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ABSTRACT 

We show how the structure function W3 for two photon scattering 

can be calculated to O(g2) in perturbative QCD. We have calculated 

W3 to O(1) for massive quarks, as well as its smeared value over the 

energy range of heavy quark production (charm, bottom and top quark, 

and heavy lepton). We argue that the effect of the top quark may be 

more readily seen in this measurement of W3 than in e+e- annihilation. 
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1. INTRODUCTION 

It is a common expectation that the top quark should exist, but so 

far there has been no experimental evidence for its existence. The 
+- effect of the top quark is usually looked for in e e annihilation, since 

this process can be calculated in the parton model as well as in QCD. 

We suggest here that another process in whic7i the effect of the top 

quark can be looked for is photon-photon scattering. Since the photon 

has hadronic components, the structure function W3 of this process is not 

completely calculable. It can, however, as we shall show, be calculated 

to o(i2> . This is due to the fact that W3 is related to a matrix element 

of the product of electromagnetic currents involving a helicity change of 

two units. Also this calculation would have been impossible if the three 

gluon coupling were absent. 

A small advantage of looking for the effect of the top quark by 

measuring W3 in photon-photon scattering versus e+e- annihilation is that 

W3 varies with the quark charges as cet in the former, but only as 

C ei 
i 

in the latter process. 
i 

Since cei changes from 35/81 to 51/81 
i 

as the threshold for the top quark is crossed, whereas cef changes from 
i 

11/9 to 15/9, the relative change in W3 is larger in photon-photon 

scattering than in e+e- annihilation. It may thus be seen more easily 

in such an experiment. 

In Sec. II we calculate W3 to O(1) for massive quarks. In Sec. III 

we calculate the smeared value of W 3 for future comparison with experi- 

ment, and in Sec. IV we show how W3 can be calculated to O(g2). 
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11. MASS EFFECT IN W3 

The cross section for two photon scatteringly2 in the reaction 
+- e e + e++e-+... can be written as 3y4 (Fig. 1) 

do 2 EE; =a 
dEidE;dCOSeld~ 7-7 N2(2-2y2+y;) { W1+E1WL+E1~2W3cos~ 

(1) 

in the beam CM frame. Here e1 is the scattering angle of the lepton and 

is large, 0 is the angle between the scattering planes of the two leptons, 

Ei and Ek are the final lepton energies, and E is the beam energy. Also 

V v = p-q , Q2 = -q2, yl= - V 1-Y i 
k2aq ’ Y2 = v ’ ‘i = 

1 -yi+*y: 

(2) 

and 

E2+Ei2 
N2 = ; E E; dcos.8 

-P2 
. 

Using the equivalent photon approximation,5,6 we have 

N2= f 

(3) 

(4) 

(me is the electron mass). 

The tensor, whose components define the structure functions, is 

defined by 

W = .& 
/ 

. d4x elqx 
YVPT c ep(a)(Y(a)jJV(x) Jv(0)ly(b))s:(b)2w 

a,b=+l 

(5) 
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where w is the energy of the real photon: 

w = E-E; (6) 

and E * 
p' ET are the polarization vectors of the photon. Because the photon 

is real, a and b take only the values 21. The helicity amplitudes are 

defined by 

W  ab;cd = s;(a) s;(b) Ed e,(d) W 'vp't 

= & / d4x eiqx st(a)(y(b)lJ"(x) Jv(0)lY(d))ev(c)2W a (7) 

W  l-WT has the following tensor structure: 

W  I.lVPT = 2 1 uv RpT IW R 

+b'R 
2 L - -$p*qqu 

q >( 
P,- -+P'49, 

q > 

+IW(R +R 2 3 up Rv,c l.T RvP -R 
!Jv RP-c 1 

+-lW(R 2 4 lip RvT - RjJT RvP ) 

where the structure functions W  1' wL' W3 and W4 are related to the 

helicity amplitudes by 

w1 = w+t+++ w+ , + -¶ - 

wL = 2wo+,o+ 
(8) 

w3 = w* -- , 

w4 = w+k -I+ - w+ , + -9 - 
. 

only wp WL and W3 are related to the unpolarized case. For the defini- 

tion R see below. W  It is evident from Eq. (1) that W3 can be measured, 
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if the dependence of the cross section on the angle (a can be measured. 

As mentioned in Sec. I, W3 can be calculated to order z2 in per- 

turbation theory. We can learn a lot about gluon physics, if we know 

w3' Since the heavy lepton can decay into hadrons, heavy lepton pair 

production will also contributed to w3. We proceed then to calculate 

W3 in QCD. It can be written6p7 as 

w3 = w~(x~W~m~)box+~w~(l(.W'mi)box + O(i2) 

(9) 

w2 = (p+q)2 

. 
where W3 the contribution due to lepton pair production, W; box that of 9 
the i th .th quark pair production, mi is the mass of the 1 quark. To 

calculate W3 and W3 box we use the formula , 

s:(a) sv(a) = i Ruv - i a&uvXn x rl 
fi q1 92 > (10) 

where 

R W =-g +$ ?JV + Pvqu)- q2Pu Pv> 

and 

x = (P*q)2 (11) 

If cp is the polarization vertor of the virtual photon, then qy = qu, 

4; = Pi-l, whereas if E IJ refers to the real photon, then qy = pU and 

q; = 411. Using Eq. (11) we obtain 

w3 = 4 
1, ( RuP RvT + RvP Rw - RUv Rp*)Wliypr . (12) 

To calculate Wac bd 
, we insert a fermion pair between Ju(x) and Jv(0) for 
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. 
Eq. (7), and use Eq. (12) to extract W3 and W1 3,box' The results are 

R 
w3 = - 

-I- 

& 
21T2 

4m2, 

W2 

4": 
% 

I [ ( ) l- --p x2+ 2 .- 4 1 
Rn 

J 
2% 

4mR 1+ l- - 
c 1 w2 

4,: 
% 

1- T- - ( ) W2 
1 0(W2-4mz). 

(13) 

': box is given by Eq. (13) with e2 , 
replaced by 3e2ez and mR by mi and 

e(W- 4mi) by f3(W2 - 4mi). (Here m R is the lepton mass and ei the charge 

of the i th quark.) 

In the massless case our result agrees with that of Ref. 6, except 

for a factor of l/4, which is due to normalization. 

Due to factor et 
. 

in the result for W1 3 box, W3 varies with the quark , 
charges as ce: (at high energy). This number jumps from 35/81 to 51/81, 

i 
as the threshold for the top quark is crossed. The corresponding factor 

+- in e e annihilation, however, is L=f, and this jumps from 11/9 to 15/9, 
i 

so that the production of the top quark would be more evident in the two 

photon process than in e+e- annihilation. 

According to the argument of Ref. 8, because of the occurence 

bound states of quarks, lepton and gluons, perturbation theory, is 

justified in the physical region. Rather, what should be compared 

experiment is the smeared quantity 

of 

not 

with 

W A 
3,box = r 

W2 .‘min 
(14) 
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where the summation is taken over the quark types. This is what we do 

here. We also take A = 3 GeV2 according to the above reference. This 

result can then be used to compare with the smeared experimental result 

for W3. 

III. NUMERICAL RESULTS 

In Fig. 4 we plot the smoothed function -(2T2/e2)G3(x,W) versus W 

for different x. The solid curves include only up, down, strange, charmed 

and bottom quarks. The dashed curves include the top quark with mass = 

16 GeV and the dashed-dotted curves include the top quark with mass = 

40 GeV. We take mu = md = 20 MeV, ms = 400 MeV, mc = 1.5 GeV, and 

"b = 4.5 GeV. The first bump is the result of smoothing the charmed and 

bottom quark bumps, whereas the second bump is the result of smoothing 

the top quark bump. The asymptotic values is 

-- y22 W3(x,W) w,'m (1+3Fe:)x2 = yx2 . 

IV. NON-LEADING TERM 

Since in the two photon scattering the initial state is a photon, 

box diagrams (with gluon internal lines) contribute to O(i2>, unlike the 
+- 

e .e annihilation case, where the initial state is the vacuum. In addi- 

tion to the box diagram, there are other diagrams that contribute to the 

same order. 

In the unpolarized beam case, the Wilson expansion of the product of 

two currents have been discussed,gs10 but here we emphasize how W3 can be 
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-2 calculated to O(g ), and what is the relationship between this property 

and gluon physics. The Wilson expansion is 

cE(a)cr(b)TPvPr= i 
s 

d4x 2we iqX(y(a)/T{JFi(x)Jv(0)}ly(b)) (15) 

T{J'(x) JV(0)} = ~inil{(-g~vCl+~~av)x,,l...~,,nC~(x2,g2)O~1***Un 
n 

+ g~~gV~O-g~havao-gvua~aX+gFlvahau) ( 

X 
XU1”*XDnDa,i 

n (x2,g2) oyual” ‘“n} , (16) 

where i= quark, gluon and photon and "a" denotes different types of 

operators. $..Pn Obviously, Oi is a totally symmetric tensor. From 

kinematics, 
XWl.**Vn the operator Oi a must be symmetric in Xo, and 

, 

V'1' - '1J-, respectively. 
XWl.. .lJ, 

There are two such types of operators: Oi 1 , , 

totally symmetric in A, (I, and pl...un and 0 
ml.. .vn 
i,2 symmetric in 

A, U, and LI~...I.I, respectively, and of mixed symmetry in the two groups 

of indices. 
U1***l-l, 

The operators Oi 
XWl**"Pn 

and Oi 1 are quite familiar; 
, 

they contribute to Wl and WL. 
kwl".lJn 

We discuss here the operator Oi 2 . , 

By using the permutation property we obtain four types of such 

operators: 

b-Q l l ‘l.ln 

01,2 NDu2 . ..D un-lFaun + Fa'lDl-12 . . . Dun-lFXIJn 

(17) 
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XWl...lJ n vn-2 S O2,2 = = 
Xa ul" P g F D 2...Dun-1/n ci 

+ g 
ulunFXaDu2 Dnn-lF% . . . a. 

- g 
APlFuaD~2 . . . D%-lF% 

a 

'%a - g F VDP2 . ..D Fln-lFu 
) + (X+-+-u) (18) a 

mq”.~n .n-1 ? U2 
'3,2 = ' S 2gXu$y 

i 
D . ..DPn+ 

+ g 
ull-ln J;(@D~+~~D~)D'~...D'~-~J, 

"n1 
- g ~(y"D~n+y%u)D~2...Dun-1$ 

al9 P2 
- g ...D'~-'$ > (19) 

~~~p..~n .n-1 
'4,2 = = S 2ghuS;Xiy 

1 
U1Du2 un . ..D J, 

+ g 
Ulun S;Ai(yXDu+yu~A D ) 

I-r2 nn-1 . ..D 9 

x?J 
- g 1ijAi(~u~'n+yFl%u)Dp2...DPn-1$ 

UP1 
- g j;hi(yX~'n+y'n~h)~'2...D'n-1$ > (20) 

where D ?J is the covariant derivative, Ai is the flavor matrix and S de- 

notes symmetrization in F! . ..p 1 n' Replacing the gluon field by the photon 

field in Eqs. (17) and (18) we obtain two more operators of the above 

type. Calculation of the one loop diagram shows that these operators 

mix. However, the operator 

XulJ1...vn 
Ol,2 10 

~ulJp..~n 
- 2 2,2 (21) 
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(for gludn and photon) does not mix with the other operators (there is 
Xul-$.. .JJ, 

one more term than Ref. lo), whereas Oi 2 (i=2,3,4), and the 
, 

corresponding ones for photon, mix with each other. Of course, the 

photon operator ( 
W$. .!J, 

Ol,2 Y 
mix with the gluon operator 

mq.. .1-I, 
Ol,2 

1 Aa+. .p, 
- 2O2,2 g' 

The twist of all operators is two. Their pheton matrix elements are 

I > 
P-mJl.. ‘V, 

Y(p) 2w = $crMi . (22) 

Because of current conservation, the tensor Mi satisfies the following 

conditions 
Pmq-+n 

‘P Mi 
P-w+. 4, 

= P, Mi = 0 . (23) 

There are two types of tensors, which satisfy conditions (23) and possess 

mixed symmetry between Au and ul...un: 

Pm-y..~n 

Tl 
x u1o = s (Pg 

{[ 

u1 xp 
-P g N Pug 

unT un u'c 
-P g > 

x n1r 
+(P g 

1-ll h-C 
-P g >( Pug 

unp 1-I, up -P g >I F"2 P l **P nn-1 (24) 
1 

and 

Au ul un +2g 
ulVn X u Ul" X un 

p p PP -g PP 

un" X ul nix o un unx o ul u2 %l-l 
-g PP -g PP -g PP ) P l e-P > l (25) 

Taking into account the dimension of the operators, we have: 



-ll- 

n-2FFllCLDp2 111 
. . . D 2w = anp . ..p unRp+r * 

Ep E-r 
(26) 

i u1 1-12 n-l$y D . ..Du% Pl . ..pUnRpr eF(p)e=(p) ( Y(P) 

where n is 

we obtain 

even. By using the definition of Oi 2 (i-=2,3,4) and Eq. (26) , 

.1-I, p 
EP(P) ET(P) 

.(i=l,j=l ; i = 2,3,4, j = 2 and n = even) . 

For the photon operator we obtain 

n a. = 2 
1 

and in general 

(27) 

(28) 

( I 
xuq...Ll 

Y(P) 01,2 
n 1 b-y l ‘1-I, 

- z O2,2 I ) Y(P) 2w 

= E;(P) +P) 
P~mQ...Vn 

bf;Tl 
P~mQ.. .1-I, 

+ b;T2 > . (29) 

Since the contraction of X and u on the left-hand side of Eq. (29) is 

zero, using Eqs. (24) and (25) we obtain 

b; = ln 
- 2 bl . (30) 

Substituting Eqs. (27), (29) and (30) into (26) and (25), we see that 

there are two types of tensors 

PThQ.. 4, 
4 = . . . qp Tl 

(p . q)n(RXP RUT + Rx' R'") , 
? n 

(31) 



and 
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PmJl.. ‘I-J, 

ql.yw-q~n T2 = 2(p*q) n RP’ RXo . (32) 

Hence 

(33) 

Using the relations g PvR TV = -2, RuvRuv = 2, pv v'a 
and R R gvvl = -RF.'" 9 

it can be seen that the tensors given in Eqs. (32) and (33) are orthogonal 
h+..u, 

to each other. Hence, the operators Oi 2 (i= 2,3,4) contribute to 
xcy.. $.ln 

Wl and WL and only the operator Ol 2 , 
1 Aol+..FLn 

- T O2,2 (photon and 

gluon) contributes to W3, i.e., quark operators do not contribute to W3. 

The physical reason for this is the following. W3 is proportional 

I > Y(-) - Since the quark spin is l/2, the twist two 

quark operators can only change the photon helicity from -1 to -2, -1 or 

0. Thus the photon matrix elements of the quark operators (twist 2) are 

zero. In contrast, since photons and gluons have spin one, twist two 

photon and gluon operators can change the photon helicity from -1 to -3, 

-2, 0, or 1. Thus, the photon matrix elements of the photon and gluon 

operators are not zero. Thus, the reason only photon and gluon operators 

contribute to W3 is basically the photon and gluon spin. 
mQ.. .1-I, 

Another point to note here is that the operators Oi 2 , PI.* *Pn 
(i=2,3,4), which contribute to Wl and WL, as the operators Oi do, 

ml.. .lJ, 
are not really different operators than the Oi 1 . To see this 

, 
replace the expression x . ..x Da i n (x2,g2) in the Wilson expansion given 

ul un' 
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in Eq. (16) by a 
P1 

. ..au DHni(x2,g2). Because of the mixed symmetry of 
ml.. 'V, n' 

0 i,2 between Au and pl...nn, we have then 

ahaVl . . .aynD;?(x2,g2)0:YJ1**w’n = auaUl.. .apnD;:I(XZ,g2) o~~~*“‘~ 

= 0 (34) 

Using Eq. (34), we obtain: 

x 
in-tl 

( gpAgvP - gyhavau - gvuallah + g 
n(even) 

I.lvaAau > 

x a 
% 

. ..av 
n 

(x2,g2) o;y*pn 

z 

n-l-l = i q a a 
n(even> 

Dinj(x2,g2) O;;;;Jn !q" 1-I, , 
(35) 

WQ.. A, 
By using the forms of the 0. 332 

(j = 2,3,4) CEqs. (28)-(34)1, the 

right hand side of Eq. (35) becomes 

c i n+l + q gp& - auaugAv - ahavgF1u) 
n(even) 

x a 

We thus see that the operators Oi 2 are the same as Oi,l. , 

By calculating the diagrams of Fig. 2, we obtain the anomalous 

dimension (this formulae is different from Ref. 10) of the operator 

Ol,2 - +02 2; it is given by 
, 

2 
Lyn = -${(++&)~#+ tTcR)) ’ (36) 
16~~ gg 
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The'moments of W3 are given by 

1 

/ 
dx x n-1 W3(x,Q2) = +xb;Wij D;")(l,i2) 

0 i 
(37) 

where 

Dinf$ ,g2) = (qz)rrc1($rb4x Lqx Djn)(x2,g2) (38) 

(39) 

2 
Y(g) = + 

16~ 

2 n 
y&% l;v2 ygY 

l ) . 2 
(40) 

2 
%Y l;T2 yYg g2 YY 

In Eq. (37) we only keep the term of O(ay). From Eqs. (39) and (40), 

we obtain 

W =1+oa 
YY ( > Y 

W =zYh t() i 
2% 

4lT Y 
-1 

Yg gg g2 

(41) 

where dn = yIg/2Bo, So = i{llC2(G) -4T(R)}. Substituting Eq. (41) into 

(37) we obtain 
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1' 

/ 
dx xn-' W3(x,Q) = + b;D;'"+,g2) - G aY yyg y 

0 !33 

xb 

where D' 
g (n)(l,g2) N O(i2>. From Eqs. (36) and (4-l), we obtain 

( > dn 
7C2(G) + 4T(R) 

min = 11C2(G) - 4T(R) ' 

(42) 

(43) 

Since the number of quark flavors is greater than three, we obtain from 

Eqs. (43) that 

( ) d n min >l . 

Keeping only terms of order O(1) and O(g2) in Eq. (42) it becomes 

1 

J 
dx x n-1 W3(x,Q2) = + b; D;cn,(, ,o)(') 

0 

+H2 
16~~ Dy 

l(n)(L,g2)(1) _ 2 + 4 An 
gg 167~ 

where 

b; = 2 

. (46) 
-2 

LA =D' 
16r2 n g 

(44) 

(45) 

. 
By using Eq. (13) (suitably modified for Wi box), we can obtain 

Dy'(l,O)("), and, '4 by replacing the factor 3e. by (e:/f)T(R)g' (f = number 1 
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of quark' flavors) , we can obtain DF)(l,g2). DF)(l,g2)(l) can be 

obtained by calculating two loop diagrams, which are box diagrams with 

an internal gluon line. * FInally yyg can be obtained from two loop 

diagrams, such as that shown in Fig. 3. In contrast to the e+e- anni- 

hilation case, apart from box diagrams (one and two loops), we have, in 

the case of W3, to take into account the contribution of gluon operators. 

We then see from the above discussion, that W3 can be calculated to 

order g2 in perturbation theory. The matrix element b: cannot be calcu- 

lated, but since d n > 1, this term is O(g4). This possibility, of 

calculating the O(1) and O(i2) contributions to W3, is based on two 

facts: the gluon spin is one and the existence of the three-gluon 

coupling. The latter determines dn. The three-gluon coupling is an 

important property of QCD, which distinguishes it from Abelian theories. 

Therefore, by measuring W3 and comparing with the QCD result, we may 

hope to establish whether the non-Abelian character of QCD is reflected 

in the experimental data. 

To summarize, we have shown that: (a) due to the spin of the gluon 

and the three-gluon coupling, the structure function W3 in two photon 

reaction can be calculated in QCD to order O(E2), and have calculated it 

and its smeared value in the physical region to order O(1); (b) a measure- 

ment of W3 and comparison with the theoretical result would yield more 

information about gluon physics, it would also tell us about the existence 

of the top quark; (c) the threshold behavior of W3 differs from that in 
+- ee annihilation; and (d) a study of W3 would provide a clean test of 

QCD. 
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FIGURE CAPTIONS 

Fig. 1. The two photon reaction considered. Photon at lower vertex is 

considered in the mass shell (p2 = 0). 

Fig. 2. The diagrams contributing to the anomalous dimension of the 

operator 01,2 - $02 2 in order O(i2). _ , 

Fig. 3. Example of higher order diagrams that would have to be calculated 

to obtain the anomalous dimension matrix element. 

Fig. 4. -(2a2/e2)*ti3(x,W) versus W. Solid curves only up, down, 

strange, charm, bottom quark and lepton contributions at 

different x. Dashed curves include top quark with mass = 16 GeV. 

Dash-dot curves include top quark with mass = 40 GeV. 
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