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ABSTRACT

After introducing appropriate derivatives, the structure of
Schwinger-Dyson equations, currents and Ward-Takahashi identities (in-
cluding the anomalous ones) on a finite lattice is completely clarified.

"A general relation between correlation functions without and with gauge

fixing is given.

Submitted to Physics Letters B

* Work supported in part by the Deutsche Forschungsgemeinschaft and in
part by the Department of Energy, contract DE-AC03-76SF00515.

t On sabbatical leave from Fachbereich Physik, Universitdt Marburg,
D3550 Marburg, Fed. Rep. of Germany.



The recent interest [1-4] in lattice Schwinger-Dyson equations con-
centrated on their relation to string equations. On the other hand, if
suitably and generally derived for gauge theories, they could be a
valuable tool in the nonperturbative analysis. In fact, the numerical
calculations [5] of general features of QCD suggest to exploit the well-
defined framework with a minimum of ingredients, consisting of a finite
lattice with correlation functions defined by integrals [6], for analy-
tical calculations too. An encouraging example within this respect is
the general demonstration [7] of the interconnection between fermion-
degeneracy regularization and axial anomaly.

Fermions have been included in lattice Schwinger-Dyson equations by
Weingarten [3], who interprets the arising contributions in a string
Vpicture. From the present point of view one of these contributions must
correspond to the current related to the equation of motidn. Thus a
detailed derivation can reveal its form. On the other hand, this cur-
rent, as well as other ones, can be derived by transforming the
integration variables, which leads to Ward-Takahashi identities. Thus
there is the opportunity to find the precise forms of the mentioned re-
lations and quantities and to check their consistency. All this is im-—
portant for the envisaged calculations on a finite lattice.

In the case of Ward-Takahashi identities with eliminated currents,
to make contact to usual continuum forms, gauge fixing is to be studied.
This can be done in the present formulation in an unambiguous way.

In the present letter, gauge theory with fermions is considered on a
lattice in four dimensions. To handle the non-Abelian fields, left and

right derivatives are introduced, allowing to exploit the invariance of the



integrations. Then Schwinger-Dyson equations and Ward-Takahashi identi-
fies zincluding the anomalous ones) are derived and seen to get a clear
and workable form. The structure of these relations is richer than, but
close to, that of the respective continuum ones. The currents are found
to be related to links and to have a form which necessarily leads to the
point splitting as introduced in continuum theory long ago [8,91. Finally
a general relation between correlation functions without and with gauge
fixing is given, which shows that the choice of the gauge fixing function
on a lattice needs some care.

The finite lattice to be used has 16 N.N.N.N, sites in 4-dimen-
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sional Euclidean space. Periodicity for ny > n, + ZNA in the numbering
of the variables is imposed as 'boundary condition'". The action is

S=v 2. T (B-R+W_, 4

n',n

v Z Tr(l—UZnU“;

)/ (gaa)? (1
n,o,A

,n+0U0,n+AUAn

where v = a.a,a.a,, P =;Y7\D>\’ R = —1y52>\:w>\ and Mn'n = Sn'nm’ with
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DA and WA given by
D, = (U s - U, s ) / (2a.) 2
An'n ' n'+A,n An n',nt+A A
- T - '
wkn'n = (Ukn'sn'+k,n + UlnGn',n+A Zdn,n)/ (Zax). (3)

R is the fermion-degeneracy regularization of Osterwalder and
Seiler [10], which differs from the one of Wilson [11], W = E: Wys by a
A
factor —iYS. R gives a simpler lattice fermion propagator and enables

these authors to construct a Hilbert space with positive metric. R and



W, or more generally cR and cW, where ¢ is a constant subject to ¢ # O,
all gi;e the same limit. In perturbation theory the crucial point is to
ensure the correct limit for fermion loops. A nonperturbative criterion
is that the triangle anomaly term [12] must arise correctly. This term
turns out [7] to have a form which may be viewed as a generalization of
the representation [8,13] utr(YSGC), in which Gc is the continuum fermion
propagator and u its mass, the role of u now being taken by the regular-
izations indicated above. This mechanism imposes no conditions on the
coupling constant.

In (1) - (3) one further has U, = exp{iB. } with B = E:TQ'B2 and

An An an n An

the normalization Tr(TQTJ) =% § .. 1In the Abelian case the operation
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Tr in (1) is to be replaced by a factor % to conform with usual con-

ventions. To make contact with continuum theory one has..to put

B, = gaAA

An A general correlation function is defined by

P> = fe‘SP/fe‘S , (4)

where f means ff , with [P standing for the Grassmann-variable inte-
Uy

rations II d dy

g L J v a4

An’

and Uf similarly for the invariant integrations

B

over the gauge group.

For fermions left derivatives a/awns are abbreviated by 3i8 and
right derivatives by giB' By using the general property
2P _ f < -
5.2 =0 Qg =0 (5)
b 1

with Q = —e—SP one obtains



sl e 2 ='f—s RN
‘{;e ((anBS)P anBP> 0, we <P(s§n8) (P3n8)> 0, (6)

which by (4) gives Schwinger-Dyson equations. Analogous equations follow
for 335 and gﬁB‘ Since by (1) one has 3385 = —Sgiﬁ’ and because from P
only odd Grassmann elements contribute to the integrals, the second
equation in (6) actually contains nothing new as compared to the first
one.

To obtain similar relations for the gauge field, for a function Q

of the gauge field variables, derivatives with respect to one of these

are introduced by

20 5 2 14 8

Igan? T 1im (Q(---seXP{lT e}U, _,...) - Q(...,Um,...))/e , 7
- .

Bypn = Hn (Q<---,UkneXP{iTle},---> - Q(.-.,Um,...)> /e . (8)

From the invariance of the gauge group integrations, the property

>U _ <1J _
faJLch =0 anzcn =0 )
U U
follows. Inserting Q = —e_SP into (9) one gets

-S( U 32U ) _ A <U
fe ((aWHS)P 8,0n8) = 05 f e <P(samn) - (Pa’mn)) =0, (10
U U '

which by (4) again gives Schwinger-Dyson equations. In contrast to 6),

in (10) the two equations have different content. In fact, evaluating the

derivatives one obtains
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with

jin ='%<anY0UznT£wn+o M an+0Y0T£U0nwn> ’ (13)

gin =’%<@nY5UznT2wn+0 - $n+GY5T2Uann) ? (14)

and with Ein and Fon differing from (13) and (14), respectively, by

fal
gA,n

L
havinng2 on the other side of U_, and of UZn' The ST[u]i = 2Tr<? F

are given by

fal + .
= - 1
# 3x,n (wp(a) mp(ct)) /(21) (15)
where w_ = UJr UT U is the product starting with U at point
n on A,nto o, n+x An An
p(l) = n, and the other mp(a) its cyclic permutations starting from
p(2) =n+ A, p(3) =n+ A+ o0, p(4) =n + 0, i.e., from the other

corners around the plaquette. In the continuuﬁ 1imit:87[§?n/(gaoax) for
all o tends to Fox(x), 3§n and Ein to Jl(x), and Kﬁn and ﬁin (the re-
mainders from R) to zero, and one gets the usual classical gquations.
In the quantum case the limit needs some care, as can be seen, for
example, in the context of the anomaly [71.

The products of gauge field factors around plaquettes in Sgons and

<U
sazcn have the link from n to n + o in common and start from n + ¢ and n,

respectively. Thus (10) can be immediately specialized to a Wilson loop



by choosing P = 2Tr(T2Ln+0) and P = 2Tr(T2Ln), respectively, where Ln is
a product of gauge field factors along a closed loop with starting point
n. Then summing (10) over all &, deformations of the loop show up in

terms as, for example,

41, . [43
:;: F o r () = 2Tr<QTOA’nLn+U> . (16)

Further special cases are readily obtained by appropriate choices of P
in (6) and (10). 1In additiomn to (6) and (10), Schwinger-Dyson equations
involving repeated application of the derivatives can straightforwardly
be derived.

In the Abelian case, where jﬂbecomes simply I] ./. B An , the

n,A -m
derivatives BU and a in (9) and (10) are replaced by 3/3B__, and omne
Lon on on

“has to be aware of the requirement P(B) = P(B + 2m). Instead of (11) and
] 2 .
(12) now-—-——;~ E: (sinf oA Slnfok,n—l)/(gacak) - (Jon Jon)/ao
= - - J d j ar
occurs, where fok,n BOn + B A, ko Bc,n+k Bln’ and on an Jcn e
2
of form (13) and (14), respectively, with T replaced by 1.
Next, by deriving Ward-Takahashi identities, currents are obtained
in a more general way. First the transformation of variables
- - ¥ f [ ) -5
' =y LI : = . } . .
wn nwn, wn ann with Vn expllzg'r o is performed 1n‘].e IP, in
which for later convenience a factor I, invariant under the transforma-
. . \ , 2V <V .
tion, is included. Now derivatives an and BZn are introduced, which are
L,
related to V_ and o in the same way as (7) and (8) are to U, and B2 .
n n An An
. +V -5
Then, by applying an to.f; IP, one gets

J;'e_SI(P(SSZn) - (@5, )) = o. (17)

By calculating the derivatives (the usual chain rules for Grassmann



variables extend to gzn), and then going back to the variables wn, En,

(17) gets the form

>4
f I[})(Z< JA Y Z(an 32\ ,n- Ve )

v

(18)
1 2 oy (gt o o 30
-1 Z; ((anBP)(T b+ Gh 3 )] 0.

With (18) one has the Ward-Takahashi identities for the currents intro-
. . 2V, <V , L
duced before (proceeding with an instead of Szn leads to (18) with T
A
replaced by ViT'Vn, i.e., to nothing new).
The corresponding relations for the singlet current follow by using
s | Q- . ol = - = . .
the transformation wn exp{lan}wn, wn wnexp{ 1an}, in which case one
has (17) with B/Ban instead of szn and gets (18) with T2 replaced by 1,
, s . 2
for Jon and JOn given by (13) and (14) without T .

The identities for the axial currents are similarly obtained. The

transformation Wé = exp{iy5 %; Tlai}wn’ @; = @nexp{iys %; Tzai}, leads to

[ (S E- e - mais,) a9

v

i g L i L +@ L _
Ty EE: <(an'BP)(6n'nY5T 11)171)8 (wnYST 6nn')g %NBP>} + Xn 0,

where

258 _ 1 T o2 = 2
Tam = 20500 Yo * P YsT Uy v) (20)

and ?ii as (20) with T2 on the other side of U:n and of UAn' Now the term

L . -S - ) - L
Xn B l_[we IP; (lbn'Rn'nYST IPn + lpnYST Rnn'wn') 2D



occurs, which contains the full R and therefore requires special care in
the c¢Shtinuum limit {73, By using (6) with Pwn and Pﬁn inserted for P

there and defining G = (P - R + M)_l, (21) can be cast into the form

= - itr(y ™ (GR + RG) >[e'SIP (22)
v 5 nn

n Jy

i -S 2 2 - L > )

—_ P —

Vfwe I nZg((an.B ) (@R vsT ), - B v Re) ), B, P
where tr refers to y-matrices as well as to internal symmetry indices
(while Tr applies only to the latter ones). Now (19) with (22) gives the
Ward-Takahashi identities. Combining the terms with derivatives of P

1 1 .

from (19) and (22), V(Gn'n + (GR)n,n) and v(dnn, + (RG)nn') occur which
can be shown [7] to give, as well as-%én,n alone, Sa(x' - x) in the con-
tinuum limit. For the trace term, adapting the demonstration for the
singlet axial current [7], it follows that

2
1 L & _ L *
Vtr<Y5T (GR + RG)nn) > . TeT %\; NCOLINC) (23)

in the continuum limit. The r.h.s. of (23) is the usual continuum
result [147.

For the singlet axial current the transformation w; = exp{ianys}wn,
Eé = @nexp{ianys} is to be used, and one gets (19) with (22) where T2 is
replaced by 1, for Jin given by (20) without TZ. In (23) TQ no longer
occurs, and in the limit one has the Adler-Bell-Jackiw anomaly term [121].

The currents which have been obtained here on the basis of (1)-(3)
are obviously related to the links of the lattice as the gauge fields

are. Thus their nonlocality does not exceed the one already present due
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to the gauge fields. On the other hand, it has been known for a long
time [8,9] that point-splitting forms of the currents are able to re-
solve some troublesome points in continuum theory. Therefore it appears
rather satisfactory that the present lattice formulation provides such
forms automatically. It seems then interesting to study, for example,
current commutators along these lines; the details thereof, however, at
the moment remain to be worked out.

Coming back to the transformation Vn it is to be noted that instead
of the fermion variables one may transform the gauge field ones as
Uin = Vn+AUAnVZ’ which gives a relation of form (17) with./: replaced by

. . <V <U U ,
J;', This can be evaluated by using Qaln_— 2; <Q82kn 32A,n—XQ) which

leads to

-S ST 34 A A
j;e I[P('; Un “’;\,n-x)/ax“Lz)\: Gin Jx,n—x)/ax>

1 «U U
- = - =0 (24
v ; P9 an 32A,n—}\P):| . (24)
. ('] _ __[ol Vo
Hereby it has been used that 3rck,n = - Jrlc,n for a' = a 1, for
a' =0 =3, and for a' = 2, a = 4.

The combined transformation of wn’ @n and U under V , i.e., the
n

An
gauge transformation, gives the Ward-Takahashi identities with eliminated
currents

-5 (1 <U 2U
fe I[ Z (Palkn_ aﬂ,k,n—)\P)

Vo

i 2y 2 — 4 20 ~
+3 § ((BHBP) (T ‘bn)s + (I,I)nT )BanBP):l = 0. (25)
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To make contact to its usual continuum forms [15] gauge fixing is to be
introduced.

The lattice counterpart of the usual gauge fixing procedure [16] can
be derived in a general and well-defined way. Denoting the group inte-
grations over the transformations by_l;, for a given gauge fixing func-
tion / the invariant function ¢ is defined by ¢(U21;/7U') = 1, from which

it follows thath e_S =J;I e—sq)j‘;/}(U') =‘£Le—s¢/(U). Then correlation

functions with gauge fixing are defined by

-S -S
@, =fFoppif oy (26)
-S -5
C i btai = =
onversely one obtains <P>/,, j‘;fe ofP /_/‘;fe o f

er-sgja,/(U')P(U',w',m')/J”e—S, i.e., the general relation between corre-
\Y

lation functions with and without gauge fixing

®>, = <f LUHRW LI/ LT . (27)
}f v \
According to (27) the effect of gauge fixing is to provide by £ suitable
factors for P, such that gauge-invariant terms arise which lead to non-~
trivial correlation functions.
Now, choosing I = ¢ and replacing P by /P in (25) by (26) gives the

Ward-Takahashi identities with gauge fixing

</—l% Z(((/P)Sg)\n - _g[l]}\,n—}\(/l))>>/

A
i ] L N A B
+ < ZB:((%IIBP) (T wn)s + (q;nT )BanBP)}’ =0 . (28)

It is, however, to be noted that according to (27) ;f is to be chosen

with care. To illustrate this, the Abelian case with P = wn'B'En"B" may be
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considered, where the first term in (28) becomes

L E(azn/ dnf

11) 4 lq) t1pre
3B an,n-x) 8 811

gence of the fermion-untruncated vertex function). Then looking for the

(which corresponds to the diver-

lattice analogue of exp-{— ——1fh Z:(a A ) } it is seen that the naive

choice [17] / = [J exp{— (2ag ) 1sm ( 2: (an - X n—k)>:} , because of

its prescribed combinations of the B does not allow to form gauge-

an’
invariant combinations as are necessary by (27) to avoid identically
vanishing correlation functions. A choice with the same continuum
limit, giving suitable contributions in (27), is

) + 2: sinB ! sinB

/= exp{—(Zagz)_l( E: 4(1—cosBA \
n,A n n', 2,0,

x ((1"GX'A)(6n'n * 6n',n—k’+k) - Zdn"“+k))} .
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