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ABSTRACT
We solve for the phase diagram (phase transition) of the nearest-neighbor
coupling SU(n) nonlinear scalar action. We do a one-loop calculation for the
effective coupling constant, and find that the system undergoes a phase transition

for d>2. For d=2, the theory is asymptotically free.
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I. INTRODUCTION

We use the methods of the lattice gauge theorylf’ to study the lattice version
of the ponlinear scalar action. We are primarily interested in its critical prop-
erties. We have shown2 that there is an exact mapping from the scalar action to
a version of the lattice gauge theory. The way this is done is to form a vector
field by considering d(=dimension) uncoupled scalar fields as components of the
vector field. A gauge transformation is then defined for the vector field, and
the gauge-invariant action is defined by integrating the gauge-transformed vector
field ower all possible gauge-transformations. Note the gauge-invariant action
is invariant by construction. The phase transition properties of the nonlinear
scalar action would also be possessed by their mappihg into the lattice gauge
theory. A phase transition in this theory implies a phase transition separating
the confining phase from the asymptotically free phase in the corresponding
gauge theory. The theory studied here is also involved in defining the transfer
matrix for the lattice gauge theory. 1 .

In statistical mechanics the SU(2) lattice nonlinear scalar action is called
the O(4) symmetric Heisenberg model. The O(n) Heisenberg model in weak coupling
was solved by Polyakovg, and he showed that the theory possessed a phase tran- .
sition for d>2. His results provide a check for the results of this calculation.

Consider a d-dimensional Nd periodic Euclidean lattice. Let Un be an SU(n)

matrix at the lattice site n. We define the lattice nonlinear scalar action by

-1 + { +
A= )Y TrU U, +U T (1.1)
gznu n n+y n+u n
==L 3" Trs U_s U) + constant 1.1¢
—gznu r(“n”n)c n (1.1

where 6 £ =f , -f , u the unit basis vectors of the lattice.
pUn nH n

The quantum theory is defined by integrating eA over all possible values

for the Un matrices. Then, the Feynman path integral is defined by
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Z=1 ﬁmn Al L A (1.2)
n

(where dUn is the invariant measure).

-

We will be interested in the theory for g2 >~ 0, We will make an expansion

in g2. This allows us to make certain approximations; to do so, we introduce the

following notation. Let {X®} be the generators of the SU(n) lie algebra; then*

XaXb _1 6ab + 1 (daba+ iQaboz)on
2n - 2
(1.3)
Tr(3%°) = 5ab/ 2
abe _abc . . . .
where ¢ ,d are respectively the completely anti-symmetric/symmetric
tensors. We will need the following formula4
Tr(Xa)goXch) :% ('21{ 520 6Cd _ Bba Ccdoz
(1.3")
+ daboz dccloz _i Ca.boz dchl i daba ccdoz)
Also
_ O
U, = exp{anX } (1.4)

where {Bf} is the (compact) scalar quantum field.
For g2 ~ 0, we can expand the action into a power series of the {Bf}
variables. The measure dUn= u(Bn) gz dB: where p(B)=exp(- -2% Bz) + O(B3),

gives us

7 = n%de: u(Bn)eA [B] (1.5)

The action supplies a (massless) Gaussian measure for the {B:} ‘variables, which

allows us to "ignore'' the compactness of the Brfl variable and gives

+- 00
o AlB
7 =~ gla/ dB "~ u(B e [B] <o (1.6)
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(where we are ignoring a single variable above which is not bounded by the pure
gradient coupling). We call (1.6) the weak coupling approximation for the nonlinear
theoryT The weak coupling calculation for the critical coupling gf is self-consistent

only if gf «< 1.
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II. EVALUATING THE VERTEX FUNCTION

From Eqgs. (1.1) and (1.4) and from the results of Ref. 4, we have, for

g~0 -
1 2 1 1 : 2
— 5 B e o B xB
2g2 nZu(IJ n) 2g2 12 I§(n n+u)
1 1 2 " 2 6, (2.1
—-—2 Ty E (6 B) (6 Bn) +(5an GVBn) +O(B")
z 0l
— 1
—A0+A1+A2 (2.1Y
where

a-b=a%", (axb)®=c® BT, (am)® = d®VaFLY (2.2)
The term A‘2 in (2.1) is not interesting in this calculation. Firstly, because
power counting shows that A2 cannot affect the critical behavior of the A1 vertex
(at least to one-loop order). Secondly, due to the number of derivatives it carries,

it cannot contribute to the quadratic mass divergence. Hence, we will entirely

ignore the A2 term in further discussions.

“~

We are interested in Feynman perturbation theory, and hence we fourier

transform the variables. Let

N-1)/N ik n
o' 1 g: b Ul ikn L o
- —. 1 =§'
Bn Nd# e Bk < e Bk

=0
7
_ o -ikn_ o
5(k=-q) = N 1'I5k q . Note Bk =Ze Bn
b, R n
Let
q iq,
r, (4,9 hoe ¥
(2 (2.3)
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Then, with appropriate symmetrization, we have

1 o Lo
A= - —=— 3 d B B
’ - 92 1 4 -1 4
1 1 ija kta > i ] ok ol
+ = % 2. 5(Sa)r (@y,9,)r, (4554 )B. Bl B. B (2.4)
24g2 4 Q.- -Gy iqiul 2p g, T, g Yy

The four-point vertex in (2.4) is symmetric on the first two and last two indices.
It has to be further symmetrized to be completely symmetric on all four indices.

Define the symmetric vertex function

ke _ 1 gijoz kil
=== jc ¢ r (9,9)r, Q.9
qiqjqkqﬂ 12 prt e Tk L
(2.5)
+ (1<—bk) + (1<—aﬂ)§
giving
1 - ijke- i i ok ol )
A =—— S 5(2q,)f B. Bl B. B (2.6)
Loggg? oy T TS 49 9 Y
1" 74
(a) Mass Renormalization
Define
p?f =1L <g® B et>/z 2.7
q N g qQ 4
B = Fig. 1 , (2.8)
where the last diagram in Fig. 1 comes from the measure. Hence
ap
aff _ 6
Dq =9 - (2.9)
qQ q
where
af_ _ 21y ofi d 2 af n
=g = Yy - 2 —
07"y =8 3 X iq,qp,-p/ PT® O
(2. 10)
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Hence, there is no mass renormalization and 7rq o~ q2 for small q. This implies
that the theory preserves its symmetry of being a pure gradient coupling theory.
A mass divergence would have altered the calculation for the vertex function.
The symmetry which forbids a mass counterterm is the invariance of the
action under Un—v UnV, Ve SU(n) [which is violated by the mass term m

2 +
+ .
o Tr(U_+U )]

(b)  Coupling Constant Renormalization

Define the effective (four-point) vertex function by

WKL 2_16_ Bl 5 BK Bl Asm .11
4G%IL g -q; -4y -dg -9,
= Fig. 2(a) + Fig. 2(b) + Fig. 2(c) (2.12)
8(q;+a g +q )
= S KT ), p(1) <2>]
= 4d.d.d.d. [T +IV+T (2.13)

We have defined I" such that as g — 0, IT" in leading order ~ l/gz. The symmetri-
zation (for the one-loop graphs) on the external legs plays an important role in
combining the graphs. The last graph I‘(z) with a tadpole graph given by Fig. 2(;3)
comes from the O(B6) terms in the action. This graph gives a momentum inde-
pendent contribution and enters in the calculation with the opposite sign than that

1L .
of the one-loop graphs I‘( ); it plays an essential role in causing the phase transition

since it makes gcz positive. Note

pl) o 1 KL

(2.14)
24g”  9y9gIy,

(D - rig. 20) (2. 15)
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On calculating I‘(l), we find that it is a linear combination (with appropriate

IJo KlLa Do KLa IJo KLa IJ KL
¢ c a o) .

permutations) of the following: ¢ , d ,d T d nd 6

We keep terms of the first generic type. The remaining tensors mix with the
symmetric piece of the action (the term Az in Eq. (2.21)). The vertex defined

IJo KLo
c

by c contains the phase transition. Keeping only these terms we have

(up to a symmetrization on IJKL), after a lot of algebra

IJo KLa 92
(1) _ c "¢ __1_> 9n
= 2 (12 7 TG 9y 4, gt @g.9p)
(2. 16)
+T } + the other SU(n) tensors
where *
ru(q, -q-p)r,, (4,-9-P)

H,,0 =% R (2.17)

# a q ptq

and

=3 " ,:{r“(qK,q')r“(qL,q)rV @, -a")r, (qI,-q)é(qI+qJ+q+q')}—(J K)
q.q 19 (2. 18)

Firstly, note that T'=0 when all the external legs are set to zero. Secondly, note
that T is not simply a renormalization of the bare vertex function as is the other
term in I‘(l). It will not enter our calculations and we drop it.

We analyze the function ju y (p); it contains information on how the effective
coupling constant behaves at momentum of O(p). The long distance property is

contained in p ~ 0. Doing an expansion about p=0, we find, for d >2 dimensions

d-2

jlw () = 6“V(J-ap ) + O(pd) ’ (2. 19)

where

iq -iq
{e Bo_e M

/g
/dq (2. 20)

J=3
q
and, for 2< d< 4

5 I(2-d/2)r*(d/2-1)
@n Y21 d-2)

(2. 21)
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(o is well-defined for all d >2). Therefore,for p ~ 0, making the approximations

mentioned gives

IJao KLo
- 1) ¢ ¢ 9n d-2
I‘( = —— 2 (T , r s
2(12)2 7 (J-ap )ru(qI a5) “(qK a5 )

(2.22)
+ 2 permutations
The last remaining graph is the tadpole diagram. This comes from the
oB 6) terms of the action. All terms of O(B 6) do not contribute; only those
n n

contribute which, under one contraction, can give rise to a vertex of the form

2 +
(Bn X Bn+u) . Hence, from the action Tr(U Un+u Un+i2Un) we keep only the terms

of the type O(BB ) O(Ban ” ) and O(B 3}33 ,,)- The terms of the type

O(BIfB ) O(B B5 ) and O(B ) do not contribute (in lowest order) to the vertex

function. Hence

1
= —5 Z‘Tr( o n+“ an ) (2.23)
=A 0+A 1+A2+A 3 (2.24)
where
2 Z 1 2
= 2 +B,\+—B'BAB><B ~)
4g2 T 2'4' (B n+u) 3! n+l By n+ i
(2.25) -
+ other terms of O(B6)
Let (suppressing the non-abelian indices)
cIvacKLoz
V(qI’ qu q.Ks qL) = Tru(q:[s qJ)r[J(qL’ qK) (2'26)
Then
2)
6(q+. . .+g )F( A
1 L =L Bl ...BY A e Oy (. 27)
d . . .d, 6 9 qz, 3
qI. .t qL g
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Therefore

2
r® - L2 (s1- % g - - qp) (2. 28)

where -

1
I=3% = 2.29
34 (2. 29)

We have computed all the required Feynman diagrams. Collecting the terms

which are pertinent to the phase transition, we have from (2. 11), (2. 14), (2.22)

and (2. 27)
TIJKL 1 1
Fq...q -~ 1z T2 " V(9. -qp) :
L 28 (ag*dy) (2. 30)
+ 2 permutations
where
12 =_1__n<51-%- %‘1>-9—811apd'2 (2. 31)
2g (p) 2g
Anticipating later results, let
1 __ 1 _9 ‘
_E_SI'd" 3 (2. 32)
ch

Note that the sign of gcz determines whether the system can go critical or not.

For gf > 0, there is a phase transition; for gc2 < 0, there is no phase transition.

9n

In the Appendix, we show that gcz > 0. Hence, to O(gz), we have (8 = - 7

o)

2 g2
g (p) = - (2.39)
2,2, 2 d-2
1-ng”/g +g"Bp

Note it is important to consider the original equation for gz(p) as an equation for
1/g‘2 (p) as in (2. 31); otherwise the equations are altered. The result above is
the SU(n) analog of the result obtained (using different methods) by Polya,kov3

for the O(n) symmetric Heisenberg model.
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III. RENORMALIZATION GROUP AND PHASE TRANSITION
Using the results of Wilson5 and Polyakovg, we analyze the equation for
g(p). To make the analysis more transparent, we first reinterpret the results
of the vertex function calculation in the modern renormalization group language.
Consider an infinite size lattice. We rewrite Eq. (2.4) doing a rescaling by g

of the fields, i.e.

2
1
A=-2[ aB B +& ...q)B_...B 3.1
q qi,..-494
where we have ignored the non-Abelian indices. ¥or N— o, Z —»f /
= (21r)
kqkokak, given by our calculatlon, restrlctlng

+r dd

Consider the vertex function I'

however, all the external momenta to take values in the interval —2_27r\< ki < +2-£7r

(the 2 in 27t is arbitrary). Let
+27 7'r

f ﬂ (27r)

to be effect1ve vertex of the effective action that

We then consider Pk1k2k3k4

would describe the physics for momentum of 0(2-2). We define, using Eq. (2.29)

a3 [ 4,

1 / 2
+ 57 5(Ek,)8" (kotk )V (kl’ ...k4)Bk1. - B
kl .. .k4 1 4

Before we go further, we point out that A

(3.2)

off €20 be considered as having been

obtained by a renormalization group transformation from the original action.
The original theory has the higher momentum modes (degrees of freedom) running

from 2—£7r to 7 in addition to the lower momentum modes. We can break up the

/]

variables {Bq} into By when |q|< 2—i7r and Bp when |g| = p| > 27 m. We then
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integrate out all the high momentum variables {Bp} giving the new action Ae o
That is, following Kogut and Wilson, 6 the renormalization group transformation

is given by

4o
A . [B. ] A[B, B ]
Aot By 11/ K, " p
=L dB_pu[B_Je ’ 3.3
e P o p”[ p] ( )
A .. can be thought of as follows. On the original lattice, combine a

eff

d-dimensional "block" of variables numbering Zﬂd into a single new variable.
The new system has 2!Z lattice spacing between the (new) variables and its
behavior is given by Aeff .

To reach a non-trivial fixed point, we have to rescale the momenta and
field variables of the action Aeff [Bk] , and bring it into the form of the original

action. We define the following change of scale
_ -k _ f _ - f
k=2"q , Bk 4 ﬂBq s Jy 2 3

2d
S(k)=2" 8a)
We apply the rescaling to functions dk and v(k1 ...k 4) by expanding to leading

order in k, rescaling to q, and rewriting the function. This gives

~20 _ » =20
q 27 d 5 vy k)2 v(dy---qy) (3.5)

We choose ¢ 2 such that the coefficient of the quadratic term in Aeff [Bq] is

independent of £. This fixes C!Z to be

gﬂ _ (d+2)/2 ’ (3.6)

This then gives (¢ = d-2)
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-1 1 ~fe 2( -f
Aeff =-3 f qu_qu + oY / g(zqi)z g (2 (q3+q4’) V(ql. . .q4)Bq1. . .B(14
-~ 4a .o
41,7 (3.7
Therefore, we find the effective coupling for Ae £ which describes physics of
momenta 0(2_!2), is given by
2 -le 2, -4
g (P =2""g (2 p) (3.8)

In the continuum field theory, the bare coupling would be the dimensional
coupling constant g02 = g2 A~(@-2) , Where A is some momentum scale. The

effective coupling constant is dimensionless, and in the continuum theory is given

by the dimensionless function pd—2g02 (p), where goz (p) is the dimensional vertex
function. On the lattice gﬂz(p) is the analog of the dimensionless coupling constant
of the continuum theory.

From (2. 32), we have

gz z-ﬂe

5, 2 2
1-ng”/g +g°p 27 “p°

g, (0) = (3.9)

The critical action is given by the fixed point action, for which the system is the

same for all scales of momenta, i.e.

g,*(®) = g*(p) for all £ (3. 10)

The system also reaches a fixed point action as ¢ »w., For ngz < g, we

have
i 2 -fe
Pred g, ) ~2" ~g*=0 (3. 11)

That is, the theory goes to the trivial massless free-field fixed point. For

ng2=g02, we have the system at the phase transition, since for all £ we have
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g ®) = 5 ;‘a‘l-g = g*(0) (3.12)

The effective coupling is invariant to the renormaiization group hence giving the
fixed point coupling g*(p). This is a non-trivial fixed-point which is given by a
four-field interaction. Note that the fixed point action A* is highly non-local.
The interacting piece of A*, in position space, has the form, for [p-m| > 1

1
AI*NE Z (BnXBn+ﬁ)_1——2(BmXB )

nimgp (n-m) mty

1 o 4+ 1 . 4+ o+ 5
~% Z TrX U U U U ) 5 TrX U U U U . )+0@®)
nmyy (n-m)

Note, from (2.21) 8 ~ 1/¢ as € — 0. This non-local action has no transfer matrix/
Hamiltonian. For ng2 > gf, a direct calculation using the compact degrees of
freedom shows that the theory, under renormalization, goes to the completely

random {disordered) phase. That is,

24

Lz ~ (—%) g2 > 1 (3. 13)
g g

and QE’H:O gn2 —g*=w, The g*=w fixed point is the completely disordered phase.
Hence, we have the following tentative renormalization flow diagram given by
Fig. 3. The shaded area is not directly accessible to our calculation. The
arrows on the lines show the direction in which g changes as the £ increases,
that is, as it approaches large distances characterized by 21)'. Ford=2+ ¢,
it can be shown that g, € hence the theory is asymptotically free for e=0.

The € — 0 limit has to be taken carefully. All the lattice constants diverge

as 1/e. For a well-defined limit, the coefficient of the 1/¢ term must be exactly

zero. Note since gc2 =~ 1.08 for d=4, the calculation is self-consistent at best

up to d=4.
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IV. DISCUSSION
We have deduced the fact that there is a phase transition in the theory for

g2n = g’f . To see this, define the propagator
_ + A
Dn = <Tr(U0Un)e >/Z (4.1)

For g2>>1, we have (for |n| >>1),

1\l |
Dn ~<—'§—> 0 4.2)
g
and for g2 =~ 0, we have
2 >
- S
D ~e 2 <ln| d-2/ _1+0(e? 4.3)

n

The phase for ng:2 < g? is the ordered phase, having infinite distance correlation.

The phase for ng2 >>,,~gc2 is the disordered phase characterized by finite distance
correlation. As shown in Fig. 3, our calculation cannot accurately establish that
there are no other phases between the disordered and ordered phase. For the
following discussion, however, we assume that there are only two phases.

We find that the g*=0, = fixed points are stable, and that the g*=gc fixed point
is twice unstable.

From the renormalization flow diagram (Fig. 4) we see that, due to the -
existence of the fixed point g*=gc, we can obtain two distinct renormalized continuum
field theories in the following way (see Wilson5). We can construct5 one continuum
theory by approaching 8. from below. This gives a theory whose dimensional

lim 2 2

coupling at infinite momentum is given by Ao w8 0 =g, A_€

As one goes to larger

distance, the strength of the coupling decreases (as is the case for QED in perturbation
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theory). The other continuum theory is obtained by approaching gcz from above.
Then, in that theory, the zero distanceinteraction is also given by gcz, but the
strength of the coupling increases indefinitely for large distances and is, for large
distances, like the quark confinement phase. These two continuum theories are
schematically shown in Fig. 4. The theory by itself cannot decide which phase to
choose for the physical renormalized system. In a sense, these two phases which
give opposite long distance behaviour complement each other since they are simply
two different phases of the same underlying field. If may be possible to map one
phase into the other using a dual transformation on the field variables.

A remaining question is whether the renormalized theory has the full
Euclidean symmetry so that the analytic continuation to real time is relativistic.
I have not studied this problem. The results for SU(n) obtained contain no informa-
tion about the U(1) theory (xy model), since the Abelian theory doesn't contain the
vertex studied. However, it is known from statistical mechanics that the xy-model
has a phase transition for d > 2.
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APPENDIX
From Eq. (2.32) we have
- 1 1 9J
=5 m= - — Al
w2 1 7dTE (&.1)
e
2
We show 8, > 0. Recall
I=% -51—, (A.2)
q d
q
ig -ig
5=3 lo oo M| 242 (A.3)
q q
Let
l-cosq cosq
K=5 F—2L u#v) (A.4)
4 d
q
Note I, J, K> 0.
From %, (d 2/d 2) = 1, we have the identify
qg 1 4d
J=41-4(d-1)T - 3 (A.5)
Therefore, from (A.1) and (A.5)
1 L L
—-2——I+9(d-1)K+4d>0 (A.6)
gc
For € = 0, gf ~ ¢ since I, J, K ~% . An accurate calculation for d=4 shows, using
(A. 6) that
gl=1.086 , d=4 | (A.T)

The weak coupling approximation is valid if gf is small. The weak coupling approximation,
optimistically, is valid up to d=4. Note that in the continuum theory, by dimensional
analysis, all the finite lattice constants'would diverge like Ad-z, and would make

the perturbation theory look divergent.
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FIGURE CAPTIONS
Feynman diagrams for the propagators
(a) Lowest order Feynman diagram for the vertex function.
(b) The one-loop contribution, with the appropriate symmetrization, to the
vertex function.
(c) The tadpole diagram contribution to the vertex function.
The renormalization group flow diagram for the nonlinear model. The
shaded part indicates the domain not directly accessible to our calculation.
The two continuum renormalized trajectories obtained from the (lattice)

cutoff theory.
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