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ABSTRACT
Gluon bremsstrahlung processes inside the nucleon are investigated.
A new method of inverting the moments is used which leads to analytic
results for the parton distributions near x = 1 and x = 0. The 3-quark

picture of the nucleon is studied with a minimum number of parameters or
1
§>

with a width related to the nucleon radius, and subsequently "renormal-

input. An "unrenormalized" valence quark distribution peaked at x =

ized" by gluon bremsstrahlung is in good agreement with deep inelastic

data. However the gluon distribution obtained seems too steep near x =0.
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1. INTRODUCTION
The first runs of low energy eN and vN deep inelastic experiments
(E < 20 GeV)l’2 were in good agreement with Bjorken scaling. Later, more
. 3 . . . 4-8,15
precise eN data” and high energy uN and VN experiments have shown
that there are actually small scaling violations. These violations
appear to be in good agreement with asymptotically free gauge theories
. . . 9-14,7
and more precisely with Quantum ChromoDynamics (QCD).

The usual way to test QCD is to start with structure functions taken

from the data at some Qg ~ 4 GeV2 and then to study how QCD modifies

2
0

these structure functions for Q2 > Q This scheme is in agreement with
experiment but it involves a lot of parameters and unknown quantities,
for example the shapes of the gluon and quark-antiquark sea distributions
at Q%. But it may be possible to go further by considering the nucleon
as composed of 3 quarks bounded together via gluon exchaﬁées and postu-
late that the glue and quark-antiquark sea actually "seen" inside the
nucleon are produced only through gluon bremsstrahlung. This is very
appealing because far fewer parameters and almost mo data input are
involved. 1In principle in this framework, using QCD, one should be able
to predict completely the gluon and sea distributions. The only problem
is that one has to choose the normalization point Qg in a region where
perturbative QCD is not valid (Q% ~ 0.1 GeVz). This picture has been
suggested by many peoplel6_19 and will be fully developed in‘this paper.

The purpose of this paper is twofold. First, some general results
on the variation of the structure functions with Q2 are derived. In

this respect the equations which describe the variation of parton densi-

ties with QZZO are reviewed in Section 2. It appears that given boundary



conditions (at Q%) the best way to solve these equations is to consider
the Mg}lin transforms of the parton densities, i.e., the usual moments of
the operator product expansion and renormalization group formalism.lO A
new method of inverting the moments is proposed which is very useful in
order to obtain analytical results. For general boundary conditions the
solutions are studied analytically near x = 1 and x = 0 (Section 3).
Near x = 1 the valence, glue, and sea distributions xV(x,Qz), xG(x,QZ)
and xqs(x,Qz) behave like (1 - X)V(QZ), (1 - x)g(Qz) and (1 - x)qS(Qz),
respectively,21 QCD giving some relations between the powers v(QZ), g(Q?)
and qS(Qz). Some of these relations have been already discussed in Ref-
erences 22 and 23. As a result it is found that these dominant terms
are good approximations of the exact solution only very near x = 1 and
should not be extended on the entire 0 < x < 1 range. Moreover, the
range of dominance of some of those terms near x = 1 is éppreciable only
for Q2 >> Qg. Whatever is the behaviour of xV(x,Qg) near x = 0 it is
found that for Q2 > Q%, V(x,Qz) goes to infinity as x goes to zero. It
is also found that for Q2 > Q% as x goes to zero, xG(x,QZ) and xqs(x,Qz)
go to infinity faster than any power of log i~but slower than any x ©
power.24

The second part of this paper (Section 4) is devoted to the 3-quark
picture mentioned above. The boundary conditions are then
G(X,Q%) = qs(x,Q%) = 0 with V(X,Q%) taken either from a harmonic oscil-

16,17 or from a field theory with vector

lator quark model of the nucleon
gluon exchange.25 The results are compared with deep inelastic data.

As far as the valence distribution is concerned the agreement is very

good for both the x and Q2 dependences. On the other hand, the gluon



distribution obtained seems too steep near x = 0. This last result comes
mainly from a comparison with a measurement of gluon moments.

Conclusions on this analysis are given in Section 5.

2. EQUATIONS DESCRIBING THE VARIATION OF
PARTON DENSITIES WITH Q2

A current with square momentum transfer —Q2'< 0 which investigates
the inside of a hadron can "see" a quark q; or a gluon G,27 which is then
considered as a constituent of the struck hadron. qi(x,QZ) and G(X,QZ)
will respectively denote the densities of quark q4 and gluon G carrying
a fraction x of the total longitudinal momentum of the hadron in the
infinite momentum frame. In any renormalizable quark-gluon field theory
in which perturbation theory is wvalid, the equations describing the

variation of those parton densities with Q2 are:zo’28

9 -
3q. (x,Q7) 2 1
i _ o(Q7) dy (5 q'(y,QZ) +p §-G(y,Q2)
2 i qG\y

p
3 log Q2 . y I q9'y
0c(x,0D) _ a@® [Tay | sz ) 2
3 — X x
3 log Q % | -t

a(Qz) is the running coupling constant of quark-gluon interaction and £

is the number of quark flavors. These equations account for all orders

in a(QZ) log Q2 but only for first order in a(Qz). They are typical of

a shower phenomena. For an electromagnetic shower we have similar equa-
tions in which quark and gluon densities are respectively replaced by

electron and photon densities.



In QCD where the gauge group is SU(3) color, when a(QZ) is small

compared to 1, it is approximately given by

127

2 (Q?) ~ (2)

2
_ Q.
(33 2f) log 2

where A gives the normalization of a(Qz) at a fixed value of Q2 (from
experiment A ~ 500 MeV).

Let us now discuss the various functions pij(z) of Egqs. (1). pqq(%)
is given by diagram (a) of Fig. 1:

4 2 3
= = | - +2z) +3 -
P = Slatyr - G+ + 356G - 1) (32)
where 1 is the following distribution
(1 - Z)_|..

1 1
flz) - f(z) - £(1)
[dz (1—zz)+:[dz[ I- z ]

For comparison, in Quantum ElectroDynamics (QED)

2

P.o(2) = [ (1 + 2z +‘%5(Z'- 1)

pqc(§> is given by diagram (b) of Fig. 1:

P = 5| - 2% +2? (3b)

In QED
peY(Z) = (1 -2)2 + 22

x\ . . ] ' .
PGq(y) is given by diagram (c) of Fig. 1:

(3¢)

3{1 + (1 - z)?
3

PGq(Z) -

In QED )
14+ (1 - 2)
pYe(Z) p




pGG(?) is given by diagram (d) of Fig. 1 (plus a contribution from
diagram (b)):

pGG(Z)=6[ﬁ+%_2+z(l_z)+‘('?é§%—2f—)5(z—l) (3d)

In QED where there is no such 3y coupling:

Pyy(®) = -28(z - 1)

Equations (1) can be rewritten in two steps: first by changing the

variable log Q2 into

2 (Q?)
33 - 2f 2 ?
( ) a(Q)
second by making a separation between valence and sea quarks
w(x,0%) = v (x,09) + u_(x,0%)
2
4(5,0%) = d_(x,Q7) + d_(x,Q%)
where
2 — 2
u (x,Q7) = u(x,Q7)
2 J—
dS(X’Q ) = d(XsQZ)
Thus when a(Qz) is small compared to 1, and given by formula (2), Egs.
(1) read:
5 2 lay x 2
¢ 4y (x,Q7) =/ Y qu(-);)qv(y,Q) (5a)
x
3 2 Loyl /x 2 x N
2 a, (x,0%) = / A S ERCR DI RS (5b)
x 5

1T 2f
Lo - f e (B)D e, .00 + fGG(-;—‘-)G@,Q"-)} (5¢)
X :

- i=1



where
q, = u, or dV
q, = u,(= ), d_(= d),8,5,C,Cyun-
=3

Note that in these equations quarks and gluons are treated as massless
particles, which means that mass effects are not taken into account.
Equation (5a) is satisfied by any difference of quark densities
(uv_= u —;L u-8,...). This equation is decoupled from the others
because the evolution with Q2 of valence quark densities is governed
only by gluon bremsstrahlung (Fig. la). In the Operator Product Expan-
sion and Renormalization Group formulation of asymptotic freedom effects
this is known as the evolution with Q2 of valence quark densities and is
governed only by flavor non-singlet operators. Equations (5b) and (5c)
are coupled (in the other formulation known as mixing of flavor singlet
and non-singlet operators) because a) sea quarks are produced by pairs
from gluons (Fig. 1b) and lose momentum by gluon bremsstrahlung (Fig. la);
b) gluons are produced by gluon bremsstrahlung (Fig. lc), are destroyed
when they produce qq pairs (Fig. 1b), and can generate themselves
(Fig. 1d).

Solving Eqs. (5a) through (5c) requires the knowledge of boundary

conditions. If we know qv(x,Qg), qs(x,Q%) and G(X,Qg) for some Qg such
a(Q%)

T

that

<<1, then Egs. (5a) through (5c¢) enable us to know qv(x,Qz),

qs(x,Qz) and G(x,Qz) for all values of Q2 for which Egs. (5a) through
a(Q?)

(5c) are valid (i.e., for - << 1). The solutions of these equations

are obtained by considering the Mellin transform of the quark and gluon

densities:



1
Mj (S,QZ) = / dx Xs—l j(X,QZ)
0

where

j= qv,qS,G,---

Equations (5a) through (5c) become

9 2 2
sz'Mqv(S,Q ) = Aqq(s) Mqv(S,Q ) (63)
a 2 2 2
EE'MqS(S;Q ) = Aqq(s) MqS(S:Q ) + AqG(S) MG(S’Q ) (6b)
2f
o M (5,07) = 80 () D) Mgy (5,07) + Begls) My(s,0D) (6c)
i=1

where
1 1
g
Aij(s) = [ dz =z fij(Z)

From formulae (3) we get

1

s+ Vet - 72)

3.1 _
Aqq(s) T4 + 2s

2
32+ s+ s7)
AqG(s) = (7b)

16s(s + D) (s + 2)

2
AG<S)=(2+§+S) (7¢)
4 2s(s” - 1)
9033 - 2f 11 11 _
A =736 st T st I sxz o Vet D C] (7d)

s
I'(s + 1) . . 1
= e O = - + — i i
where ¥(s + 1) Tls ¥ 1) is the digamma function ( c E 3 if s is
j=1
a positive integer) and C is Euler's constant, C = 0.577... . Up to a

multiplicative factor the A's are the usual anomalous dimensions found



in QCD.lo It is now easy to solve Egqs. (6a) through (6c). The solution

of Eq.. (6a) is

Mg, (s.0°) = Mg (s,02)e

_ - 16
(33 < 2f) “aq ()

N

log

it

Mg, (5,Q7) (8a)

log

>bISQw ﬁQVD

=N

Solutions of Eqs. (6b) and (6c) are obtained after diagonalization and

can be written in the following way

My(s,0%) = M, (s,05) + 26 Mg (5,00) [Fg (5,8) + Mg (s,05)Fpq(s,t)  (8b)
My (s,Q2) = M (5,Q%)Fq v(s,t)
qgt=> v o/t dgvieo

+ M (s,Q0)Fq g (s,t) + Mg_(,Q2)Fq_q (s,t) (8¢)

9sds

This is for f flavors of quarks; quarks and gluons being treated as mass-

less particles and the sea being SU(f) symmetric:
2 2 2
MV(S’QO) = MUV(S’QO) + MdV(S’QO)

Fij(s,t) are known functions of t and of the A's which are given in
Appendix I.

Having solved the equations satisfied by the Mellin transforms, we
have to get back to the x distributions by computing the inverse Mellin

transforms:
ctio
1

j(x,Qz) =57 ds x ° Mj(s,Qz) (9

c~ic
where the contour (c-iw, c+ix) is at the right of all singularities of

Mj(s,Qz) in the complex s plane (Fig. 2). This method will be used to
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obtain general results on the parton densities, assuming some general
boundary conditions (Section 3). There is another way of computing the
inverse Mellin transform which will be used in Section 4 dealing with
the 3-quark picture. This method consists in computing the inverse
Mellin transforms of the functions Fij(s,t) : ﬁij(x,t), and then using
the convolution formula equivalent to the product of Mellin trans-

30,31
e

forms, .g.

1
q, (") =f & g, (2,Q2)F, 0.0 (10)
X

tAqq(S). Let

where ﬁvv is the inverse Mellin transform of Fvv(s,t) = @
us note that ?ij(x,t) represents the x density of parton i found inside

a parton j for a value —-Q2 of the square momentum transfer, the parton j
being considered as a bare particle when the transfer is —Qg. These
functions Fij(x,t) can directly be used in processes which do not involve

composite hadrons but quarks or gluons in the first place, e.g., e e

annihilation.

3. GENERAL BOUNDARY CONDITIONS
In this section we shall discuss the behaviour of the quark and gluon
densities near x = 1 and x = 0 corresponding to some general behaviour of
the boundary densities.

3.1 Behaviour near x = 1

To study the behaviour of a parton density near x = 1 is equivalent
to studying the limit of its Mellin transform for s going to infinity.
Therefore if we make a-i expansion of its Mellin transform and compute

the inverse Mellin transform of each term, we obtain an expansion of the
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parton density near x = 1. Let's assume that the behaviour of the quark

and gluon densities near x = 1 for Q2 = Q% are

XV (x,Q) ~ K (1 - 0"
2 g
xG(X,QO) ~ KA -x
q
xq_ (x,Q2) ~ Kqg (L = %) °

Using formulae (7a) and (8a) and the fact that one can write

o0

1 }E: Bon
P(s + 1) = log s +-§g - 5

=1 2n's
where B, are Bernoulli numbers we obtain:
2 2 v(Q?)
xV(x,Q7) ~ K (@)1 - x) (11)
where
V(Q2) =v +t
and

3
2y tl> - ¢ T(v + 1)
KV(Q ) = Kv e [4 ]F(v + 1 4+ t)

This result is also given in References 31 and 22 but let us note that
by making a %—expansion of the Mellin transform we obtain not only the
dominant term near x = 1 but a whole expansion valid on the 0 < x <1
range.

For the gluon density xG(x,Qz), using formula (8b) and formulae
(I.2) of Appendix I we get four dominant terms near x = 1. The first
one corresponds to the glue produced by the valence quarks through brems-

strahlung. Near x = 1 it is equivalent to
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N+ 1+ 1)
kg, (@) oo (12)
[log +Y(v+2+¢t)+ A
- 1 - x
where
3
2, _ 2 t[—-c T(v + 1)
KGV(Q)—SKve 4 ]I‘(V+2+t)
21 - 2f
A T

The second term corresponds to the glue radiated by the sea quarks. It

is similar to the first term; near x = 1 it is equivalent to

(1 - X)(qs + 1+ t)

X+q;(qs+2+t)+>\

Kgqy ()7

log 1=

where
I‘(qS + 1)
F(qs + 2 + t)

3
J2-

2 4f
KGqS(Q ) = —5_-‘ que

The third term corresponds to the glue radiated by the glue itself. Near
= 1 it is equivalent to

9
k& @ a - &7

where

(l)(Q ) = exp[?(%ii%—gg —-2c>] (g + 1)9
(g + 1 +'Zt)

The last term corresponds to a gluon which creates a quark-antiquark pair

which itself radiates glue. Near x = 1 it is equivalent to

(1 - X)(g + 2 + t)

()
@ :

[log R +Y(g + 3+ t) + A

where

t[%—— c] I'(g+ 1)

(2)
(Q)‘zsc Tlg + 3+ 0)
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Let us note that the power (1 - x)t comes from the summation of an in-
finite number of soft gluons radiated by a quark. On the other hand,

-t
the power (1 - x)4 comes from the summation of an infinite number of

soft gluons radiated by a gluon. If we leave the log 1 } - aside and

say that near x = 1 the gluon density xG(x,QZ) behaves approximately
48D 2

like (1 - x) then g(Q”) will be the smallest power of the 4 written

above. We then have the following inequaling:23
2 2
g(Q) s v+1l+t=v(Q)+1

Similarly for the sea quark density xqs(x,Qz), using formulae (8c)
and (I.2), we get three dominant terms near x = 1. The first one corre-
sponds to a qa'pair produced from a valence quark through gluon radiation.
Near x = 1 it is equivalent to
(v +2+t)

1 - x)
+q)(v+3+t)+)\]

2
Kq_v(@) (13)

log 1-x

where

3. c] I'(v + 1)

2, _ 3 t[
Kqov(@) =g K e la T(v + 3+ t)

The second term corresponds to a da'pair produced from the glue. Near
x = 1 it is equivalent to

(1 - X)(g + 14+ t)

Ky (@) :
8 ‘[1og + (g +2+t) +2
1 -x
where
3
2y 23 t[*—C]F(g+l)
KqSG(Q ) = 20K L4 T(g + 2 + t)

The third term corresponds simply to a sea quark which modifies its

_ momentum by radiating glue. Near x = 1 it is equivalent to
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KquS (QZ)(]- - %) (qs + )

where,

3
- -c

2 t[ T(qg + 1)
KquS(Q ) = que 4

T(qg + 1 + t)

T E - aside and say that near x = 1 the sea density

2
qu(X,QZ) behaves approximately like (1 - X)qS(Q ) then qs(Qz) will be

If we leave the log

the smallest power of the three written above. We then have the follow-

ing inequality:23

qs(Qz) sv+ 2+t = V(Qz) + 2

Regarding the boundary powers v, g, and qg»> We have to consider two cases.

The first one is for g > v - 1 and qg 2 v; in this case we obtain the

following relations32

5(Q%) = v@H + 1

v(Q?)

IA

a,@") = v(@") + 2

The other case is for g < v + 1 or qg < v for which we have

8% = q (@) +1 < v(@}) + 1

But usually the boundary powers are such that g > v + 1 and qg 2 Vv + 2.

In this case we have the following relations

(%) = v(@®) + 1

a Q") = v(@®) + 2
or equivalently, near x = 1 the gluon and sea densities are dominated by
the terms (12) and (13), respectively. This means that for Q2,suffi—

ciently larger than Qg the valence quarks generate most of the glue and

sea quarks ''seen'" mear x = 1. But let us note that this is true only in
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the vicinity of x = 1 and the closer Q2 is to Qg the smaller is the
regiog\of dominance of the terms (12) and (13) around x = 1. In other
words, we should not extend these results on the entire [0,1] interval
by saying, for example, that for 0 < x < 1 the shape of the gluon dis~
tribution is (1 - x)(V(QZ) + l). This is shown in Section 4 and it means
that for 0 < x £ 1 we have to take all the terms into account, and not

only the ones that are dominant near x = 1.

3.2 Behaviour near x = 0

To study the behaviour of a parton density near x = 0 is equivalent
to studying the behaviour of its Mellin transform near its rightmost
singularity in the complex s plane. Therefore if we compute the contri-
bution of each singularity of the Mellin transform, starting with the
rightmost ones and using formula (9) integrated on the contour € of
Fig. 2, we obtain an expansion of the parton density neaf x = 0.

Let us note, as an example, that the function Aqq(s) has a pole at

s =0 : %;; which leads to an essential singularity at s = 0 for the
t
tAqq(s): e2s

function Fv(s,t) =e
Let us assume that the behaviour of the quark and gluon densities

near x = 0 for Q2 = Q% are

2 r
XV(X,QO) ~ Hvx

XG(x,Q2) ~ oy
2
qu(X’Qo) ~ HqS

For the valence density xV(x,Qz) we need to distinguish three cases:
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a) 0<r<l1: The rightmost singularity of M (s,Q ) is a pole
at s = 1-r, therefore using formula (8a), we obtain the following be-
haviour near x = 0

XV(X,QZ) - HvetAqq(l— r) Xr

So in this case the x' behaviour is stable under QZ variation. Regge
© pole arguments suggest r = ;-which falls in this category and for

7
which?%4222

XV(X,QZ) ~ HV exp[t(i-fé + 2 log 2)]/5-

b) r=1: The rightmost singularity of Mv(s,Qz) is an essential

singularity at s= 0, therefore near x=0 for Q2 > Qﬁ

xV(x,QZ) ~ H‘Sl) (Qz)x Io<v2t log %)
H(l) 2 . 1
v (@) X exp(‘/Zt log ;)

V2w <2t log;l{—)l/4

£
where Hél)(Qz) = Hvél4 and In(z) are the modified Bessel functions of
the first kind.

¢) r > 1: The rightmost singularity of Mv(s,Qz) is also an essen~

tial singularity at s =0, therefore near x=0 for Q2 > Q%
2y 4(2) .42 t / 1
xV(x,Q7) HV Q) x —————ii Il( 2t log x)

2 log -

(2) ;42 1
H:77(Q7) 4
v Xt 1
~ exp V2t log-—)
o <2 log-§)3/4 ( x
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where

t 1
1P @) = e f & v,
0

In cases b) and c¢) when x goes to zero, XV(X,QZ) goes to zero slower

than x but faster than any x € power (with € > 0), for Q2 > Qﬁ. There-—

fore in these cases the x' behaviour is not stable under Q2 variation.

Even if for Q2 = Qg, xV(x,Qz) has not a vertical tangent at x = 0, it
has a vertical tangent at x = 0 for any Q2 > Qg. This may mean that

when we compute the gluon bremsstrahlung contribution (Fig. 3a) we are
in fact also computing a part of the p exchange contribution which creates
the vx behaviour near x = 0 (Fig. 3b).

For the gluon density xG(x,Qz), using formulae (8b) and (I.1l) of
Appendix I, we get three dominant terms near x = 0. The first one corre-
sponds to a gluon produced from a valence quark through all types of

"tower" diagrams like the one of Fig. 4. Near x = 0, for Q2 > Q%, it

2 h(Q%) ’——t——l— 11<3Jt log i)
10g ;{‘

behaves like
where

Let us notice that this term does not depend on the behaviour of the

boundary function XV(X,Q%) near x = 0, but only on the fact that
1
“,P dx V(x,Qi) = 3. The second term corresponds to the glue produced
0

from a sea quark or antiquark through all types of "tower' diagrams.

Near x = 0 it is equivalent to
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8f 2 / 1
5 Hqs h(Q )IO<3 t log ;)

The third term corresponds to the glue produced from a gluon also through

all types of "tower" diagrams (Fig. 4). Near x = 0 it behaves like

H, h(Q%) 10<3‘/t log %)

For the sea density xqs(x,Qz) we also get three terms corresponding
to pair production from valence quarks, sea and gluon respectively,
through all types of "tower" diagrams. Near x = 0, for Q2 > Qg, those

three terms behave respectively like

2
h(Q7™) ¢ / 1
_69_ 1 I2(3 t log §)

log-;
2f 2 t f 13 -
27 Hqs h{Q") Tog 1 Il<3 t log ;)
and %
H
8 2 t d 1
12h(Q) 111(3 tlogx)
log ;

We also obtain similar behaviour near x = 0 for Q2 > Qg if the boundary

1+¢

conditions are such that for any € > 0, x G(X,Qﬁ) and xl+8

2
a5 (x,Q) go
to zero when X goes to zero. From these results we see that when x goes

2 2 2 2 e

to zero for Q° > QO’ xG(x,Q7) and xqs(x,Q ) go to infinity faster than
any power of log %—but slower than any x © power (with e > O).24 There-
fore in this framework the fact that xG(x,Qi) and xqs(x,Qi) go to con-
stants when x goes to zero is not a property which is stable under Q2

varlation. If we relate these results with the 1limit of the total

Y*(Qz)p cross section at high energy, we find that this last quantity
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violates the Froissart bound. This may be a consequence of the fact
that jn this scheme we have ignored all high order a(Qz) terms which are
not of the a(Qz) log Q2 type.24 If we could take all ‘the higher order
terms into account (and even nonperturbative effects), the answer might
correspond to a saturation of the Froissart bound; i.e., xG(x,Qz) and

2
xqs(x,Qz) behave like (log-%) when x goes to zero.

4. THE 3-QUARK PICTURE OF THE NUCLEON

It is appealing to consider that all the glue and qq pairs "seen"

18,19

in the nucleon are produced via gluon bremsstrahlung. This means

2
m
that for Q% of the order of m§4~ <?$> = 0.1 GeV2 the boundary conditions
will be
2y _
XG(X,QO) =0
xq (x,Q2) = 0 (14)
s 70

2
2 X 0'v(Q())
But for such small values of Q~ Egs. (1) are not valid p ~1]).

Anyway, in this section the "normalization" point Qg will be chosen in
this region, together with the boundary conditions (14). This approxi-

mation will still be valid if the higher order corrections only modify

a(Q2)
27

2
where 9&%_2 ~ 1. The variable through which the Q2 dependence occurs is

the coefficient into a more general function f(a(Qz)) in the region

16, #(Qy)
B3 - 25y Log
(33 - 20) )

t =

or more generally

_ 16 K
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. 1
From the fact that.}/. F;p(x)dx ~ 0.16 for Q2 ~ 4 GeVZ, which means
0

‘that Approximately 50% of the proton momentum is carried by gluons, we

conclude that Q2 ~ 4 GeV2 corresponds to t ~ 1.3. Using A = 500 MeV and
a(Qg)

three flavors of quarks this leads to-; or ~1.44.

Moreover, we need to know the "unrenormalized" valence distribution
XV(X,Qi) corresponding to the diagrams included in the circled part of
Fig. 5. V(X,Q%) must satisfy the following conditions: a) V(X,Qg)

should be peaked at x = %3 b) dits width should be related to the nucleon

1
radius, c)/ xV (x,Qﬁ)dx = 1, which means that all the nucleon momentum
0 1
is carried by the valence quarks, d{}(. V(X,Qg)dx = 3, which means that
0

there are three valence quarks, and finally e) V(x,Q%) should behave
like (1 ~ x)3 near x = 1 because of a quark counting rule.34 A harmonic

oscillator quark model of the nucleon givesl7’l6

2
V(x,Q%) ~ N exp [—% Rszl (x - %—) J (16a)

On the other hand a field theory with vector gluon exchange gives25

N'

[EREAR|

These distributions have to be slightly modified near x = 1 in order to

V0, Q) = (16b)

behave like (1 - X)3. my is the nucleon mass and R the nucleon radius
which is of the order of 0.75 Fermi. As a result of the analysis done
in this section the two functions (16a) and (16b) give almost the same

quark and gluon densities, and this for slightly different values of R:
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distribution (16a) with R = 0.5 Fermi, which is in good agreement with
exper%pental data, corresponds to distribution (16b) with R = 0.7 Fermi.

There may be a way of formulating this 3-quark picture of the nucleon
without considering small values of Q2 for which Eqs. (1) are not valid.
This is by saying that a good approximation of the nucleon for Q2 > 1 GeV2
is the one given in Fig. 5 which consists of a factorization of a gluon
bremsstrahlung process (Egqs. (1)) with a gluon exchange process among
the three valence quarks (boundary conditions (14) and (16)). The solu-
tion of this problem is obtained with the help of an "abstract"” normal-
ization point Q% or more generally, a parameter K which relates the
scales of Q2 and t. As far as the mathematics are concerned, this for-
mulation is completely equivalent to the one described at the beginning
of this section. And we see that the larger Q2 is, the better this
3—-quark picture should be.

In order to obtain the quark and gluon distributions xV(x,QZ),
XG(X,QZ) and xqs(x,Qz) we have to solve Egs. (1) with boundary conditions
(14) and (16). This is done by considering the Mellin transforms of
these distributions, which are given by formulae (8). To get back to
the x distributions we compute the inverse Mellin transforms of the
functions Fij(s’t) (see Appendix II) and then use the convolution for-
mula (10). Once we know the distributions xV(x,QZ), xG(x,QZ) and
xqs(x,Qz) we can compare them with deep inelastic experiments (Fig. 6).
Let us note that this comparison should be done only in the region where

the parton model is valid (i.e., £ << 1 or equivalently

Q2 > 1 GeVz). For large Q2 the variable x of parton densities equals

the experimental variable x:
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QZ

2my (E - E")

X =

-

In fact this formula has to be modified by target or quark mass effects.35

The valence quark distribution xV(x,Qz) can be directly compared to

PSP, 07) - T5te,0”) = §x [u, (0 - 4 (0D

or

X FgN(XsQZ) X[UV(Xst) + dV(X’Q2)}

The other structure functions involve the sea quark distributions:

2f

2 2
PN, 0P = ) el wa (5,07
i=1

4 — - 1 - —
- +u+c+ + = +d+ s+
5 X[u u c c (x,QZ) 9 x|d d s s (X,Qz)

in the case of four quark flavors. If we neglect charm production in neu-
trino experiments and set the Cabibbo angle equal to zero:

N 2. _ -, =
FZ (x,Q7) = X[u +d+u+d (x,Qz)

On the other hand if we assume a full charm production (neglecting charm
quark mass effects) and a charm sea equal to the strange sea
(c(x,QZ) = s(x,Qz)) we also have charge symmetry in neutrino experiments

and

vN 2 -,
F2 (%x,Q7) = xju+d+u+d+ 4s (x,Qz)

At this point let us define exactly what are our inputs for com-

parison with experiments. Conditions (1l4) are used together with
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2y _ 2 2
XV (x,00) = x|u, G,Q) + d (6,00
- _ 3.2 2 1 2] 3
= Nl X exp[—2 R mN<x - 3) + N2/§(l - X)
where R = 0.48 Fermi, Nl = 4.43, N2 = 0.53.36
As a first approximation we assume uv(x,Qz) = 2dv(x,Q2), which is

known not to be satisfied for x > 0.4. The relation between Q2 and t is
given by formulae (15) and (2) in which A = 500 MeV and K is determined
by the fact that t = 1.3 for Q> = 4 GeV> (e.g., for f = 4, K = 4.15).

The first step of our comparison with experimental data deals with
the moments of structure functions, which does not involve the difficult
task of computing the inverse Mellin transforms. The best experimental
results on the valence moments come from a study of Gargamelle and BEBC
data on ngN(X’QZ).7 Comparison between experimental data and our pre-
dictions is done in Table I and Fig. 7a; agreement betweeﬁ the two is
very good. In addition the BEBC group extracts the gluon moments from
measurements of F;N(X,Qz). Comparison with our predictions is given in
Table II; except for the second moment (n=2) agreement between the two
is not very good. But, on the other hand, if we directly compare our
predictions with experimental results on the moments of F;N(X,QZ), as
done on Fig. 7b, we get a good agreement. This means that it is difficult
to extract with a good precision the gluon moments from FEN(X,QZ).37
Anderson et al.,26 have also extracted the gluon moments froﬁ electron
and muon deep inelastic scattering measurements on hydrogen and deuterium.
Their results are more precise than those in neutrino experiments and
appear to be of the same order of magnitude as BEBC results. Agreement

with our predictions is good for the second moment (their result for
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Q2 = 5 GeV2 is approximately 0.43, to be compared with 0.45 of Table II),
but it is bad for the 4th and 6th moments (our predictions are approxi-
mately an order of magnitude below the data). On the other hand, if we
directly compare our predictions with the experimental results on the
moments of the electromagnetic structure functions F2 for hydrogen and
deuterium we also get good agreement for the second moments, but for the
4th and 6th moments our predictions are systematically 10 to 207% below
the data.38 The conclusion of this analysis is that the shape of the
gluon distribution obtained in this paper is much steeper near x = 0 than
the real one.

Let us now compare our prediction for the second moment of the quark-

anitquark sea with Gargamelle, BEBC and CDHS data. An analysis of Gargamelle

data2 which neglects charm production gives

|1 + 347 |2,
‘ 5 = 0.054 + 0.026
[Mu + Md + MFJ + Md—](Z,Q )
This number has to be compared with our prediction for Q2 =4 GeV2 : 0.069.

"An analysis of CDHS data8 gives

i + g+ 2,0

5~ = 0.16 + 0.02
[Mu+Md+MS +ME+ME+M;-J(2,Q )

2

which is in good agreement with our prediction for Q2 ~ 20 GeV™ : 0.18.

Results from BEBC7 assume charge symmetry which is not satisfied if there

is substantial charm production. Their result is . 0.113 % 0.030.

Q+Q

If we neglect charm production, our prediction for this quantity is 0.10

for Q2 ~ 20 GeVz. On the other hand, if we assume charm production with



a strange sea equal to the charm sea in order to have charge symmetry,
our pwediction for this quantity becomes 0.17 for Q2 ~ 20 GeV2. The con-—

clusion of this analysis is that we obtain very good results as far as

the second moments of the quark-antiquark sea are concerned.

structure functions as functions of x and Q2. First, using the results
of Section 3.1, let us investigate the behaviour of these functions near

x = 1. Near x = 1 the valence, gluon and sea distributions behave like

(4 + 1) (5 + t)
_ 3+t)y O-x (1 - x) .
1 - x) * gl - 9| and Tog (1 = 0] respectively. For
Q2 =4 GeV2 the powers are respectively 4.3, 5.3 and 6.3, which are good

values. But let us recall that this result is valid only near x = 1 and
should not be extrapolated for 0 < x £ 1. Near x = 0 the results are
those of Section 3.2, i.e., a vertical tangent for xV(x,Qz) and gluon
and sea distributions xG(x,Qz) and xqs(x,Qz) which go to infinity. Fig-
ure 8 shows the shape of xG(x,Qz) for Q2 = 4 GeV2 and 20 GeVz, respec-—
tively. It also shows a function CSt(l - X)5 normalized to the same

area as XG(X,Q2 = 4 GeVZ) for x between 0 and 1. So, even if

%G(x,Q° = 4 GeV2) behaves like - x> =1, it 1 h
s llog(l = x)[ near x , 1t is a muc

steeper function than (1 - x)5 on the entire 0 ¢ x < 1 interval. Figure 9
shows the shape of xqs(x,Qz) also for Q2 =4 GeV2 and 20 GeV2, respec-—

tively. Comparison of xqs(x,Q2 = 4 GeV2) with a function CSt(l - x)7

normalized to the same area for x between 0 and 1 shows that the sea

x)7 on the 0 < x £ 1 interval, even if

a - X)6.3
[log(1 - x) |~

distribution is steeper than (1

near X = 1 it behaves like
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Let us now compare Gargamelle data2 on quark and antiquark distribu-
t;ons ipside an isoscalar target, with our predictions of
xQ(x,02) = x[u(x,0%) + d(x, QM1 and WQ(x,Q%) = x[u(x,Q") + d(x,Q")] for
Q2 =4 GeVz. This is done in Fig. 10. Agreement is good for the quark
distribution. For the antiquark distribution it is difficult to draw a
definite conclusion because of poor statistics. Comparison of the BEBC
data7 on quark distribution with the curve which agrees with the Gargamelle
quark distribution shows that there is definitely a shrinkage of this dis-
tribution when Q2 increases (Fig. 11). There is good agreement between
BEBC data and our predictions of XQ(X,QZ) = x[u(x,Qz) + d(X,QZ)] or
x[u(x,Qz) + d(x,Qz) + ZS(X,QZ)]39 for Q2 = 20 GeVz. For the antiquark
distribution it is difficult to draw a definite conclusion because of
poor statistics. We investigate now SLAC3 and FNAL4 data on electron
and muon deep inelastic scattering on hydrogen. These data refer to the
structure function FSP(X,QZ). They are more precise than those in neu-
trino experiments and are given for various Q2 bins which is better for
comparison with our predictions. Figures 12, 13 and 14 show this com-
parison for three different Q2 bins. Our predictions are shown for 3 and
4>quark flavors40 (a fifth bottom quark does not change appreciably the
4 flavor curves because of its %—electric charge). Agreement is good
for x < 0.4 and suggests appreciable charm quark production (note that
for x = 0.1 and Q2 =4 GeV2 : w2 = 37 GeVZ, which is well above the charm
threshold). The relative poor agreement for x > 0.4 may have two causes.
First, we did not account for target mass effects, which means that we

35

should have used the scaling variable £ instead of the variable x. And

above all, we have used the relation uv(x,Qz) = 2dv(x,Q2) which is known
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not to be satisfied for x > 0.4. Finally let us notice that from com-
parison of our predictions with data at low x there is no indication that

the sea distribution obtained in this paper is too steep near x = 0.

5. CONCLUSIONS

The 3-quark picture of a nucleon certainly seems to have something
to do with reality. It is found in this paper that an "unrenormalized"
valence quark distribution peaked at x = %-and whose width is related to
the nucleon radius with a value R ~ 0.5 - 0.7 Fermi, and which is subse-
quently modified by QCD gluon bremsstrahlung processes, gives in first
approximation a good fit of the experimental valence quark distribution
XV(X,Qz) for Q2 > 2 GeVZ. Moreover, this model gives the right partition
of momentum between quarks, gluons and antiquarks. This last fact was
already pointed out in References 18 and 19, but the shape of the glue
x distribution predicted in this model seems to be slightly different
from the observed one.41 It appears too steep near x = 0, a fact already
noted in Reference 14. This last point is certainly related to the be-
haviour of those distributions near x = 0 which is found to violate the
Froissart bound, a consequence of the intrinsic nature of Egs. (1) and
not of the 3—-quark picture. So an improvement of this model probably lies
in taking account of higher order terms like a(Qz)(u(Qz)log Qz)n. There
may also be an appreciable contribution from diagrams which are not spe-
cifically of the gluon bremsstrahlung type, like the ones in Fig. 15.
Moreover, quark and gluon mass effects should be studied.

Let us emphasize that good agreement with deep inelastic data has

been obtained with a minimum number of parameters or data input; in fact,
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only three: the nucleon radius R, the parameter K of formula (15) which

relates the Q2 and t scales and finally A which controls the Q2 variation.
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APPENDIX I

Faactions Fij(s,t) of formulae (8) are functions of t and of the

Akl(s) given by formulae (7):

tA (s)
e

il

FVV(s,t)

FGq(s,t) AGq(s) f(s,t)

Falot) = 5 (o) - A ) £(s,0) + 3 ()

tA (s)
1 qq _1 _ 1
Fqsv(s,t) =5 [-e 5 (AGG(S) Aqq(s» f(s,t) + 5 g(s,t)
F o (s,t) = -= o) - A () £(s,0) + 10,0
s 2 \'GG qq ’ 2 ’

FqsG(s,t) = AqG(s) f(s,t)

where
EH(s)  th_(s)
e T e
£68) = ) = @
Ap(s)  tA_(s) (I.1)
g(s,t) = € + e
ki@)=%[&m@)+AM@)i«@mw)—A%®»2+8ﬂ¥JQ%ﬁ@)

There is another way of writing the functions Fij(s’t)’ using the

following formulae:
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e

- t n n
E n v (t-v)
f(s,t) -/(; dv — U (s) aT a1 | exp (t-v) AGG(S) + quq(s)

tA__(s)
GG
= e
FGG(s,t)

(=)

t no . y@1)
+/ dv ;Un(s) ;’—,—(—t—(lrf_—l)7- exp | vAL,(s) + (t-v) Aqq(s)
0

t 0
n _ (n~1)
P v(s,t) = o= : dv l; v (s) X_"LL(V?)—TT'_ exp [(E=v) B (8) + vA_ (s)
tAqq(s)

= e
Fqsqs(s,t) + 2f Fqsv(s,t)

where

U(s) = 2fAGq(s) AqG(s) . (1.2)

In these expansions the Un(s) term corresponds to a gluon produced from a
gluon through the production of n quark-antiquark pairs (Fig. 4). This way
of writing the functions Fij (s,t) is very useful when studying the behaviour

of the parton densities near x=1 (Section 3.1).
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APPENDIX IIT

-

To solve the inverse Mellin transform problem with boundary conditions
(14) and (16) and the use of formula (10) requires the computation of the
inverse Mellin transforms of functions Fvv(s,t), FGq(s,t) and Fqsv(s,t)

given in Appendix I.

1) Fvv(s,t)

Writing 1 20 an
Y(s +1) =log (s +1) - ——F— - E —_——r
2(s + 1) 2n(s + l)2n

n=1
we obtain 3 t
t(—' c 2s o B
Fvv(s,t) =e 4 ——ji———E-exp t _____22___25
(s + 1) m—y 2n(s + 1) ,
3 . t o
E (t +

Then we can write its inverse Mellin transform as

3 ®
f‘w(x,t) =et[z ) Clz Ap(£)f(t + p, t x)

2’
p=0 u
es
where f(r,u,x) is the inverse Mellin transform of — -
(s + 1)
2 P l(r+p 1) 1
f(r,u,x) = E or (log ;‘) f?;";fgs'M(r, r + p, log x)

where M(a,b,z) is a confluent hypergeometric function.

2 k
_ \ z a(a+ 1)...(a+k - 1)
M(a,b,z) =1 +Z T bb +1)...0b ¥k - 1)
k=1
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These expansions correspond to the vicinity of x = 1, but they converge
so well that it is possible to use them to compute %;V(x,t) even near x = 0
.(e.g., for x = 0.01). Summing the various terms of these expansions is done
by computer. Let us note that the different confluent hypergeometric
functions involved are conmnected via a recursive formula:
yaM(t, t +m+1, - y) = (£t + m) {(t +m-1) M, t+m -1, - vy)
+ (y-t-m+ 1) M(t, £t +m, - y)}

2) FGq(s,t)

To get an expansion of its inverse Mellin transform ?éq(x,t) near x = 1

we use formulae (I.2) of Appendix I. A ?g—%;ij-expansion of the integrand:

[5e]

n n
Agq(®) E:UWQETEJQQ—em (£ = V) Ago(e) + VA (s)

ot
n=0
is then done. Using the fact that the inverse Mellin transform of 1 =
1\(x - 1) (s - 1)
is (lo -—) we obtain the Mellin transform of each term
xI'(r) x

of the expansion. Finally ?éq(x,t) is obtained after integration over v.
This method is used on the interval 0.6 < x < 1.
For small values of x we start with formulae (I.1) of Appendix I that

42
we rewrite as a t expansion:

R < " [AE(s) - A2(s)
FGq(S,t) = Z AGq(S) n! (A (s) - A_(s)
n=1

0
=Z AGq(S> n! Ln(s)

We compute the contributions of all the singularities of FGq(s,t) in the

complex s plane: s =1, 0, -1, -2,..., the various contributions being
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computed in this order. This is done using the t expansion written above
together with the following recursive formula

L (s) = (AGG(S> + Aqq(s)) Lo _ (s

(AGG(S) Agq(8) - 2fAg (s) AqG(s» L _ ,(s),

with Lg(s) = 0 and L;(s) 1. Knowing that the inverse Mellin transform of

r - 1)

~~

1 . 1
AL

. . 1L
(s + p)° CT (log §)

This method is used on the interval 0 < x < 0.6. We check that the two

a computer is used to sum all the terms.

types of expansions described above give the same results for x ~ 0.6.
3 Fyguls,D)

To get an expansion of its inverse Mellin transform ?ﬁsv(x,t) near x = 1
we use formulae (I.2) of Appendix I and the same method as for FGq(s,t).

For small values of x we start with formulae (I.1) of Appendix I which

we rewrite as a t expansion:

where Pn(s) is given by
n—-2
P () = U(s) a7 “(s) + (Agg(s) + 8 (®) 21 ()

(gg(® Agq () - U(®) B, (s)

with P;(s) = 0, Pp(s) = U(s). Then we proceed exactly as we did for FGq(s,t).
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in order to extract the gluon moments from F;N(X,QZ) (Ref. [7]).
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Let us notice that the data do not cover the entire 0 £ x £ 1 range
for a fixed value of Qz. In particular it is impossible to know
the exact limit of Fz(x,Qz) when x goes to zero.

The difference between the two expressions consists in respectively
not taking and taking account of charm production. In using the
second expression we assume that the sea is SU(4) symmetric.

In each case the sea is respectively SU(3) and SU(4) symmetric.
This may also be true for the sea distribution.

A t expansion corresponds to a pertubative expansion in quark-gluon

and gluon-gluon vertices.



- 38 -

TABLE 1
Comparjson of BEBC results [7] with our predictions for the first five

5 GevZ (t = 1.35).

moments of the valence quark distribution for Q2

Valence

n Mv(,n,Q2 =5 GeVz)

BEBC t = 1.35
1 22.5 £ 0.5 3
2 0.45 = .07 0.41
3 0.12 * .02 0.12
4 0.045 £ .010 0.047
5 0.027 = .007 0.022
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TABLE 2
Compafison of BEBC results [7] with our predictions for the moments
n=2=-5, of the gluon distribution for Q2 =5 GeV2 (t = 1.35). Errors
in parentheses come from uncertainty in the value of A used by BEBC.

The number in brackets (n = 2) has been deduced by BEBC from the nucleon

momentum sum rule.

Glue
n MG(n,Q2 =5 GeVz)
BEBC t = 1.35
2 0.62 + .15 (.03)[0.45 + .03] 0.45
3 0.12 + .05 (.02) 0.026
4 0.03 + .02 (.015) 0.0049
5 0.02 + .01 (.02) 0.0014
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FIGURE CAPTIONS
Diagrams leading to functions pij (?) involved in equations (1).
Complex s plane.
Diagrams showing the analogy between gluon bremsstrahlung (a) and p
exchange (b) contributions.
"Tower" diagram involving n quark—antiquark pairs.
A 3-quark picture of the nucleon.
Deep inelastic scattering of lepton £ (energy E) off nucleon target
N; E' is the energy of outgoing lepton L'.
a) Comparison of BEBC results [7] with our predictions (solid lines)
for the first Nachtmann moments of xF3VN(x,Q2) versus Qz.
b) Comparison of BEBC results with our predictions (solid lines)
for the first Nachtmann moments of szN(x,Qz) versus Q2. For n = 2
the upper line takes account of charm production whéreas the lower
one does not. The higher moments are not appreciably modified by
charm production.

Gluon distribution xG(x,Qz) as a function of x for Q2 =4 GeV2

2

(t = 1.3, ) and Q2 = 20 GeV™ (t 1.6, . ). The dashed curve
(~—-) is a function CSt(l - x)5 normalized to tﬁe same area as the
solid curve for 0 £ x = 1.

Sea quark diétribution xqs(x,Qz) as a function of x for Q2 = 4 Gev2
(t = 1.3, ) and Q2 = 20 GeV2 (t= 1.6, . ). The dashed curve
(___) is a function CSEt(1l - x)7 normalized to the same area as the
solid curve for 0 = x £ 1.

Comparison of Gargamelle results [2] on quark (4) and antiquark

(%) distributions with our predictions (solid lines) of these
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quantities for Q2 = 4 GeV2 (t = 1.3) x' is the effective scaling
variable used by Gargamelle and is considered equal to our variable
Xe.

Comparison of BEBC results [7] on quark (#) and antiquark (4) distri-
butions as functions of x for Q2 = 3 - 100 GeVZ2 with out predictions.
The dashed dotted curve (—--) is x[u(x,Qz) + d(x,Qz)] for

Q2 = 4 Gev2 (t = 1.3). The two upper solid lines are respectively
x[u + d] and x[u + d + 2s] for Q2 = 20 GeVZ (t = 1.6). The two

lower solid lines are respectively x[u + d] and x[u + d + 28] for

Q2 = 20 GeV2 (t = 1.6).

[31] (4]

Comparison of SLAC O#) and FNAL (+) data on erp(x,Qz) and
qup(x,Qz) respectively, with our predictions. SLAC data are for

Q2 = 3 GeV2 and FNAL data for 2 GeV2 < Q2 < 4 GeVZ. Only statisti-
cal errors are shown. The lower solid curve does not include the
charm quark sea whereas the upper solid curve does; both curves
correspond to Q2 = 3 GeV2 (t = 1.23).‘

Same as figure 12. SLAC data are for Q2 = 6 GeV? (except the point
at x = 0.25 which is for O_2 =5 GeVZ) and FNAL data for

4 Gev2 2 Q2 £ 8 GeVZ. The curves are for Q2 = 6 GeV2 (t = 1.39).
Same as figure 12. SLAC data are for Q2 = 12 GeV? and FNAL data for
8 Gev? < Q2 £ 15 GeV2. The curves are for Q2 = 11.5 GeVZ (t = 1.51).

Some diagrams which have not been taken into account in the computa-

tion of sea quark and gluon distributions.
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