (56) and (77) and the formulas of

Appendix C.
1, 1 2., 2
(e,e,e) 1 101 bm, +m,
H ? ’ = . _— . _— =
s K13 773 z : (2m2+m2>2 (©.1)
m,=~1 mlm3——l 1 3
with
ie25(0)
K = =5~
2v/2 1°a
,0,0)

The term HS(O is excluded from the sum denoted Z' and can be shown
to vanish identically (it is essentially the free vacuum polarization

contribution)

(e,e,0)
H 3 H] =
S

2
) 42 l:zmi+(ml 1)212 (0.2)



1 3/2
(e,0,e) _ ' '
HS =K dx2 cosx2 3 cosx2
ml,m3=—l -3/2
1 ( 2 ) \'
- sinxy | — i + 7 7 -
\ 1 2 x2~m1/
(D.3)
2
S sinx, L ! ] L
- 2 X 2 21 2 1.2
1 2 my + my + (x2 2) ml+m3+ (xz—z)
h "=
where x, = TX,

1 3/2

(o,e,e) - ' '
H ’ : 4 L] -
3 K dxl cosxl 4 cosxl

- m,,m ==1 ¥Y-3/2

X
, 1 1 1
- sinx, — o 5 . 5 . - 132 (D.4)
¥p Ty ) My Ty T AR 7Y
1 3/2
(0,e,0) _ 2.v 1 N T
HS =K dxl cos ¥y ~ cosx; sinx;
mz,m3= 1 -3/2
x xz
1 . ' 1 1
Xz B m2>-+ sin'x; | — - + 1 5 el 3 i)z
17 M ¥1 7 M e T T R/



1 3/2 3/2

Lt '
. dxl dx2 4 sinx cosx,,

m3=—l -3/2 -3/2

(0,0,e) _
IIS K

2
( . 1 ! ( x]_ ' 1 XlXZ
sinx, cosx, | —s———= -2]- cosx, cosx, —5—— |+
4 < \ L £ i
\ 2 /

+ 2 ' c ' | cos! ol inx. cosx' Xl -
cosx; cosx, 0s, cosx, ] ) 5
X, - X
1 2
x
L 2 1
- cosx, sinx, Xz ) X2 - - l)2 . e - l) n mz (D.6)
17 %2 172 272 3
3/2
(e90)0) — 1 -1 _
. HS = K dx2 dx3 cosx,, l3 cos,
m; -3/2
- l—sin' 2 + X2 -
w 2 ml + X, 22
X, = my
m2
- = sinx, L L 1 (®.7)
2 ml + XZ m, + m2 m, + x
1 3 1 3
1 1 1
(0,0,0) _ 1 1 _
HS = K 5 dx1 dx2 dx3 5 2
=2 2 2 *1 7% 3
1 ! 1 6xi + xé
- = dx dx, —5—57 (D.8)
2 1 3 (2x2 + XZ)
-2 =2 1 3
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Figure Captions

Lowest order diagrams giving rise to magnetic attraction between
2 gluomns.

Lowest order gluon self energy diagrams.

a) The free part Ao(x—y) of the propagator in Eq. (12);

b-d) Terms in Eq. (12 with one reflection in each direction.
Lowest order photon self energy diagrams in scalar QED.

The ni-—ni—plame. Possible short-distance singularities occur
for points in the square. The ni and n}—summation in Eq. (71)

is shown by the circled and crossed straight lines.
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