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ABSTRACT

Procedures are given for estimating the two dimensions of
the angular size of a synchrotron light pattern as a function
of wavelength for each of two polarization components. It is
found that horizontal angular sizes (measured in the orbital
plane) are substantially larger than corresponding vertical
angular sizes. Except for wavelengths which are considerably
smaller than a critical wavelength, a relativistic electron
with bending radius R emits radiation with wavelength A into

a pattern which has angular dimensions of order (A/R)I/B.
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INTRODUCTION

To predict the resolving power of an electron beam momentum spectrum
monitor! which uses synchrotron light, it was desired to estimate the
horizontal width of the angular distribution of the visible light observed
when an electron moves in a horizontal plane through a uniform vertical
magnetic field. A knowledge of the horizontal spread may also be of value
to users of synchrotron light and x-rays from storage rings. This
interest reflects changes in experimental apparatus since 1949 when
Schwinger2 remarked that the distribution in the horizontal angle was
unobservable in practice.

Direct observation remains difficult, but there is an experimentally
observed effect of horizontal divergence that is beneficial. Suppose
the horizontal angular width were as small as 1/y, the ratio of rest
energy to total energy of the radiating electron, for any wavelength, A.
If so, a profile monitor situated a distance L from a source could have
effective horizontal aperature at most ~L/y, angular resolution no better
than ~Ay/L, and space resolution no better than ~\y. At PEP, profile
monitors have Ay =~ 1.8 cm, but resolution is probably finer than the
minimum observed horizontal spot size, which is 20 =~ 4 mm (Ref. 3).

To clarify the idea of horizontal angular width, imagine that a sinu-
soidally oscillating dipole D is moving at a constant speed near that of
light in a circular path with radius R in a horizontal plane which includes
a distant observer 0, as in Fig.l. Let the wavelength of the signal re-
ceived at 0 have some minimum value xm<<jR for the parts of the wavetrain

which originated near T. Transit time differences will cause other parts

of the wavetrain to differ in phase by ¢ =~ 2ﬂR(X—-sinx)/km = TrRx3/3>\m from
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those originating near T. When yx > (3Am/R) ", the relative phase shift
will exceed m and will grow more and more rapidly with further increases
in X. Radiation emitted at angles |x|>> (3>\m/R)1/3 and detected at 0

will thus have a quality which is akin to incoherence.

A FORMULA DUE TO SCHWINGER

Schwinger's paper?

gives expressions from which the two-dimensional
angular distribution of synchrotron light may be estimated for a specified

wavelength. His Eq. (II.31) is

P(Y,w,t) = (1—8 +xp2)f[ B '*"~P (x +y +2xy)]
4w Rw
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where w is the angular frequency of the observed light, R is the radius

of the electron orbit, w, = c¢/R, B = v/e, ¥ is vertical angle,

2,-1/2 ~-1/2

X = (1-—82-Fw ) X, X is horizontal angle, y = (l-624-w2) ct/R,

and T is the transit time of a light signal. If the indicated integra-
tion over y is done (Schwinger's Eqs. (II.10), (II.12), and (II.33) are

1/2

helpful), and dx is replaced by dyx/(1l - B + ¢ ) > the results may be

written as follows:
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P1 = {cosb>E K1/3(€) (2b)



by

Py = <xsin>EK, 5(8) (Ze)
o = o/ml/3 (24)
g = (A/2)) (1+y%2)3/? (2e)
o = 3c(xtx2/3)/2 (2£)

———

where A is the wave length of the light, AC = 4HR/3Y3, a critical wave-
length, and the K’s are Bessel functions,.2*" These expressions represent
an intermediate step in reaching Schwinger’s Eq. (II.32). They indicate
that the angular distribution is symmetric with respect to the x and ¥
axes.,

Since P1 and P2 represent power radiated away from an electron,
and all the other terms in Egs. (2b) and (2c) are positive, the averages
{cosf)> and <xsin®)> must also be positive. This constrains the intervals
in x (or equivalently x or 9) over which physically meaningful averages
may be computed. If intervals are marked off by 6 = 0, 2amw, 4nmw, 6nm,
etc., then it is possible to choose integral values of n for any given
¢ that satisfy the condition that all values of <cos8> and <x siné>
must be positive.

Any average evaluated over such an interval is the algebraic sum
of 2n positive and 2n negative numbers, each proportional to an integral
over a quarter period of a distorted cosine or sine function. Except
when both x and £ are small (6 <27 and £< 1), the averages represent

small differences. Grossly different shapes of computed P, and P

1 2

functions can result from other choices of end-points.
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Indeed. the details of angular distributions will be influenced by
interference effects due to the geometry of measuring apparatus as well
as those due to the peculiarities of the radiation process.

The plots of P1 and P2 vs x/Q which follow are based upon computa-
tion in which n=1, so that the averages <cosf> and <x sin6> which are
indicated all represent intervals in X for which A6=2w. The extent to
which the indicated widths of the angular distributions are semsitive to

a choice of n may be judged upon inspection of the figures.

NUMERICAL RESULTS FOR Pl

Figure 2 gives values of P2 which result from numerical integrations.
P, represents vertically polarized light. If Eo is not too large, the
approximate range of Y values (vertical angles) which include most of
the vertically polarized light can be found from Fig. 3. To make an
estimate, first evaluate £o==AC/2A==2nR/3Ay3. Then find Al(EO) from
Fig. 3, which will also indicate the value El for which A1 is (say) a

factor of ten smaller . Now find the corresponding Yy from Eq. (2e),

which can be rewritten

1/3 2/3]1/2
p, = <:§E£> 1__<EQ> Q . (3)
1 2m El

If El < 2, then, according to Fig. 2, most of the light belonging
to P1 will be confined within the horizontal angular range le < 1.5Q.
Equation (3) and Fig. 3 indicate that in many cases the range of ¥
values which contribute important amounts of light to P1 can be approx-

1/39.

imated by |¢| < (3&1/2ﬂ) For cases where El < 2, the yx-width of
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P1 is 1.5 to 2 times larger than the y-width. It can be shown that for
sufficiently large ¥, P1 becomes proportional to the sixth power of
(1/x). Two-dimensional angular profiles of a vertically polarized light
pattern are shown in Fig. 4a. The quantity Ql plotted in Fig. 4a dis

_ 22/3 1/6n1/392.

2

A MODEL FUNCTION FOR P2

The function P2’ given in Eq. (2c), describes the horizontally
polarized part of the synchrotron light, which constitutes most of the
light, is spread out more in X, and decreases less rapidly with x than
does Pl' An approximation can be found that represents P2 well enoughb
for some practical purposes. This is done by using power series
approximations and a reversion formula to transform xsin® dx into a
function of 6 only and integrating the 6 function over an interval of
27 in 6. To find the average, <xsin8), it is necessary to divide the
integral by a corresponding interval in x which is calculated by a

similar procedure. The result is valid only for large x4

o o 2 3 8{21—Tr2)
{xging> & —~——1 - = - s
2 2 2 6
3£x1 X 27¢ X

where X corresponds to the midpoint of the integration interval in 6.
The approximation for P2 is then found by constructing a model
function of Xy that is a constant, 2/3¢ xi, when X, is less than some

value, X s and is 2/3¢ xi for 3 larger than X The value for X can
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be found by using the relation [Ref. 2, Eq. (II.12)]

[+

3
. 3¢ X _ 1
fx Sln‘z—<x+3 >dx ‘EK2/3(‘5)

o]

which must equal the corresponding integral of the model function. When

Xy is replaced by X/(l-—B2 + wz)l/z, the results give the model functiomn:
51 2,3
Pon T g 8K 50) when ¥ < Xo (4a)
XZ
> 1 2.3 £
with
. = (3A )1/3 4 __1.8050 4oy
o 2mR 2/3 - .2/3
3T R, @ TRy 5()

According to the model function, the limits ixo encompass half the
light belonging to P, for each value of ¢. Figure 5 gives Xo in units
of Q as a function of . Figure 3 gives values of (€2/8)K%/3(£) vs £.
Interesting values of & and ¢ for P2 can be found from Fig. 3 by a
procedure which is similar to that outlined above for Pl' Figure 6
gives comparisons between the model and the results of numerical
computations of P2' The model is usually pretty good when [x[ > X
and suffers its worst discrepancies in the neighborhood of & = .5,
when it is about 207% high for |xl = Xo* The model is, of course,
unsuitable for describing fine structure in P2 for lxl < X In the

numerical calculations, the average, <x sin6>, was evaluated over

intervals in ¥ in which 6 advances from zero to 2w, 4w, 6w, etc.



Figure 4b shows some profiles of Q2= V3 PZ/ﬂ for visible light from a

relativistic electron deflected with a 75 m bending radius.

DISCUSSION

This exercise has been prompted by an interest in a gross feature,
namely the horizontal (X) spread, of visible synehrotron light produced
in a bending magnet (B13) in the beam switchyard at SLAC.® 1In this case,
moét of the visible light belongs to £ < 1. The results indicate that
the light occupies a solid angle which is much wider, horizontally, than
1/y, but not much wider than 10 milliradians. A practical consequence
is that some of the light can be focused into a good image which will be
only slightly degraded by light originating upstream or downstream from
the optical source plane.1

Let it be emphasized, however, as suggested above, that when applied
to synchrotron light, the term "angular distribution'" can become adequately
defined only when it is linked to a knowledge of the geometry of the

apparatus by which the radiation is detected.
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FIGURE CAPTIONS

Fig. 1. The difference between the two paths connecting T and O is

R(x - siny) =~ Rx3/6.

Fig. 2. Pl vs x/9Q. Pl has been numerically computed according to
Eq. (2b), and represents the vertically polarized light.
The angles are given in units of magnitude Q = (A/R)1/3.

Percentages refer to fractions of total area.

Fig. 3. Central amplitudes of P1 and sz as functions of &.
A1 is the average height of the part of the P1 vs £ plot
(see Fig. 2) that contains 907 of the vertically polarized
light. A2 = (22/8) Kg/3(g), and belongs to the horizontally

polarized light (see Egs. 4).

Fig. 4. Half-profiles for light of wavelength 0.6 um from 10.2 GeV
electrons with 75 m bending radius. Q1 represents vertically
polarized light and is found from numerical integrations.

Q2 represents horizontally polarized light and is estimated
using Eqs. (4). Values of & are 3.27 % 10_5, .0332, .263, .885

and 2.10 for ¥y = 0, 0.5, 1, 1.5 and 2 mrad, respectively;

Q = 2mrad.

Fig. 5. Horizontal half-width of the angular distribution of the
horizontally polarized light as a function of £. See Egs.

(2e) and (4c).

Fig. 6. P, vs x/8. P, is defined in Eq. (2c) and represents horizontally

polarized light. Angles are scaled in units of Q = (A/R)1/3.



Fig. 1



0.7

0.6

o.l 1 ]

LR
|

0.0

0.00!1

0.0001

1.6x10_%
14x1074
1.2xi1074
1074
8x1073
6x1073
4x1073
2x1075

0
-4x|107°

T

oy

1t

~30%

o

-6x1073

i




3
4107A8



0.08 T

14

] i | [ i l
¥ =|.0 mrad
X=0 (a)
0.06 — —
Q) .
L5 Vertical
0.04 - Palarization
0.5
0.02 — - _
\ 2.0 U
o LI / L= R N
=0 mrad
X =0 v (b)
0.08 - —
Horizontal
0.06 . Polarization —
Q2
0.04 +— —
0.02 — —]
J 1.5
0 1 2.0 IN
4 2 0 2 4 6 8 10 |2
¥ (mrad) X (mrad) o

Fig. 4



200 I N N B B B

100

50

llllll[

|
I

20

Xo /82

L]

5—-8 g 4107A9



0.15

Model |_]
Function

Numerically
Calculated Points

L |
0 2 3 0 i
i 0.005 |- ‘ﬂ\o.ooos /
€20 . £:7 X 10
S F I LI
T 0 | | T [ . iy i
0 2 3 4 5 L :F 2 4 6 8 10 i2 14 16
X/Q _0.0|67 X/Q 1078



