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ABSTRACT
An exact derivation of the anomalous Ward-Takahashi
identities on a finite lattice is given. It is shown in a
general way that the contribution from the-fermioanegeneracy
regularization in the limit leads to the continuum form of
the anomaly term. Thus the interconnection is established

independently of perturbation theory.
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I. INTRODUCTION AND SUMMARY

For the nonperturbative analysis of gauge fields, the introduction
of a lattice! turned out to be most promising. A better understanding
of the fermion-degeneracy problem,z"5 however, is important for the
inclusion of fermions in the numerical calculations® of fundamental
features of QCD, and a prerequisite for the extension of lattice methods
to electro-weak theories. The latter is desirable because dynamical
symmetry breaking,7 as an alternative to the difficulties with elementary
scalars,8 basically requires nonperturbative methods. Recently Karsten
and Smit9*10 ghowed in weak-coupling perturbation theory at the one~loop
level that Wilson’s fermion-degeneracy regularization? gives rise to the
triangle anomaly.11 This suggests to investigate if such an interconnec-
tion can be established independently of perturbation theory, which would
be a step forward with respect to the nonperturbative analysis.

In the present paper I give an exact derivation of the anomalous
Ward-Takahashi identities on a finite lattice. Then I show in a gemeral
way that the contribution from Wilson’s degeneracy regularization2 in the
limit leads to the continuum form of the anomaly term. Further I point
out that the alternative regularization of Osterwalder and Seiler® gives
the same limit. The interconnection of interest is thus established
independently of perturbation theory.

The crucial property of degeneracy regularizations so far was to
ensure the correct limit for fermion loops in perturbation theory.

A nonperturbative criterion is now that they must give the anomaly term

correctly.
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The limit of the exact identity derived here can be considered as
the proPer definition of the corresponding path integral relations in
continuum theory. Then one has a well-defined formulation with a
Ys-invariant measure of the integrals, the anomaly arising from the
degeneracy regularization. This appears to be more satisfactory than
the alternative approach of Fujikawa'? who starts from an ili-defined
theory and then regulates the measure to get the desired result.

The anomaly term in the following emerges in a form which may be
viewed as a generalization of the representation u tr(YSGC) of Schwinger13

and of Brown, Carlitz and Lee, "

in which GC is the continuum fermion
propagator and p its mass. The role of u is in the present context
taken by the degeneracy regularizationm.

In Section II, after defining the formulation, the anomalous

Ward-Takahashi identities are derived. Section III is devoted to

the investigation of the continuum limit.

IT. ANOMALOUS WARD-TAKAHASHI IDENTITIES

The finite lattice to be used here has 4 = 16 N1N2N3N4 sites in
4-dimensional Euclidean space. Periodicity for n, >0, + ZNA in the

numbering of the variables is imposed as "boundary condition". The

action is

S =v :Z: by (P - M) v Yyt Se ‘ (2.1)
',n

where SG is the pure gauge field part, v = aa,a3a, and Mn.nf=m6n,n.

B = EZA Y,D, and W = E:A W, are given by

+
Dkn'n - (UAn'én'+A,n - Uknan',n+k> // (ZaA) ’ (2.2)
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wAn'n - (Ukn‘dn'+A,n + Uknsn',n+x 26n'n>//(zak) ’ (2.3)

)

= . . _ LL . .
where UAn—-exp{lgaxAAn}, with Akn-_ E:Z T A>\n in the nonAbelian case.
W in (2.1) is the degeneracy regularization term introduced by
Wilson? to overcome the problems related to the doubling of the fermion

spectrum on the lattice. In particular, it guarantees the correct
continuum limit of perturbation theory. Classically W vanishes in the
limit. Osterwalder and Seiler® use R = —iy5W instead of W, which enables
them to construct a Hilbert space with positive metric.
; . . -S -S

A general correlation function has the form fe Q /fe , Where f

means foW’ with fw standing for the Grassmann-variable integrations
d dy and similarly for the i iant integrations over
17n,8 f wnB wnB n IU m v e invariant integra
the gauge group. The appropriate gauge fixing factors are to be included
in Q to have correspondence to usual continuum forms. In the following
-5
it suffices to consider fwe P, which can be obviously supplemented to
-S -

fe Q /fe S at any stage. A simple example for a choice of P is
wnlslwns'

1
After the transformation to variables b, = exp {iunys}wn and

, . =S .
=¥ exp {1anY5} 1nwfwe P, it follows that

S e—SP=[e-S<_8_S_P__a_P_>=O W
d0. ' ' Jo 3o
n Y n n

Performing the derivatives, and then going back to the variables wn’ﬁn’

(2.4) can readily be cast into the form

-S 5 5 - 1 oP .
/e [(Z (Jkn— J)\,n—}\ >/a>\- 2mwnlY5¢n>P ty Z <— W g Gn'nlYSwn)B
A

¥ n',B

- . 5P _
N (wnlYSGnn')B 8&5'6>} t X, T 0 ’ (2.5)



where left derivatives with respect to the Grassmann variables are

understood and the abbreviations

1 -, § .
5 =7 (BainavsUnbnm t Pon i 500 ) (2.6)

_ ~S -,
Xn B Je Z (wn An nlYSwn+¢n1Y5w>\nn'wn')P » (2.7)
Y

n',A

have been introduced. To proceed furthér, by exploiting the general

property fwa/awng Q=0 of fw for the case Q= e—swn'B'P’ the relation

] .d’) 'Blw "B" P(m W+M)nl'8|ln6
s B"

1 s, 1 f.-s 3P
SR N fe p-1 fe borgr B (2.8)
v - mb

is derived. It is to be noted that from P only even Grassmann elements

contribute to the integrals in (2.8). With G = (E-W%—M)_l one obtains

from (2.8)
- - _ 1 -3
je wann'B‘P = -3 GH'B'nB fe P
Y [
1 -5 9P
v 2 [ w Savgragtare o Y
n'B
Il",B" w

It is understood here that G—1 either has no zero modes or that they
are appropriately handled to keep G well-defined. Using (2.9) and an

analogous relation involving B/BEnB, (2.7) can be written
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- _ i -5
X =-3 tr<y5v(GW+WG)nn) fe P
P

-,

(2.10)
- s 1 3P : 7 i =
' [we v n'z,:ﬁ <_ Worg «Gw)n'“”-”w“)s * (atrs() ') B 3$n'8>

where tr refers to Y-matrices as well as to internal symmetry indices,
while Tr (to be used below) applies only to the latter.

Now (2.5) combined with (2.10) gives the exact anomalous Ward-
Takahashi identities on the finite lattice. The current (2.6) is
associated to the link from n to n+X, thus having a structure remin-
iscent of the pointsplitting forms of continuum theory.13’15

III. CONTINUUM LIMIT

From (2.5) with (2.10) it becomes obvious that the usual continuum

result is obtained if in the limit

2

1 -

- tr(YS (Gw + wc)nn) > - Tr Z IRVE N COR S COTN (3.1)
UVAp

L <5n,n + (Gw)n,n> >t - x) . (3.2)
This will be shown in the following.
For the evaluation of the 1l.h.s. of (3.1), the expansion
G= (P+W-M(G-$VE+9GVEVY +...) | (3.3)
with ¥ = (DZ— (W—M)z)—1 and V= ¢ + T is used, where

L= (i/2) ZA‘,A 0,1, [Dy15Dy ) and T = ZA,,A ¥y 1[0, 4, 1 with
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[PatP3)nn = - 18 (s barsarenn * B niadarsian (3.4)

I1I v
S
+ FK'A,n'-)\' n'—l'+)\,n + FA’A,n'—}\'—)\Gn'—X'—A,n)/4

and [DA"wkjn'n differing from (3.4) only by having minus signs in front

of FII and FIV. In (3.4) one has

]

")

I t ot t
F (anux’ , - Uy

+ .
'nUX,n+>\'> / (1g2y12,)

-

T [+ + )
Fytam (UA',n+)\U>\,n+)\' anUx'n>/(lga>\'a>\)

(3.5)

ITI + T
F = - ‘e

ATA,n (U)\'nU)\n Uy, ot Uar ,n+}\)/ (1g"}‘x'ax) ’

1V

= -1 .

Fran (U)\,n-i-)\'U)\'n [)\',n+,>\U)m)/(lgaA'a)\) ¥

I v . . .

The F© -~ F are related to the four plaquettes having the point n in

common, and in the limit all give FA,X(X). In the strict mathematical
sense it is to be assumed that either (3.3) converges or that the férmal
expansion already suffices for the present purpose. When inserting (3.3)
into (3.1) only terms of third and higher order in % contribute. If
the higher order ones as well as those with T vanish in the limit, as
will turn out later, the relevant contribution to tr(YS(Gw)nn) is

Tr g;p € oo ((W~M) Q[DU,D\)} Q[DA,DD] syw)nn . (3.6)

Now, commuting [DA"DA] with € as well as replacing ¥ by QO without
gauge fields amounts to omitting higher orders. Similarly, the commuta-

tion with W and the replacement of W by WO corresponds to the omission
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of terms, which will be seen to vanish in the limit.  Thus

-

([Du’Dv](wO— M) QSWO [DA’DQ])nn (3.7)

may be considered instead of the matrix element in (3.6).

Inserting (3.4) into (3.7) one gets sixteen terms; for example,

2.1 3 11
8 FUV,H((WO - M) €§O w0>n+u+v,n—)\+pF}\p’n_p /]‘6 . (3.8)

1
e

By using the transformation 4 exp {-wi sz rknA/NX}’ for the matrix

element in (3.8) the representation
3 _ -1
(=) 9390 Jutrv,aite = * ' 3 4O 3.9)
T

is obtained, where for later convenience the abbreviation

r r r

_ (w—o=-m)(w-a) . u v A rD)

F (o) = - — exp{imT{== + — + = - —17,(3.10)

r <§ : Si 4 (w_ o - m)2>3 % <N]J N\) N>\ Np
A

with sy = sin(ﬂrx/NA)/aA and w = E:A(éos(ﬂrA/Nx)—l)/ax, has been intro-
duced. So far the summation over Ty in (3.9) is from —NA+'14-nA to

Nx+-nk, where Ny is some integer. By an appropriate choice of Ny and a
shift of the summation indices in one half of the intervals by NA’
E:r can be replaced by 2:; for which the summations are restricted to

- < s gi
NA/Z <r, 2 NA/Z' This gives

Z F.(0) = Z' (Jr(o)- Z yr(mk)+ Z tqr(m)\,+mx)
r r A A'>A '
(3.11)

> Fo(Mntmys Py ) yr(m1+m2+m3+m4)> ,
A||>>\'>>\

i
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1
where m, = 2cos(nrA/NA)/ax. The crucial point is now that for 2:r’ in

which kfc:“rx/(aANx) and s, = sin(kkax)/ax are uniquely related, the

1
continuum limit can safely be obtained. Thereby (e_/l’v)_1 z:r J@(O)
vanishes while for the seven positive and eight negative contributions

to (3.11) with J@ depending on the m,, for N, > = and a, small,

2’ A
_ '
(A V) L z:r . tends versus

(20 ) fd‘*k a2<k2+oc2)—3 , (3.12)
where o is a constant of order l/ax. Since the integral (3.12) independ-
ently of o equals (32n2)_1, this gives the limit. A further consequence
of the a-independence of (3.12) is that a replacement of W by cW in (2.1),
where ¢ is a finite constant, does not change the result. Because with
a denominator (k2 + a2)3+v the integral is proportional to l/azv, the
higher orders vanish indeed. The TI'-terms involviﬁg [Dx.,ﬁxj, those with
[wc’[DA"DA]] arising from the interchange, and the ones with W-—WO from
omitting gauge fields do not contribute because (due to forming commuta-
tors respectively a difference) they have one driving factor less in the

numerator.

It can now be seen that the matrix elements of (WO— M) ‘58 WO of the

sixteen terms in (3.7) all become (32ﬂ2)—1, and thus with (3.6) one gets

in fact (3.1). One has, however, to realize that Fuv(x) and ka(x) arise
as the limits of (FI +-FII 4—FIII 4-FIV )/4 and

UV,0 UV,n=V  HV,0-U pv,n-u=v
( I 11 +plIl v

Ao m=d-p T Fag,n-A" TAp,n-p ' "Ap,n

)/4, respectively (with X, = axnx).

While for classical gauge fields the interpretation of these limits would
be the naive one, in the full quantum case one has to note that the

v
FI— F are functions of the gauge variables.
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To show (3.2) one proceeds similarly as for (3.1). The Z.h.s. of

(3.2),A3mitting gauge fields, can be represented as

(wv)—l zr: exp{ﬂi '; r, fl.%__ﬁr.;_&}[u ggr(l,O)] , (3.13)

where

C}: thwa'+w—a—m>(w—a)
%(hs ) = - >\' ’
r i zz: si + (w—-a-—m)z

A

(3.14)

with h defined such that hk= +1 in an appropriate Way. When turning
1
over to E:r, in addition to [1+—J¢;(1,0)] terms of type

(™A A [0V ,m, 1}, (_1)n>\-n>\+n0_

n "
0{1+—JQ;Lh(A,o),mX+-mG]}, etc.,
occur. In the limit the 1 of the first term gives 64(x'-—x) in Fourier
representation, while J%;(l,O) vanishes. The other terms; because of
ni—nx
-1 = exp {i(ﬂ/ak)(xi-xx)} are oscillated away (also without the
Jf}). In addition, the .#,. depending on the mx tend to -1. The terms
arising from the omission of gauge fields are seen to vanish a fortiori.
Finally the alternative regularization of Osterwalder and Seiler is
considered, which is obtained by replacing W by R = ‘iY5W- The only

essential change in the presented derivation is that instead of (3.3)

the expansion
G = (B-R-M) (Gp- GVs Gp+ GV GV Gp + -+ ) ' (3.15)

with %Q==(D2+-R2—-M2)-l and V5= L - iYSF is to be used. From (3.15) one

then obtains

R'5 "R'5 "R

which shows that one gets the same limit as before.

tr (YBGR) = tr(ys(w—-R—M)(@ V.9 V. 9, + ...)R) , (3.16)
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