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ABSTRACT

A finite lattice in 4 dimensions and correlation functions defined
by integrals are used and the general concept is made precise. Former
results on Schwinger-Dyson equations and Ward-Takahashi identities are
extended and the much richer structure of quantities and relations, which
arises necessarily on the lattice, is discussed. The mechanism of gauge
fixing is analyzed and consequences for the advocated concept and for the
axiomatic approach are pointed out. The implications of the generalized
fermion degeneracy regularization for the position space propagator and
in the relations for the various currents are shown. An explicit solution
for open boundaries is presented and compared with that of the case of the
otherwise used periodic conditions. The analogue of continuum methods for
dynamical masses and particular decompositionsrof the fermion determinants
are considered. The connection between degeneracy regularization and
axial-vector anomaly and the situation for weak interactions are discussed.

Further a number of important details is clarified.
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I. INTRODUCTION AND SUMMARY

In view of the success of gauge theories it is a major task to de-
velop a nonperturbative description of the underlying dynamics. This is
crucial for color confinement as well as for dynamical symmetry breaking
and mass generation. More generally, to find an ultimate unified theory
in addition to group theory a better understanding of dynamical aspects
could be essential. The introduction of a latticel! has turned out to be
most promising for the nonperturbative analysis. With respect to the
features related to confinement in QCD remarkable progressz, though un-
fortunately without fermions, has been made. Lattice methods have also
led to promising results? for the dynamical breaking of chiral symmetry
in QCD. So far, however, the extension to weak interactions, because of
the need to handle the fermion spectrum degeneracy on the lattice", has
not been achieved. On the other hand, nonperturbative lattice methods
are desirable in the electroweak case too, in particular because of the
necessity to generate the masses dynamically which has become rather
clear recently.596

In this situation it appears important to develop lattice theory
further and to make every effort to overcome the present difficulties.
To do this, a clear concept and a formulation with a minimum of ingre-
dients is essential. Within the latter respect the framework of a fi-
nite lattice with correlation functions defined by integrals, as used in
the successful Monte Carlo calculations? in QCD, is most attractive. It
has recently been shown to be advantageous for analytical calculations

too by giving a nonperturbative derivation of the axial-vector anomaly7



'

and by investigating the lattice structure of Schwinger-Dyson equations
and Ward-Takahashi identities.® A consequent cbncept is now to consider
the formulation seriously as a particular regularization of quantum field
theory, with the goal of applying it to the gauge theory of all inter-
actions. The next step then is to extend the previous results’s8 and to
investigate a number of additional points which are important for the
indicated concept. To do this is the aim of the present paper.

A major phenomenon to be encountered is the much richer structure
of relations and quantities on the lattice which necessarily occurs
(already for the simplest possible form of the lattice action). This
suggests the possibility that by the advocated framework the structure
of the ultimate theory is better resolved as it is by the present con-
tinuum theory. A further general feature is that, because quantization
needs no gauge fixing, gauge invariant correlation functions become the
natural objects and familiar quantities and relations with gauge fixing
appear artificial. A problem to be considered within several respects
is that related to the fermion degeneracy. Its direct nonperturbative
connection’ to the axial-vector anomaly? makes the view possible that ome
meets the questions related to the latter in a better resolved form.

In Sec. II the general concept is made precise and put in perspec-
tive to other formulations. It is pointed out that in the cases of QCD
and QED the relation to continuum theory can already be considered as
essentially established.

Apart from giving definitions (including a generalized degeneracy
regularization) and some general properties, in Sec. III the transition

to Minkowski space is discussed, which, being transparent in the present



notation, reveals a particular property of the degeneracy regularization.

In Sec. IV Schwinger-Dyson equations are considered which occur as
an important tool also in later sections. The derivation of Wick's
theorem and the specialization to a Wilson loop are indicated. The eva-
luation of the formerly introduced derivatives for the non-Abelian fields
shows the rich structure of the equation of motion on the lattice.

The fermion propagator with the generalized degeneracy regulariza-
tion is discussed in Sec. V. From its position space form, without re-
ferring to a spectrum degeneracy, a simple picture emerges, how the ab-
sence of the regularization leads to wrong results for fermion loops.

In addition the properties of the symmetry group responsible for the de-
generacy and its relation to the propagator are clarified.

In Sec. VI the case of open boundary conditions is investigated,
firstly to study an alternative to the otherwise used periodic ones and
secondly because the fermion spectrum then exhibits no degeneracy. The
problem is explicitly solved and the propagator found to get a form which
again leads to unacceptable results in perturbation theory. This pro-
vides an example that the spectrum alone does not guarantee the correct
limit.

Exploiting an explicit relation between correlation functions with
and without gauge fixing in Sec. VII first the mechanism of gauge fixing
is analyzed. The discussion then leads to the more natural invariant
correlation functions. Further, the general structure which emerges 1is
shown to pose severe difficulties to the axiomatic approach. This re-
flects the deep difference between gauge theories and other quantum

field theories.



Section VIII presents the derivation and discussion of various
Ward-Takahashi identities and of the related currents. The role of
gauge fixing is illustrated by an example. Properties of the occurring
anomalous terms are pointed out. Again the richer structure of the lat-
tice relations becomes apparent.

In Sec. IX first the lattice analogue of the usual continuum me-
thods!? for dynamical mass generation is studied. It turns out that
these methods then become rather unattractive. In addition one gets a
drastic example of how familiar relations lock on the lattice. Then de-
compositions of the fermion determinants according to their gauge field
content are discussed and qualitative pictures for Wilson loop and fermi-
on propagator given,

Finally in Sec. X the situation for weak interactions in view of the
connection between fermion-degeneracy regularization and axial-vector

anomaly is discussed.

II. BASIS OF THE FORMULATION

The lattice is considered as a particular regularization of quantum
field theory which makes the definition of the latter independent of per-
turbation theory and which preserves gauge invariance. Euclidean space
is used in the same sense as in continuum theory where it is introduced
to define Minkowski space quantities properly.ll On a finite lattice in
four dimensions the representation of correlation functions then is well
defined and simple. Thus one has a framework with a minimum of mathe-

matical ingredients. On the other hand, it is the most immediate possi-



bility with respect to physical amplitudes in space-time.

It is to be realized that one can work in fhis framework without any
further mathematical refinements. In fact, the Monte Carlo calculations?
are numerical examples for this. 1In principle one can thus get any
quantity and approach the continuum limit as close as one wishes (in
practice, if an adequate computer exists). Also analytical calculations
can be done to evaluate quantities or to decide general questions.7’8
Thus one can postpone the question of a mathematically more elegant way
of handling the limit until more experience with the formulation in con-
nection with physical facts shows what is really appropriate.

It is advocated here that to make contact to continuum quantum field
theory one has only to consider perturbation theory, because the compa-
rison with experiment so far rests on the perturbative form. This clear-
ly reduces the mathematical requirements considerably. In addition, it
appears advisable in view of the difficulties faced by the axiomatic
approach which will be pointed out in Sec. VII.

For compact QED Sharatchantral? has shown that with Wilson's formu-

1 4

lation' and degeneracy regularization' one gets renormalizability and the
correct continuum limit for perturbation theory. Actually, as has been
pointed out recently,8 gauge fixing must be done in a more sophisticated
way to obtain this result. Since the continuum perturbation expansion is
the same for compact and noncompact QED, the usual continuum theory could
be each of them. Accepting quantization on the basis of the gauge group
measure as is done here, QED is compact. The Sharatchantra analysis is
expected to go through in the non-Abelian case as well. Basic divergent

1,4

diagrams for QED and QCD have been investigated for Wilson's lattice®>
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by Karsten and Smit!3>1% and found to have the correct limit. Thus, put-~
ting things together one sees that, though somerdetails should be worked
out further, in the cases of QED and QCD the connection of interest can
be considered as essentially established.

A word on the relation to other approaches is in order here. TUsing

the transfer matrix!®

one arrives at a Hamiltonian and a space of states.
This involves the continuum limit in one direction and necessarily gauge
fixing. Thus considerable mathematical assumptions enter and things
become more complicated. The formal functional integrals of continuum
theory can be considered as properly defined by the integrals of the
present framework in the indicated 1imit of the formulation. This is to
be contrasted to defining the limit of such integrals individually either

18 or a space of path17 which, apart from needing again

via a measure
assumptions, is anyway only possible in simple cases. The common feature

of the alternatives is that already a more refined topology of the limit

(manifest in the spaces of states or path or in the measure) is chosen.

I1I. DEFINITIONS AND GENERAL PROPERTIES

A finite lattice of A4 = 16 N1N2N3N4 sites in 4-dimensional Euclidean

space is used. Periodicity for n, > n, + ZNA in the numbering of all
variables is imposed as boundary condition. (An alternative condition is

investigated and then discarded in Sec. VI.)

The action, with Grassmann variables describing fermions, is
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n stands for all components n“, and n + A then means n + §

u pA’
a, are the lattice spacings and v = 313,858, . One further has
ﬁ’—‘ZY}\D}\ with
A
D w! s - U, s )/ (2a,) (3.2)
An'n An'"n'+2A,n Ann',n+2A A
and Mn'n = Gn,nm. X in (3.1) is the fermion~degeneracy regularization
which is here defined by
1 + v 1=
X=nZW , n=z—————-—§—+z—-——5-, (3.3)
3 A 2 2
where z is a complex constant subject to |z| > 0 and
.f.
= - . 3.4
wkn'n (UAn'Gn'+-A,n + ansn',n-+A 26n'n)/(2ak) (3.4
For z = 1 (3.3) gives Wilson's original prescription” and for z = -i

the alternative one of Osterwalder and Seiler.!®
The gauge fields in (3.1) -~ (3.4) are given by UAn = exp{iBAn}

with B, = ZE:TQBZ and the normalization Tr(TlTJ) =L § In the
An ) An

23°

Abelian case the operation Tr in (3.1) is to be replaced by a factor %
to conform with usual conventions. g is the coupling constant. To arrive

at the field quantities of continuum theory the B n 3re to be expressed

A

by Bkn -8 aAAAn'



A general correlation function is defined by

P> =./'e—sP/fe-s ’ (3.5)

where fmeans f f » With f standing for the Grassmann-variable
v v
integrations T] wf dy _dy and Jﬂ similarly for the invariant
n, B ng "ng U
integrations over the gauge group. The integrations in (3.5) include all

variables on the lattice. In the Abelian case ~[‘becomes simply

T U
TI -/' dBAn/Zﬂ and the dependence of P on U is reflected by the

, A -T

periodicity P(B) = P(B + 2m). For P, specifying a particular function,
not only a product of variables but also more general expressions are
admitted. The technical device of introducing source terms, familiar in

the formal applications of path integrals, is avoided here.

The fermion integrations in (3.5) have the important property

VI <y _
15. 5gQ=0 ) Q8 =0, (3.6)

where 33 denotes the left derivative and Si the right derivative with

B B

respect to the Grassmann variable wnB' Analogous relations hold for inB'

To get similar equations for the gauge fields one has to introduce the

>0

derivatives®
FA P )
ai)\nQ B 1--1:;1 <Q(...’exp{lT E}an!"‘) - Q(-..,an,-..)\)/e .
(3.7)
Q8Y, = 1lin (Q(...,Uknexp{iTge},...) - Q(...,um,...>>/E ,
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for which the property
f%gcmq =0 , fcﬁg =0 (3.8)
U U

ollows. For th
for the cases of interest can be established such that one has a conve-
nient tool for the non-Abelian fields. 1In the Abelian case both deriva-
tives simplify to B/BBAn. From (3.6) and (3.8) Schwinger-Dyson equations
are obtained in Sec. IV. Similar derivatives as (3.8) with respect to
transformations give Ward-Takahashi identities in Sec. VIIIL.

The action (3.1) and the integration measure in (3.5) are invariant

with respect to the gauge transformation

v T I T
n wnvn ’ Ukn Vn + KUAnVn (3.9)

{

where
_ . LR
Vn = exp{l 2 T an} . (3.10)

The behavior of P in (3.5) under (3.9) will be discussed in Sec. VII.

The classical continuum limit, i.e., that of S separately, is the
correct one for (3.1) because then WA and thus X vanishes. In the
quantum case, i.e., for correlation functions, X defined by (3.3) guaran-
tees the correct limit as will be seen in Sects. V and VIII.

Because of the distinction between the a, made here, which goes

easily through everywhere, the transition to Minkowski space is. trans-

parent at any stage. Thus to check the reality of S/v there one replaces
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a, by ia,- Further A4n is replaced by —1A0n,,such that (according to
B4n ga, 4 ) B becomes BOn' Complex conjugation of the Grassmann va-
riables is defined here as a one-to-one mapping of the Grassmann algebra
- % %k
(with generators wnB’ wns) onto itself which satisfies (¢ ) = &,
% % * * %

(5152) = 5251 and (af) = o £ , where § is a Grassmann element and a a
complex number (an involution!® would require much more). Now, with

:E: w 'nWOn' w being the W. contribution to S/V, it follows from

0
(3.1) that (s/v - R ) = §/v - Rjs however, that

R. = -R . (3.11)

Thus a peculiar property of the degeneracy regularization is found which
will be met in a different form in Sec. VIII again.

In the quantum case one has more carefully to replace a, by ia +e.

4 0
This amounts to working in Minkowski space with an ie-prescription which
could be largely done instead of using Euclidean space. It leads, as it
should, to Feynman propagators which, for example, can be immediately
checked converting the equations in Sec. V.

For position space variables x

+ ia

4 0

means just X, > ixo. Momentum space variables are based on the r-repre-

AT 3y the replacement a

sentation of the occurring matrices which is obtained from the n-repre-
sentation by the transformation

5 .
v exp{ ﬂlzg: rxnx/Nk} . (3.12)

Then one has kk = er/(aANA) and for a, - iay, r, > -r, one gets

4 4 0
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k4 - iko. Thus the transition is completely consistent (and hyperbolic

functions® do not occur in the discussion of propagator poles).

IV. SCHWINGER-DYSON EQUATIONS

From the general relation (3.6) with Q = —e_SP one obtains

-S ( 2¥ TR f—S 0y kb
fe ((anBS)P anBP>-o, e (P(sanB) P8n8> 0. (4.1)

5 7
. 2P 0 .
Analogous relations hold for anB and anB. With (4.1) one has by (3.5) the
Schwinger-Dyson equation <(3iBS)P - 328P> = 0 and the respective ones

for the other fermion derivatives. Because of the bilinearity of S in
the fermion variables the second equation in (4.1) actually contains

nothing new. This is seen by noting that gﬁ S = —Sgi according to (3.1)

8 B
and that from P only odd Grassmann elements contribute to the integrals.
Due to the bilinearity it is also easy to read off from (3.1) that 3388

PR
and sais is just what occurs in the lattice Dirac equatiomns.,

For the gauge field derivatives one gets from (3.8), putting

Q= _e—SP3
-S( 2V 2 _ f —s( Uy _ o5l )=
'I[e ((azcnS)P alonP> 0, . ¢ P(ngn) Poymn )= 0 (4.2)

which by (3.5) gives again Schwinger-Dyson equations. In (4.2) the two
equations have different content. The evaluation of the derivatives of

S gives
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12U ~L438 [31e 2 g 2
=37 8§ = Z( - )/ (gaga)\) - J(m/a0 + Jcm/ac , (4.3a)

oA,n gA,n—-A

15U <J~[1]2 218 > 2 < +2
v gILcm Z Jlox n c>\ n-\ / (gagax) - Jcn/ac + Jcm/ao 2 (4.3b)
X
with the currents
2 _ if- + 2 - 2
Jon = 2<wnYo UcmT Yato T Vool Ucnwn) s
(4.4)
L _ if- Lt - L
im ZGﬁ%TUmyn+o+qﬁ+6%mmTwn) ?
the quantities originating from X
+2 - + - 2 )
Jon (¢ nU T v n+o wn-k nT Uonwn ?
(4.5)
@ _if as = L
Jon 2<;pnnT Ucn¢n4-o wn-#anUch wn) ?
and the field-strength type components
[ede _ ( ~Lal
grok,n 2Tr oA 0 . (4.6)
. Tal | .
The matrices & in (4.6) are given by
gA,n
[a] T
= - i 4.7
Zorin “p(a) wp(a)>/ (24) 4.7
where w_ = U'r UT U U, 1is the product starting with U, at
n on A,n+0 o,n+A An An

point p(l) = n, and the other wp(a) its cyclic permutations starfing

from p(2) =n+ A, p(3) =n+ X +aq, p(4) =n + o, i.e., from the other
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corners around the plaquette. They have the antisymmetry property

(o'l Lal
= - JF .8
grcx,n ‘lkc,n (4.8)
valid for a' = a =1, for a' = o = 3, and for o' = 2, o = 4. The pro-
ducts of gauge field factors around plaquettes in the 375?3, o' occurring
b

in Egs. (4.3a) and (4.3b) have the link from n to n + ¢ in common and

start from n + 0 and n, respectively, as is illustrated in Fig. 1. The

occurring quantities (4.4) and (4.5) are also associated to this link.
In the continuum limit of the individual quantities, i.e., in the

classical one, one has

fa] '
370A’n'/(gaoak) > FUA(X) for all a,
o, st (4.9)
on > “on g X .
>L <%
Jon ? on >0 .

In the quantum case, i.e., for correlation functions, it is to be stressed
that all these quantities depend on the variables of the integrals, and
the limit is the one discussed in Sec. II.

As an application of (4.1) the derivation of Wick's theorem is

briefly indicated. Inserting P = - wn'B'P and evaluating gg S the first

12 B

equation in (4.1) becomes
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1
==238, 8, =S 1 -3 Ee
v n'n B8 fe Pw—; fe wn'B‘anBPw . (4.10)

It is to be noted that from Pw only even Grassmann elements contribute

to the integrals. With G = (I)--X-I-M)—l one obtains from (4.10)

-5 - _l‘.
./:pe lpn'B' IPnB Pl]) _V n ./:p

(4.11)
1 -S
v fe BHPU)G "g'ng .
,B" w
Now, inserting P¢ = 1 one gets
1 -S
f a1 ¥ag = v Cargrns fe . (4.12)
¥ Y
Next, putting P¢ =P rrrgre ¥ non in (4.11) and using the result (4.12)
one obtains
fe"s ¥ VgV rgi Vg
nY"BYIV Il m 'B'
Y
(4.13)

-S
Gn| B'n"B'|GnlllB|"nB> \/lp-e .

1
=7y <Gn'8'nBGn' rrgrityngn -
v

Obviously one can proceed in this way up to Pw with the maximal number

of pairs Yy on the lattice (for other types of P¢ the integral vanishes

identically). This gives the Wick expansion for fermions. It can be used
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' s oSy S (-sp)”
with respect to S, in e = e = EE: to set up per-

0
turbation theory.
As an example for the application of (4.2) it is specialized to a
Wilson loop. According to Fig. la for the first equation one has to
choose P = 2Tr(TlL

), where L is the product of gauge field fac-

n+o n+o

tors along a closed loop starting and ending at point n+o. Then

summing over all & one gets

thum m( FL47 1 )

gh,n n+ga (4.14)

and similar expressions for the other terms. These forms can be inter-
preted as deformations of the loop as is illustrated in Fig. 2 for a
particular case. It is thus seen that the type of equatiomns which has
been recently of interest with respect to strings?0 in the present

formulation can be obtained in a general and easy way.

V. FERMION DEGENERACY AND PROPAGATOR

From (4.12) without gauge field one obtains for the free-fermion

two-point function

z? = - { =
H'B'HB(Z) v Gn'B‘ns with an 1 . {(5.1)

By using the transformation (3.12) this can be written

n g nB(z) = ( )"1 Z exp{‘ﬂiz)\: rk(n;\—n)\)/ NA}J{r(l’O’Z) (5.2)

r

where for later convenience the abbreviation
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izu:huyusu + n+ (w-—a) - m

ZS?\'{' lz|2(w-a)2+m2- (z+z*)m(w—a)
A

e%r(h,a,z) = - (5.3)

with sy = sin(ﬂrA/Nx)/aA , W = z;:<;os(nrA/NA) - 1> /al and sign factors

hk = + ] is introduced.

To study the denominator in (5.2) it is advantageous to express it

in terms of u, = 2 sin(%rk/(ZNA)>/aA which in contrast to s, is uniquely

A
related to kk = ﬂrA/(alNA) within the full r-interval. This gives

2 2.2 2 * _ 2 2
}§:SA + lz|"% +n” - (z + z )ow = Z;DUA + m

2
a a
+ (Izlz—l)z—z}u;}+ iz|2; A u§u§+(z+z*)mz——2—>‘~ui . (5.4)
A AFo 4 A

From (5.4) it is seen that for !zl = 1 the ui

choice of z thus generalizes the one advocated by Wilson"* to suppress

term drops out. Such a

the additional poles already at the finite stage. For the limit only
]zl > 0 is needed as will be seen for the propagator in the following

and for the anomaly term in Sec. VIII.

So far the summation over r, in (5.2) is from -N, + 1 + ¢, to

A A A
NA'+CA, where Cy is some integer. By an appropriate choice of Cy and a
shift of the summation indices in one half of the intervals by NA’ 2{:

1 r
can be replaced by }E: for which the summations are restricted to
r

_NA/Z <r, gN /2. In this way instead of (5.2) one obtains
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[

S B'nB(z) = (c/’/v>_l; exp{ni;r)\AA/N)\} [J{r(l,o,z)

+ 2;: (_l)Axgg;(h(x),mA,z> + 2{:(-1)Ax+-AGJ#;<h(A,O),mxi-mc,z)

a>A

(5.5)
A,+A +A,
a

+ E (-1 A pJ{(h(}\,c,p),m +m +m ,z)
T Ao p
p>0>A

A+ A +A,+A

1 2 3 4%
+ (-1) r( l,ml+m2+m3+m4,z)}
= v - s .
where AX = 1,y n, and m, 2 cos(er/NA)/aA. The sign factors h in
(5.5) are defined by the requirement that hu = -1 in (5.3) if one of the

arguments of h equals u and that hu = 1 otherwise. The crucial point now
]

is that for :;: , in which kk and s
limit can safely be performed. Then, as long as [zl > 0, all terms of

) are uniquely related, the continuum
(5.5) except the first one vanish because the my become infinite. One

thus remains with the limit of

i
Y

Y8 -m
5 (5.6)

- (JVV)_l Zr: exp{ﬂi z}\: rAA}\/NA}

m U
zz:si + m

A
which gives the correct result.

The additional poles occurring in the fermion problem have been
interpreted as further particles.%** From (5.5) it is seen that the
sign factors h are an obstacle to this. For each term one could get rid
of them by switching to another set of y-matrices. One has, however, to

decide for one set to describe the system as a whole properly.
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It is interesting to look at what happens for z = 0. 1In that case

one can derive from (5.5) that

i -
1 :Z:fU(A)YUSU f(A)m
yn'B'nB(O) = —(e/Vv)_l Zr exp{ﬂi; r)\Ax/N)\} E Z 52 A m2 (5.7)
A
A

where

16 if Au odd and A, with A # u even,

A

£ (A)
H 0 otherwise,

(5.8)

16 if all AA even,
£(8)

I

0 otherwise.

Thus averaging n' in (5.7) over the 16 corners of an elementary cube one gets
the same result as for (5.6). This holds for the limit too if (5.7) is
averaged with a test function or occurs in a diagram combined with boson
lines. It is, however, seen that wrong results arise in the limit as
soon as functions (5.7) multiply, as they do in the case of fermion loops
in perturbation theory. Then due to the factors (5.8) an additionai
(wrong) factor 16 arises for each multiplication. This is a simple ex-
ample that one can get the spectrum and further featureé correctly though
the problem is actually not solved.

The fermion degeneracy is related to the invariance of S under the
replacement wn > YSYA(—I)nAwn as was observed by Chodos and Healy21 con-
sidering 2 + 1 dimensions and which was recently also discussed for 4

14

dimensions. To find out more precisely here how this symmetry works,

first four mappings T, of the Grassmann algebra onto itself are defined,

A
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'

the action of which on the generators is given by

t n v n

. A =t _
w - 1YXY5(_1) wn ’ Wn - wnlYKYS( l)

A
0 .

(5.9)

It is to be noted that on the r-representation [which is obtained by

(3.12)] the T, then act as

A

|

- lY)\YSlpriNA > Ve T lj’riNA""YAYS o (5.10)

<1
H
€12

It is seen that S given by (3.1) with z = 0 as well as the integrations
defining the correlation functions in (3.5) are invariant under (5.9)
(the presence of the gauge field does not matter within this respect).

Using (5.9) it follows that the mappings have the general property

- . 11
TATU+TUT}\ 2% (5.11)

Thus the group generated by the T, is a well known one with 32 elements

A
(16 basis elements of a Clifford algebra equipped with plus and minus
signs).

Next the implications of this transformation group for the free

fermion propagator with z = 0 are considered. Because the action and the

integrations are invariant, a transformation of the variables by (5.9)

, -S - -S
in ,{} wn'B'wnB/ ./;e shows that &Z'B'nB(O) becomes

A
D20 g P

n n'a'no
a',a

(D)) (YSYA)OtES . (5.12)

On the other hand, the value of &

n'B'nB(O) is, of course, not changed
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by using different integration variables, thus it must equal (5.12).

This means that % ,_,
n'B8'n

B(0) is invariant under the transformation given
by (5.12). The detailed mechanism is that the 16 terms in (5.5) with

z = 0 transform among themselves as can be checked by considering the
effect of (5.12) on each of them. Further one can create all of them by
repeatedly applying (5.12) to (5.6). It is to be noted that TA as well
as _TA leads to (5.12) which explains why (5.12) generates only 16 trans-

formations.

VI. FERMION PROBLEM AND BOUNDARIES

The periodic boundary conditions introduced in Sec. III (and exclu-
sively used except in the present section) are particularly convenient
because of the explicit solutions available in the free case. Thus (5.2)

has been easily obtained from (5.1) by diagonalizing D using the

an'n

transformation (3.12). Considered for one direction A, the crucial point

is that with periodic conditions the matrix

D, =

v'v (Gv' +1,v av',v + 1>/ (22) (6.1)

has eigenvectors

_ 1 27iav/L
— e

fav -
YL

(6.2)

which correspond to eigenvalues

Xa/(Za) = 2i sin(2wa/L)/(2a) . - (6.3)
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:

L
. 1 -
Due to the identity j{: eZWI(a OV/L Nsa'a with the normalization
v=1
introduced in (6.2) the relation
L
%
Zz: £, £ =68, (6.4)
=1 ®V ooy a'a

is satisfied.

An immediate altermative possibility is the use of open boundary
conditions. 1In the following it will be shown that in this case the
fermion propagator can be explicitly calculated too. The clue to this is
the exploitation of particular properties of the determinants which occur

in the calculation of the eigenvalues of the matrix

= —_ : 1 =
M Sv'i-l,v 6v',v4'1 with v',v = 1,...,L . (6.5)

One has to note that more explicitly this matrix for open boundaries reads

0 1 0 0 0 0 1 0 0 -1

-1 0 1 0 0 -1 0 1 0 0

0-1 0 0 O 0-1 0 0 0
ce e in contrast to

0 0 0 ... 01 o 0 0 ... 01

0 0 0 ...-10 1 00 ... -1 0O

for periodic ones. Thus defining

d () = det ™ - A1) ©(6.6)
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for the open case one can derive the recursion relation

4 ) == )+ L, (6.7)

2

From (6.7) the dL(X) for all L can be readily calculated. Further,
(6.7) can be used to show that the representation??

L
dL(A)‘= (-l)L J;g (X + 2i cos (I,Tg 1)) (6.8)

holds. This can be checked by using as an intermediate step the

representation
e A )t (L o AT )Rt
dL(A) = , (6.9)
T IAZ L
which will be useful later too.
From (6.8) one reads off that the eigenvalues of gdiL are
- o o,
Aa = -2i cos (L T 1 ) . (6.10)
Instead of o = 1,...,L one may use
~ L+1 A L-1 L-1 L-1
o= 0o - s o = - 5 s T T +1,..., 5 (6.11)
by which (6.10) becomes
P )
X& = 21 sin (L T 1) (6.12)

Now, comparing (6.12) with (6.3) one observes that the factor 2 in the

argument of the sine, responsible for the fermion degeneracy, has disap-
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peared. The experience with (5.7), however, teaches that before drawing

conclusions one should at least calculate the propagator. In order to be
able to do this one has to find the eigenvectors ofLAZS, .

Y

To get the eigenvectors ¢av in

Dot e =g (6.13)
v' \YAY Vv

(SRS AV,

one first observes that for fixed a the L equations (6.13) can be re-

arranged as

¢cx2 - xa¢a1

¢a3 - Xa¢a2 * ¢al

¢a4 - Aa¢a3 + ¢a2

et ceeresnnees (6.14)
bar = xa¢a,L-1 + d>a,L-—2

0 =20 Y% -1 .

The r.h.s. of (6.14) is then expressed by Aa and ¢al alone using the
equations (6.14) to replace the ¢av with v > 1 there. Comparing the
occurring polynomials in Aa with those arising from the calculation of

the dL(A) by (6.7) it turns out that one gets

_ v-1
¢uv = (-1) dv N 1(Aa)¢al . (6.15)

To determine the dv__l(xa) one inserts (6.10) into (6.9) which gives
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_.v-1 . VO . mo,
dv—lo‘on) = i 31n<L ~ l>/ s1n<L n l) . (6.16)

Then with ¢a1 = \/N i 1 sin.(IJTg 1) one has
_ 2 -1 . VO
by, = ot DV sin (———L e : (6.17)

the normalization of which is such that

L
*
3;; ¢ v b 0= Sa'a . (6.18)

[0 IRV A

By (6.11) for (6.17) the form

_ 2 14+ (-1, ( VTG ) l—-(—l)v ( VTa >>
v \/L+1<1 s sin (7)) + T cos\g 1)) (619

is obtained.

Now using (6.19) for all components of DAn'n’ with a corresponding
to §A, the propagator can be calculated. Up to terms with a factor

exp{ni :E: fx(ni + nx)/(ZNx + 1)} which, having alternating signs from
A

'site to site, do not contribute to the limit, one obtains

A iqu(A)yuéu - £(A)m
- (va)—l Z exp{ﬂi%: f)\A)\/(ZN)\+l)} 3 Zgz " m2 s (6.20)
A

T
A

where s, = sin(ﬂf / (2N 4'1)) /a, and b4’=IT(2N +1). Thus it turns out
A A A by A A
that one gets essentially the same unacceptable result as in (5.7).

)
There the doubling disappeared by the replacement of ZE: by :E:' .
T r
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Here it is not there because one has ék instead of Sy If fu and f are
suitably averaged one gets again correct resulté, however, a wrong limit
if factors (6.20) multiply. From a more general point of view the pre-
sent case is an example where the matrix corresponding to the derivative

of the continuum has been chosen to get a nondegenerate spectrum, which

is, however, not sufficient as the explicit calculation here shows.

VII. CORRELATION FUNCTIONS AND GAUGE INVARTANCE

To make contact to the functions and relations of continuum theory
gauge fixing is to be studied. The usual procedure23 can be performed
on the lattice in a general and well-defined way. Denoting the group

integrations over the transformations (3.10) by ,[‘, for a given gauge
v
fixing function ¢ the invariant function ¢ is given by

¢ (U) f/(u') =1 . (7.1)
\Y

Using (7.1) it follows that
S5 [ eSS pany=f feFormn. an
U U \ VU

The definition of correlation functions with gauge fixing is then

<P>/ = fe_Sq)/P/fe—Sq;/ . (7.3)

To investigate the nature of the latter, in the numerator as well as in

the denominator of (7.3) steps as in (7.2) can be done in the opposite

direction, which gives
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Fy - S J%per f Je 0= f 56 f pamrar,vring fed L a8
\ \Y v

By inserting ¢ from (7.1) into (7.4) one thus obtains

®, = [ WRW D[ ) (7.5)
' v W)

as the general relation between correlation functions with and without
gauge fixing.
From (7.5) it is seen that gauge fixing amounts to the use of an

effective
Pogs = .{,/(U')P(U"w',ﬁ')/.{;/(U') , (7.6)

which is obtained from a given P by averaging it with the gauge fixing
function. Clearly Peff is invariant. If P is invariant one has

Peff = P and for the exact result gauge fixing actually does not matter.
In numerical calculations it has been observed? that with gauge fixing
the convergence becomes slower. The case of invariant P has been
envisaged by Creutz?“ when discussing gauge fixing on a lattice. If P

is not invariant, as for example for the usual fermion two-point function,
it becomes obvious from (7.6) that the role of an appropriate /£ is to
provide factors such that invariant contributions arise which do not
vanish under Jﬂ . At the same time /must also contain an invariant term
to guarantee aVnonvanishing denominator in (7.6). Thus the choice of the

gauge fixing function on the lattice needs some care. An example of an

appropriate f, corresponding to exp {- zl—afd4xz (BUAU)Z} in Abelian
U
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continuum theory, has recently been given.8
Using (7.3) it follows from (4.1) that with gauge fixing the

Schwinger-Dyson equations with fermion derivatives,

<(§KBS)P 3 ey 20, <y -5 s -0, (7.7)
nf

ng / nB/
look essentially as before, while replacing P by ¢/P in (4.2) one obtains

<<§Em(s - 2n(¢/))> P- 3EGHP>/ =0, <p <(s . zn(¢/))§gon>¥l>§gcn? (7.8)
for the ones with gauge field derivatives.

It is to be noted that gauge fixing has already in continuum theory
some unpleasant features. A well-known one of these is the Gribov am-
biguity.25 Another one, which in the nonperturbative case becomes im-
portant, is that related to nonlinear transformations (or to ordering in
operator language) which has been pointed out some time ago26 and for
which now examples have been calculated.?’ The present analysis on the
lattice shows that by (7.6) gauge fixing constructs gauge invariant Peff
from noninvariant P in a complicated and physically unmotivated way.

For example, for the fermion propagator in general an average of products
of gauge-field factors (along paths between the two fermion points) with
gauge-field dependent weights is formed. Thus it appears much more
reasonable to start with gauge invariant P from the very beginning.

The only gauge invariant function which has so far been extensively

studied in literature is the Wilson loop in the absence of fermions.

With respect to dynamical mass generation the propagators of the full

theory are of interest (including the case of infinite mass this could
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describe confinement too). For the gauge field one can simply consider
the correlation between two plaquettes (minimal Wilson loops) which in
the continuum limit means to deal with field strength rather than with
vector potentials. For the fermions, however, one has necessarily to
include gauge field factors in P too. The most natural choice is a pro-

- w

w ' .
duct gbnn, of them along a path w from n' to n such that wngpnn'w is

n|

invariant. The generalization of P, = of the free case is then

0 lpn'B'l'an

- w

P=-¥e Znlgin'lp ¥'s (7.9)

where [8], [8'] mean internal symmetry indices only. There is in general,
of course, a large number of possible paths from n' to n. To restrict it
an immediate requirement is Sﬁzn = 1. Then it seems reasonable to ex-
clude paths going through the lattice boundaries. Further one can admit
only those of minimal length, which on the lattice, however, leaves still
many degenerate possibilities. Thus there are some questions which de-
serve study in connection with the dynamics.

The structure of quantized gauge theory which emerges here leads to
severe difficulties for the concept of axiomatic field theory to con-
sider correlation functions (or Green's functions) as distributions. To
point out how this comes about, first the case is considered where P de-
pends on p variables ¢2n. There, using test functions £ onimép, one can
define <P> as distribution considering it as the linear continuous

functional the action of which on the f is specified by

vpnl’;,np<l’<¢nlzl,...,¢np2p)>f(x(nl),...,x(np)) . (7.10)
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For the continuum limit the fact can be exploited that if (7.10) con-
verges for all test functions, the limit itself defines a distribution.
Thus the connection can be established using only the weak topology of
distributions. In appropriate examples it can be explicitly checked

that (7.10) gives the usual expressions. However, all this does not work
for gauge theory because of two reasons. Firstly, for correlation func-
tions as the fermion propagator or the Wilson loop the number of gauge-
field factors becomes infinite. This would mean p ~> » in (7.10) in which
case the distribution formalism is no longer applicable. Secondly, be-
cause gauge invariance requires these factors to be along a path or a loop,

the n-summation in (7.10) is no longer possible.

VIII. WARD-TAKAHASHI IDENTITIES

. . -S

To get Ward-Takahashi identities the integration variables 1n./; IP
are transformed. An invariant factor I is included for later convenience.
The transformations to be considered have in common that the integration
measure 1s invariant with respect to them. From the transformed expres-—
sions the identities of interest follow by applying appropriate deriva-
tives.

In the case of the transformation V defined by (3.10) the derivative
vV . . . , gU . .
] is used which is related to V in the same way as in (3.7) is

n n 2LAn

to an. If only the fermion variables are transformed, i.e., for

¥

- - ¥
v - L - s
n Vnwn, wn ann one obtains

jl;'e—SI(P(S*B_Zn) - P*ézn) =0 . (8.1)
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t

By evaluation of the derivatives, using the chain rules for Grassmann

variables, (8.1) expressed in wn’ @n becomes

-S <L >4
fwe I[P@: G Z(;m LI )

_i 2V 2 - A 2V _
L }; <<anBP> (), + (T )BBDBP>} - 0.

(8.2)

By (3.5) this gives the Ward-Takahashi identity with the quantities (4.4)
and (4.5) which occur in the equations of motion too. Alternatively one

can transform only the gauge field variables, i.e., consider

| -

+ .
an = Vn-FXUAnVn , which leads to

fU' 5S¢ (P(sa ) - 280 )= 0 . (8.3)

>U

By using the relation QSXH = :z: ( ngkn - alx e
3

A
evaluation of the derivatives, (8.3) gets the form

[, D - o s X G100

ﬁQ) , and after the

)\.

(8.4)
1 «U vell
v E; PO ~ am,n-xp)] =0

If the full transformation (3.9) is used, instead of (8.2) and of (8.4)

one obtains
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(8.5)

i 29 2 - 2 —*@ _
+1 }; <(8nBP) () + BT )Bangp)] =0 ,

which gives the Ward-Takahashi identity involving no currents.

For (8.2) the relation to the corresponding continuum equations is

obvious. It gives the proper definition of the formal path integral re-
lations there in the sense indicated in Sec. II. Putting I = ¢ according
to (7.3) gauge fixing can be readily introduced. Further one may combine
T2 with jl and Ei with 32 to 1 to th sual appearance
In An Irn rn come closer to e usual app .
The analogue of (8.4) is not used in continuum theory. To obtain corres-
pondence of (8.5) to continuum relations one has to introduce gauge
fixing, i.e., to put I = ¢ , to replace P by £ P, and to apply (7.3).

It is instructive to consider (8.5) in the simplest case of interest

with and without gauge fixing. For I = ¢ and P = }(wn'B'an"B" one has

-S 1 U -0 -
fe q)/[; ;(ULH/)QQ}\H - al)\,ﬂ“}\(gn/))wn'B'wn"B”
(8.6)

if_ L L= - L -
+ AV ( dnn' (T wn')B'wnlIB" + annnwn'B‘(wnHT )B" } O .

By (7.3) this gives the identity which corresponds to the continuum one
involving the divergence of the fermion-untruncated vertex function and
fermion propagators multiplied by 8-functions. The gauge field

dependence of the vertex function in (8.6) is seen to originate from £.

On the other hand, for I = 1 and P given by (7.9) one gets
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-5|1 W +U _ =0 W -
fe {V ;(gnﬂl:sﬂ:ln [B ] ‘Z’)\n alx’n_kg‘nll[sujnl[g'])wnIBanllBll
(8.7)
i w = L =
+ -‘7 '?n"[ell]n' [B' ] ( I (T ‘P )Blw IIBH nnﬂwn! B' (¢HI1T )8”>] - O'

Since the derivatives in (8.7) can be immediately evaluated, in this
case the identity becomes trivial.
The transformation ¥' = exp{i ' = v expl{-ia using the
wn pl OLn”’n’ wn lpn pl n} ? &

derivative B/Ban, leads to the identity

-s
.[e {P<Zx Uha = Ia,nn)/2 Z(an JAnA)/a>

1%
(8.8)
_i 2y _
> Z< P)w wnsangpﬂ 0
B
for the singlet current
J =i(' oty + ¢ VR (8.9)
on 2\ "nYs on"n+o %Hwﬁoonn) ) :
The quantity
s =3l -3 U (8.10)
Jon T 2\ "2 on"n+o wn-+ n ann ’

originates from X. The relation to the continuum equations is for (8.8)
in the same sense as for (8.2) obvious. Similarly as in (4.9) one has
the classical limits J_ » J (x) and j -+ 0.
on o on
In the case of the transformation §' = sz , U o= v V5 with
n n'n’ 'n nn

X . vV . .
, differing from o by having

5 . g 2 V5
v exp{ly5 2;: T an} the derivative 3 n

in
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exp{iYSTle} instead of exp{iTle} in its definition, is used to get the
Vs—analogue of (8.1). Now, however, the contribution resulting from X

can no longer be decomposed in a divergence-like manner. Its terms are

therefore expressed by (4.11) and by the analogous equation with gﬁx'

Thus one arrives at the identity

fe I[P(Z (6’& 3 ) /a - Ziminyslen—%tr (yST’L(Gx + XG)nn>>

]
(8.11)
_i 2{: (3Lp P)((l4-GX) Y %y > (w . T (14—xc) ) aw P> 0
v n'.8 5 5 B n
with the axial currents
$50 _ i - )
T = (w aY2Y5Y x T w 2 P YsT U)o
(8.12)

<58 _ 1i,- Lt - 2
Tam = 20 sT UV T Ve a Y sUnaT Y o

and where tr refers to y-matrices in addition to the internal
symmetry ones.

By the transformation ¢' = expl{iy_o 7t =10 expliy.a

y b plivgo Yo o w1 =¥ plivsa ),

using a/aan, one gets in a completely analogous way the identity

fe'SI[P <Z}\: (Jin - Ji,n_)\)/ - 2imy stp v (YS(GX+XG) )>

b

i EL - 20 _
- i.gg;é <(an,BP)((1+GX)n.nv5wn)B "(wan(l'*XG)nn')s 3 P> =0
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'

for the singlet axial current

5 _i,-~ +

For (8.11) and (8.13) the relation to the corresponding continuum

equations is again clear provided that one has in the limit

2

1 ( 2 . g 2
= trly T (GX + XG) ) - Tr<T E € F (x)F (x)> , (8.15)
v 5 nn 16ﬂ2 s vs VAP 1V Ap
= tr(y (GX + XG) )-+ Tr< € F (x)F (x)>

5 nn 161T2 Horo HVAP v Ap s (8.16)
1 1 by
V(l + GX)n,n , V(1 + XG)n'n > 6§ (x' - x) ’ (8.17)

i.e., one has to get the Adler-Bell-Jackiw term? in (8.16), the result of
Bardeen?® in (8.15), and the same limit as for %6n'n alone in (8.17).

For the degeneracy regularizations of Wilson” and of Osterwalder and
Seiler!® it has been recently shown’ that (8.16) and (8.17) indeed hold.

The presented demonstration’

generalizes to the case of the regulariza-
tion (3.3) with arbitrary z # 0. In addition it can be modified to give
(8.15) too.

The limits of the identities for correlation functions given by
(8.11) and (8.13) with (3.5) are again to be considered in the sense of
Sec. II, and in particular provide the proper definition of the corres-
ponding formal path integral relatioms of continuum theory. Thus, for

example, (8.13) is the adequate description of what has been considered

by Fujikawa.2? With respect to (8.15) and (8.16) it is to be realized
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that the limit is only the naive one for classical gauge fields. Fuv(x)
and FXO(X) there arise as the limit of averages of four quantities’ which
are related to the four plaquettes having the point x in common. In the
full quantum case these quantities depend, of course, on the gauge-field
variables. With respect to the currents it is to be noted that classi-
cally one has again jii, Eii - Jiz(x) and Jin > Ji(x) .

The currents considered here are seen to be related to the links of
the lattice just as the gauge fields are. Thus their nonlocality does
not exceed the minimally necessary one. On the other hand, it is re-
markable that they automatically get forms which are reminiscent of the
pointsplitting ones introduced3? in continuum theory to overcome diffi-

<2 . ,
Jan? Jknvmay be combined

culties. The regularization quantities ?in,
with the respective currents. It is, however, to be noted that they in-
herit the property (3.11) of the degeneracy regularization. Thus, while

* %
one has Jkn =7 for k = 1,2,3 and J = =J for the currents, which

kn 4n 4n
%
with J4n = 1JOn gives JOn = JOn’ for the regularization quantities one gets
% *
Jkn =3y, for A = 1,...,4 and thus with Jpn = lJOn the result Jon = ~Jon

IX. METHODS FOR DYNAMICAL MASSES

The usual method!? in continuum theory to investigate dynamical
mass generation is based on Schwinger-Dyson equations and in addition
uses Ward-Takahashi identities. The solution of the integral equations
presents, however, still considerable problems.31 Therefore, having
now the corresponding equations on the lattice it appears worthwhile to

study the respective possibilities there, since everything then is well
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defined.
To get the analogues of the usual equations first the aw,s version
of (7.7) with P = $n8 is considered which is
@, 9T 5, =6, 6 (9.1)
nlsl U’ns/ - n'n BIB *

Introducing ¥ n'8'nB - <lP g ,lﬁ >/ , (9.1) can be writteny_l@ +v =1,

or after multiplication with ¥ l,

g9l sy ve ! | (9.2)

where & is the free propagator given by (5.1) and

n - t -
(9.3)

- <<(U>\’n|_ A _1) (Y)\ + n)wn. - )va B/) /(zax)

The basic elements of (9.3) are three-point functions of the form

3 - N ) . +
<Yknwn'8'wn"8”3f with Y)\n = 2Tr(T (Uln l)/al) and similarly for an.

To relate these to vertex functions one has to put

E
<Y>\ wntsvw u Z @}\n)\n n B E E XIT).n 3 nan g;nénnusn (9-4)
where one may choose a** 2 = <t d¢2—> with
Anin AT xnf
L , .
_fon = 2Tr(T (an-_UAn)/(ZIgaA)) to be close to continuum theory.
The usual approximation corresponds then to setting
L ~ A
Aan'g'a"e" const. (T YA)B'B" Gnn' snn" (9.5)
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If (9.4).with (9.5) is inserted, (9.2) becomes the analogue of the
equation on which the usual methodl®,31 ig based.

It is obvious that gauge fixing is essential in the indicated ap-
proach. Therefore, from the lattice point of view as discussed in Sec.
VII it is not natural. 1In addition the ansatz (9.4) with the approxima-
tion (9.5) is deeply rooted in perturbation theory and can hardly be
justified at the nonperturbative level. The Schwinger-Dyson equation

2% ' o
Anin ° namely (7.8) with P = Jfk'n'

associated with % , due to the compact-
ness of the gauge field only in the limit gets a workable form. Thus on
the lattice the method becomes rather unattractive within several res-
pects.

Following the usual line of argument!® further, to conclude via the
Ward-Takahashi identity from the fermion propagators with mass about a
vertex pole, (8.6) is to be considered. Then the obtained knowledge is to be
used for the vertex in the gauge-field Schwinger-Dyson equation (7.8)

!

with P = Jix'n' » 1L.e., in the three~point function

NS RN
to come towards a vector boson mass. However, the gauge field dependen-
ces of the vertex functions contained in (8.6) and (9.6) are of a rather
different nature, and in (9.3) one has even a third version of this pheno-
menon. The relation between these functions is thus scarcely useful for
practical purposes. From a more general point of view one sees that
familiar continuum quantities in a nonperturbative formulation can have
different analogues in different situations.

A central question for concrete calculations which remains is
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how to deal with fermions. Actually, due to the bilinearity of S in the
-S :

Grassmann variables, -jae £ , with Sf denoting the fermion part of S,

v =S _
is nothing else than det (vG 1) , ./;2 fwn'6'¢n8 is its minor without

row n', B' and column n,B, and the gorresponding integrals with more
pairs Yy similarly are minors with more rows and columns deleted. In
contrast to their conceptual simplicity, however, the actual solution of
determinants is a major problem, in particular if the result is needed
for the subsequent gauge field integration. A selection of the occurring

contributions according to their gauge field content appears therefore

advantageous. To get it one has to note that one can write

S ~ 2. <Z “Mag'e ™ “ampre) ”n8'6> @7

n,B',8 \ A

where

Ve (M0 )grghag/ (22))

i

o
Ang'B

; T T
aa' = Y Yag (0" M05n)grg¥n .8/ 230 (5.8)

- 1
UHB'B—vwnB' <m+n Z—> ] 8

x 2 /gg ™

This allows the representation

-S
£ -a « p
e 1 (TMa-a_pas o))

n Bl B A A nB'B) ) (9.9)

-S
From (9.9) only the products contribute toulkz £ which contain all
]

- . . . e - d
components ¥, ¥ (and only once) Thus visualizing “\ng'p ’ “\nB'B an
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t

”nB'B as depicted in Fig.3 one must have 4N ingoing and 4N outgoing lines

at each point, where N denotes the number of internal symmetry components.
-5

Similarly to fe fLIJ .

v n

ponents except wn'

vanB only those products from (9.9) with all com-

and ¢ ive a contribution.
B‘ wnB g
For simplicity the discussion of the emerging picture is now re-

stricted to N = 1. It is seen that the contributing paths formed by the

T
An’Ukn

elements of Figs. 3a,b are just the ones allowed for factors U by
gauge invariance. Actually, these paths are even there without the gauge
field and have then equal weight. 1In the presence of the gauge field
they are weighted according to their dependence on the latter and to the
coupling strength. In Fig. 4 it is illustrated that loops to compensate
a Wilson loop and to invalidate the area law argument! are readily
available.

An example of a contribution to the fermion propagator is shown in
Fig. 5. The path from the minor completes w given by (7.9) to a loop.
Thus for stronger coupling minor paths close to w are preferred. It is
to be remembered that the freedom in the choice of Eﬁin. is what remains
here from the gauge dependence of the propagator in continuum theory.
With respect to a dynamically generated mass the implications of this

choice are of prime interest. It is felt that the indicated picture can

provide a guide for the development of quantitative methods.

X. SITUATION FOR WEAK INTERACTIONS

The fact that the fermion degeneracy regularization breaks chiral

symmetry has so far been an obstacle to extending the lattice formula-
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tion to weak interactions and thus to the electroweak theory. This is
unsatisfactory from the practical as well as from the conceptual point
of view. Thus it appears necessary to look more carefully where the
problem is actually located.

The central point to be realized is the connection between the de-
generacy regularization and the axial-vector anomaly,9 which has been
shown in perturbation theory at the one-loop level by Karsten and Smitl3,14
and which has been established independently of perturbation theory in a
general way by the present author.’ In Sec. VIII it is manifest by the
limits (8.16) and (8.17) in Eq. (8.13). Because one must have the anomaly
term, one is thus forced to break chiral invariance. There is no contra-
diction to the SLAC approach32, which starts in a chiral invariant way,
since for the crucial test objects, fermion loop and axial-vector current,
the limit there cannot be performed without further specification.33 In
this context a degeneracy regularization may be viewed as a parametrized
limit prescription (technically somewhat similar, for example, to the
ig~-prescription for Green's functions).

Next it has to be noted that also in continuum theory the notion of
chiral symmetry is to be qualified. TFor example, the chiral U(l) sym-
metry in QCD with massless quarks is one without a conserved gauge-
invariant current. Thus this symmetry is spoiled if one insists on
gauge invariance as one has to do according to the discussion in Sec. VII.
With respect to perturbation theory it is to be remembered that to avoid
anomalies means to build the theory such that the anomalous contributions
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cance , and, of course, not that the individual terms are not there.

Therefore, it is not surprising that the lattice formulation, being non-
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perturbative, shows these features in a more detailed form. This form
has here the virtue that the effects of the anomaly are explicitly
prescribed by the degeneracy regularization.

Then it is to be observed that what forbids putting the degeneracy
regularization into the electroweak action is nothing new but just what
does not allow mass. terms there. TFollowing the conventional way this
would lead to inserting the regularization via a Higgs coupling too. To
circumvent the nonrenormalizability of this coupling one could use a sub-
sequent limit of parametersl3’35 which in the present notation amounts to

letting a, in X go to zero later. The unpleasant features of this way

A
are, apart from the somewhat artificial limit, the same as for the

masses. There are the reasons®>® making elementary Higgs fields unwelcome
which need not be repeated here. Further, to avoid trivially vanishing
expectation values of the Higgs fields, gauge fixing is needed, which is
not natural on the lattice. Thus, summing up, just as for the masses, ®, 36

looking for a dynamical mechanism appears more reasonable for the degene-

racy regularization too, though this is certainly still more difficult.
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FIGURE CAPTIONS

Gauge field factors around plaquettes illustrated in 3 dimensions
for (a) Eq. (4.32), and (b) Eq. (4.3b).

Deformations in the ol-plane of a particular Wilson loop
(situated in the oA-plane and going through the link from n to

n+o) within the Schwinger-Dyson equation (4.2) due to the terms

. [4] o L31 *
from (4.3a) of (a) 370A , (b)Y F Shom =1’ and (c) JOn .
Graphical representation of the quantities (a) “lnB'B s
(b) uknB'B , and (c) “8'8 in Eq. (9.8).

Example of a loop from the fermion determinant which can
compensate a Wilson loop.

Example of a path from the fermion minor which completes the
prescribed path w (in dashed line) of gagn, of the fermion

propagator to a loop (the enclosed area is shaded).
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