SLAC-PUB-2178
August 1978
(T)

QUARKS, QUATERNIONS, AND WEAKLY COUPLED GAUGE FIELDS*

B.F.L. Ward

Stanford Linear Accelerator Center
Stanford University, Stanford, California 94305

and

Department of Physics
Purdue University, West Lafayette, Indiana 47907

ABSTRACT

Using the ring of complex quaternions, the more active view
of weakly coupled gauge fields is formulated in such a way that,
in the SU(2) x U() model of Salam, Ward, and Weingerg, for
example, AS # 0, AQ = 0 effects are properly suppressed without
the appearance of a new quark field in the Lagrangian--only p, n,
and A quark fields appear. Here, S is strangeness and Q is
electric charge. The success of the more active view of the
SU(2) x U(1l) model in describing P(KL > ﬁu)/((mKL—mKs)/mK),
charmed particles, ¢/J, ¢', T, T', etc., in térms of ﬁ, n, and

A quarks is not disturbed by this new formulation. Here,

my = (mKL+ mKS)/Z and m is the mass of a.
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I. INTRODUCTION

In a previous work, we pointed out that,in the more active view1 of
the gauge theoretic formulation of weak and electromagnetic interactioms,
it was possible, in the SU(2) X U(1) model2 for example, to explain,
entirely in terms of p, n, and A quarks, the relationship between the
rate for KL + up and the KL—KS_maSS difference in the form (mKL— mKS)/mK,
where m, = (mKL+ mKS)/Z and m_ is the mass of a, a = KL’KS' The explana-
tion resulted from taking the hadronic Lagrangian density to be as
illustrated in the following expression for the Lagrangian density & of
the SU(2) x U(l) model of Ref. 2:

z=3 LipL_ + 2, (i ipL_ + h.c.)

q

=ﬁpn’p>\sn,>\s 4 1 a={n,)\} pa

l

+ X [, xGF+ Q8" /9Be, o+ B F - DB
a={n, 3L 2 a5

+ E(LpnlﬁLK + prlen + h.c.) + ... . (D)

where h.c. denotes the hermitian conjugate,

, (2a)
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with
L = (,l"‘YS)/z ’ (2¢)
- _ |
ap (1+75)a/2 , a ln,x,pn,px$ ’ (2d)
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iD= i - g1-X + (g'/6)B (2e)
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where K are the usual SU(2) gauge fields, B is the U(l) gauge field, and
Eég/z where 3>are the Pauli matrices. As usual, g and g' are the
respective SU(2) and U(l) coupling constants. The ... in (1) represents
the Yukawa couplings of the quarks to the usual Higgs doublet in the
model in the convention of Ref. 1 and the remaining part of £. This
remaining part of the Lagrangian (the lepton-boson part) is also taken
in the standard form, as illustrated in Ref. 1 for example. The single
parameter £ was then shown in Ref. 1, in the free quark approximation,
to be consistent with both the observed rate for KL - ﬁu as well as
(mKL— mKS>/mK, to ten percent. For this reason, we do not take (1)
lightly.

However, the motivation for constructing (1) was to explain the
suppression of unwanted AS # 0, AQ = O effects, where § is the strange-
ness and Q is electric charge, without using new fields. Indeed, recently,
it has been shown3 that, in the theory of differential dispersion rela-
tions,4 the ratiom

781

involving only physical p, n, and X quarks. Here, m

/mD is computable to 1% in models of the hadrons
v/3 is the mass of
the ¢/J particle5 and m is the mass of the "so-called" charmed particles6
DO, D+ in the SU(3) symmetric limit. Thus, it is an interesting question
as to whether or not the charmed physical hadrons, as defined experi-
mentally by their decay modes and their masses, require the use of a
charmed quark in the hypothetical underlying quark field theory. The
Lagrangian (1) was introduced to address this question. But, even though
physical hadrons, according to (1), only consist of p, n, and A quarks,

the appearance of P, and Py in (1) may lead some to believe that a new

physical quark has been introduced after all. Our purpose here,
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therefore, is to reformulate (1) in a manner in which it only refers to
(p,n, A), explicitly.

Before turning to this reformulation, let us emphasize that the
question of the ultimate use of a physical new quark in the problem of
the description of hadrons by quarks will of course not be addressed
here. But, we do wish to mention that tbe ability to compute7 m, from

T
mw/J within 27 in the theory of differential dispersion relations,4 with-
out using a new quark, tends to indicate that new quarks are not neces-
sary for the description of present day hadrons. Here, m,, is the mass
of the upsilon particle.8 ‘Evidently, this indication deviates con-
siderably from the 1ore.9 Quite independent of the outcome of the dis-
cussions about the meaning of the new particles, we feel that our re-
formulation of (1) may be of interest in its own right.

Our work is presented as follows. 1In the next secfion, we give the

desired reformulation of (l). Then, in Section III, we give a simple

realization of the ideas in Section II.

II. QUATERNIONIC FORMULATION OF THE SU(2) x U(1l) MODEL

Here, we proceed as follows. First, recall that, in arriving at (1),
we looked at the one-loop Feymman diagrams in the free quark approxima-
tion for KL - ﬁp and concluded that the rate for this process was so
small that it must be very difficult for an Ep vertex to be reached, by
direct propagation of p, from a EA vertex or for a Xp vertéx to be
reached, by direct propagation of p, from a En vertex. This suggested
that the n and A aspects of p were orthogonal, as illustrated by (2a).

However, there is another way to express the empirical orthogonality

of the n and A aspects of the p--we can use quaternions. Specifically,
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we write % as (the ¢ are the SU(2) structure constants)

abe
~Z =), i(T iPL_ + g (iB")q )+ cos 08.s (L_iPL_ + h.c.
q={p,n,l} ( q q R R) C n( P n )
+ sin 6.5, (L 1PL, + h.c.) i:% X -3 e AbAC]2
sin CSA( p A ‘- 7 TR BV TR N T
i 2
- ={3 -3 + ...
GRS By , (3)
where s » S, are members of a quaternion ring with
2 ., 2,
N + 838, = 0o, s =1s_ sy = is, , 9]

and the covariant derivatives are, again,

iD = iau - g?-Ku + (g'/6)Bu (5)

iDL iap + Qfg'Bu , f=p,n,A, (6)
with g and g' again respectively equal to the SU(2) and U(l) coupling
constants so that QfleRl is the electric charge of fermion £; ep is the
renormalized electron charge. Here, ... again represents the remaining
part of the Lagrangian involving leptons and the usual scalar fields
(the Higgs doublet).2 This latter part of i¥% we will continue to take
after the convention of Refs. 1 and 2.

Thus, the space of numbers is contained in the ring of complex

quaternions over the field of the usual complex numbers atbi, a, b real,
with the basis of the quatermnions given by (1,3j,k,%):

P2a=p?ee1, gken, k=i, jt=-13 , ki=-gk 3 (7)
the complex numbers commute with j,k,2.

The Green's functions are most simply obtained from the Feynman

path-integral: The generating functional iZ for connected Green's
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functions is (suppressing lepton and boson sources)

exp[iZ] =f(@ p@ﬁ@n@ﬁ@h@i@{z} D{B}...)
exp {i‘/:il’x [SZ’+ Z (n a + an )j]} (8)
a={p,n,r} a a
where ... represents the measure over the remaining field variables and
over the gauge constraint. As usual, n,s ﬁa are the sources of a and a,
respectively.

Since the coefficients of the quaternions in the arguments of the
exponential on the RHS of (8) are''real"in our path-space field theory
formulation (and would be hermitian in the operator field theory formu-
lation), the functional iZ necessarily corresponds to a unitary, rela-
tivistically invariant set of transition amplitudes. It should be com-
pared with the work of Edmonds and others on more general quaternion
formalisms,lo wherein one attempts to represent the Minkowski space and
its Lorentz group on a complex quaternion algebraic structure or wherein
one considers a quaternionic generalization of ordinary quantum mechanics.
We do not find these more comprehensive algebraic structures necessary
or desirable for our purposes here. Only linear combinations of s, and
s, can occur in (8).

Indeed, the suppression of unwanted AS # 0, AQ = 0 effects at the

one-loop level is now an immediate consequence of the fact that

s s. + s

n°A Wn =0 9)
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For, to second order in the flavor changing interactions in (3) one has
L[4 = SN

Z!J/; Xl[}os ecsn<Lp(x1)1ELn(x1) + h.c)

+ sin ecsk(ip(xl)iwLA(Xl) + h.c)}

J{gaxz cos Gcsn<ip(x2)iELn(x2) + h.c)

+ sin eCSX(ip(XZ)iwLA(XZ) + h.c.ﬂ
= é%;/;4x1d4x2[%§ cos2 Sc(ip(xl)iELn(xl) + h.c.)(ip(xz)iﬁLn(xz) + h.c?
+ si sin2 ec(ip(xl)ika(xl) + h.c.)(ip(xz)iELA(xz) + h.c)

. { (7 N )
+ sin SC cos eClsnSA<Lp(X1)1wLn(Xl) + h.c.

(ip(xz)iﬁpk(xz) + h.c.) + Shsn(ip(xl)iwLA(Xl) + h.c)

(ip(xz)imn(xz) + h.c.)J : . (10)

Interchanging the labels 1 and 2 on the X in one of the two terms pro-
portional to sin GC cos GC in (10) shows that the possible second order
AS # 0, AQ = 0 interaction is contained in
1, 4 4 = .
57 sin BC cos GC (SnS)\+SASn)fd led X, [(Lp(xl)lm"n(xl) + h.c.)
(ip(xz)iELAsz) + h.c.ﬂ

=0 . 1

Thus, there is no unwanted second order AS # 0, AQ = 0 transition.
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Looking at fourth order, we have, using (10) and (11),
1 6 4 4 4 [2 2. , - .
A!Jl; de xzd x3d X4[}n cos 6C(Lp(x1)1an(xl) + h.c.)(Lp(xz)lﬁLH(xz) + h.c)
+ 62 sin® 0, (L (x))iBL, (x)) + hoc)(E (x))iBL, (xp) + h.c.)
N C( > 2 (¥ .C. o X,) 1L, (%, .c.

)

(¢]

[%2 cos2 GC(iP(XB)iﬁLn(x3) + h.c)(ip(xa)iﬁLn(xa) + h.

=]

+ s sin® ec(ip(XB)imLx(XB) + h.c.Xfp(xa)iﬁLA(XA) + h.cj]
= i%;/ﬁ4xld4xzd4x3d4x4{%i cos4 eC jil(ip(xj)iﬁLn(xj) + h.c)
+ si sin4 eC ;§;<ip(xj)iELX(xj) + h.c)
+ 5267 cos” 0 sin’ 0 (L TP Gp) + hec)(T Gep)iBL () + buc)

(ip(x3)i¢LA(k3) + h.c) (ip(xa)iELA(xa) + h.c)

+ sis2 sin2 6
n

c cos2 6C(ip(xl)iELA(xl) + h.c)(ip(xé)iﬁLA(xz) + h.c)

(Lp(x3)1ELn(x3) + h.c.)(Lp(x4)1ELn(x4) + h.c.)] . (12
However, interchanging the labels on the Xj in one of the two terms in
(12) proportional to sin2 GC c052 GC shows that the possible AS # O,

AQ = 0 interaction at fourth order is proportional to

5252 + 232 = is i
n A S22 T TSt

+ isxién = (-)(ss, +5,8) =0 . (13)
Thus, there is no fourth order AS # 0, AQ = 0 interaction. It follows
that there are no unwanted one-loop AS # 0, AQ = O interaétions.

The absence of AS # 0, AQ = 0 transitions to all orders is easily
established by induction from (4) and (11). This, as we pointed out

earlier, is too restrictive, since, for example, the mass difference

mKL~mK is not identically zero--rather, it is suppressed. However, just
S
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as we showed in Ref. 1, the additional interaction density"Qa,given by

- ( = = » e .
Z, E[Lplen + Lplm,A + h.cJ (14)
with Ez = 4 % 10--6 allows one to relate P(KL > Hu) to (mKL- m )/mK to
- _ S

ten percent, where P(KL > up) is the rate for KL + .

At this point, the reader may wonder if there exist two quaternions
s and s, which have the properties (4). We construct them as follows.
Writing
s = (aol +a,j+ a2k + a3£)/2

1 (15)

1]

N (boi + B3+ bk + 532)/2

where a.s ba are real numbers, we see that

s_S, + ;xs =0
=
3
3;% a ba= o, b a +a0 1 =0, b0a2+b2a0 o, bOa3+a0b3 0
(16)
Further,
2 _ 2
s, = 1is SK = is,
-
a2/2a = a a, = 1 b2/2b =b b, =1 an
0 a°’ 0 ? 0 0° 0 ?
where
3 3
2 2
a = 2: aa, » b = 2: b bu
0=0 o=0

Solving (16) and (17) we find
a=({,) , b= (1,1, (18)
where i = (al,az,a3) is a unit 3-vector:

22 2, 2
n” = a, + a, + ay = 1 . (19)
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The reason for the choice (15) for sn and Sy is that we wish to
maintain, for example, the time reversal property that the pure imaginary

number i goes to -i under a time reversal transformation so that the more

general pure imaginary 'numbers" s, and s, will be taken to have the same

A
property: s, > =S, a=n,\, under time reversal. The norms of S,s S, may
be taken to be
s | = llsll =1 (20)
with the agreement that
3
| 2y + 23 + 2,k + 22 = :‘;o ERk (21)

where z  are ordinary complex numbers and [zal is the usual norm on com-
plex numbers. Obviously, the norm (21) is not a morphism of multiplica-
tion. But, this appears to be of little consequence, physically.

In closing tﬁis section, we note that, like i, s; and Sy satisfy the
equation

z2 = iz . (22)
This appears to be sufficient to make the quantum field theory sensible.
This last remark is made more manifest by the explicit construction in
the next section.
IIT. EXPLICIT REALIZATION

We wish now to be more explicit about effecting computations with

s, and Sy - Specifically, it is well known that (J,j,k,i) may be realized

by (1, iai, iaz, —iog), where oy are the Pauli matrices. Taking, for

example,

ﬁ = (O aO 9’1) (~23)
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in (18) we see that, in the representation

- _(0 1 _ (0 -i (10
°1 7 (1 o) R (i 0) » %37 (0 —1> > (28

we have

s = %(i+i‘o3) = %(,1+c3) = i(é 8) , (25)

(26)

|
I
—
oo
— O
~——

N I _ i,
5, = 2(1 103) 2(1—03) =

To make the connection with transition amplitudes we replace the usual

plane waves

~dik.x .
g o= u (27)
a o 1 3/2
(27) Vko/ma
with
0
' = =
Ua Ua(l) . for a=n,) (28)
and
cos 8,
U; = Ua.( ) , for a=p , (29)
sin 6,
where, in choosing (29), we have made the replacements cos ecsn > S s
sin ecsx - SK in (3) for convenience. The analogous definitions hold
for the antiparticles. Here,
1/2
2
k, = ‘(E + mz) ( (30)
0 a

and u(k) is the usual positive energy spinor solution of the free Dirac

equation for a particle of mass m_ and four momentum k in the convention
. 11 .

of Bjorken and Drell, for example, a=n,A,p. The obvious scalar product

is. then understood on the space of s)» S For n, for example, defining

}\2
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ﬁ; = ﬁn(o 1) in the standard notation of Ref. 11 for ﬁn, we have

-

- - 0 -
' ' k—4 —3
MR NC 1)(1) T u_, ete. (31)

The tree and one~loop phenomenology associated with (14) and (25)-(31)
is not unequivocally inconsistent with observation, as one can see from
Refs. 1 and 12. We would like to emphasize that this rather simple
realization of s » Sy may not suffice for the ultimate description of

nature, although it appears to be sufficient for present day observations.
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