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ABSTRACT

The operator product expansion, of appropriate products of quark
fields, is used to find the anomalous dimensions which control the short
distance behavior of hadronic wave functions. This behavior in turn
controls the high QZ limit of hadronic form factors. In particular, we
relate each anomaloué dimension of the non-singlet structure functions
to a corresponding logarithmic correction factor to the nominal OLS(QZ)/Q2
fall off of meson form factors. Unlike the case of deep inelastic
lepton-hadron scattering, the operator product necessary here involves

extra terms which do not contribute to forward matrix elements.
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In this paper we shall show how the operator product expansion
links_together two critical testing grounds of quantum chromodynamics
(QCD): the evolution of the moments of the deep inelastic structure
functions and the short distance structure of the hadronic wave functions
which appear in large momentum transfer exclusive reactions. In parti-
cular, we shall be able to relate the anomalous dimension Yq of the n-th
non—-singlet operator that appears in the description of deep inelastic
lepton-hadron scattering to a corresponding logarithmic correction

-y /28
factor (4n Q2/A2) n 1

that multiplies the nominal aS(Qz)/Q2 fall off
of (helicity zero) meson form factors. In fact, each anomalous dimension
is associated with a specific Gegenbauer moment of the lowest qq Fock
state component of the meson wave function (q stands for quark, g for
anti-quark). Here 81 is defined by B(g) = —Blg3 + O(gs), and Yngz is

the anomalous dimension of the n—-th non-singlet operatof appearing in the
expansion of two currents (in the leading contribution to forward matrix
elements). A is the renormalization group invariant scale, and

o Q%) = 1/[4m8,10g(Q%/A%)] with 8, = (1/16n%)(11-2/3n.) (n is the

number of quark flavors).

The general result in QCD for the electromagnetic form factors

of hadrons at large momentum transfer is (Q2==—q2==—t) [1,2,3,4]
- ~ 2
a_(QH R 2 i/ 281 2
F(Q2) = —§~5—— EZ: ay n 9§> 1 + O<%S(Q2),-E§>
Q k=0 A Q

(1)

where n=2 and 3 for mesons and baryons, respectively. For mesons, the

~

Y, are equal to the Yy that appear in the moments of the non-singlet
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structure functions. The quantity m2/Q2 represents mass effects (target
mass, transverse motion, etc.). This result holds for all elastic and
transition form factors where the constituents have zero orbital angular
momentum along the hadrons' direction of motion, and the hadronic helicity
is conserved and less than one (zero for mesons, one half for baryons);
otherwise the form factor is suppressed by additional powers of Q2 (with
new powers of 2&n Q2/A2). For mesons, the leading k=0 term in eq. (1)
has 7O==yo==0 and is normalized to the M + %% electromagnetic or weak
decay amplitudes (n+5+u+v for ﬂ+ form factor [5] and po-+e+e_ for p+
form factor). In the case of baryons the leading k=0 terms have ;0 =
(1/16ﬂ2)(4/3), and the ratios of the asymptotic form factors are given
by the SU(3) of color and the flavor group symmetry.

Following Ref. [lj, we can write the hadronic form factor to leading

order in aS(Qz) as (see fig. 1):

1 1
F(Q%) =f£dx1ftdy1 ¢ (507 Ty(xy,,,00) 6(y;,Q) (2)
0 0

where X, = (koﬁ—k3)i/(p04-p3) is the longitudinal (light-cone) momentum

fraction carried by the i-th constituent and [dx] = dxl...dxn6<l— 2: x£>
i=1
Equation (2) is obtained in the standard light-cone frame where the
+

incident hadron and virtual photon momenta are (p“==p0:tp3)

u + - > + m2 >

o= (pypp) = (p ,E,OJ

+ - > 2D
" = (q,4,q) = (O,—%ﬂﬁ)
1 P L

with q° = —92 = —Q2.
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The hard scattering amplitude T, is defined as the amplitude for

H

the form factor where each hadron is replaced by collinear valence quarks.

s

The dominant momentum transfer occurs in TH’ and to leading order in
as(Qz) it has the form [1,2] (fig. 1)

n-1

ag @)
TH = T f(Xi,yi) (3)

The "quark distribution amplitude" ¢(x ,Q ) in eq. (2) is the amplitude

for finding n-valence quarks which are collinear up to the scale Q2:

nYF/ZBl . . .
6(x;,0)) = <1og 2) fﬂ 506 @22 s D TED ) 1D

(4)
where W(xi,ﬁfl)) is the positive energy projection of the Bethe-Salpeter

wave function on the null plane,

(1))

¥ (xg oK F.T.[(O | T¥(21)¥(z,) |M>] + 4 (5)

217 %

vk )~ B[O W Due) ey (D] L L ®
Z1=22=Z3

(F.T. stands for Fourier transform (see eq. (l4)) and ¢ are the quark
fields). The factor (log QZ/I\?')—HY]'?/281 in eq. (4) is due to the vertex
and propagator corrections to TH (see fig. 1); both Ty and ¢(Xi,Q2) have
zero anomalous dimensions because this factor is included here rather than
in eq. (3). Note that in general Yps the anomalous dimension of the
quark field, is gauge dependent. In the analysis presented here we

+
shall work in the light-cone gauge [6] A =n+A=0, although the final

results are gauge-invariant.
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For mesons the behavior of ¢(xi,Q2) at fixed X, as QZ-+oo is

. —- 2
dominated by the behavior of the operator Ty(z)¥(0) for zz=-z"=

1
O(l/Qz) + 0. This light-cone region can be studied using the usual
operator product expansion. Despite the fact that ¥ (z)¥y(0) is not
itself gauge-invariant, it is interesting that only gauge-invariant
operators actually contribute to the matrix element in (5) evaluated

in light-cone gauge. To see this, ignore external derivatives for the

moment and note that TY(z)¥(0) has an operator product expansion of the

form

. ~ 2 . u]_ H _ PEEY <y
TYP(z)p(0) ~ :z:cn(z - ig) F(i) zZ ...Z n<wF .\D ...Dunw)

n

~ 2 . Ul Un vl Vi
+ j{: cnm(z - ig) F(i) zZ ...z zZ T...Z
n,m
(m#0)
-~ - >
x ("’r(i)Dul”'Dun A\,l...Avmw> + ... (7

where the F(i) are the 16 Dirac matrices. In general Enmaéo since
P(z)P(0) is not gauge-invariant. However, for the matrix element

<0| Ty(z)P(0) | 7> each operator Av always leads to a factor of n,

(pﬂv and n, are the only available 4-vectors, and A*¥=O rules out

Py since pzaéo). Since n -z==z+==0, no operator which explicitly
contains Av can contribute to the meson wave function (5). .This

leaves only the standard operators ﬁIfBLl...<ELn (and their external
derivatives, as discussed below) in the operator product expansion.

It is also for this reason that only the qq wave function is required in

eq. (2) for the leading power behavior.



In general the functions f(xi,yi) in T,, are singular at the end-

H
points of the X and i integrations. If the wave functions ¢(xi,Q2)
were constant, then the integration in eq. (2) would diverge logarithmi-
cally for the meson form factor. However, the hermiticity of the
kinetic energy operator Z:[(kf-sz)/x]i for a composite state guarantees
i

that ¢(Xi,A2) ~ (l—xi)E with ¢ >0 as xi-+1 for any Az. This ensures that
the meson form factor in QCD is not dominated by the endpoint (large
distance) region of the X, integration, and that the short distance
domain of the operator Yy controls its asymptotic behavior [7]. Further,
the compositeness condition ensures the existence of the evolution
equations derived in ref. 1 and the convergence of the polynomial
expansions for ¢M(xi,Q2) as in eq. (20).

It is important to observe that the large Q2 behavior of the non-
singlet structure function moments is controlled by the éame singularities
which appear in eq. (7) for helicity zero mesons. Indeed, aside from

flavor factors, the same operators @(n) dominate the operate expansions

of y(z/2)¢(-2/2) and Ju(z/Z)Jv(—z/Z):

- ~ 2 . (1) CTRRRL M’
V(z/2)Y(~z/2) ~ ;cn(z - 1820) ng“nra zal. . .zam@(n) (1) (8)
and
cn(zz—iezo) (1) g Ope--0y0
Ju(z/Z)Jv(—ZAQ) ~ };: Pieny? I;g:hruvuszal...zamz Oy (1)
0 >
(9
where
. Y i=1
p(H @ (10)
a
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(1) gvagus nggua guvgas
T

HVoB = c (1)
uvaf

-

and [8]

n
Gpre-Op® U+l Om - a4 < <>
0(n)(i) B Eg% 4k eed 0 (0) P(i) Dal...Dak v(0) . (12)

Only Féz) is relevant for the pseudoscalar meson wave function, and only

P;l) contributes to the helicity-zero vector mesons wave function. The

anomalous dimensions of @ and 0 are the same. The overall
(n) (1) (n) (2)

factor of (l/zz)2 in eq. (9) is due to the canonical dimension of Jqu;

as defined here, both cy and Zn have zero canonical dimensions.

The distinguishing characteristic between the moment and wave
function analyses is just the difference between forward and non-forward
matrix elements, respectively. For the moments, the fo;ward matrix
element <p| Jqul p> has contributions only from terms having no external
derivatives (i.e., one term for each n with m=n=k). In contrast the

wave function receives contributions from all terms in eq. (12). TFourier

transforming eq. (8) we obtain the distribution amplitude [eq. (4)]

<]

2 —Yn/281
6Gi0D) = 2o a o Gxp) <m %) (13)

n=0

Since ¢(xi,Q2) was defined to have no overall anomalous dimension, the
Y, appearing here are just the anomalous dimensions of the operator @(n)’
i.e., precisely the anamolous dimensions controlling the moments of the
Q]+ s QO

non-singlet structure function, where <p lﬁ(n)(l) | PO o«

- o o
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The functional dependence on X, in eq. (13) reflects the fact that
the q Epd q do not have the same light-cone momentum fractions in the

non-forward matrix element. Explicitly (x = xl-xz)

2
v o (x, E )

> >
d -ik - -
f Zy o lk.l. zlfdz_ e(i/2)xz p+
M 71’71 161r3

0| T $(-2/2) pTr7u(2/2) | p>|

X

zt=0
) - (i/2)xz7pT, 4 _
- 2@ 2 amnfdz e (H/DXER (o (14)
n mzan
where
n
a = j{: d b
mn k=0 mnk k
and bk is the normalization factor in
-~ (i) <= <~ _
<0 |%(0) T, Dal...Dukw(O)|p> = BPg Py Py - (19)

The large kl behavior of the (gauge-dependent) Bethe-Salpeter equation

is then given by eq. (l4) where

o (gz) ﬁz -(Yn - 2Yg) /2By
s (&, < 16

1

® T35 {&n
n 1 k2
1

AZ

To one-loop order the conformal invariance of the theory at short
distance is broken only in the singular functions En and not in the
coefficients a . of eq. (l4). Thus in leading order these coefficients
can be determined using conformal invariance and are independent of the

details of the theory. In particular, we can use the following result

derived in refs. 9 and 10 for scalar field theory:



[s2]

1
s + - P S
:E: amn(p+z-)m = (pTz)" e (i/2p Z~/~du [u(l—u)]n+1 e P F

nTn 0
a7n
Combining eqs. (14) and (17), we get
vt~ Ya T @) 2 )t (18)
XK n Sn L n X ‘
n ox
Here
" 2. n+l 2, 3/2
“— (1-x9)" (1-x%) ¢/ “(n) (19)
At n

3/

where the Cn 2(x) are the Gegenbauer polynomials. The distribution

amplitude of egs. (4) and (13) is thus

o\~ Yn/281
> (20)

CbM(xi,Qz) = X%, ; a, Cf;/z(xl - XZ) <Sln ?\E

in agreement with the evolution equation derivation given in ref. [1].
The coefficients a in eq. (20) are the matrix elements of the
local operators appearing in eq. (15). In particular the coefficient ag

of the leading term (n=0) for pions is proportional to

<0 1@(0)YUY5(T+/2)¢(0) | > = fﬂpu, where f is determined by the decay
rate for m->ypv. Thus the leading term is completely normalized [5].
Similarly, the decay po-+21 can be used to normalize the asymptotic
distribution ampliiude and form factor for helicity-zero p-mesons [11].
For the transverse p, the local operators are built on the spin-flip
operator @caB(T+/2)w in analogy to eq. (12). Since the anomalous A
dimension of @can is ZQF where QF = CF/16n2, the factor (&n QZ/AZ)—YF/Bl

will appear in the asymptotic form factor. More significantly, the
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corresponding hard scattering amplitude T, vanishes with an extra power

H
of m/Q _because of the necessity for helicity-flip.

The asymptotic behavior of the baryon form factors can similarly
be calculated in terms éf the anomalous dimensions of towers of operators
based on three quark operators [12]. Again, asymptotically it is the
operator with the least number of derivatives which has the lowest
anomalous dimension. In this case it is §F/81 for the helicity 1/2 and
3§F/Bi for the helicity 3/2 baryons. Notice, however, that the integra-
tions over the light~cone momentum fractions in eq. (2) would diverge
linearly if the wave function were replaced by a constant. Since compo-
siteness only insures that d)(xi)'v(l—xi)€ as xi—*l for € >0, endpoint
singularities are possible, and the proof of the short distance dominance
of the nucleon form factor is more subtle. However, as shown in ref. [1],
each leading twist contribution to the operator product éxpansion for
PPy leads to a contribution to ¢B(xi,Q2) which is of the form X X)Xy
times a polynomial. The sum of such terms is convergent and yields a

- 2
2-6(Q%) where 6(Q2)

wave function ¢B(xi,Q2) which vanishes as (1—xi)
vanishes monotonically as Q2-+w [13]. Thus the region of finite X,
yields a contribution to the form factor which is dominated by the
short distance domain. There remains the potentially dangerous region
where some of the x, are infinitesimally small, e.g., XoyXq 0(m/Q).

A detailed analysis shows that this kinematic region is supﬁressed by
at least two powers of us(Qz). Such contributions correspond to quasi-

on-shell quark scattering with k2 ~ 0(mQ) and are further suppressed

by a Sudakov-type form factor at the photon-quark vertex [14].
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Thus the baryon form factor in QCD, like the meson form factor,
%s noE\dominated by the endpoint region in the X, integration, and the
short distance structure of the operator products controls the asymptotic
behavior.

In this letter we have shown that the results obtained previously
[1] for the form factors of hadrons, can be quite naturally understood
in terms of the operator product expansion. In particular, we see that
the exponents which appear in eq. (1), which originally were obtained

by solving the bound state equations explicitly, are just the anomalous

dimensions of familiar operators.

ACKNOWLEDGEMENTS

We would like to thank D. A. Ross, T. M. Yan, K. Wilson, and

F. Zachariasen for useful discussions.



[l3

£2]

£33

(4]

5]

~12-

REFERENCES

@ P. Lepage and S. J. Brodsky, Phys. Lett. 87B (1979) 359, and
Phys. Rev. Lett. 43 (1979) 545. See also S. J. Brodsky and

G. P. Lepage, SLAC-PUB-2294, published in "Quantum Chromodynamics,"
Proceedings of the 1978 La Jolla Summer Workshdp on QCD, Wm. Frazer
and F. Henyey, Editors (AIP, 1979).

The powers of Q2 in the prediction eq. (1) for the form factor
coincide with the dimensional counting rules, given in:

S. J. Brodsky and G. R. Farrar, Phys. Rev. Lett 31 (1973) 1153,

and Phys. Rev. D11 (1975) 1309; V. A. Matveev, R. M. Muradyan and
A. V. Tavkhelidze, Lett. Nuovo Cimento 7 (1973) 719.

Equation (1) has also been derived independently for mesons by

A. V. Efremov and A. V. Radyushkin, Dubna preprints‘JINR—E2—11983
and 12384. We have also recently learned that an alternative
renormalization group analysis has been given by A. Duncan and

A. H. Mueller, Columbia preprint CU-TP-162 (September 1979).

Some references in earlier work on form factors include:

M. L. Goldberger, A. H. Guth and D. E. Soper, Phys. Rev. D14 (1976)
1117; P. Menotti, Phys. Rev. D14 (1976) 3560, and Phys. Rev. D11
(1975) 2828; A. M. Polyakov, in Lepton-Photon Symposium, SLAC
(1975). -

The asymptotic result 16qu(Q2)fi/ Q2 for FTT was also derived by

G. Farrar and D. R. Jackson, Phys. Rev. Lett. 43 (1979) 246.



~13-

[6] DNote that in At=0 gauge Yp is formally divergent since it contains

[71

(81

terms proportional to J[dk+/k+. However, Yp does not appear in the
final gauge-invariant form factor -~ the explicit dependence on Yp
is cancelled by Y. 1In ref. [1] all effects due to the divergent
part of Yp are absorbed into the definition of a finite potential
for the evolution equationmn.
This is mot the case in QCD in two dimensions, where xi-+0 dominate
because of the quadratic divergence in TH. See M. B. Einhorn,
Phys. Rev. D14 (1976) 3451. Thus the form factor behaves like
(1/Q2)6, 0 <8 < 1. Note that dimensional counting as defined in
ref. [2] predicts a (gz/Qz) behavior. T. Appelquist and E. Poggio,
Phys. Rev. D10 (1970) 3280, have analyzed the case of ¢3 in six
dimensions. In fact, we follow their outline in our discussion.
Here the dimensional counting laws suggest a l/Q4 béhavior. However,
TH again has a quadratic singularity as Xi-+0. Thus here the 'meson"
wave function would have to vanish as x§1+€) to get the dimensional
counting rule.
That m > n follows from the fact that all operators appearing in
the n-th combination with well-defined dimensions have at least n
factors of z's. That n > k follows from the fact that a spinn
operator mixes with operators of lower spin only. As usual we can
symmetrize and remove trace terms to select operators.of definite
spin; the trace terms correspond to higher twist operators, which
for the wave function matrix element are suppressed at short dis-

2

tance by powers of z2==—zl==0(l/Q2) and thus give power-law

suppressed contributions to the form factor.



—14-

[9] S. Ferrara, A. F. Grillo and R. Gatto, Phys. Rev. D5 (1972) 3102.

[10] V, X. Dobrev, V. B. Petkova, S. G. Petrova and I. T. Todorov,
Phys. Rev. D13 (1976) 887.

[11] The decay constants fTT and fp can be related by the KSFR relation.
K. Kawarabayashi and M. Suzuki, Phys. Rev. Lett. 16 (1966) 255;
Riazuddin and Fayazuddin, Phys. Rev. 147 (1966) 1071.

[12] See G. P. Lepage and S. J. Brodsky, ref. [1]. The three-quark
operator anomalous dimensions calculated in ref. [1] have been
recently verified by M. E. Peskin, Harvard preprint HUTP-79/A055,
August (1979).

[13] This is a consequence of the fact that the anomalous dimensions
increase as 1log n. For example, for mesons, ¢M(xi,Q2) ~

- 2
(Xlxz)l Q%) as x; » 0 where

4C 2,,2
F 2 A
5(Q2) = G(Qg) e 2n _E_QEL—E
¢n Q7/A
o}
2 2 25 _ 2 2 2
for all Q~ < QC where G(QC)-—O. For Q~ > Qc’ ¢M(xi,Q ) X X, as
x> 0. The corresponding evolution of the baryon distribution
amplitude ¢B removes the potential logarithmic singularity from
the region 1 >> (l—xl) >> m/Q noted by Duncan and Mueller [3].
1471 We wish to thank A. H. Mueller for a discussion on this point.
See also A. Duncan and A. H. Mueller, Colombia preprint CU-TP-~172
(1979). This suppressed contribution to the form factor corresponds
to the calculation of R. Coquereaux and E. deRafael, Phys. Lett. 74B
(1978) 105. An analogous factor suppresses the Landshoff pinch

contribution to large momentum transfer hadron-hadron scattering [1].

These points will be discussed in more detail in a future publicatiom.



-15-

FIGURE CAPTION

Fig. 1(a). Meson form factor.

1(b). Baryon form factor (+...stands for all other connected

Born graphs).
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