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ABSTRACT

It is shown that no non—-Abelian spin system or gauge theory on a
lattice is self-dual, unless the model can be rewritten as an Abelian
system. Some examples of such effectively Abelian models are given.

In addition, for both discrete groups and Lie groups with non-trivial
centers dual local field theories are constructed. For the gauge theory

the dual order parameter has the 't Hooft commutation relations with the

Wilson loop.
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I. Introduction

In recent years many authors have investigated the duality proper-
ties of Z(N) spin systems and gauge theories on a lattice [1]3-[7].
Duality transformations are powerful tools for examining the behavior of
order parameters of systems. For a spin system the appropriate order
parameter is the spin expectation value, while for a gauge theory it is
the Wilson loop. In this paper duality transformations will be constructed
for non-Abelian 1+ 1 dimensional spin systems and 3+ 1 dimensional gauge
theories in the discrete space/continuous time Hamiltonian formulation.
In particular it will be shown that systems based on finite non-Abelian
groups cannot be self-dual unless they are effectively invariant under
an Abelian symmetry, and a local dual field theory can be constructed
whose order parameter is the Nielsen-Olsen-t' Hooft loop [8],[9].

Cardy [10], Elitzur, Pearson, and Shigemitsu [11], Horn, Weinstein,
and Yankielowicz [12], and Ukawa, Windey, and Guth [13] have investigated
the phases of the Z(N) models, and have found that as N increases their
phase diagrams greatly resemble those of U(l) models. This suggests
that finite non-Abelian gauge theories may parallel Yang-Mills theories
when the order of the group is large enough (for example the polyhedral
groups may tell us something about 0(3)). For this reason it seems
worthwhile to understand the duality properties of finite non-Abelian
models, since this will shed some light on their confinement properties.

Mandelstam [97] suggested that there exists a field theory dual to
Yang-Mills whose order parameter is the Nielsen-Olsen-t' Hooft loop.

Tt will be shown here that this is a property of any local dual theory.
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Duality transformations are a means of describing a model by a new

system whose degrees of freedom are on the dual lattice. The dual of a

l-dimensional lattice has its sites midway between the sites of the
original lattice. In 3-dimensions, the dual lattice has its sites at
the centers of the cubes of the original lattice.

Consider a Hamiltonian

H(T,2;2) = Z {T[P(x)] +avia 1y, (1a)

X

where x denotes a point on the lattice (either a site or a link), Q(x)
is the field operator, and T'(x) is some other operator which does not
commute with Q(x) at the same point. Now suppose there is a second

Hamiltonian

h(y,u30) = 2 Jtly®1+ w1 , (1b)

el

and a unitary operator D such that

DTIT(x) DT = vlw(x)1, DVla@E) DT = tiy(x)1 . (2)

If T,V,t,v are all polynomial functiomns

TOr(x)DT]1 = vlw(x)1 , VDRE)DTI = tlyx)1. (3
Define the transformation

@D = 4D , (4)

where d displaces quantities by a half-unit in each coordinate, for
example

af(x) = f(x——;-) , ()
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in l-dimension. The dual variables are

pr+f) - @™, p(x+s) = Bwa™, ©
and
h(y,w; ) = AH(T,,Q;53 1/3) . @)

If this is the case the two Hamiltonians (la) and (1b) are said to be
dual to ohe another. The practical value of (7) for statistical mechani-
cal systems is that Ac is a critical point for the model (la) if and only
if 1/)\C is a-eritical point for (1b). If H and h are the same Hamiltonian,
the system is called self-dual. Systems invariant under continuous compact
groups, such as non-linear sigma models and Yang-Mills theories, are
never self-dual, since their kinetic terms have discrete eigenvalues,
whereas their potentials have continuous spectra.

In the next section Hamiltonians for spin systems and gauge theories

with any finite group will be constructed. Section III is devoted to

duality for both these models, and Lie group systems.

II. Hamiltonians

The most general globally invariant Lagrangian for a 2-dimensional
spin system is a function of a group element field g(x) € G and may be

written as

L 1

Z(x) = -2{: ZE: B eﬁng[g(x)-lg(x4-e n )]k + h.c. , (8a)
k=1 u=0 H uou

where €420 and €1»ny are the lattice spacings and unit vectors in the
time and space directions, respectively, % is some finite integer, and

Xp is the character function (trace) in the lowest dimensional faithful
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representation. The positive coefficients a, are the relative couplings
which characterize the theory, and Bp are the time and space inverse
temperatures. For the lattice gauge theory in 4-dimensions, the

Lagrangian is

2 3
L(x) = —1; uéo Bu\) ay XF[g(X’nu)g(X+ sunu,nv)g(x+ eunv,nu)
u#v

~ Nk
g(x,nv) 1] + h.c. R (8b)

where the group elements are now located on the links of the lattice,

., = . = fa = a i ivel
810 801 Bt’ BlJ BS re the time and space temperatures, respectively,

and €, = €, = €

1 2 3°

In order to find the Hamiltonians for (8a) and (8b), it is convenient

to use the regular representation of the group. Suppose the elements are

labeled by §y0 2 < 1,...,N. The regular representation is an N-dimensional

representation defined by

1, & = 8.8
e - b a%c N %)

0, g # 8,8,

The spin system Lagrangian (8a) may be rewritten as

Z(x)

4
da -, ..db - ~
= '115 Z Z Z B [ak xF(gC)k+h.c.]UEaU 2@ 1P (x+en)
=0 a,b,c,d k=1 " uou

=

L 1
= _Z Z [ak XF(gC)k+h.c.] Z BU $ 1 - . >
k k=1 u=0 [gc,g(x) g(x%—sunu)]
(10)

which is a linear combination of double-valued quantities. If each ome

of these quantities is regarded as a Lagrangian, the corresponding
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Hamiltonian may be constructed through the use of the transfer matrix
[14]. It is not difficult to show that ;he transformation yielding
Hamiltonians from Lagrangians (the discrete Legendre transformation)
is linear. Consequently resumming gives the spin system Hamiltonian
(discrete space/continuous time)

£

_%‘ 4 1; a, xF(gc)k+h.c.} Z{

wm
i

D + a2 02° 082 (x) 98 (ere)

x |f#c abg

]

- de Z ¢f - A Z 3P Z 282 (x) 08P (xte) (11)
f X

abg X

where X1, € have been relabeled by x, €, the number A is proportional
to the inverse square of the coupling constant, and the local operators

Gf(x) and Qab(x) are defined by

1

cFlg, > les 84> ; (12a)

0®° g, > 13|y > , (12b)

where lgd> is a local Hilbert space vector at a site. The operator Gf(x)
may be regarded as a "spin flipper".

To obtain the Hamiltonian for (8b), it is easiest to work in AO==O
gauge (g(%,ﬁ0)==1). This forces the Lagrangian of a time-space oreinted
plaquette to have the same form as (8a). Thus the kinetic term is the

same as that in (11), and the Hamiltonian is

H = _Z af Z Gf(;'c,ﬁi) -2 Z %P Z % (x,n,) QCd(§+aﬁj ;)
f x,1 abcde x,1#]

« %4z + ﬁk,ﬁj) gbe(i,ak> (13)
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For (11) a global gauge transformation is

¢ - [] ¢t . (14)

X

The physical states must be eigenstates of (14). The gauge theory
Hamiltonian (13) must be augmented by Gauss' law (because of the gauge
condition). This is just the statement of the invariance of physical

states under spatial gauge transformations. The basic spatial gauge

transformations are

@ = [l &, ap f&,ap . (15)

i

This establishes the strong coupling (small A) states as loops and strings

of excited links.

The form of (11) and (13) can be made more compact by defining

24

3 - 4% @ S [a%® - s p] (16)
ee )
2 A
e
and making the replacement
2 &
A T A R (17)
ee -

5 A

a
e
so that (11) becomes

=D B Z[sab G2 + 1Y, %% QCb(x+e)] ,  (18)
c

and (13) is

H = - ZBab [ Z 53D o2 4 Z Z gac qcd q8d ch}. (19)
ab

links plaquettes cde
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1
The order parameter for the spin system is the magnetization
\

M) = x<o|§% 2P Qab(x)|0> , (20)

A

where ‘O>A is the ground state for a particular value of A. Unless

global gauge invariance is spontaneously broken M(A) is zero. This can

be seen by averaging over global gauge transformations (14) and from the

fact that the sum over all the group elements of the character of an

irreducible representation vanishes. If M()) is zero the system is

said to be in the disordered phase. Otherwise it is (at least partially)

in the ordered phase. The boundary between these phase Ac is where a -
phase transition occurs (there may in general be more than two phases).

For the gauge theory, the order parameter is the vacuum expectation

value of the Wilson loop

M(c,A) = x<oIA(c)[o>A = X{olTr[B J;L n(m)]io>x , (21)

where m is a link of the closed loop c. In strong coupling perturbation
theory, the first non-vanishing term is of order A\? where n is the minimal
number of plaquettes of a surface enclosed by c. This is just the Wilson

criterion for confinement.

IITI. Duality

It is now straight forward to test these models for self-duality.
A necessary condition for self-duality is that the spectrum of the
kinetic term is the same as that of the potential. Therefore there

exists an orthogonal operator S such that

stS s et = D op® o™+ aﬂ : (22)
a ab
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where o is some real constant. As an example of this situation, if the
ak's in (8a,b) are adjusted so that the Lagrangian is the trace in the
b

regular representation, we have 8% = 1 for all a,b and =-1. In the

case of (8a) this is the Potts model [15,16]1. Define

pab o g 2P gt X (23)

For an Abzlian group Pab differs from GabGa by a constant, since all the

Ges may be simultaneously diagonalized. The spin system Hamiltonian

may be written from (22) and (23) as
o= - B Z[I‘ab(x) a3 QCb(x+e)] . (24)
a,b X c

A general eigenstate of the potential term is

[H{g@hr == = @lex> |, (25a)

X

where g(~») = g(») = I is imposed as a boundary condition. An eigen-
state of the kinetic term with the same eigenvalue as (25a) is
-1
[Hgx) , A =0> = & slgx s> . (25b)
X

Now define

D = 4d Z ® S]g(x)_lg(x+e)><g(x)l] . (26)
{g(x)} x '

Using (26) it is simple to define variables omn the dual lattice

g®ma™t = [l P, @

x' <x

EDJ
o
o~
+
ojm
S ——
i

v (x + E) = g gt . (27b)



-10-

Then

:E: ab wca<x +_%> wa<x +.%> = :E: 322 ¢%(x) . (28)

abc a

In general, unless the model is self-dual

> gab Yab<x + %) £ ), 8% 0% aPxee)  ,  (29)
ab

abc

however a variable Y'ab<x +-E> may be defined,

2
y‘ab<x+%> = @_1 I‘ab(x+e)@ = Zﬂca(x) QCb(x+e),
c
(30)
such that
> g2 y'ab<x +%> = Y 8 ot P xre) . (31)
ab abc

Now suppose the theory is non-Abelian, then w will not have local
commutation relations with y'. This is because the form (27a) is dis-
tinguishable from a global gauge transformation at points different
from x. Consequently w will not have local commutation relations with

the potential term, unless the model is effectively invariant under an

Abelian group. This means it is possible to rewrite the Lagrangian as

an Abelian Lagrangian. However, Qab certainly has local commutation
relations with the kinetic term. Therefore self-duality implies that
the model is effectively Abelian.

A trivial example of an effectively Abelian theory is the Potts
model. This model is not characterized by anything pertaining to the
group except its order (the action is just a Kronecker delta in the
group indices). Consequently, if the group is non-Abelian, it may be

replaced by an Abelian group. Bellissard [17], Drouffe, Itzykson and
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Zuber [18], and Monastyrsky and Zamolodchikov [19] have shown that any
spin system invariant under a solvable group is an effectively Abelian

model. A group G is solvable if it contains a chain of subgroups

G = GODGID...DGk = I (32)

such that each G 1is normal in Gz—l (that is, Gl is invariant under
similiarity transformations in Gz—l) and Gl—l/Gz is an Abelian group.
These groups include S(3), S(4) (the permutation groups of three and
four objects respectively), the octahedral group, and any group of odd

order. A spin system invariant under a solvable group may always be

written as one based on

G' = GO/G1® .. ® ® G (33)

Grp/Gy1 ® Gy

The duality transformation had earlier been found for A(4) = S(4)/Z(2)

by Dotsenko [20].

For an Abelian system the criterion for self-duality is

ZBaa {g(x) '}, A=w|Ga(X)|{g(X)} s A =@
a (34)

j{: 8% ({g(x)'}, A =0]a"%(x) QCb(x+g)|{g(x)}, A=0> + const.
abc

which is satisfied if |52, a®] = 0.

These results simply generalize to the case where (22) is replaced

by the condition that the kinetic term of a spin system has the same
spectrum as the potential of another spin system based on the same

group and vice-versa, which is neccessary for mutual duality. For the

same reasons as those outlined above, intrinsically non-Abelian spin

systems are not dual to other systems with the same group.
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The above analysis applies to gauge theories as well. It is
simplest to carry out the procedure if an additional gauge restriction
A3(t==t0) = 0 is imposed. The problem of non-locality persists in the
non-Abelian case, accompanied by further difficulties in requiring the
dual states to satisfy Gauss' law as well as the Bianchi identity.

Again if the model is effectively Abelian these troubles disappear.

For the solvable groups there are effectively Abelian gauge systems,
although they exist only for certain values of the relative couplings.

If the ak's are chosen properly the model is explicitly broken to a
system with the gauge group G /G . Two examples will be given here.

-1 "¢

Consider S(3), whose breakdown as in (32) is
S(3) D 2(2) O I . S(3)/2(2) = 1Z(3) . (35)

The Lagrangian (8b) for this model has 2 =3, and Xp is the trace in the
two dimensional representation. For the choice a1==a3==0, a2==1, this
is a Z(3) model. This becomes apparent if local degeneracies in the
potential are summed over. The group has six elements S(3) = EI, W,
mz, T, Tuw, rmz , where w is a Z(3) rotation and r is the reflection
(this may be seen geometrically as the set of relative couplings the
local Hilbert space states |I>, ‘r), |rm>, |rw2> may be summed over.
The second set of relative couplings which renders the invariance

Abelian is al==a2==0, a3=41. This is a Z(2) system. A more interesting

example is the group of the tetrahedron
S(4)y DALY DV(M4L)YDTI R S(4)/AL) = Z2(2) s

ALY /V(4) = Z(3) , - (36)

where V(4) is the dihedral group of order 4, V(4) = {I, 995 9ys q3§,
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qi =1, qiqj = q if i$#j#k#1i. In this case £=6. The choices
(i) al=a2=a3=a4=a5=0, a6=1, (ii) a1=a3=a4=a5=a6=0, a2=1, and
(iii) al=a2=a4=a5'=a6=0, a3=1, give (i) z(2), (ii) Z(3), and

(iii) V(4) invariances, respectively.

Though it is not possible to find a self-dual intrinsically non-
Abelian model, it is still interesting to try to define dual fields
which develope an expectation value in the disordered phase. A first
guess might be to try to define objects like

¥ir+s) = [l fw (37)

x'<x

as the dual fields for the spin system., The operator wa(x +-%> commutes
with the kinetic term, and produces a soliton when acting on a classical
state. Thus it develops an expectation value in disordered phase, and
has a particle interpretation in the ordered phase. In fact, for Abelian
systems these operators are just what is needed [3,7,161. For non-
Abelian systems, however, they do not possess local commutativity.
Hence wave functionals of these operators are not defined. So even if
the Hamiltonian can be rewritten in terms of wa<x +-%> the theory does
not exist!
The correct dual fields must satisfy the following criteria:

i) They violate the boundary conditions of classical states,

ii) They have local commutation relations with the potential term.
iii) They have local commutation relations with each other.

iv) It must be possible to construct the kinetic term from them.

First consider spin systems. In order to satisfy i) and ii), the dual

field operator must be indistinguishable from a global gauge transforma-



—14—

tion at large distances. Because of iii) the only acceptable global
gauge transformations correspond to elements of an Abelian subgroup.
Here the requirement iv) will be strengthened to:

iv)' The dual fields may be used to construct Gf(x).

This is not essential for spin systems, but is needed for gauge theories,
where Gauss' law must be imposed as a constraint.

It is impossible to satisfy i), ii), iii) and iv)' unless the group
has a non-trivial center. With iv)', global gauge transformations not
corresponding to the center are unacceptable. For simplicity, assume
that the group is a subgroup of 0(3) with center Z(2). Then the simplest
choice of a dual field obeying the above conditions is

x+g) - e [l Fan (38)

x' <x
where g, is the reflection element. The Hamiltonian (18) in terms of
these fields is

H = —ngab Z[Vab<x + —3—) +% (Sab ¢r<x - §2-> ¢a<x +—§->]

X

where

Vab(x +-%) = :%: 2% (%) QCb(X+e) . (40)

. . a
When viewed as an operator on wave functions of ¢~, the relevant feature

ab

of V is its commutation relation with the dual field,
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vab(x + —3—) ¢°<y + %) = 5 ; Uid ¢C(y + %) de<x + —2—)

ae _ed ,c € db £
+ ny—ege:Ur ve ¢<y+§>V (x+§) . D

The physical states must satisfy a dual global invariance

s o o e

For (19) the appropriate dual fields are

af- , e ,~ A A * o a,—- -  FLNE A
¢i[x + > (ni-nj-+nk), nj} = G (x,nk)g;g G (% leni, nk) .

(43)

where (i,j,k) is an even permutation of (1,2,3). The Hamiltonian is

ab ¥ ab € ,» “ ~ -
H=-X\ };B Z{}l;v [x+—2—(n1+n2+n3),nk]
a, X

+—2—1;Z¢

1#]

where

Vab[i + %

and again (i,],

(44)

e G orhran ] 625 4 S Goan, ay +enn
i{x + 5 (n1+n2+n3),nj] ¢i[x + 5 (n1+n2+n3) sni,nj]%

A ~ ~ ~ ac ,~ A Cd - ~ ~
(ni+nj—nk),nk] = Z @ (x,ny) @ (x+ sni,nj)
cde
ed — A oA be, - ~
x Q (xﬁ-enj,ni) Q (x,nj) s (45)

k) is an even permutation of (1,2,3). The commutation

relations between Vab and ¢C is similiar to (41),
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abl - £ -~ ~ ~ A el - g - ~ ~ ~
v [x +5 (nli-nzi-n3),ni] ) [y + 5 (nlﬁ-n24-n3),nj}

abi - € ,~ A - -
x V [x + = (n1+-n24-n3),ni] . (46)
The Bianchi identity becomes the dual local invariance

% Tr[B ﬂ v(i,ﬁi) V(i,ﬁj)” \y> = |¥> . (47)

i

Gauss' law gives a constraint on the dual fields

r|- __E_ -~ ~ ~ _ ~ ~ al- E A ~ ~ ~ _
j;L ¢i[x + 5 (n14-n2-+n3) eni,nj] ¢i[§ +5 (nli-nzi-nB),nj] = 1.
(48)
The dual order parameter, or disorder parameter, is
a, Qr v - a, 1
N!0 = ,<0[B e [0>, = <o\ M @ )‘ o> (49)
A m'ec' A

where c¢' is a closed curve on the dual lattice. The object Ba(c') is the
simplest that can be defined which is invariant under (43). 1If the
invariance (47) is not spontaneously broken, i.e., the phase is com—
pletely disordered, the states will contain loops and strings of excited
vortices (magnetic confinement), produced by operators such as Ba(c')
acting on the ground state. If ¢ and c¢' are two closed paths such that

no link in c is a distance-% from any link in c', then

A(e) B%(e") = rB¥(c") A(c) (50a)

if c¢' closes through c and

A(e) B3 (") = B%(c") A(o) (50b)
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if ¢' doesn't close through c¢. This results from requirements i),
ii), iii), iv)'. Equations (50a,b) are the commutation relatioms of
't Hooft [8].

All of the discussion (37)-(50a,b) applies to continuous compact
groups as well as finite groups. The only formal difference is the
summation over group indices is replaced by group invariant integration
over group parameters (coefficients of generators). This is needlessly
cumbersome however, and the discussion here will be in a notation better
suited to Lie groups.

For the 0(3) non-linear sigma model the Hamiltonian is

2
H = - QL.}Z:’:E: —%LZ'GQ + J? Tr[ﬂ(x)T 9(x+e)] + h.c. , (51)
2e x t a U E g

where a = 1,2,3, Tr is the trace in the 3-dimensional representation,

u2 is the mass scale, and
o —ipZe/g(a/da% (x))
¢*Mx) = e & , (52a)
and

. [ Je 1
Q(x) o iBeA T , (52b)

where Ta are the group generators. The dual field is

¢a<x +AE) = ¢%(x) [T‘ ¢(x") = M%) ¢r<x —-%) (53)

2
x'<x

where GF is the same as before. Defining analogously to (40)

V<x +-%> = Q(X)Jr Q{x+e) s (54)

the Hamiltonian may be rewritten as

1 € b r €\ O €
H=- 5 j{:{Tr[V(x +-§)] + ;%;Z 2;:¢ (X —-E) ¢ (x +-§)} + h.c.,

2eg X
(55)
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with the commutation relations

£Y) 40 £) = - e T £ £
V(x + 2) ¢ <y + 2) (axy Sxy—e) e ¢<y + 2) V<x + 2)
(56)
The dual global invariance is
1m_-|'T'I / e\‘H\u\ b w (
- 1T Vix + =% 1 = T/ \57)
) 3 LY T\ 2 !
The 0(3) gauge Hamiltonian is
Ho= -2 Z $——5E—G°‘+—1—Tr[9(§ﬁ)g(§+eﬁ n,)
T 4e - l 4 4 2 >y 327k
x,ijk {(u € g
N SIS
x Q(x%—enk,nj) Q(x,nk) ]% + h.c. , (58)

where, as before, (i,j,k) is an even permutation of (1,2,3). Defining

al- € ,~ A A o~ A 1 P
¢i[x + 5 (ni—-nj+-nk),nj] G (x,nk) IT G (x ezni,nk)

2=1
- o ,~ A r-—_e- ~ ~ —l\ ~
= G (x,nk) ) [x 5 (nii-nj nk),nj] , (59)
and
v[§+%(ai+aj_ak>,ak] = a(x,n) AR +eng,m)
x aG+en a0 a@ant (60)
k’j 3 ‘k b
(60) becomes
H=-— Z 2Trv[§+3(ﬁ.+ﬁ.-ﬁ),ﬁ
2 pad 2 1 ] k7 k
8eg” x,1ijk
4
S s G eayrag,n] 0 S Gyrayrag +eid]
+ UAEA;C‘)JL x+3 (n1+“2+“3)’“j] ¢i[x + 5 (ng+ny+ng) t+eny,ny %

+ h.c. , (61)
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and the commutation relations are

— € A~ ~ ~ A al - [ ~ A ~ ~
V[g + 5 (nlﬂ-nzi-n3),ni] ) [y +~§ (n1-+n2-+n3),nj]

.22
e n )e HoE
Xy ~ eny

o
T al - [ -~ PN ~ ~
5ij(6§§ $ [y +-§ (n14-n24-n3),nj]

- E ~ ~ ~ -~ N
x V[g +-§ (nl4-n2+-n3),ni] . (62)

The dual local invariance is

Tr-s
I

i

= € (A - - . - e . " . I _
ﬂ V[x + 5 (nl+n2+n3),niJ V[x +—2— (n1+n2+n3),—ni]jl‘{’>— I ¥ D>

Finally there is the constraint

ri— E /- -~ ~ Ao al- _E_A R n N }
j;L ¢i[x +5 (nl-knz-kn3) Eni,an ¢i[x + 3 (n14-n24-n3),nj] 1.
(64)

Now that the dual system is defined, the disorder parameter invariant

under (63) can be given. It is

M e, = <0[B%ce 0>, = A<ol 11 ¢°‘(m')|o>x . (65)

m'ec'

IV. Concluding Remarks

It has been shown here that intrinsically non-Abelian spin systems
and gauge theories cannot be self-dual. Even so, there are many spin
systems and a few gauge theories, based on the solvable groups, which
have the same duality properties as Abelian systems. This should be of
some aid in finding phase diagrams. In particular, the phases of the

polyhedral groups should be investigated. The smallest Z(N) group which
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|
has some resemblance to U(1l) is Z(5) [10-13]. Consequently it may be

|
that the only polyhedral group which is relevant to 0(3) is the group
of the dodecahedron, whose faces are pentageous. Unfortunately, this

group is not solvable.

The utility of the operators defined in (38), (43), (53) and (61)
is not clear. They are not the Hamiltonian analogues of the dual fields
founded gy Ukawa, Windey and Guth [13]. Their approach has been to
factor out the Z(N) piece of an SU(N) Lagrangian and perform the Z(N)
duality transformation. This prescription does not switch the kinetic
and potential terms, although a loop satisfying (50a,b) can be made
with the resulting variables.

Since iv)' need not be satisfied by spin systems, it might be
interesting to investigate duality with iv) instead. It may be possible
to extend the duality transformations found here to the continuum.
However, there will be difficulties in defining the dual fields and the
Hamiltonian in a non-singular way. A less ambitious task would be to
understand the behavior of Fermion field operators in the 0(3) non-linear
sigma model, constructed from the original and dual fields. These are
very useful in the Ising model [14]. To investigate either of these
possibilities will rely heavily on the use of operator product
expansions.

I wish to thank Leonard Susskind, who suggested investigating
duality for non-Abelian models, and Eduardo Fradkin and Stephen Shenker
for constructive criticism. I am also indebted to Murray Gell-Mann and

Cosmas K. Zachos for discussiomns.
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