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ABSTRACT

In this paper it is shown that in QCD a new set
of high energy processes are calculable. Firstly,
many meson exclusive processes are shown to be control-
lable. Secondly, a new type of exclusive semi-inclusive

+ -
meson process (for example e +e -~ Hco + anything,

ne
where II is unaccompanied in phase space) is shown to be

controllable by renormalization group approach. Possible

experimental confrontation is discussed.
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I. Introduction

Precise quantitative test of QCD is very desirable. A lot of recent
work has focussed itself in making rigorous prediction from QCD which do
not depend on detailed uncalculable bound state dynamics. Most of such
predictions are based on the proof of factorizability of soft dynamics
from the short distance process and then using Callan Symanzik1 equations
to control the evolution of the process as the large momentum increases.

So far noteworthy progress has been made in rigorously predicting
inclusive, semi-inclusive and exclusive processes of certain types. In
the inclusive processes deep inelastic lepton scattering,2 total e+e—
cross section, inclusive annihilation of heavy quarks and level widths

of an onium state below the continuum are noteworthy.3’”

All such pro-
cess though in quantitative agreement with experiment, are not conclusive.
The distinctive feature of QCD, the scaling violations which scale like
log Q2 are difficult to distinguish from a small power. Also, as all the
details of final states are ignored, the other distinctive features of
QCD get averaged over. It is thus useful to study semi-inclusive and
exclusive channels. Most of the semi-inclusive processes so far studied
have the feature of isolating a few particles all having large invariants
with each -other, and "anything". The unidentified particles in anything
in fact involve a lot of particles which are travelling parallel to the
particles identified. The simplest and a crude way to think about such
semi-inclusive processes is to think of the cross section of production
of partons in the directions of the final hadron desired, convoluted
with the fragmentation of these partons into the desired hadrons. Again,

because of large averaging over final states such processes have had

great disadvantage in becoming a good quantitative test.
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In Lhe exclusive process where every particle is identified such
averaging problems do not exist, but they are usually too small a cross
section that as quantitative tests they have not as yet been decisive,5”?
although the power law behavior is consistent with QCD.

Theoretically, in non-Abelian gauge theories, no connection exists
between exclusive processes, semi~inclusive and inclusive processes.

In this paper we present more processes that can be controlled rigorously
in non-Abelian theories. The first set of processes is in fact nothing
but just a generalization of the exclusive processes to many more parti-
cles in final state. The second set of processes is a unusual admixture
of exclusive, semi-inclusive processes. In these it is required that

the identified hard particle does not have any hard parallel moving
particles.,

These processes though rigorously controllable are down by powers
of Q2 as compared with inclusive processes, but may provide important
tests as numerically they are much larger than the exclusive processes,
but still have the information of exclusive processes. These processes
also have a very distinctive signature and that makes us more hopeful
that they might be experimentally accessible. Of course, the higher
order o cerrection to these processes would not be necessarily small.

The organization of the paper is as follows:

II. For the sake of notation e+e~ -+ 211 is reviewed.
III. The proof of factorization for e+e— -+ NI is given.
IV. The proof of factorization for e+e— = ][+ anything where in a
cone of angle ~ a around II there are no hard particles, is given;

and predictions for the process are made. The predictions for
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the case when is a heavy quark state, will be treated somewhere
else. In that case everything is calculable.

V. Other processes where we expect such factorization to work are
pointed out, and finally we discuss the nice feature and possible

drawbacks of the processes that we study here.

II. ete” » 21

We begin by considering the exclusive process ofvtwo pion produc-
tion. Our treatmént closely resembles that of Duncan and Mueller.® We
repeat the essential details of the pion form factor in the time like
regime so as to state the notation used in the rest of the paper.

So consider the following five point function illustrated in Fig. 1

with external legs amputated

1
Tu(Pl’ker’kz) = E(Y5Y+)alel (YSY—)azszfd‘*xl d4y1 d4x2 d4y2

X exp {'i(kl‘P1)X1 +i(py+ky)yy + ik +p,)y, - i(kz'Pz)Xz}
RULERORMIGIRMICARMCY oy () [0)

-1 -1 -1 -1
* Sqial(pl*-kl)sslsi(kl"pl)sgzgé(P24'k2)Saéa2(k2"Pz) . (1)

The large momentum components in the above are p,; ~ ky_~ Py Koy~ oQ)

and the rest of the components are of the order of €(m/Q). The dominant
contribution to the amplitude Tu as Q2->m comes only from the following

regions of momenta. (A) Large momenta to the right, that is

2 2 2 2 2
(ky-py- rl)Z ~t]~0m"), and (r,- Py~ ko)~ 1) ~0(Q%); (B) Large momenta
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to the left, i.e., (k 2

2
1=y~ ~0(Q)), and (x

o= Py= k)~ rE ~O’) 5

and (C) All momenta 6KQ2). The regime where all these momenta are order

O(mQ) and rg is order m2 is suppressed for spinor theories (see Fig. 2).
This allows us to oversubstract and extract the dominant contribution

and obtain a factorization of soft parts and hard parts. The hard part is

the five point two particle irreducible Green's function QqL(Q,Sl,ﬁl,Sz,ﬁz)

which is now evaluated at the special point such that the small components

of order m are set to zero and large components are the same. The soft

parts are then the oversubstracted wave functions or distribution ampli-

tudes.”?® Obviously for each pion there exists such an amplitude function.
Therefore,
) fd‘*ki a*k}
T APqsky5Ps,k YeY Y_ —
u( 1271272 2>4(p14-p2)2 16( 5 +) l 1( 5 By (2H)4 (2H)4

A o] Q [e]
Zeﬁlsl 1(91 » ki) (YSY—)aiBi «Ofu(Q’Pl sk 9P ’§2>(Y5Y+)aésé

gres .
*g3a50,8, (P2skpok3) ; (2)
reg ' i reg Vot
cha s(pl’kl’kl) 72 7 2. (P1+k s ki -py)
(2p)"-m; >0 (2p)"-mp +ie
—-re ) (3
x X “P(py+ky 3k -Pyp) ; )

Gt sme) = fete (oo, (5)7 (F)]) 7

(4)



Now defiﬁing
b, 4

n]_ _ 1 nl
Valﬁl - U/Q(ZH) Kziglsiai(pl’kl’ki)(YSY—)aiBi<ki—)

fd4x aby ei(p1+ k)% e‘i(kl'Pl)yl
147

x <0\T b, (v9) @B(xl) N3<EY5Y_(% iDr_ll).tb)\0>
g S;-ia(kl“l’l) Séél(l’l*kﬁ : )

It is convenient to define (kl_/pl_)==x1 and (k2+/p24)==x2; and then

A, o o o o n; A 9. T2
%(Qspl,pzsklakz) = 2 X1 g'un n Q )Xz s
nn, 172
therefore

A 1 oy A 2
7 (Qpypyrkppy) 5 2~y (5047 (P1%0) Fy @
Q> myny 4Py

1 ny
o

In the above the Xy and x, are the momentum fraction variables. By
expanding in X and X, one has separated the soft wave function (dis-
tribution amplitudes) which comes with the oversubstracted operators
inserted into the wave function. The Eq. (6) is just the statement of

A

light cone expansion where gghn n is the usual coefficient function or
172
n
the singular functions and the tr(ySY_V 1(pl,kl)) are the matrix elements

of the operators.
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by making a soft mass insertion in éyL(Q’pl’kl’pZ’kZ)' If such an
equation exists, when one makes such an insertion in the ,7L(Q,81,k1,32,§2)
it is down by powers of 1/Q, as all momentum are of order of Q. But, if
such an insertion produces terms of the same order as .9L(Q,pl,kl,p2,k2)

as would happen in theories where the hard moments may go around a soft

On inserting it in the distribution amplitudes one gets the anomalous

dimensions. Hence

A 2
D ) @ = Zyn t Funn 2 v @ @

where @ is the usual Callan Symanzik operator as defined in Ref. 6.
Using the above formalism and calculating the cross section for e+e_—*2H

after averaging over initial electron positron direction

(2n)6 LE.E ___CLO_'_____ = - §_]_I_9'__. F
172 .3 3 4 N
d’p, d7p, 3Q

trj
L]

N Iz/ﬂulz(ZH)AGZ‘.(Pl'FPZ—Q)

X

<2m ]ju 0> . (8)

So, we finally get to the leading anomalous dimension

Te?  (36)2 .2
= fo c? >(6) f Q
o 30° Ni ff(Q X ch)

+ inverse fractional powers of log Q2

(Qih) = Is the charge2 for the relevant quarks in the given piomns.



ITI. e +e” > NI

After having set down the notation in the last section and learning
the necessary rules for factorization and derivation of Callan Symanzik
rules, now we would turn to the rather simpler related task of proving
that the same can be done for e+-Fe_ » NII in a certain kinematic regime.
Here, we would do so for the case of pions at large angles with each
other.

For N>2, the amplitude depends on 3N~2 variables. We shall choose
a reference frame‘where the incoming photon is at rest q=(Q,0,0,0) and
the other 3N-3 variableswould label the magnitudes and angles of the

various NI's. Thus,

p].}.l (Elsoaos"pl)

p2 = (Ez,—pzsinez,o,—pzcosez)

u

]

Py, (Ei,-pisineicos¢i,—pisin6isin¢i,—piCOSBi) . 9

The independent variable are taken to be Q, P> Si, ¢i. And ei, ¢i

are held fixed as Q-+«=. Define

1 4 4
ACEIN N N g (YSY—(ei’q)i)aiBi)fg dx;dy,

X exp {—i§(ki—pi)xi + iXN:(pi+ki)yi}
°)

X I;[S;Eai(l’i*'ki) Séisi(ki'l’i) - Qo

x <O‘Tj“(0) I;]I(\Pei(yi)) I;Hai(xi)
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It is rather trivial to check that factorization works as in the
previous section with almost no change. The result finally of following
the oversubstraction on each leg finally gives

%(Q’pi’ki)Q2+w 5 (YSY( ))a B

n

fn d k' K§e§ Bla! (p LIFLY )( 5Y+( i¢i))a§_8£ *%J(Q’gi’ﬁi) - an

itiviTd

where v_(6; ,¢ ) (1//-)(E 4—|p |) Expanding in the usual variables

ky_(05094)

e Ps_(810%5) ’

3%(Q,pi,ki) = n.?;q [] ( o) r(YSY_(Gi¢i)Vni(pi,ki)

A 2
“ T n @ )) : (12)

The power law of course agrees with the usual power counting
arguments.10 To show that a Callan Symanzik equation exists is
altogether different. Let us recall all the regimes and difficulties
that can éxist.

Firstly note that the nuclear form factors do not have a Callan
Symanzik equation although factorization works. This happens because
of a double flow regime, which leaves certain propagators in the hard
part on the mass shell, and the large momenta route around it (Fig. 3).
This alsoc happens in pion form factor in ¢2 theory. (See Ref. 6, Page

1643, last paragraph.) See Fig. 4. Also, the Callan Symanzik equation
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would not exist if Landshoff pinch singularities exist. This happens in
N-T scaling at large angles (see Fig. 5). These singularities occur in
- scattering when the near on-shell quarks scatter with another near on-
shell quark, into on-shell quarks moving in the direction of the final
pions. That is all the quarks in the diagram are near shell. Such pinch
singularities spoil Callan Symanzik equation.’®*’ (See Ref. i, Page 163).

It is easy to convince one self that the pinch singularities of II-II
scattering diagram, that could occur in e+-+e—-+4H do not occur and are
in fact down by powers. The reasons for why this occurs is easy to see.
The hard momenta from the photon has to be transferred to all the fermions
lines and hence there exist at least 3 propagators which are off-shell by
order Q2 at least, thus obviating this problem. This will be true in
general. The double flow regimes are also suppressed by powers because
of the fermion propagators near the photon line have to be always @KQZ)
off mass shell, and then one simply looses too much in phase space in the
double flow regimes.

Let us therefore sketch the argument in general. Consider the
diagrams where a set of pions cannot be separated from the rest of the
pions, in the hard part, by just cutting gluon lines (see Fig. 7a), the
usual arguments for 2 pion form factor work and generalize because the
fermion lines near the photon are always off-shell by @(Qz).

The part of the argument where a set of pions can be separated from
the rest of pions by cutting only gluon lines is argued in two stages (see
Fig. 7b). The pions which are produced by gluons work essentially in the way
the heavy quarkonian decay into 2 pions work (Ref. 8). Firstly, one notes
that if the two gluons finally create more than two pions then they must be

again off-shell by @(Qz). If they give rise to only two pions then once
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again the argument is just the one that was relevant to the four pion
case dealt with before.

Also note all other soft cancellations are automatically guaranteed
to occur as in the two pion case, (Ref. 6, Sec. III and also last of
Ref. 3, Secs. IIC, IIIC) as all relevant invariants between any given
two pions are order Q2. This can be best seen by rotating the
reference frame to let the pion whose soft interactions with others are
under observation to fly in the -Z direction and boost if further in the
-Z direction, so as to have all the rest of the particles only have ——
components large. In this case it is clearly seen to be the same (as
far as soft objects are concerned) as the two pion case.

Hence, using this we verify the existence of a Callan Symanzik

equation. We get

a5 @ = 2,

A 2
bny.ny X ‘::k "oy

' 3qnﬁf..ni...nN(Q ) (13)

where Y, .1 2re the same as in the pion form factor in time like regime.
i“i

+ -
. + i
v e e > Hcone-Fanythlng

In this section we would like to show that factorization works not
only in semi-inclusive I as discussed earlier,3 but also in this regime
which we refer to as the exclusive-inclusive regime. Let us therefore
start by stating the kinematic regime. Let the pion have a momentum 2p,

the photon Q. We work in a frame where
- (Q,0,0,0)

2
P = (P,O,O,‘P) = <P1+~@(Q) ’Pl_"'@(%)a p_l. = O>

Define (4p-q)/Q2 = X.

Nal
|
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We demand that in a cone of finite angle around the +Z direction
there are no particles that carry energy > i whéere p is the QCD scale.

That is all hard particles in 'anything' satisfy the requirement that

Tt

X_ 2 x,a, where 'a' is order 1. So in the center-of-mass frame we are

+
looking for a typical event that looks as shown in Fig. 8.
The relevant cut — amplitude is, as shown in Fig. 9,
4

4 4 4 4
d yld y2d X

xld X

W(Qupyokp»e)) = T%(YSY-)Blal(YSY-)BZaZ fd 2

1qx i(ppig)x; -i(kmpr)y; i(ep+ o)), -i(4-p)y,
e e e e e

x <f (q,a

Now, in this process it is clear that any line that runs across

- s - LM
o) Ty (1) 3,60) (v, G0 Ty G @)Y as

a cut must have a large Py component unless all the components are
zero. Using this observation and the fact that in the pion form factor
double momentum flow regimes are not possible, we shall derive the
factorization and Callan Symanzik equation for these processes.

Define 1 to the set of six point completely amputated connected
diagrams and o, A, o', A' four point connected diagrams amputated on
the right but not left as shown in Fig. 10.

It is easy to see that all the propagators in T are the hard
propagators i# the dominant regime and the hard momentum can reach up
to a certain point in the pion legs denoted here by ¢ and ¢'. A and A’
are the diagrams with soft momentum only. It is easy to see that the
large logs build up in the pion legs. The usual twist two large legs

that one might get from the loop integrations like kl in Fig. 11 are
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in fact not large at all. They are in fact seen to be log a and as a is
chosen (1) these are in fact constants that do not scale with Q2 and are
therefore @(as) corrections.

The usual problems of structure functions at x+ 1 are also not pres-
ent as we have restricted ourselves to x fixed and not near 1. Also by
restricting ourselves to be away from x near 1 we eliminate the problem
of large logs of the exclusive pion by the dék integration in Fig. 12.
This is so as the fermions are moving at large angles with respect to
each other the kZ integral is not allowed to go to u2. Once, one has
convinced oneself of the topology of large momentum flows and seeing that
all propagators in T are hard, it is trivial to derive factorization and

the final result is

1 b b
W(Q,p k)50 ) 'Q?;: Té(YSY-)slal(YsY-)szaz fd kpdiy

A o 0 o
Kreglsl 1(Pl’ i)(Y5Y+)aiei W(Q’Pl’kl”‘l)
(YSY+)aéBZ ;zizuzs (pro1541) . (15)

Expanding in the usual variables x (k /p1+) and x = (2! /p1+),
and deriving the usual C.S. equation we get
2
= . 16
NCe Zvnln nn2<q>+zvzn2 @ - ae
The cross section is
do 2 2

(2H)32E = - §E—2——~W(Q2,a,x)
I .3 4
d'py 3Q
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The dominant contribution to the W in the leading approximation

come from the graphs shown in Fig. 13. The cross section is for the

leading term

2 .2
do _ o' sin’® 2 2 2 4 , 2
an =g 1657 G5 () (Qyy) &g, @) £(x,2)

+ terms down by fractional powers of logs .

f(x,a) = 13 4/:2{ ) {(x2+4x—4) log ~1C— :
161 (1-—5)

c2020 (e gf L) g)(ize)) o

where ¢ = a(l-x) defines the cone restriction.

V. Other Process and Discussion

It is rather obvious that the factorization of e+5Fe_ - Hcone
anything of the last section did not very crucially depend on the fact
that the particle I came from a y*. The factorization and Callan
Symanzik equations are therefore expected to go through in all cases
where such a defined final state is produced in any given initial state
reaction. " Notably in p+p - Hconei-anything also we expect the
factorization. to work. So also in deep inelastic electron scattering.
ptp > Hconei-anything process may be rather interesting, as the leading
particle epxerimental cut, might pick out these contributions selectively
and hence could be the reason for (y/Ho)'vpf at fixed X as these con-
tributions are in fact higher twist we expect (do/dpl)ln'v(llpf) giving

this result.l!
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Thé problem in making a rigorous prediction is to eliminate all the
cut~vertices that would occur in the initial state and hence a clean
prediction seems a little difficult. Therefore, we have not tried to
make explicit calculations.

It is easy to combine these NI's i.e., particles (mesons) that come
out singly with the particles that come in jets. The factorization in
that case is just a combination of the previous cut-vertex for each hard
particle in the jet, and two operators for each meson.

The cross section for efhe » Hconei-anything is small but has a
very distinctive signature and hence it may be possible to observe it.
The signature of these events are one hard pion recoiling against two
"jets'" with a calculable normalization in terms of fH makes these pro-
cesses extremely attractive, and we emphasize that it can be rigorously
controlled. When the meson is a heavy quark state, much more may be

said about the process and it is under investigation.

Acknowledgements

I would like to thank the physicists at SLAC for many conversations.
I also would like to thank Professors S. J. Brodsky, A. Mueller and

A. Duncan -for pointing out various extensions and improvements.



1.

10.

11.

~16-

REFERENCES

C. Callan, Phys. Rev. D2, 1541 (1970); K. Symanzik, Commun. Math.
Phys. 18, 227 (1970) and 23, 49 (1971).

N. Christ, B. Hasslacher and A. Mueller, Phys. Rev. D6, 3543 (1972);
D. J. Gross and F. Wilczek, Phys. Rev. D9, 980 (1974); H. Georgi and
D. Politzer, Phys. Rev. D9, 416 (1974).

R. K. Ellis et al., Nucl. Phys. B152 285 (1979); A. Mueller, Phys.
Rev. D18, 3705 (1978); D. Amati, R. Petronzio and G. Venenziano,
Nucl. Phys. Bl46, 29 (1978); S. Libby and G. Sterman, Phys. Rev. D18,
3252 (1978) and 18, 4737 (1978); S. Gupta and A. Mueller, Phys. Rev.
D20, 118 (1979).

A. Duncan and A. Mueller, Phys. Lett. 93B, 119 (1980); M. Peskin,
Nucl. Phys. B156, 365 (1979); S. Gupta, SLAC-PUB-2653 (1980).

G. P. Lepage and S. J. Brodsky, Phys. Rev. D22, 2157 (1980); SLAC
Summer Institute 133 (1979).

A. Duncan and A. H. Mueller, Phys. Rev. D21, 1636 (1980).

A. Duncan and A. H. Mueller, Phys. Lett. 93B, 119 (1980).

A. Duncan and A. H. Mueller, Phys. Lett. 90B, 159 (1980).

A. Duncan, S. Gupta and A. H. Mueller, Nucl. Phys. Bl75, 148 (1980).
S. J. Brodsky and G. Farrar, Phys. Rev. D11, 1309 (1975).

E. L. Berger, T. Gottschalk and D. Sivers, ANL-HEP-CP-80-59

(August 1980) and ANL-HEP-PR-80-59 (July 1980).



1.

2.

10.

11.

12.

13.

-17-

FIGURE CAPTIONS
Tu(pl’kl’pZ’kZ)'
Dominant momentum flows in Tu(Pl’kl’pZ’kz)'
Nuclear form factor double flow diagrams.
Pion form factor ¢g double flow regime.
Landshoff pinch diagrams in II-II scattering.
Possible Landshoff regime in é++-e_ > 411,

(a) A diagram where a set of pions cannot be separated from the
rest by cutting only gluon lines.
(b) A diagram where a set of pions can be separated from the

rest by cutting only gluon lines.
A typical exclusive semi-inclusive event in e+-Fe_ > Hcone+-anything.
W(Qopysky 2y )
The large momentuﬁ and soft momentum subdivision.
The twist 2 large logarithms in the I form factor.

The exclusive pion large logarithms.

The leading diagrams for eTte » I, pe T a0ything.
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