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ABSTRACT
With the problem of chiral symmetry on the Wilson lattice in space-
time as an objective, we introduce a definition of differentiation on a
lattice which respects the product rule of Leibmitz: d(fg) = fdg + (df)g
for functions f, g. The derivative is essentially a generalization of
the SLAC derivative on a lattice. With this derivative, chiral (sym-
. metry) currents have all the characteristics that they possess in the
continuum quantum theory of fields. 1In particular, the Adler-Bell-

Jackiw anomaly theorem has the same form as it does in the continuum.
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I. INTRODUCTION

In an effort to understand how it could happen that quarks are
apparently confined (Ref. 1 notwithstanding), Wilson2 introduced a
lattice formalism to describe the large distance behavior of gauge
theories. The motivation was the apparent success3 of the conven-
tional formulation of gauge theories of non-Abelian (Yang-MillsA) type
in describing the short distance structure of the underlying quark
quantum field theory. Thus, the idea was that one could cut off the
short—-distance phenomena in the theory if one were only interested in
the large distance (confining) properties of the theory. That is to
say, provided that one cuts off the short distance properties of the
theory in a gauge invariant and ultravioletly attractive manner (in the
conventional formulation of Wilson's short distance ideass’6’7), then
one should be able to learn the large distance properties of the true
continuum gauge theory by studying the large distance properties of the
cut-off theory. The Wilson lattice theory is presumably just such a
cut-off theory.

Clearly, if the underlying quark quantum field theory is a non-
Abelian gauge theory, then such a theory must confine at large dis-
tances*. Indeed, Wilson has found that, in his gauge invariant (and
presumed) ultravioletly attractive lattice non-Abelian gauge theory, the
strong coupling limit is a limit in which heavy quarks would be con-
fined. We remind the reader that, in the conventional formulation of
Wilson's short distance ideas, the coupling constant for non-Abelian

gauge theories increases beyond computation as one looks at larger and

larger distances — starting from the conventional ultravioletly



attractive short distance region. Thus, it is not unreasonable to
consider the strong coupling limit of the Wilson lattice Yang-Mills
theory when one is studying the confinement problem.

Once one has introduced the lattice in a gauge invariant and ultra-
violetly attractive manner, then one at some point must consider the
attendant hadron spectroscopy, in the continuum limit. For, given the
confining result for infinitely heave quarks, one must then show that
when one puts dynamical interacting light** quarks (of parton-model
type8 for example) into the theory, the resulting theory, in the con-
tinuum limit at least, agrees reasonably well with the properties of the
known spectrum of light hadrons. One of the nicer properties of the
interactions between the light hadrons is the PCAC idea9 (partial
conservation of the axial vector current) — where we single out
especially the implications for PCAC for 7> YY in the presence of
the Adler-Bell-Jackiw anomalle. Clearly, one would like to feel that
the Wilson lattice gauge theory was consistent with the no—»y‘y pre-
diction of the (anomalous) PCAC equation in the limit of zero lattice
spacing, for example.

If one looks in detail at the Wilson lattice gauge theory, one sees
that quite independent of the anomaly, the local chiral currents of
massless fermions are manifestly not conserved. Specifically, in the
original version of the theoryz, the Yang-Mills~fermion action is (in

the Euclidean formulation)
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where bml is an element of the Yang-Mills group, Ua(bnu) is the

adjoined representative of bnu’ U(bnu) is the unitary representative of b
in the fermion representation, g is the gauge coupling constant, a is

the lattice spacing, m is the fermion bare mass. The remaining

lattice notation follows Ref. 2. Thus, the fields wn and bnu carry

" the group in the sense that A is invariant under the group transforma-

tion vy :
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The product ynbnuy;iﬁ is taken from the group multiplication
law. (As discussed in detail in references 11, the action (1) has the
unfortunate problem that the fermion spectrum, at g=0 for example, has
been doubled. To each value of the energy E, there corresponds, in one
space-one time dimension, for example, two distinct values of the momen-
tum magnitude lkl. Let us ignore this problem for the moment.). TFor

m,=0, the action (1) possesses a local Yg-symmetry. But, if one

attempts to use Noether's procedure to derive the corresponding formally



conserved chiral currents, one will find that this procedure will gen-
erally lead to the conclusion that the usual currents are only formally
conserved and local in the limit of zero lattice spacing, as is well-
knownll. Further, if one uses the procedures of Wilsonll and Kogut

and Susskind11 to remedy the fermion doubling problem, even local
Ys—invariance is lost for m0=0 in general.

However, here we do wish to call attention to the SLAC11 deriva-

tive on a lattice, which, for a one-dimensional lattice, -N= j = N, is

given by
VEG) = > ke /A g,
) (6)
K = 3{—‘—‘, -N = n = N,
when
£(§) = E /M £y (7)
k

The parameters L, N and A are related by (2N+1) = LA so that 1/A is the

lattice spacing. The derivative (6) solves the fermion doubling problem

at g=0 while maintaining local Ys—invariance for m0=0. But, as the

SLAC group has emphasized, 1 the corresponding formally conserved

chiral currents are non-local. Indeed, the fact that the SLAC chiral

currents are non-local has recently been verified by Karsten and

Smit.12
Before we proceed further with this discussion, we should like to

emphasize the following. One can just as easily take the point of view

that the undesirable aspects of the status of chiral (YS) invariance

on the lattice are all resolved either by the interactions of the



respective theories and/ or by taking the continuum limit. Thus, on
this view, one would not necessarily expect a lattice version of the
anomalous PCAC equation. Rather, only after solving the lattice theory
and taking the continuum limit would one expect to see the result of
Adler, Bell, and Jackiw.

One can go further in support of this view by recalling that the
lattice 1is supposed to represent the large distance behavior of the
theory of strong interactions — the short distance behavior is cut-off
by the lattice spacing. Hence, since the anomaly is a short distance
phenomenonlo, one could argue that one should not expect any anomalous

PCAC equation.on any lattice with a finite lattice spacing. From this
point of view, the SLAC11 treatment of the Ve invariance is quite
sufficient, since, for example, the non-local parts of the conserved
SLAC11 chiral currents in a free massless fermion theory have no zero-
momentum component (large distance component) for N large, where 2N+l is
the number lattice sites on a given axis in the lattice. The SLAC11

version of the theory (1) has, for m,=0, conserved chiral currents

0
with the same property.

Returning to our main theme, however, we wish to investigate here
the alternative possibility — namely that the lattice should be a per-
fectly good place to discuss chiral symmetry phenomena such as anomalous
PCAC. Thus, in the next Section, Section II, we shall formulate lattice
gauge field theory in a gauge invariant fashion in which results such as
the anomalous PCAC equation will ultimately be seen to occur ngturally.

This will be done by using a generalization of the SLAC derivative (6).

As a result, local chiral currents are conserved formally. The gauge



field variables will be the usual fields Aﬁ(n), related to Ua(bnu)

by
UA(an) = exp {iag Ai(n)Tc} - (8)

where T° carry the adjoined representation of the gauge group. Hence,
the theory will appear, in all aspects, entirely isomorphic to the con-
timuum theory.

The key ingredient in our construction will be seen to be the
introduction a derivative on the lattice which respects the product rule

of Leibnitz:

V(fh) = (vE)h + £(vh) , (9)
' fhe SLAC derivative satisfies11
v(fh) = (vE)h + fVh +vV z I(j;zl,zz) f(zl) h(zz)) (10)
119

where I(j) satisfies (supressing the %71,%9 arguments)

vI(i) = s(j) (11)
and
108 +2.)3/A 9. +8
. . 1772 20N 12
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21749
+
2 IR
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with v given by (6). Here, £(j) is defined as in (7), and
n(j) = Z RN (13)

k
with k=27 n/L, -N = n = N, and 2N+1 =AL. For large N, the support of S

is for |21+22|>WA. Thus, it is not surprising that the SLAC
derivative, properly extended, will satisfy (9). We turn now to this

extension.



II. LATTICE GAUGE THEORY AND CHIRAL CURRENTS
We have interest in theories of Yang~Mills type on the Wilson2
lattice in the presence of fermions. As we wish to have local conserved
chiral currents we shall work with the gauge field of the continuum limit:
Ai(n) is the gauge vector field at site n = (no,nl,nz,nB) on
the Wilson lattice. It will be forced here to carry the adjoined repre-
sentation of the gauge group G in the Yang~Mills sense: wunder a gauge
transformation of infinitesimal type wa(n), Ai(n) will transform as
A2y > Al - e, 0 () AS(0) + = 3 WF(n) (14)
u H abe b g
whereauu@(n) has yet to be defined and € be 2T the structure con-
: étants of the gauge group — g is the gauge coupling constant.
In defining auwa(n), we wish to arrive at a derivative which
respects
au(flfz) = (apfl)f2 +£,08f,) (15)
for functioms fl(n), fz(n) on the Wilson lattice. This we do as
follows: We need to have a lattice formalism which conserves momentum,
rather than conserving momentum modulo 2tA, where A =1/a, with a equal
to the lattice spacing. For simplicity, consider the one-dimensional
lattice function f(j) given in (7). Rather than Fourier analyzing f in
terms of
k = 2m/L , -NSZ nS N (16)
we Fourier analyze with

k = 2m/L' , n =0, 1, #2,..., 17



where AL = 2N+1, L = (2N+1)a, and 27 a/L' is not commensurate with 2,
i.e., a/L' is not rational. Hence n(2y a/L') is never a rational

multiple of 2m for any integer n. Thus if we write

[2e]
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+
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(1-e i(n—n')(Zﬂa/L')-g)_l

]

N (e i(n—n’)(Zna/L')+e_1)_1

_ { 0 n#n'

b
coth (¢/2), n=n'

Thus,

oo}

F(n') coth (e/2) = ZS oijazm' /L3 le gy (21)

j:-oo
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More generally, if we take

o«

.. . _
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then
= _ iia(2 YITLYY — s
f(n) = n, > etia@mL - [1leg (23)
j==e
if
n, n, coth (e/2)=1 for e40. (24)
The derivative of £(j) is now defined to be the generalized SLACll
derivative )
.. "y .
VE(H) = 0, z i (2nn/1t)etia2m/L =] ey (25)
n=—c

where ¢ ¢ o in the sense of Feynman.13 To check that it satisfies the

Leibnitz rule (9) we compute:
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Thus, substituting (27) into (26) gives

o)

i

nn, D iCem/ine ATl e F Ly g

n,n, =-

v(£(3) (i)

ooyl oln, e

. ' 1ja(2 L')-
M ZS__ _ {1(2ﬂ(n—n2)/L e H1 o/ Inf e
n,n,=-
. _ -(ln—n2|+]n2|)£
f(n—nz) h(nz) e

+ i(2ﬂn2/LV)eija(znn/Lv)_]nle

.f(n—nz)'ﬁ(nz)
e—([n—n2[+]n2[)e}

- _ ija(2rn,/L')~|n.] e <
= :S h(n,)e 2 2 ”1.25 i(2rn'/L') £(n')
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N ;S f(n")e
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= h(j) VE(3) + (vh(3)) £(3) (28)

in agreement with (9).
In making the last step in (28), we have used Dini's theorem14 to

conclude that

oo

ija(2rn'/L")=|n'l e - |n'+n, |e

|”1 H,Zw i(2m' /L") Fn)e )
M nZ_w i(2m' /L' F(n')e 13a(2mn'/L)=[n’ e
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assuming
0

nlz (2m' /1) F(n')e 132 /LDa|ate (30)

n':—oo
exists for € v+ o .

Returning to (15) we write the general function on the Wilson

lattice as

jo o
_ b 25 ZS -in"2(27a/1 )=
fl(nO,nl,nz,n3) Ul LS, .2 . =_m? f1(20,21,22,23)
0 1777273

where n' % = nOQO + nlll + nziz + n3l3 (we shall henceforth take the
Euclidian lattice as a Minkowski lattice with imaginary time). From
~ (25) we have that
-1 ' —_
28, =t > i (oane PO E gy @
i
21228902

is a Leibnitz rule respecting derivative. Thus, we take the gauge field

Lagrangian as

L, __ 1= 2HV
QQM == 7 Fuv(n) F (n) (33)
where
S _ -~ > b C
Fuv(n)- Bu A,(m) - 3 Au(n) * B . A (n) Av(n) (34)

with 3 defined by (32). Then, with 3ua(n) in (14) also defined by
H
(32), we see thathQM is gauge invariant.

Further, we introduce the fermion representation R carried by y(n)

in the fermion Lagrangian

Z, =0T - gh (@) + O V-V mp . (35)

(31)
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- . . . .
Here, t are the generators of & in R and m, is a gauge invariant bare
mass operator. Clearly with BU given by (32), we see that
3+ i X' n) * g
y g u( )
has the structure of the usual gauge theory covariant derivative4 so

that (35) is gauge invariant (since (32) respects the Leibnitz rule).

Thus the lattice Lagrangian

. ——\-u\) —_— .
@ = -FF (1 Fl) + PG - gh+ O¥n) - Tlamy ¥ (@) (36)

u
is invariant (if Eu is defined by (32)) under the simultaneous infini-

tesimal transformations (14) and

Y(n) + (1 - iw(n)<t) ¥ (n)
_ NN (37)
T(n) > T(n)(1 + in(n) t)

We see that, for m0=0, (36) possesses the local chiral invariance

under the infinitesimal transformations

¥ (n) > (1 + ik Y5)¢

_ _ (38)
Y (n) ~ ¥ (n)(1+4iE YS) .
Further, for m;=0, the axial vector currents I(n)ypy 5;w(n) satisfy
the formal conservation law:
[ T . N
9 A =
(w(n)Yu Y g ¥ (n)) le(n)moy 5% U (n) (39)

where we take A to commute with t. To verify (39), one needs the Euler-
Lagrange equations on the lattice. But since the derivative (32)
respects the Leibnitz rule, clearly, the equations have the same form as

in the continuum limit: The fermion field y(n) satisfies

(ig -~ g » ¢ - m )y (n) =0

(40)

i
o

T(n)(-ip - g + ¢ - mg)
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This is enough to prove the formal relation (39), as is well known.9

Later in this section, we shall show that (39) is invalidated in
perturbation theory, as found by Adler, Bell and Jackiw. However,
before turning to this, we should comment about the untraviolet behavior
of (36). For, as we emphasized in the introduction, one of the main
constraints on the lattice is that it not change the short distance
aspect of the respective theory. That is to say, it must not change the
behavior of gR(t) at short distances, where gR(t) is the Gell~Mann-
Low-—Callan-Symanzik6 running coupling constant and t is the logarithm
of the inverse distance scale in appropriate momentum units.15

Specifically, in quantizing (36), one will in general specify a
gauge condition, for example,

2 2% = Ta) . (41)

Then, the quantization can proceed in the standard Faddeev—Popov16
manner with due respect to the Gribov-Mandelstam problem.17 The net
result (according to the lore) is that in each distinct Gribov copy

for(41), one has to add the effective ghost related Lagrangian
Z. = ¢x(m)3" p () ¢ (n) - o= (2 K(n))? (42)
"G U 20, H

where the ¢(n) are the usual ghost fields. Here DH(K) is the derivative
of the variation of Kp'?'due to the gauge transformation

-1, -1
A (@7T +» QA (n)-7TQ + X (5 aen , (43)
" u g ‘u

the derivative being taken with respect to w(n) and evaluated at the

appropriate representative of the Gribov copy. Here,

Qzexp[-iv(n)e T] , (44)



_15_

where ?'carry the adjoined representation. According to 't Hooft,
Veltman, and Lee and Zinn-JustinlS, in each Gribov copy, (36) with
(41) added is a renormalizable theory.

The only possible source of a problem with these remarks is that
the action, represented in our momentum space, may not generate the same
Feynman rules as in Refs. 16 and 18. However, we can choose

n, = 1 n, = a (45)

r 2
a coth (&/2)

so that, for example, the continuum integrals jhxl and jékl become,

here,
1
/ dx~ ** a z (46)
i
- 00 n =—00
o 1 =)
LN 1 22 (47)
2m a coth (£/2)
- Q1=_oo
Similarly,

1 co
/ i o a D (48)

¥ ad 1 — (49)
27 a coth (g/2) ES S
0

~io0 g =—ie
Thus we have the same Feynman rules as given in Refs. 16, 18, and 19

with the replacements (in the Bjorken and Drellzo metric)

ifd* - a* z z (50)
. 3 :



_16_

Jats
A

i =2 (51)
(2'rr)4 a4 coth4(8/2) 25 22
29 1 2 3

= g0 05 U= —w

(The i's appear because we are on the Euclidean lattice, which we take
as a Minkowski lattice with imaginary time.)

The question of the behavior of gR(t) for (36) may now be addressed
as follows: Consider the Gribov copy near Q=1 in (42), for simplicity.
Clearly, the algebraic structure of the diagrams, such as those illus-
trated in Fig. 1 for ZB’ which determine B(gR) for small gp is the
same as it would be in continuum theory. So, the only possible dif-
ference is in the value of the corresponding Feynamn integrals (which
are the sums (50) and (51) in our lattice theory). 1In particular, for
computing the logarithmic divergences which determine B(gR) for g
near zero, we simply have to vertify that our lattice calculation repro-
duces, for zero lattice spacing,15 the same divergences as the con-
tinuum theory. But, from (50) and (51) we see that for a > 0 (zero

lattice spacing) and L' = = ,

oo ©
lim a4 :2 = i/éax (52)
a~>0 0. 1.2 3
n =i n ,n",n =—
and
. i - f4
lim  lim L - z z -4 z (53)
a+0 L' (a coth(e/2) (2m)
Ot gl 02 43

if L'/a » » 1in such a way that

(L'/a) » coth(g/2) for e40. ' (54)
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For, d4k = (ZH/L')hdan. Thus, for zero lattice spacing, our sums
in our Feynmman diagrams become the (Reimann-) Lebesgue continuum
Feynman integrals themselves. Thus, the zero lattice spacing limit of
our lattice theory is the perturbative continuum theory and hence this
limit has the same perturbative B(gR) as the usual continuum theory.
The result that the zero lattice spacing limit of our lattice
theory agrees term by term with the perturbative continuum theory means
that any result of continuum Feynman diagram perturbation theory will be
recovered in the continuum limit. In particular, the result of Adler-
Bell—Jackiw,lO that
N 2
3" 0(x) Y, Wo(x) = 28§ (x)m, g W (x) + —E er %t

167
(55)

PG FL PG Y
is such a perturbative continuum theory result. It is therefore neces-
sarily also a result of the zero lattice spacing limit of our lattice
theory. This is the desired result.

The reader may object that we have not really verified (55) on the
lattice with a # O-we have only shown that it holds for a - 0. However,
if we look at the Feymman diagrams for the anomaly (Fig. 2), we can see
that to be on the lattice the momenta entering the diagrams should be of

the form (in the notation of Fig. 2)

)
-
=
h—
H
1]

1,2,3, (56)

with

3
z 2, =0 (57)



- 18 -

Choose such ki. Then, since L' is any number such that a/L' is not
rational, replace L' with NL' and li with Nﬁi, i=1,2,3, for some
integer N. Then, ki are unchaﬁged. Hence, we may take N tox. But,
then, our sum over the internal momenta in Fig. 2,

; > 3 (58)

[a coth(s/Z)]4 ro,rl,rz,r

becomes the Reimann-Lebesgue integral

[ NL' ] 4 j;4r _ j;4r (59)

a coth(e/2) (2'rr)4 (2'rr)4

provided € +0, N > « such that
NL' = a coth(e/2) . (60)
’Thus, for each momenta set (56), we recover the momentum—space version
of (55). But, this means we have the result (55) on our lattice:
2

" (v (n) Y,Vs j¢ (n)) = Zi;;(n)mo'ys ;w (n) + 1§ 5 tr fitatb]
u

(61)
X Fuva(n)Fu,V,b(n)euvM'v'
This procedure we just described then completes our construction:
To define an n-point Feynman amplitude go to momentum space and evaluate
the amplitude (using the usual continuum space Feynman rules and inte-—

grals) at momenta of the form (56):
ko= Er (80,0,78,.°0,.) i= 1,00, (62)

E o .

for Ri = 0, Ri on the momentum space lattice. Then, to return to the
i .

position space lattice, simply use our lattice Fourier transform (31).

Finally, in closing we note that since our derivative respects the

rule of Leibnitz,
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2 ~ . ab a b bou' Vg N
—5—2 tr(A t°t ) F . (n) F (n)e -5 0 [tr {A [A (n) 5 A
167 H u'v'? G H v s

SR WO WICHWICY Ba ol B

where
A = A%e?
U 38
Thus the current
s_;s —_ - g2 .
Ju (n) =1P(n)yuys A (n) - Z;E tr{A[Av(n)au' AV'(n)

-2 g An@) A, @)Y

’

is conserved on our lattice, just as it is in the continuum,*¥*
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FOOTNOTES

% . 1 . . .
The measurements of Fairbank et al.” will be viewed as systematic

in what follows. Even if these measurements are not systematic
effects, it is still very difficult (if not impossible) to liberate

quarks!

k%

By "light quarks" we simply mean that the quarks have masses not
comparable to the lattice spacing and that these masses remain finite

as the lattice spacing approaches zero,

Fodee

Qur result that the anomaly in the Adler-Bell-Jackiw theorem can be
written as a divergence on our lattice appears to disagree with the
work of Peskin (Cornell Reports CLNS-395, CLNS 396, 1978) for the Wilson
non-Abelian lattice theory. The two results can be reconciled by viewing
our lattice theory as a member of an ultravioletly attractive class which

is not considered by Peskin. We have no argument against this view.

REFERENCES
G. S. LaRue, W. M. Fairbank, and J. S. Phillips, Phys. Rev. Lett.
42, 142 (1979).
K. G. Wilson, Phys. Rev. D10, 2445 (1974).
D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30, 1343 (1973); H. D.
Politzer, ibid. 30, 1346 (1973); G. 't Hooft, unpublished; D. J.
Gross and F. Wilczek, Phys. Rev. D8 , 3633 (1973); ibid. 9, 980
(1974); H. D. Politzer, Physics Reports 14, 129 (1974).

C. N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954).



- 21 -

K. G. Wilson, Phys. Rev. 179, 1499 (1969). Recall that the key
ingredient in the Wilson short distance formalism is the behavior
of the Gell—Mall—Low—-Callan—Symanzik6 function B(gR) near
gR=O, where g8 is the renormalized coupling constant. (We
consider the case of a single coupling constant, for simplicity.)
The phenomenon of Bjorken7 scaling is then reasonably accounted
for by theories for which 8x=0 is attractive in Wilson's sense,
i.e., by gauge theories for which B/gé\g _0<0.

R
M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954); E.C.G.
Stueckelberg and A. Petermann, Helv. Phys. Acta. 26, 499 (1953);

C. G. Callan, Jr., Phys. Rev. D 2, 1541 (1970); K. Symanzik,

Commun. Math. Phys. 18, 227 (1970); in Springer Tracts in Modern

Physics, edited by G. Hohler (Springer, Berlin, 1971), Vol 57,

p. 2223 S. Weinberg, Phys. Rev. D 8, 3497 (1973); G. 't Hooft,
Nucl. Phys. B61, 455 (1973).

J. D. Bjorken, Phys. Rev. 148, 1467 (1966); Phys. Rev. 179, 1547
(1969).

See, for example, J. D. Bjorken and E. A. Paschas, Phys. Rev. 185,
1975 (1969); S. D. Drell, D. J. Levy, and T. M. Yan, Phys. Rev.
187, 2159 (1969); Phys. Rev. D 1, 1035 (1970); ibid. 1, 1617
(1970); ibid. 1, 2402 (1970).

For a review, see, for example, S. B. Treiman, R. Jackiw and D. J.

Gross, Lectures on Current Algebra and Its Applications (Princeton

University Press, Princeton, N.J., 1972); S. L. Adler and R. F.

Dashen, Current Algebras (W. A. Benjamin, Inc., N.Y. 1968).




10.

11.

12.

13.

14.

15.

16.

17.

- 22 -

S. L. Adler, Phys. Rev. 177, 2426 (1969); R. Jackiw and J. Bell
(unpublished); J. Steinberger, Phys. Rev. 76, 1180 (1949); J.
Schwinger, Phys. Rev. 82, 664 (1951); W. A. Bardeen, Nucl. Phys.
B75, 246 (1974).

J. Kogut and L. Susskind, Phys. Rev. D 11, 395 (1975); L. Susskind,
Lectures at Bonn Summer School, 1974 (unpublished); T. Banks,

J. KRogut, and L. Suskind, Phys. Rev. D 13, 1043 (1976); K. Wilson,
Erice School of Physics, Cornell Report No. CLNS-321, 1975
(unpublished); V. Baluni and J. Willemsen, Phys. Rev. D 13, 3342
(1976); S. D. Drell, M. Weinstein, and S. Yankielowicz, Phys. Rev.
D 14, 487 (1976); ibid. 14, 1627 (1976); M. Peskin, Cornell Reports
CLNS~395 and CLNS-396.

L. H. Karsten and J. Smit, Nucl. Phys. Bl44, 536 (1978).

R. Feynman, Phys. Rev. 76, 749 (1949); ibid. 76, 769 (1949).

See, for example, K. Hoffman, Analysis in Euclidean Space (Prentice-

Hall, Inc., Englewood Cliffs, N.J., 1975), p. 175.

K. G. Wilson, private communication.

L. D. Fadeev and V. N. Popov, Institute for Theoretical Physics of
the Ukrainian Academy of Sciences Report No. ITP 67-36, 1967
(unpublished) (English version edited by D. Gordon and B. W. Lee,
National Accelerator Laboratory, Report No. NAL-THY-57, 1972
(unpublished)).

V. N. Gribov, SLAC-TRANS-76, 1977; S. Mandelstam, talk presented at
the Washington Meeting of the American Physical Society, April,

1977.



_23_

18. G. 't Hooft, Nucl. Phys. B33, 173 (1971); ibid B35 167 (1971);
G. 't Hooft and M. Veltman, ibid. B44, 189 (1972); B. W. Lee and
J. Zinn-Justin, Phys. Rev. D 5, 3121 (1972)s ibid. 5, 3137 (1972);
ibid. 7, 1049 (1973); A. Slavnov, "Who's Afraid of Anomalies," DESY
preprint, December 1976.

19. K. Fujikawa, B. W. Lee, and A. I Sanda, Phys. Rev. D 6, 2923 (1972).

20. J. D. Bjorken and S. D. Drell, Relativistic Quantum Fields

(McGraw-Hill Book Company, New York, 1965).

k i;}w
4 q
1 N + —12
2 4,0 b, 3 a,a b,

k+q
(a) (b)

a,a \ /" b,B a,a b,

3 =79 (c)

Diagrams determining Z

. ‘ ( d) 3574A)
Fig. 1

3 for the theory (36) plus (42). The wavy
lines WA are Ai propagators. The dashed lines --- are ghost
propagators. The solid lines are fermion propagators. The Feynman
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vector~vector-vector vertex. (b) The pseudoscalar-vector-vector-

vertex.



