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ABSTRACT 

Some general criteria for the validity of the hard scattering expan- 

sion are discussed and applied to the production of massive lepton pairs. 

Problems and inconsistencies in adding transverse momentum to the 

quark distribution are described in detail. Tests to differentiate between 

different sources for the transverse momentum of the photon and different 

models are given. Sample numerical predictions of the meson-quark 

model (which in a previous paper was shown to fit proton beam data) are 

presented for meson beam processes. Further tests of the model are 

described, and a simple universal transverse momentum distribution is 

given that is expected to hold for all beam particles. 
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1. INTRODUCTION 

In a previous paper, 1 a simple model, the meson-quark, or M-q model, 

for the production of massive lepton pairs was described and numerically com- 

pared to proton beam data. The model was shown to reproduce the Drell-Yan 

model 2 (D-Y) predictions for the pair mass distributions (integrated over trans- 

verse momentum QT which are dominated by the region QT << Q). The M-q 

model also agrees with the constituent interchange model” for QT >>Q and in 

particular reproduces the predictions for real photon production at large QTO 

The model gave a broad transverse momentum spectrum in contrast to the 

assumptions made in the original Drell-Yan model. It also allowed two inde- 

pendent methods of normalizing the predicted yield, both of which agreed reason- 

ably well with the data. One method was to fit the measured antiquark distribu- 

tion functions; the other was to fit the measured rate for large pT production of 

mesons. 

In this note we wish to do two things. One is to review some general aspects 

of the hard scattering model expansion, and point out several errors in principle 

made in some treatmeats of the D-Y process (and in large pT hadron production 

as well). The second is to discuss a few useful general predictions of the M-q 

model and to present some numerical predictions for pion means. The basic 

hard scattering model diagram for the production of a massive pair is given in 

Fig. la. The total yield is a sum over intermediate states a and b (and the final 

state d). These terms must be incoherent-and this requires, for example, that 

a beam fragment in one term (in the sum over a and b) not be allowed to end up 

in the same part of phase space as an identical fragment from the central process 

of another term in the sum (all other particles being the same). This is a diffi- 

cult requirement to enforce with mathematical precision. Clearly one can 
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easily make a mistake in this regard if large momentum transfer scattering is 

allowed in both the beam or target vertex (or structure) function and the central 

scattering process, Simply adding a broad transverse momentum to the beam 

fragmentation function can lead to double counting (as well as trouble with gauge 

invariance in the present reaction). To avoid this problem we shall insist that 

all large momentum transfer scatterings occur in the central process only. In 

this way we can avoid double counting and coherence problems but yet can 

include all possible diagrams. Let us turn immediately to a more specific dis- 

cussion of the general criteria for the validity of the hard scattering expansion. 

II. THE HARD SCATTERING MODEL 

The hard scattering model provides a simple and appealing picture of scat- 

tering processes. It has been some time since the hard scattering expansion 

(or the impulse approximation) was derived and it seems appropriate at this time 

to review the basic assumptions used. This is particularly important since, as 

we shall see, it is quite easy to violate these assumptions. By adding on per- 

fectly reasonable features to the first term in the expansion, it is very easy to 

derive nonsense. 

Of particular interest to us is the production of massive lepton pairs via a 

virtual photon in which gauge invariance pushes us towards a correct treatment. 

The general features that will be discussed here are relevant, however, even for 

large pT production of hadrons. The hard scattering expansion for the produc- 

tion of a lepton pair of four-momentum Q is conventionally written as (see Fig. 

la) 

Q 4 A4(AB-Q+Q-X) = c 
dQ a, b, d 

Idx d2kT dy d2QT 

G a,A(x, kT) Gb,B(y,QT) Q4 *4(abQ+QVd;s1, t I, u1;Q2) 
dQ 

(1) 
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where, if % and lT are not too large, 

s’=xys 

t’ = xt + (1-x)Q2 (2) 

u’ = yu + (1-y)Q2 0 

Certain kinematic factors that are approximately unity if a and b are not too far 

off-shell have been dropped in the above. 4 

The sum over the intermediate and final states must be chosen so that 

Eq. (1) is a sum over incoherent final states. This means that the simplest way 

to classify the terms is according to the final state configuration of particles, 

not the possible intermediate states that can contribute. The sum over a, b, and 

d must be chosen with the final state configurations in mind. For example, this 

means that one particular Feynman graph contributes to several terms in the 

sum depending upon the disposition of the final state particles, that is which 

particular particle (or particles) is recoiling against the large QT of the photon 

in our example. This is described pictorially in Fig. 2. The three terms 

illustrate the hard scattering expansion and they are identified according to 

whether Q! , j3, or d are recoiling against the detected particle c. Note that the 

intermediate particles, a+b, b, and a, respectively, are then always near shell 

(their masses are limited, not of order IcTI)” 

Let us now turn to the problem of the incoherence of various contributions 

to the D-Y process. Consider the two diagrams in Fig. 3 which correspond to 

aq, b=q, and b=(qq), respectively. The first diagram is the natural one to add 

to the Drell-Yan theory in order to produce large QT pairs. The large trans- 

verse momentum of the pair arises from the wave function or structure function 

Gq/P 
(y,QT). However, this is an incorrect treatment since the second b=(qq) 

term is coherent with the first and is even of the same order. It is simplest to 
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treat these two terms together and to include them both in the second diagram. 

These combined contributions should perhaps be drawn as in Fig. 4 which 

emphasizes their coherence and also the fact that the existence of both terms 

are demanded by gauge invariance. In this form they can be described as an 

initial and a final state interaction, respectively. From the relevant quark’s 

point of view, they are the direct and crossed graph for the process 

glue + quark - photon + quark. At large Q,, one finds that these two terms 

cancel to leading order. This feature was described in terms of the M-q model’ 

but is a general phenomena. 

That this is not an unexpected feature of initial and final state interactions 

can be seen by considering the theorem derived in potential scattering by Amado 

and Woloshyn. 5 They proved that the term with the leading behavior of the wave 

function at large relative momentum actually cancels in a general class of 

breakup reactions D This cancellation is due essentially to the orthogonality of 

the bound and (ingoing) scattering states and is therefore expected to be a very 

general phenomena. 

We have seen therefore that simply adding a large kT spectrum to the initial 

state quarks and then using the Drell-Yan formula is incorrect in principle. 6 

This should come as no surprise since D-Y stated in their original paper2 that 

their model was not gauge invariant if large transverse momenta were allowed. 

It is easy to see that if an intermediate quark carries a large kT, its (mass)2 is 

of order (-k2T/( l-x)). Thus it is not possible to make such a contribution gauge 

invariant to this order unless the photon is attached to both ends of this far off- 

shell propagator. This leads us naturally to the initial and final state interac- 

tion effects described earlier. One way to avoid troubles here is to ~demand that 

the intermediate particles a and b remain near their respective mass shells 
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and hence that they not carry a large transverse momentum. This forces all 

large momentum transfers to occur in the central process. This in turn allows 

the photon to be attached in all necessary orderings to insure gauge invariance. 

Let us now turn to the M-q model which is one of the simplest ways to 

guarantee that the criteria described before are met, but is certainly not the 

only way. Among the interesting features of the model to be kept in mind is the 

fact that it allows two independent methods of normalization of the rate. 

III. THE M-q MODEL 

In Ref. 1, the cross section for meson + quark- Q:‘Q; + quark, was shown 

to be (see Fig. lb) 

Q 4da(Mq-Q+Q-q) = 

d4Q 
1 ,Y2h2 S(s+t+u-Q2-2M2)Z(s, t, u;Q2) 
67r2 

(3) 

where 

2 
sZ(s,t,u;Q2) = A (“’ 2,M?) 

( M2-u)2 
+ h2(s, Q2, Iv?) 

(M2-s)2 

+ 2 

(s-M2)(M2-u) 
bQ2(s-Q2+u) +(s-Q2-M~)(u-Q2-M2)j 

and 

h2(a, b,c) = a2+b2+c2 - 2(ab+bc+ca) 0 

The full cross section of a beam particle A on a target particle B is then 

Q 4 + (AB-Q+Q-X) = c ldxdy Ga,A(~) GbIB(y) Q4+- (ab-Q’Q-d;sYu’;Q2) 
d Q. a, b,d dQ 

(4) 
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and the kT and PT distributions were assumed narrow to satisfy the incoherence 

criteria discussed in the previous section. 
9 These dominant contributions are 

illustrated in Fig. 5a, b and therefore the intermediate states a and b take on the 

values a=q,& b=M and a=M, b=q. In the case that the beam is a meson itself, 

the former contribution contains the so-called direct scattering term shown in 

Fig. 5c, and for which G M,M(~) = 6(1-x). Th ese are the three dominant contri- 

butions to the pair yield in our model. They can be shown to correspond 

respectively to sea-valence, valence-sea, and valence-valence scattering in the 

D-Y language. 

The large Qt and Q2 distributions can be extracted from the above formulas 

by writing xGaiA(x) a (l-x) ga , and similarly for b/B. By manipulations similar 

to those used to extract the large transverse momentum behavior in hard scat- 

tering models (see Ref. 3), but which are more involved because both Q2 and & 

are large, it is possible from Eqs. (3) and (4) to derive the form 

Q 4 +- (AB-Q+Q-X) = K (Q;,Q2) eF J(E ,x,) 
dQ 

where 

(5) 

where P is a mass parameter related to internal masses in the model, d is a 

constant (d = l), J is slowly varying for small E , and F = l+ga+gbe This is a 

universal characterization of the QT distribution for all beam particles (since 

p and d are the same). Finally 

dzv2 E 1 t+u c$ z-c --_ 
S S s ’ (7) 
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where & is the total missing mass with respect to the photon (hadron masses 

were neglected in the above kinematics). This form can be used to parametrize 

the detailed numerical calculation given in Ref. 1, and may prove useful in 

fitting data. After integrating over Qk, the factors <eF J(E ,xF)> are simply 

related to the folding of structure functions in the Drell-Yan formula. The 

explicit E F factor characterizes the threshold behavior. After integrating over 

xF and Q;, which adds an extra factor of e2 , the threshold behavior for the mass 

distribution da/dQ2 is E F+2 ., For D-Y, this final power is 11 for pp scattering and 

5 for 7rp scattering if one uses the dimensional counting predictions for the 

structure functions O 10 For the meson-quark scattering case, F=9 and 3, 

respectively (again using dimensional counting), hence the final E power is the 

same in the two cases. A more detailed discussion of the connection between 

the mesonquark model and the D-Y model was given in Ref. 1. 

The above approximate form has the behavior QT -4 for QT << Q, and 

Q -6 
T for QT>> Q. This latter behavior is in agreement with the dimensional 

counting rules for inverse photoproduction of real photons. 10 It is easy to 

compute the average transverse momentum of the pair, <QT>, in the limit of 

large energies. Neglecting the dependence of E on Q, (this dependence reduces 

the expected average transverse momentum), the result is 

Therefore < QT> has the limiting values 

(8) 

<QT> E ;p Q <<CL 
(9) 

= ;p (1 - W/,b Q) Q >>P 
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An increase in c QTz as a function of Q has probably been observed in p-p colli- 

sions but unfortunately the most relevant experiments are at different values of 

XF’ Finally, we note that in the M-q model, the same value of ~1 and the same 

function K ( Q$Q2) should describe lepton pair production for all incident beams. 

The only differences expected in the QT distributions are due to the small effects 

of the eF term and the differing values of F. 

Now consider n*p scattering. The direct process (D) has F=3 which 

reflects the threshold behavior of the proton structure function, as illustrated 

in Fig. 5~. The process in which the intermediate meson arises from the beam 

meson (M) has F=7 as is clear from Fig. 5b. Finally, the process in which the 

intermediate meson arises from the target nucleon (N) also has F=7, see Fig. 

5a. Using the above notation,the cross section for af for an isoscalar target 

can be characterized for E not near one by the forms (detailed numerics will be 

given in a later section) 

Q 4 a4 (r-)-K (Q;, Q2) [4De3 + (M+N)E ‘1 
dQ 

Q 4 %(r+,-K(Q;,Q”) [De3 + (M+Nk7] , 
dQ 

(10) 

where the 4/l ratio of the first terms reflect the square of the charge of the d 

and u quarks. Now as xF increases, E decreases, and eventually, a 4/l ratio 

should be observed. This is a well known prediction for the valence contribution 

of the D-Y model. The M and N term correspond to scattering from the sea in 

the D-Y model. 

However, we also see that in the model under discussion, a similar limiting 

behavior holds at very large QT. Now E also decreases as QT increases, hence 

for very large transverse momenta a limiting 4/l ratio should also be observed 
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no matter what the ratio is for small QT. In general, for kinematic points very 

far from the origin of the Peyrou plot, the ratio should be 4/l for any value of 

the center of mass scattering angle. As Q increases, the transition moves 

inward (as does the edge of the plot) and will eventually reach the origin. This 

general behavior will be illustrated in the sample calculation to be given in a 

later section. 

IV. TESTS FOR SOURCES OF LARGE QT 

In this section we shall discuss possible sources for the observed large 

<QT> (even though some of them have to be modified in order to be consistent 

with the hard scattering expansion as discussed in Section II) and experimental 

tests to differentiate between them. 

The M-q model and the model of Kinoshita et al., 11 12 and Fontannaz can 

best be described by saying that a hard scattering is the source of the large QT. 

Other models had added a broad kT distribution to the valence quarks7 and others 

to the sea. * The asymptotic freedom models are in this latter category since 

in order to find a more point-like quark, one must look further down the cascade 

chain, 13 and this we classify as the sea. These models also assume that there 

is no difficulty in continuing from a space-like Q2 to a time-like Q2 in the running 

coupling constant, and we shall make the same smoothness assumption, However 

if there are large scale collective excitations in the theory, as one might expect 

from either the strong coupling in this regime (that is, confinement) or the 

effects of instantons, the behavior of the coupling at small Q2 or large distances 

may be nonobvious and the continuation nontrivial. 

Now two simple tests will be described. The first involves a comparison of 

<QT> for pp and r*p reactions. As discussed in the previous section, scattering 

models predict that there will be no difference between these different beams 
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(except for the small effects of the E dependence)., This is not the case for the 

valence and sea models. Instead of comparing the yield from X’ and 7rIT- beams 

directly, it is more convenient for obvious reasons to define the following linear 

combination of cross sections for an isoscalar target: 

‘lr 
Val 

f + (n- - 7r+) 

lr s 1(4*+ - n-) o 
sea 3 

(11) 

In the first combination, oval, the sea of the mesons should cancel, so this cross 

section should be dominated by the (~al)~ x (val), terms (in the D-Y model lan- 

guage) o The second, rsea, should be dominated by the sea of the meson and the 

valence of the proton, The expected relative values of <Q,> for these three 

cross sections on an isoscalar target at a moderate Q value are shown in Table I 

for a valence and a sea source. The distinguishing characteristic between the 

various models is clear, namely 7rval, as well as a consistency check between 

the proton beam and nseaO 

. . 

The second test of the models involves a study of the QT distribution for r- 

and 7r+ beams on an isoscalar target, For a fixed (moderate) Q value, one 

expects the distribution to be essentially parallel as illustrated in Fig. 6a (they 

eventually should become 4/l at a very large QT where phase space controls the 

situation, i. e., E is very small). If a broad valence distribution is the source 

of the Q,, the distributions should quickly diverge to a 4/l ratio as shown in 

Fig. 6b. However, if a broad sea is the source, then the curves should converge 

at large QT as in Fig. 6c, 

V. NUMERICAL RESULTS 

The expected QT distribution Eq. (5) is compared to the data oft Horn et al. -- 

in Fig. 7 for the values d=l and p=O. 9 (GeV). These values also reproduce the 
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exact theoretical distributions given in Ref. 1 quite well. The dependence of 

<QT> on Q given by Eq. (8) is given in Fig. 8 and compared to the data of 

Horn et al., 14 Kluberg et al. l5 and Anderson et al. I.6 (Note-these latter points -- -- 

are measured at different energies and at forward XF values. ‘This increases 

the effect of the eF term and changes the expected <QT>. ) Finally, we note 

that the new values of < QT> from Horn et al. are much closer to the prediction -- 

made in Ref. 1 (see Fig. 8 therein) than their preliminary values. 

The detailed numerical predictions of Eq. (4) are given for n* beams in 

Figs. 9 and 10. The only unknown constant is the magnitude of GM,r, which 

determine the magnitude of the M, meson, term. All other constants come 

from the fit of Ref. 1. In Fig. 9, the predicted QT distributions for T* are 

compared with each other and with the available data on r ’ by Anderson et al. 16 
-- 

for 0.15 < xF < 1 and 1.13 < Q < 2. The D*, or direct, terms are shown as well 

as the N, nucleon, term. The M-term is negligible for xF > 0. One sees that 

the curves are essentially parallel, and slowly start to diverge at large QTe 

They will eventually reach a 4/l ratio at very large QTe 

The predicted xF distribution for the K* beams are extremely interesting 

and are given in Fig. 10 for the same (low) Q range. The data points are the 

r/r+ data from Anderson et al. 16 There are several features of this prediction -- 

which are unexpected and can be used to test the M-q model. Note that the D 

term, which corresponds to the D-Y (val x val) term, dominates for sufficiently 

forward xF and will eventually lead to the expected 4/l ratio. For negative xF, 

however, the M-term dominates since the most important term is the u-pole, 

and this should lead to an equality of the 71-+ and n- cross sections. The value of 

the xF required for this equality becomes more negative as Q increases. A 
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detailed experimental comparison of r+ and r- for a wide range of XF as a func- 

tion of Q is very important for testing models of massive lepton pair production. 

VI; CONCLUSION 

A review of some of the criteria required for the validity of the hard scat- 

tering expansion was given with emphasis on the problem of the addition of 

transverse momenta to the quarks, and to gauge invariance. Several experi- 

mental tests to determine the source of large QT lepton pairs were described. 

Detailed numerical predictions were given in the text for meson beams in 

the M-q model. This model has been shown to provide a reasonable fit to both 

pion and proton beam production of massive lepton pairs. Further tests were 

described. The predictions of the model reduce to those of the Drell-Yan model 

for QT << Q, but it also provides a natural explanation of the broad transverse 

momentum distributions observed. For QT >> Q, it agrees with the predictions 

of the CIM model and dimensional counting. 17 It should join smoothly on the 

real photon production (Q=O) at large QT and the parameters 0-L and normaliza- 

tion) should be the same. In this model, the dilepton transverse momentum 

should follow a definite but simple universal power law falloff (Eq. (5)). This 

prediction,made in Ref. 1,is consistent with the recent high mass, high statistics 

experiment of Ref. 14. 

One further prediction of this model is that the ratio of massive lepton pairs 

with transverse momentum QT to pions with QT should behave as 

for large Q, and Q and s >> Qk+Q20 An experimental confirmation of the power 

behavior r - Qt for QT <<Q, and r- Q$ for QT >> Q would be strong evidence 
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for the mesonquark model. Predictions and interesting features of the xF 

distribution of lepton pairs from T* beams were also given and these also 

remain to be tested. 
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TABLE I 

<Q,> For Different Sources 

Beam 

Dominant Expected < QT> if due to 

D-Y Label Scattering Valence Sea 

P sea X val large large large 

?I- 
Val 

val.xval large $z X large small 

7r sea sea X val large large large 
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FIGURE CAPTIONS 

(a) A general term in the hard scattering expansion, and (b) the dominant 

graphs in the basic process Mq - I”1-q. The Drell-Yan process is con- 

tained in the first (u-pole) term. 

The decomposition of one Feynman graph into several hard scattering 

graphs classified according to the final state configurations. 

An illustration of the final state coherence of two superficially different 

terms. 

A redrawing of Fig. 3 showing the two attachment points of the photon as 

required by gauge invariance. 

An illustration of the three dominant terms in the meson-proton reaction. 

The labels N, M and D denote the source of the intermediate meson. 

The expected trends of the QT distributions for 7r- and 7r+ beams for 

different sources of the transverse momentum of the photon. 

The approximate QT distribution derived in the text (Eq. (6)) for d=l and 

p=O. 9 and compared to the data of Ref. 14 for proton beams. 

The predicted <QT> of the text, Eq. (8), compared to the data of Refs. 14, 

15, and 16. 

The predicted QT distribution using exact numerical integration for charge 

pion beams and the kinematics as shown. The experimental points are fit 

7r+ beam, Ref. 16. 

The predicted xF distributions for charged pion beams showing the D*, M, 

and N contributions. The data points are for 7r+ beams at 150 GeV, Ref. 16. 
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