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The top-quark is the heaviest known particle of the Standard Model (SM); its heavy mass plays
a crucial role in testing the electroweak symmetry breaking mechanism and for searching for new
physics beyond the SM. In this paper, we determine the top-quark pole mass from recent mea-
surements at the LHC at v/S = 13 TeV center-of-mass energy to high precision by applying the
Principle of Maximum Conformality (PMC) to the ¢t pQCD production cross-section at NNLO. The
PMC provides a systematic method which rigorously eliminates QCD renormalization scale ambi-
guities by summing the nonconformal 8 contributions into the QCD coupling constant. The PMC
predictions satisfy the requirements of renormalization group invariance, including renormalization
scheme independence, and the PMC scales accurately reflect the virtuality of the underlying pro-
duction subprocesses. By using the PMC, an improved prediction for the ¢£ production cross-section
is obtained without scale ambiguities, which in turn provides a precise value for the top-quark pole
mass. The resulting determination of the top-quark pole mass mf"le = 172.5 + 1.2 GeV from the
LHC measurement at v/S = 13 TeV is in agreement with the current world average cited by the
Particle Data Group (PDG). The PMC prediction provides an important high-precision test of the
consistency of pQCD and the SM at /S = 13 TeV with previous LHC measurements at lower CM

energies.

PACS numbers: 12.38.Aw, 11.10.Gh, 11.15.Bt, 14.65.Ha

I. INTRODUCTION

The top-quark was discovered in 1995 by the CDF and
DO Collaborations [1, 2]. The large mass of the top quark
and its large Yukawa coupling to the Higgs boson plays a
crucial role in electroweak symmetry breaking. Due to its
large mass, the top-quark has a short lifetime, decaying
well before hadronization takes place. The spin of the
top-quark is transferred directly to its decay products,
which provides a unique platform for studying its primary
QCD interactions. The determination of the value of the
top-quark mass to high precision is thus of great interest.

The top-quark mass is also a primary input parameter
of the SM. For example,

e The stability of the quantum vacuum derived from
the shape of the Higgs potential is very sensitive
to the top-quark mass; a precise value of the top-
quark mass is thus required in order to accurately
predict the evolution of vacuum stability [3, 4].

e The gauge structure of the interactions of the top-
quark with other particles establishes a relation be-
tween the W-boson mass, the Higgs-boson mass,
and the top-quark mass. A precise determination
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of these three masses thus gives an important test
of the internal consistency of the SM.

Currently, the top-quark mass is inferred in two basic
ways: The first approach employs kinematic observables
sensitive to the top-quark mass; e.g., one can determine
the top-quark mass from the kinematic reconstruction of
the top-quark’s decay products. Such top-quark mass
measurements are referred to as “MC mass” (mM©); the
most precise determinations of the top-quark mass have
been obtained in this approach. Recently, the CMS and
ATLAS collaborations at the LHC have established the
value mMC = 172.26 + 0.61 GeV [5]. However, these
direct kinematical determinations are not linked to the
Lagrangian top-quark mass in the specific renormaliza-
tion scheme employed in theoretical predictions.

An alternative approach employs the mass depen-
dence of the cross-section calculated at next-to-next or-
der (NNLO) perturbative QCD (pQCD). The top-quark
mass can be determined by comparing the measured
cross-section with the fixed-order theoretical predictions.
This method allows for extractions of the top-quark mass
in theoretically well-defined mass schemes, and the ex-
tracted mass can then be identified with the top-quark
pole mass (mP°'®). Recent studies have indicated that
the difference between the MC mass mM® and the pole

mass m>°'® is of order O(1GeV) [6, 7).
Much effort has been devoted to determining the pole
pole . .
mass m, by comparing measurements with the pre-
dicted ¢ production cross-section (see e.g., [8-14]). The

Particle Data Group (PDG) currently gives the world
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average of the top-quark pole mass [15]:
mPe® = 17244 0.7 GeV. (1)

In order to provide maximal constraints on the top-
quark pole mass, a key goal is to obtain a highly precise
theoretical prediction for the top-quark pair production
cross-section. The QCD prediction depends in detail on
the choice of the renormalization scale p,- controlling the
QCD running coupling a(Q?). It has been conventional
to either guess the renormalization scale in order to rep-
resent the characteristic momentum flow @ of the pQCD
process, or to minimize the large logarithmic corrections
in the pQCD series. For example, the renormalization
scale can be chosen as the top-quark mass m; in order
to eliminate large logarithmic terms such as In(u,/m¢);
the uncertainty from theory is then estimated by vary-
ing the guessed renormalization scale over an arbitrary
range, e.g., i, € [m¢/2,2m,]. This uncertainty in deter-
mining the renormalization scale is the main source of
the uncertainty of the predicted top-quark pair produc-
tion cross-section and thus the extracted top-quark pole
mass.

An essential principle of Renormalization Group In-
variance (RGI), is that a physical observable cannot de-
pend on theoretical conventions such as the choice of
the renormalization scheme or the renormalization scale.
The conventional procedure of guessing the renormaliza-
tion scale introduces an inherent scheme-and-scale de-
pendence for the pQCD predictions, it thus violates the
fundamental principle of RGI. Moreover, the perturba-
tive series based on a guessed scale is in general facto-
rially divergent at large orders, behaving as o Sgn!-the
“renormalon” problem [17] where the 3, determine the
logarithmic evolution of as. Furthermore, the theoretical
error estimated by simply varying u, over an arbitrary
range is clearly an unreliable and arbitrary estimate,
since it only partly reflects the unknown and factorially
divergent perturbative contributions from the nonconfor-
mal terms, and it has no sensitivity to the conformal con-
tributions. The conventional procedure of guessing the
renormalization scale is also inconsistent with the well-
known Gell-Mann-Low procedure [16], which determines
the renormalization scale rigorously and unambiguously
in quantum electrodynamics (QED).

The Principle of Maximum Conformality (PMC) [18-
22] provides a systematic way to eliminate the renormal-
ization scheme and renormalization scale uncertainties in
non-Abelian pQCD predictions. The PMC is underlying
principle for the well-known Brodsky-Lepage-Mackenzie
approach [23], generalizing the BLM procedure to all or-
ders in avs. The PMC scales are determined at each order
in pQCD by simply absorbing all of the g terms in the
Renormalization Group Equation (RGE) that govern the
behavior of the running coupling. After applying PMC
scale-setting, the resulting pQCD series matches the cor-
responding conformal series with § = 0. Since the diver-
gent n! renormalon terms do not appear, the convergence
of pQCD series is thus greatly improved. Since the PMC

predictions do not depend on an arbitrary choice of the
renormalization scheme, PMC scale-setting satisfies all
of the principles of RGI [24-26]. The application of the
PMC for QCD reduces to Gell-Mann-Low scale setting
for QED in the Abelian limit (N¢ — 0 at fixed C'r) where
the running coupling sums all vacuum polarization inser-
tions. After applying the PMC, there is some residual
scale dependence due to the uncalculated higher order
perturbative terms; however, unlike conventional renor-
malization scale-setting, this source of theoretical error
is highly suppressed [26].

The PMC has been successfully applied to many high
energy processes. We have shown that a comprehen-
sive, self-consistent pQCD explanation of both the top-
quark pair production cross-section and the top-quark
pair forward-backward asymmetry measured at the Teva-
tron and LHC can be obtained by applying the PMC [27—
31]. Due to the elimination of the renormalization scale
ambiguity, the PMC predictions have much less uncer-
tainties compared to the conventional predictions. We
have previously obtained precise values for the top-quark
pole mass: mP%® = 173.7+£1.5 GeV and 174.2+1.7 GeV
from measurements at the LHC with /s = 7 TeV and
8 TeV, respectively [32]. Highly precise top-quark pair
production cross-section have now been measured at the
LHC at v/S = 13 TeV (sce e.g., [9, 11, 12, 33-38]). It is
thus of interest to determine the top-quark pole mass by
a detailed comparison of the top-quark pair production
cross-section predicted by using the PMC with the exper-
imental measurement given by the LHC with /S = 13
TeV. The PMC analysis thus provides an important high-
precision test of the consistency of pQCD and the SM at
VS =13 TeV with the LHC measurements at lower CM
energies.

The remaining sections of this paper are organized as
follows: In Sec.II, we calculate the top-quark pair produc-
tion cross-section by applying the PMC, and compare our
PMC predictions with the experimental measurement at
the LHC at v/S = 13 TeV. The resulting precise determi-
nation of the top-quark pole mass from the measured
production cross-section at /S = 13 TeV is presented in
Sec.IIl and compared with determinations at lower CM
energies. Section IV is reserved for a summary.

II. THE PMC PREDICTION FOR THE ¢t
PRODUCTION CROSS-SECTION AT NNLO

According to QCD factorization for inclusive processes
at leading twist, the cross-section for the top-quark pair
production pp — ttX can be expressed as the cross-
section for the parton-parton subprocess hard scatter-
ing process weighted by the parton distribution functions
(PDFs) of the partons participating in the scattering pro-
cesses; i.e.,

OH,Hy—ttX



S

= 30 [ s LSy s anlin ) e ). (2)

T g2

where the parton luminosities £;;,

S
1 ds
Lij(s, S, puy) = g ?fi/Hl (w1, p0p) i/, (T2, p0p) -

S

The parameters py and p, are the factorization and
renormalization scales, S denotes the hadronic center-
of-mass energy squared, and s = z1x2S5 is the subpro-
cess center-of-mass energy squared, where z; = §/S and
w3 = s/3. The PDFs f; g, (Ta,py) (a =1 or 2) are the
universal functions that describe the probability of find-
ing a parton of type ¢ with light-front momentum fraction
between x, and x, + dx, in the proton H,,.

The partonic subprocess cross-section 7;; can be com-
puted order-by-order as a series expansion in powers of
as(pr). The QCD radiative corrections, up to next-to-
next-to-leading order (NNLO), have been calculated in
Refs.[39-43]. The pQCD coefficients at NNLO can also
be obtained by using the HATHOR program [44] and the
Top++ program [45].

A detailed PMC analysis for the top-quark pair pro-
duction cross-section up to NNLO level has been given
in Refs.[27, 28]; we shall not repeat these formulae here.
In this paper, we calculate the top-quark pair produc-
tion cross-section at the LHC with v/S = 13 TeV fol-
lowing a similar procedure. For brevity, we will use m;
to represent mP°' in the following. To do the numerical
calculation, we initially take the top-quark pole mass as
my = 173.3 GeV [46] , and utilize the CT14 parton distri-
bution functions [47]. The running coupling is evaluated
in the MS scheme from a,(Myz) = 0.118.

If one applies conventional scale setting, the total top-
quark pair production cross-section is

0izlcony. = TTT.7135% pb, (3)

where its uncertainty is estimated by varying the scale
wr € [my/2,2my]. The estimated renormalization scale
uncertainty for the total top-quark pair production cross-
section is relatively small, due to accidental cancelations
among contributing terms at different orders. The renor-
malization scale uncertainty is rather large for each per-
turbative term. Thus, fixing the renormalization scale
as my; appears to give a reasonable prediction for the
total top-quark pair production cross-section; however,
one cannot identify the QCD correction at each pertur-
bative order. For example, we have found that the scale
uncertainty of next-to-leading order (NLO) QCD correc-
tion terms for the (¢g)-channel, which gives the dominant
component of the top-quark pair asymmetry, reaches up
to 138% by varying the scale p, € [m¢/2,2my] [31]. Sim-
ply fixing the renormalization scale at p,, = my also leads
to a small top-quark pair asymmetry, well below the data.
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FIG. 1: A comparison of the PMC prediction with the LHC
measurements [9, 11, 12, 33-38] for the top-quark pair pro-
duction cross-section at v/S = 13 TeV, where the theoretical
error band is estimated by using the CT14 error PDF sets [47]
with range of as(Mz) € [0.117,0.119].

When one applies PMC scale-setting, the renormaliza-
tion scales at each order are determined by absorbing the
8 terms that govern the behavior of the QCD running
coupling via the RGE; the divergent renormalon terms
disappear, and the resulting pQCD series matches the
conformal series with § = 0. The resulting total top-
quark pair production cross-section is

UtflpMC = 8078 pb, (4)

for a wide range of the initial choice of scale p,. The
scale errors for both the total production cross-section
and the individual cross-sections at each perturbative or-
der are simultaneously eliminated using PMC scale set-
ting. Some residual scale dependence will remain due to
the uncalculated higher-order perturbative terms beyond
NNLO. Unlike the conventional renormalization scale de-
pendence, this scale dependence is negligibly small®.

It is interesting that if one sets the scale u, = m;/2 for
the top-quark pair production cross-section using conven-
tional scale-setting, the conventional result will be close
to the PMC prediction, and the pQCD convergence is
better than the cases of u, = m; and u, = 2m;. This
shows that the best choice of an effective renormalization
scale for top-quark pair production is u, ~ m;/2, rather
than the guess m; used for conventional scale setting [30].

We present a comparison of the PMC prediction with
the LHC measurements [9, 11, 12, 33-38] of the top-
quark pair production cross-section at /S = 13 TeV in

1 Since the resulting PMC series matches the conformal series with
B =0, a slight change of the scales in as will break the confor-
mal invariance and thus may lead to large effects [28, 48]. We
thus cannot simply vary the scale to estimate the uncertainty of
the PMC predictions. An alternative, conservative method for
estimating the PMC error is given in Ref.[25]



Fig.(1). The theoretical error band is estimated by using
the CT14 error PDF sets [47] with range of as(Mz) €
[0.117,0.119], as in Ref.[10]. Figure (1) shows that the
PMC prediction for the total top-quark pair production
cross-section for v/S = 13 TeV agrees well with all of the
corresponding LHC measurements.

III. DETERMINATION OF THE TOP-QUARK
POLE MASS FROM THE tf PRODUCTION
CROSS-SECTION AT VS = 13 TEV

The top-quark pole mass can be extracted from the
comparison of the pQCD prediction of the top-quark pair
production cross-section with the corresponding mea-
surements. Since the precise theoretical prediction for
the top-quark pair production cross-section is obtained
by using the PMC, we can provide maximal constraints
on the top-quark pole mass. A detailed extraction proce-
dure of the top-quark pole mass from the #t production
cross-section at v/S = 7 and 8 TeV using the PMC has
been given in Ref.[32]. In this paper, we determine the
top-quark pole mass at /S = 13 TeV by following a
similar procedure.

We first parametrize the dependence of the ¢ produc-
tion cross-section on the top-quark pole mass using the
following form [49],

1725 \* m
Ut{(mt) = (m) (CO‘FCl(ﬁ — 1725)

T 172.5)2 4 ey (e — 172.5)3957)

teal GeV GeV

where the masses are given in units of GeV, and the coef-
ficients cg,1,2,3 are determined from the PMC predictions
for the top-quark pair cross-section over a wide range of
my [32]. The renormalization scale uncertainty for the ¢
production cross-sections is eliminated using the PMC,
and thus has less uncertainty compared to the conven-
tional predictions.

Very recently, ATLAS has measured the ¢ production
cross-section in 36.1 fb~! from Run-II data at VS = 13
TeV using ep data with one or two b-tags. The result is
o = (826.4 £ 3.6 £ 11.5 £ 15.7 £ 1.9) pb, with relative
uncertainty of 2.4% [9]. This cross-section is the most
precise result measured so far, and we thus will compare
it with our PMC prediction for the ¢ production cross-
section to determine the top-quark pole mass.

In order to extract a reliable top-quark pole mass, we
define a likelihood function [50]

+oo
fmy) = / fan(olm) - foxplolmi)da, — (6)

— 00

where the functions fin(o|m:) and fexp(o|m) are
normalized Gaussian distributions for the predicted
and measured #f production cross-sections, respectively.

These two functions can be written as

1
fth(0|mt) = —F————_¢Xp

\/%Aath(mt)

(0 - Uth(mt))2
B m) ] (7)

] e e
fcxp(0'|mt) - \/ﬁAchp(mt) p [ 9 (Achp(mt))2 ] (8)

Here, oyn(m¢) and gexp(my) stand for the predicted and
measured ## production cross-sections, and the corre-
sponding uncertainties are represented by Aoy, (m;) and
ACexp(me). The central value of the top-quark pole mass
is extracted from the maximum of the likelihood func-
tion in Eq.(6), and the corresponding error ranges are
obtained from the 68% area around the maximum of the
likelihood function.
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FIG. 2: The top-quark pair production cross-sections at v/S =
13 TeV as a function of the top-quark pole mass m¢, where
the solid line and its shaded band represent the predicted £
production cross-section otn(m¢) with the corresponding un-
certainty Aon(me), which is estimated by using the CT14
error PDF sets with range of as(Mz) € [0.117,0.119]; the
dashed line and its shaded band represent the measured tt
production cross-section gexp(m:) and the corresponding un-
certainty Aoexp(mt), respectively.

We present the top-quark pair production cross-
sections at /S = 13 TeV as a function of the top-
quark pole mass m; in Fig.(2), where the solid line and
its shaded band represent the predicted t¢ production
cross-section oy, (my) and the corresponding uncertainty
Aoin(my), respectively, which are calculated using the
PMC with the CT14 PDF set and are parametrized in
Eq.(5); the dashed line and its shaded band represent
the measured t¢ production cross-section oexp(m;) and
the corresponding uncertainty Acecp(my), respectively,
which are take from Ref.[9]. It is noted that the mass
parameter used to characterize the dependence of the
measured cross-section on the top-quark mass is the MC
mass rather than the pole mass. However, since the mass
dependence of the measured cross-sections is very small,



as shown by Figure (2), and the MC mass and the pole
mass differ by only a few GeV, this approximation causes
negligible bias for the determination of the top-quark pole
mass. The intersection of the theoretical and experimen-
tal curves shown in Figure (2) thus gives an unambiguous
extraction of the top-quark pole mass.
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FIG. 3: The likelihood function f(m;) defined in Eq.(6) for
VS =13 TeV, where the area between the two vertical dashed
lines stand for the 68% area around the maximum of f(m.).

We present the likelihood function defined in Eq.(6)
for v/S =13 TeV in Fig.(3), where the area between the
two vertical dashed lines stand for the 68% area around
the maximum of f(m;). By evaluating the likelihood

function, a reliable top-quark pole mass is extracted to
be

my = 1725+ 1.2 GeV (9)

at the LHC for v/S = 13 TeV. The relation between
the pole mass and the MS mass is currently known up
to four-loop level [51, 52]. By converting the top-quark
pole mass to the MS definition, we obtain

mMS(m,) = 162.0+ 1.1 GeV (10)

for u, = my. By directly applying the PMC to calculate
the MS mass for the results given in Ref.[51, 52|, a precise
top-quark MS mass is also obtained [53].

Since the experimental uncertainty at the LHC Run II
stage with VS = 13 TeV is smaller than the experimental
uncertainty at the LHC Run I stage with v/S = 7 and
8 TeV, the precision of the determined top-quark pole
mass for VS = 13 TeV is significantly improved com-
pared to the previous analysis for v/S = 7 and 8 TeV at
the LHC and v/S = 1.96 TeV at the Tevatron [32]. We
present the top-quark pole mass determined by the PMC
versus the CM energy v/S in Fig.(4), where the PMC re-
sults at lower CM energies are take from Ref.[32]. A
self-consistent determination of the top-quark pole mass
can be obtained using the PMC at different CM energies.
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FIG. 4: The top-quark pole mass determined by the PMC
versus the CM energy /'S, where the PMC results at lower
CM energies are take from Ref.[32].

The top-quark pole mass is also extracted by compar-
ing the same measured cross-section with the prediction
calculated from conventional scale setting; however, the
scale uncertainty is one of the main error sources for the
extracted top-quark pole mass [9]. In contrast, since the
PMC method eliminates the renormalization scale uncer-
tainty, the determined top-quark pole mass is not plagued
by any uncertainty from the choice of the scale p,., and
thus the precision of the determined top-quark pole mass
is improved compared to the result obtained from con-
ventional scale setting [9].
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FIG. 5: A summary of the top-quark pole masses, where our
PMC prediction and previous determinations [8-10, 12, 54—
58] from collider measurements at different energies and dif-
ferent techniques are presented. The top-quark pole mass,
my = 172.4 £ 0.7 GeV from the PDG [15] is presented as the
shaded band for reference.

The determined top-quark pole mass using the PMC
for v/S = 13 TeV can be cross-checked by other deter-
minations using different techniques by comparing the
predicted tt cross-sections with the corresponding exper-
imental measurements, including the typical pole masses
my = 172.973% GeV from ATLAS [8] with the 7 and
8 TeV data, m; = 173.87]'% GeV from CMS [10] with
the 7 and 8 TeV data, m; = 173.173% GeV from AT-



LAS [9] with the 13 TeV data and m; = 169.9757
GeV from CMS [12] with the 13 TeV data. In addi-
tion to the inclusive tt cross-sections, the top-quark pole
masses are extracted from the tt+1jet distribution, yield-
ing m; = 173.772% GeV from ATLAS [54] with the 7
TeV data, m; = 171.1712 GeV from ATLAS [55] with

the 8 TeV data and m; = 169.9735 GeV from CMS [56]
with the 8 TeV data. The top-quark pole masses are
also extracted from the differential distributions, giv-
ing my = 173.2 £ 1.6 GeV [57] and m; = 170.9 4+ 0.8
GeV [58]. More explicitly, we present a summary of the
top-quark pole masses in Fig.(5). The top-quark pole
mass, my = 172.4 4+ 0.7 GeV [15] from the PDG is pre-
sented as the shaded band for reference. Figure (5) shows
that the top-quark pole masses obtained from the PMC
and the collider measurements at different energies and
different techniques show good consistency.

IV. SUMMARY

Fixed-order pQCD predictions based on conventional
scale setting are plagued by the renormalization scale
1 uncertainty. In contrast, the PMC provides a rigor-
ous unambiguous method for setting the renormalization
scale. The resulting PMC predictions are independent
of the choice of the initial renormalization scale and the
choice of renormalization scheme. The predictions using
the PMC satisfy the principles of RGI. The PMC is appli-

cable to a wide variety of perturbatively calculable pro-
cesses. The residual renormalization scale dependence
due to uncalculated high-order terms is negligible due to
the absence of the renormalon divergence and the con-
vergent pQCD series. The PMC thus greatly improves
the precision of tests of the Standard Model.

After applying the PMC to the top-quark pair pro-
duction process, a comprehensive, self-consistent pQCD
explanation for both the ¢t production cross-section and
the tt forward-backward asymmetry measured at the
Tevatron and LHC collaborations are obtained. Since
the theoretical uncertainty is greatly reduced using the
PMC, a reliable determination of the top-quark pole mass
my = 172.5+£ 1.2 GeV is obtained by comparing the pre-
dicted PMC tf cross-section with the latest measurement
for v/S = 13 TeV. Our determination of the top-quark
pole mass is consistent with the previous determinations
obtained at lower LHC energies and different techniques,
giving a new and important test of the SM. Moreover,
our determination by applying the PMC is in agreement
with the current world average from the PDG, providing
complementary information compared to previous deter-
minations.
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