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Novel Corrections to the Momentum Sum Rule for Nuclear Structure Functions
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We address novel features of deep inelastic (DIS) lepton scattering on nuclei at small Bjorken
variable xBj . In this regime the lepton-nuclear cross section involves the interference between the
standard lepton-quark scattering amplitude for the DIS process on a single nucleon and a two-step
process where di↵ractive scattering on a first nucleon combines with the amplitude for DIS on a
second nucleon. The phases associated with the t-channel exchanges to the di↵ractive amplitude can
produce either a destructive or constructive quantum-mechanical interference of the one-step and
two-step amplitudes. This provides a mechanism regulating the respective amounts of shadowing
suppression and anti-shadowing enhancement at low xBj . Furthermore, the standard leading-twist
operator product and handbag diagram analyses of the forward virtual Compton amplitude on the
nucleus are inapplicable, barring a conventional probabilistic interpretation. A main observable
consequence is the impossibility of extracting momentum and spin sum rules from nuclear structure
functions. We present numerical predictions supporting this picture and test them against deep
inelastic neutrino-nucleus and charged-lepton-nucleus scattering data.

1. Deep inelastic scattering (DIS) processes measure
the proton structure functions, which can be interpreted
at leading twist in QCD in terms of the probability,
q(x,Q2), for finding a quark with a given light-front mo-

mentum fraction x = k+

p+ of the proton’s light-front mo-

mentum p+ = p0+pz, at large spacelike four-momentum
transfer, Q2 = �q2. Longitudinal fraction variable x is
identified with Bjorken variable xBj and is expressed in
terms of invariants as x = xBj = Q2/(2pq) with p being
the proton four-momentum.
Perturbative QCD radiative processes generate the Q2

evolution of q(x,Q2), consistent with the renormalization
group. The Mellin moments of the structure functions
are in one-to-one correspondence with the matrix ele-
ments of the operators in the operator product expansion
for the forward virtual Compton amplitude �⇤p ! �⇤p.
The second Mellin moment, in particular, gives the mo-
mentum sum rule (MSR),

M2 =

Z 1

0
dxx

X

q

[q(x,Q2) + q̄(x,Q2)]

+ g(x,Q2)

�
= 1 , (1)

where
P

q(q + q̄), is the flavor-singlet contribution, and
g is the gluon distribution. Notice that the anomalous
dimensions forM2 is equal to 0 so that theQ2 dependence
of the quark and gluon coe�cient functions is guaranteed
to cancel in the sum of the two contributions.

The parton distributions in Eq. (1) are derived by
Fourier transforming the quark-quark correlation func-
tion, written as a function of the light-cone variable, z�,
with the quark/gluon fields evaluated at light front coor-
dinates, z�in = 0, and z�out = z� [1].

In the standard QCD scenario we can take the limit
z� ! 0, obtaining the integral definitions of the moments
in Eq. (1), where the product of the two electroweak cur-
rents, jµ(z) and j⌫(0) (where jµ(z) =  ̄(z)�µ (z) and
�µ = �µ or �µ�5), acting on an uninterrupted quark
propagator is replaced by a local operator. This defines
the factorized handbag diagram where the real phase of
the resulting DIS amplitude – the virtual Compton scat-
tering amplitude �⇤p ! �⇤p in the forward limit – reflects
the real phase of the stable target hadron’s wavefunction.
Similar results are obtained for q̄(x) and g(x).

In this Letter we argue that the QCD standard pic-
ture breaks down in a nucleus because the forward
virtual Compton scattering amplitude for the process,
�⇤(Q2)A ! �⇤(Q2)A, includes at low x a leading-twist
contribution from the interference between the one-step
and two-step amplitudes shown in Fig. 1. The smooth
limit, z� ! 0, is inapplicable in this case since the cur-
rents can act on di↵erent nucleons. Because of this type
of quantum interference between the scattering ampli-
tudes from two-step and one-step amplitudes in nuclei,
incoherent scattering on a single quark is ruled out by def-
inition, as well as its probabilistic interpretation and the
validity of the MSR, Eq. (1). The contribution to dou-



2
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FIG. 1. Upper panel left: one-step scattering amplitude on
a single nucleon; Upper panel Right: two-step coherent pro-
cess involving two nucleons; Lower panel: interfering one-step
and two-step scattering amplitudes in DIS on a nucleus A.
The initial scattering in the two-step amplitude on the front-
face nucleon N1 is DDIS: �⇤N1 ! [qq̄]N 0

1 which leaves N1

intact. The propagating vector (qq̄) system then interacts in-
elastically on N2: [qq̄] + N2 ! X. The two step amplitude
interferes with the one-step amplitude �⇤ + N2 ! X on N2.
The interior nucleon N2 sees two fluxes, the virtual photon
�⇤ and the secondary beam (qq̄) generated by DDIS on N1.
In e↵ect, nucleon N1 “shadows” N2.

bly virtual Compton scattering on a nucleus �⇤A ! �⇤A
from sum of two-step and one-step amplitudes cannot
be reduced to a handbag amplitude where two currents
interact on an interrupted quark propagator.

The breaking of the MSR, according to the quan-
tum interference interpretation that we suggest here, and
the flavor dependence of the t-channel exchanges in the
di↵ractive process, also provide a much sought-for ex-
planation of one of the most surprising results of the
NuTeV measurement [2] of nuclear structure functions
in the DIS charged-current reactions ⌫A ! µX, con-
cerning the absence of anti-shadowing in the domain
0.1 < xBj < 0.2 (see Fig. 2). NuTeV’s initial measure-
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FIG. 2. Comparison of the ratio of iron to deuteron nuclear
structure functions measured in the DIS neutrino-nucleus
scattering (NuTeV [2], CDHSW [8]), and muon-nucleus scat-
tering (BCDMS [9] and NMC [10, 11]). All data are displayed
in the online Durham HepData Project Database [12]. Anti-
shadowing is absent in the neutrino charged current data.

ment was further substantiated by the global analysis
conducted by nCTEQ [3] where, based on the fully cor-
related covariant error matrix provided in [2], it is shown
that the tension between the ⌫Fe and µFe data does not
allow for a “compromise” fit including both sets. A sim-
ilar conclusion has also been reached in the more recent
experimental analyses of Refs. [4–6], as well as in Ref. [7],
where following an accurate analysis of the Q2 depen-
dence of the di↵erent data sets, the nuclear parton distri-
bution functions (PDFs) measured in the DIS neutrino
reactions is shown to have no anti-shadowing enhance-
ment and is thus distinctly di↵erent from the correspond-
ing PDF measured in the charged lepton DIS (see Fig. 2).
More quantitative analyses are in currently in progress to
better constrain the shadowing anti-shadowing regions.
The striking di↵erence between neutrino vs. charged

lepton DIS measurements is in direct conflict with the
conventional expectation that the quark and gluon dis-
tributions of the nucleus are universal properties of the
nuclear eigenstate and are thus process independent (see
discussion in [13]). Moreover, the NuTeV measurement
contradicts the expectation that anti-shadowing d�A

Ad�N
<

1 which is observed in the domain 0.1 < xBj < 0.2 in
order to restore the MSR [14].
Understanding the workings of low x PDFs in nuclei

and their impact on the MSR is of the utmost impor-
tance, especially as more precise measurements on nu-
clear PDFs will be made available at the upcoming Elec-
tron Ion Collider (EIC).
2. We describe a scenario by which both shadowing
and anti-shadowing originate as Glauber phenomena in-
volving the constructive vs. destructive interference of
two-step and one-step amplitudes illustrated in Fig. 1 of
Ref. [15]. The first step of the two-step amplitude in-
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volves leading-twist Di↵ractive Deep Inelastic Scattering
(DDIS) on a front-face nucleon N1, which leaves the nu-
cleon intact. DDIS in �⇤N ! NX reactions has been
observed to satisfy Bjorken scaling, and approximately
10% of high energy DIS events are di↵ractive [16, 17]. In
the Regge theory of strong interactions di↵raction occurs
through the exchange of either a Pomeron or a Reggeon
trajectory. In quantum chromodynamics (QCD), the
Pomeron and the Reggeon correspond to two gluon and
to quark-antiquark color-singlet exchanges, respectively.
The di↵ractive process is leading twist and it, therefore,
displays Bjorken scaling.

The second step of the two-step amplitude is a stan-
dard inelastic scattering on a second nucleon, N2, pro-
ducing a final state X. The interference of the two-
step amplitude with the DIS event on nucleon N2 shown
in Fig.1 (bottom panel) can produce shadowing or anti-
shadowing of the nuclear PDF depending on the phase
of the DDIS amplitude.

Unlike the handbag diagram, the phase of the deeply
virtual amplitude arising from the Glauber interference
amplitudes is always complex. In a nucleus we define the
ratio of structure functions, RA = FA

2 /AFN
2 , in terms of

the imaginary part of the forward quark-nucleon scatter-
ing amplitude, TqN as,

RA(x,Q
2) =

R
dsdk2T =mTqA(s, k2)

A
R
dsdk2T =mTqN (s, k2)

(2)

with TqA given in Glauber theory as follows [18, 19],

TqA =
AX

j=1

1

j

✓
A

j

◆
TqN

✓
iTqN

4⇡pCMs1/2(R2 + 2b)

◆j�1

⇡ ATqN

✓
1 +

i(A� 1)TqN

8⇡pCMs1/2(R2 + 2b)

◆
(3)

where s = (k + p)2 ⇡ 1/x, is the parton-proton center of
mass energy squared, k2 is the quark virtuality, k2T is the
quark transverse momentum squared, related linearly to
k2, pCM is the quark-proton center of mass momentum,
R = 1.12A1/3 fm, is the nuclear radius, b = 10 GeV�2

is the parameter defining the slope of the non forward
amplitude, TqN = TqN (s, k2) exp(�bq2T ). TqN describes
Regge exchanges with all allowed JPC quantum numbers.
We used a form containing the two essential contribu-
tions from Pomeron (�1) and Reggeon (�1/2) exchanges,
respectively given by [18, 19],

TqN ⇡ �

✓
is�1(�k2) +

1p
2
(1� i)s1/2�1/2(�k2)

◆
. (4)

From this expression one can clearly see that multiply-
ing by the phase i from the propagating intermediate
state, or Glauber cut, the relative phase of the two-step
amplitude, / i⇥ i is destructive if the di↵ractive compo-
nent is due to Pomeron exchange thus producing shad-
owing. On the contrary, Reggeon exchanges enable con-
structive interference, / i ⇥ (�i), thus anti-shadowing.
Notice that due to the inverse proportionality of s and

Reggeon Exchange Contribution to Charge-Exchange DDIS

p n

X+γ*

FIG. 3. QCD mechanism for charge-exchange leading-twist
di↵ractive DIS �⇤p ! nX+.

x, the anti-shadowing term is predicted to appear at
larger values of x. The resulting e↵ect from the con-
structive interference appears in the 0.1 < xBj < 0.2,
domain of the nuclear PDF. Notice that the exchange
of the same Reggeon also leads to the Kuti-Weisskopf
prediction: F p

2 (x,Q
2) � Fn

2 (x,Q
2) /

p
x (this result is

consistent with recent evaluations in Refs. [20, 21]).
Eqs. (3) and (4) describe the situation in Fig. 1 where

N1 is the front-face nucleon and N2 is an interior nucleon.
In the one-step process only N2 interacts via Pomeron
exchange, while N1 does not. One can see that if the
scattering onN1 is, e.g., via Pomeron exchange, and both
amplitudes have di↵erent phases, diminishing the q̄ flux
that reaches N2. The interior nucleon, N2, thus sees two
fluxes – the incident virtual photon �⇤ and the qq̄ vector
system, V 0 (grey blob in the bottom rungs in Fig. 2),
produced from DDIS on N1. The relative phase of the
one-step and two-step amplitudes is the critical factor
of i from the Glauber cut times the phase of Pomeron
exchange in DDIS. The destructive interference is why
N2 does not see the full flux – it is shadowed by N1.
Thus shadowing of the nuclear PDF is due to additional
physical, causal events within the nucleus.
Being defined by interference terms, the MSR can fail

for the nuclear PDFs: as shown in our numerical eval-
uation in Fig. 2, shadowing and anti-shadowing do not
need to compensate each other to restore the MSR.
Thus unlike shadowing, anti-shadowing from Reggeon

exchange is flavor specific; i.e., each quark and anti-
quark will have distinctly di↵erent constructive interfer-
ence patterns. The flavor dependence of anti-shadowing
explains why its amount varies in electron (neutral elec-
tromagnetic current) vs. neutrino (charged weak current)
DIS reactions, based on the flavor composition of the DIS
isoscalar nuclear and nucleon structure functions,

1

2x
F ⌫N(A)
2 = dN(A) + sN(A) + ūN(A) + c̄N(A) + . . . ...(5a)

1

x
F `N(A)
2 =

4

9
(uN(A) + ūN(A)) +

1

9
(dN(A) + d̄N(A))

+
1

9
(sN(A) + s̄N(A)) + . . . (5b)

where, �A/A�N ⇡ FA
2 /AFN

2 .
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Notice that V 0 propagates on-shell. This means that
not all the propagators in the graph can be considered
as being hard (of order Q2): this invalidates the OPE,
and, as a consequence, the MSR. Most important, the
finite path length due to the on-shell propagation of V 0

between N1 and N2 contributes to the distance (�z)2 be-
tween the two virtual photons in the �⇤A ! �⇤A ampli-
tude. One no longer has (�z)2 ⇡ 1/Q2. The distance be-
tween the currents cannot be less than the inter-nucleon
distance, invalidating also the OPE and the parton MSR.

The one-step two-step mechanism describing nuclear
shadowing and anti-shadowing explains how parton rein-
teractions in a nucleus are an essential element in high
energy reactions, since they can generate non-trivial con-
tributions at leading twist and thus survive at high Q2

and high invariant mass, W 2 = (q + p)2. Most impor-
tantly, it brings to the forefront the importance of de-
scribing deeply virtual scattering phenomena from nuclei
at the amplitude level, where the phase structure plays
a key role.

In order to test the explanation of anti-shadowing, one
could verify the existence of Bjorken-scaling, leading-
twist charge exchange DDIS reactions such as �⇤p !
nX+, with a rapidity gap due to an I = 1 Reggeon ex-
change. Here X+ is the sum of final states with charge
Q = 1. Since Pomeron exchange does not contribute
to the charge exchange process, this would single out
Reggeon exchanges as the source of anti-shadowing. This
process is shown in Fig. 3. Furthermore, deeply virtual
Compton scattering and related experiments on nuclei
would display a similar shadowing/anti-shadowing pat-
tern as in the forward DIS limit, enhanced by the extra
four-momentum, t, dependence [22].

Note that other classes of DIS processes have been
shown to be directly sensitive to the rescattering of the
struck quark, for example, the pseudo-T -odd Sivers ef-
fect [23, 24]. The “handbag” approximation to deeply
virtual Compton scattering defines the “static” contri-
bution [25, 26] to the measured PDFs, Transverse Mo-
mentum Distributions (TMDs), etc. Similarly, nuclear
DDIS involves the exchange of gluons after the quark has
been struck by the lepton [27]. In each case the corre-
sponding scattering amplitude is not given by the hand-
bag diagram, since interactions between the electroweak
currents at di↵erent points, jµ(z) and j⌫(0), are essential.
The FSI associated with the Sivers e↵ect (“lensing” cor-
rections [23, 28]) survive when bothW 2 and Q2 are large,
since the vector gluon couplings grow with energy. How-
ever, in this case the final state phase is associated with a
Wilson line which, at variance with the nuclear two-step
process, produces an augmented Light Front Wave Func-
tion (LFWF) [29], that does not a↵ect the x moments,
or the sum rules.

Even in the case of the proton, Mueller [30] has noted
that the OPE applied to DIS fails at small xBj . The
mechanism is however di↵erent: due to the di↵usion of
gluons to small values of momentum transfer, it is not
possible to separate soft and hard scales in this region.

This might be related to the fact that at small x there
are Fock states with a large number of small x partons,
due to processes such as parton fusion and overlapping,
which means that the invariant mass of these configura-
tions is undefined. Therefore the usual derivation of sum
rules based on the handbag diagram for (forward) double
virtual Compton scattering may be inapplicable even on
a single nucleon (see detailed discussion in Ref. [32]).

The picture presented here is consistent with analyzing
shadowing in the dipole formalism. The latter uses the
target rest frame where two scales are important. One is
the coherence length (⇡ 1/

p
Q2), which has to be much

larger than the nucleon separation. The other is the q̄q
transverse separation, which has to be larger enough so
that the photon interacts with a sizable cross section.
This is related to the color transparency of small trans-
fers size fluctuations. These extra scales, which can be
rather large compared to typical QCD scales, also put
strong doubts into the application of the OPE in nuclear
shadowing processes, and therefore on the validity of the
nuclear MSR.

In conclusion, we summarize the main results of our
paper:

(1) We have illustrated why anti-shadowing of nuclear
structure functions is non-universal, i.e., flavor depen-
dent, and why shadowing and anti-shadowing phenom-
ena are incompatible with the standard application of the
OPE. As a consequence, sum rules cannot be extracted
from nuclear DIS structure functions functions.

(2) We reiterate that because of the rescattering dy-
namics, the DDIS amplitude acquires a complex phase
from Pomeron and Regge exchange; thus final-state
rescattering corrections lead to nontrivial “dynamical”
contributions to the measured PDFs, i.e., they are a con-
sequence of the scattering process itself [15, 18, 24, 31].
The I = 1 Reggeon contribution to DDIS on the
front-face nucleon then leads to flavor dependent anti-
shadowing [18, 19]. This could explain why the NuTeV
charged current measurement µA ! ⌫X scattering
does not appear to show anti-shadowing, in contrast to
deep inelastic electron-nucleus scattering as discussed in
Ref. [3] and illustrated in Fig. 2.

(3) Finally, the Regge exchanges-based theoretical de-
scription of shadowing-antishadowing presented here is
ideal for realistic, quantitative evaluations of the nu-
clear structure functions in the upcoming EIC kinematic
framework.
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