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I. INTRODUCTION

In this paper we continue the development and application of techniques for
finding the ground state and spectrum of low-lying physical states of field the-
ories without recourse to either weak or strong coupling expansions. Following
our earlier pa.pers1 we study lattice Hamiltonians by means of a constructive
variational procedure. The methods, which in our preceding paper (Paper III)
were described and applied to free field theory of bosons in one space dimension
and to the one-dimensional Ising model with a transverse applied magnetic field,
are now applied to two fermion theories in 1x - 1t dimensions: massless free
fermions and the Thirring .model? -5Our aim in this paper is to demonstrate that
these methods are easily applied to fermion theories and that our simple con-
structive approach reproduces results known to hold in soluble continuum models.
Our fundamental approach to the study of these models is the same as in Paper
III. Namely, we dissect the lattice into blocks containing a few sites which are
coupled together via the gradient terms in the Hamiltonian. The Hamiltonian for
the resulting few-degree of freedom problem is diagonalized and the degrees of
freedom ''thinned" by keeping only an appropriate set of low-lying states. We
then construct an effective Hamiltonian by computing the matrix elements of the
original Hamiltonian in the space of states spanned by the lowest energy eigen-
states in each block. The process is then repeated for our new effective Ham-
iltonian. At each step, the coupling parameters of the effective Hamiltonian
change and the procedure is repeated until we enter either a very weak or very
strong coupling regime.

The specific features of these models which make them interesting are
that (i) for the first time one must study the behavior of the first order gradient

term which we introduced for fermion theories6 in order to avoid doubling of
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states and preserve chiral symmetry, and (ii) the wave function renormalization,
ZZ’ in the Thirring model vanishes when the coupling strength exceeds a finite
value‘hgcr ~ 1.1, even in the presence of a cutoff. We also analyze the lattice the-
ory's Schwinger term and establish correspondence with the continuum theory.

As we show, our general procedure leads to the conclusion that there is a
finite value of the coupling strength Eor such that for g < 8, One only needs to
study the general properties of the massless fermion theory. On the other hand,
for g > g.pr We are driven to study the theory of the Heisenberg anti-ferromagnet,
which is also a theory with massless low lying excitations. In particular this
analysis confirms a conjecture made in Paper II to the effect that the spectrum
of the strong coupling limit of our lattice Thirring model is that of the Heisenberg
anti-ferromagnet with nearest neighbor interactions even though the gradient ap-
propriate to a fermion theory on the lattice includes long range couplings. In
addition to these results we show in the appendix that the operator expression
for the Schwinger term becomes, in the infinite volume limit, the ground state
expectation value of the kinetic energy density divided by the square of the wave
function renormalization constant Z,(g)

II. GENERAL METHOD APPLIED TO FREE FIELD THEORY

To fix notation and illustrate our general method as well as its accuracy,

we construct the ground state and lowest lying excited states of a lattice free

fermion theory. The free massless lattice Hamiltonian is (see (3.1) - (3.4) of

Paper II)
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The two-component dimensionless lattice field x . is specified in the Dirac

b, \

‘basis_y = ( i> with @ = v, = 03,7 and satisfies the anti-commutation re-
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A is the inverse lattice spacing and the lattice has 2N + 1 = A L sites.

This theory possesses two conserved "charges' which in this representation are

.

]

CED IR RTED Qj=2(nb<j> -ndm)
j j

Q=3 X %= 3 Q; =§:(nb<j) +n() - 1) (2.3)
i j i
where

+
n, (j) = b, b,
nb(J) i P

+
)= d d .
ngU) = d; 4,

The Hamiltonian (2.1) is also invariant under three discrete symmetry
operations. Two are unitary, and analogous to P and C, and one is anti-unitary

corresponding to time reversal ©. We define them as follows:



(1) Charge conjugation

- ijC—l = b,; cqcl=-q
c -1 = + —1=_
o™ = 4 cQ, C Qs (2.4)
Py
(2) Parity
ijP—l = d“:j PPt = @
o1+ -1
PAPT = b, PQ5P Q (2. 5)

P’ =1

(3) Time reversal
@ = TK, where K is the anti-linear operator of complex conjugation
and the unitary T operator is defined by

1

TbjT_ =d]. eQe "~ =-Q

Td 1=y ) 5t =Q (2.6)
j j 00 5 '
02 -1

Note that this problem shares one feature in common with the Ising -calculation:
there are only a finite number of states associated with each lattice site. In
this case for each lattice site there are four basis states, summarized in
Table I.
The transformation properties of these states under P, C, and @ are
given once we adopt the conventions
Clo, ) =1i]l=,
! i > | j >
Pl0.> = |=,
J> ] 2

and 610> = 10 (2.7)



Note that these conventions imply

- P |+, - |+,

P |—J.> | -.>

Also, it follows from Eq. (2.7) that
Cl+> =1il-,
| J> il J>

In particular, fermions and antifermions have opposite intrinsic parity as usual.

Our purpose in this section is to study the free fermion model in order to
establish the notation and methods to be used in the discussion of the Thirring
model. For this reason, = the calculation will be done in a way which is
more cumbersome than it needs to be for this simple case. Aside from matters
of notation, we will illustrate the fact that although &' ('j1 - j2) is non-vanishing
for all j1 # jz, it is not more difficult to work with than a gradient term ex-
pressed simply as the difference of fields at neighboring sites.

To begin our iterative procedure, we dissect the lattice into 3-site blocks.

We write

= A Zp:[Z i6'(a-al) <b-1;a bpoz' —d;a dpa')} (2.8)

+A p;p' [oz:a' is" (3(p-p') +a -a'><b;a birg -d;a dp,a,ﬂ

where now p specifies the block and o = -1, 0, 1 to specify a site within a

block. Each single-block Hp operates only on that factor of the product basis
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which pertains to block p, and is diagonal otherwise.

We choose to use three-site rather than two-site blocks when dealing with
fermions so that the lowest eigenstates of the block Hamiltonian will have the
same quantum numbers for @ and Q5 that are displayed for single sites in
Table I, as will be clear immediately. Our simple algorithm for "thinning" our
space of states will be to first solve the 43 = 64 degree of freedom problem,
which can be done very simply by grouping the states in the different (Q, Q5)
sectors which do not mix. We anticipate that the block states of lowest energy
will be in the (Q = 0; Q5 = -1, +1) sectors, degenerate by C sym;lletry, and we
name them IOp > and l:bp > , respectively, in analogy with the single-site
states of like quantum numbers. (That these are indeed the lowest block eigen-
states is verified in all cases by explicit computation.) However, when we apply
pr, between two blocks, it is apparent that it has no matrix element between
IOp) and | ip) ; the charge-selection rule governing bj and .dj indicates that
we haﬁre to keep (Q = +1, -1; Q5 = 0) states in order to have non-zero block-
block coupling. We call these |+p > and I-p > ; again, they are degenerate.
Since these four sectors are the sectors of greatest degeneracy, they are gen-
erally those containing the lowest eigenlevels for the three-site problem.

To be specific, let us consider the 20 states in the Q = 0 sector of the three-
site problem. These are listed in Table II along with the states into which they
transform under iCP (note (iC.P)2 =1). The notation used is an obvious gener-
alization of that in Table I: the creation operators appear in an o‘rder from left
to right corresponding to the ordering of the sites in the lattice, and at each

site the b;’ is to the left of d;; thus for the block p

+ + + +
l-x 4> =dg by dy by g 1000> (2.9)
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Under C, P, and @ these states will have transformation properties de-

rived-from (2.7); viz. , starting from the (Q = 0, Q5 = -3) sector,
C 1000 =i |+
>p >p
P [000) = |=%=x+
>p >p

e |000>p= lOOO)p (2.10)

As a general rule, the overall phases to be introduced inthe (Q =0, Q 5= +1) and
(Q==1, Q5 =0) sectors as we proceed will be suchthat the phase convention (2.7) will
hold for the lowest-lying block states (with IOj Yreplaced by |Op), etc.). We do this
because we wish to identify the new block states inthese sections with the original
single site ones so thatthe only thing changing in the iteration isthe Hamiltonian itself.

Of the nine states in the Q5 = -1 sector, six combinations that are even under
iCP and three that aré odd can be formed. The lowest eigenstate of the three-

site Hamiltonian is even and can be written as follows:
0.5 = % (3-4i) [+0 ) +ox (3+4i) -0+
p 18 b 18 p
1 . 1 .
-3 (3+1) [|+-0)+ | 0 +—):| —5(3 - 1) [IO- ++ [-+0)]

p
+-§i[|0i0>+-g—(li00>+ looa:))]

p

p (2.11)

Ho 10> = -3A 10>

The other eight eigenstates in the (Q =0, Q5 = -1) sector lie higher in epfergy
with eigenvalues +3A, +3/2 A, +3/2A, 0, 0, 0, -3/2 A, -3/2 A. Since the
state having (Q = 0, Q5= -3) is unique, it must be an eigenstate of Hp and it is
clearly a null eigenstate.

The Q = 1 sector has the 15 basis states listed in Table III along with their
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corresponding P transforms (C takes us from . the Q =1 to the Q = -1 sector
and is_not important in this context).

The lowest eigenstate of Hp in the @ = 1 sector is formed from the six odd
eigenstates of P in the Q5 = 0 sector; this corresponds to the odd parity of the

single site eigenstate according fo (2.7). It is given by:8

1 . 1 .
|+p>=-1—§(4-31) li+0>p T (4+31) !0+a:>p

+%(1—31)[I+Oi> + ]0x +>:| -%(1+31) [l:b0+> + |+ & 01]
p

+% [|+—+> +§<I++ - it I-++>)] ; (2.12)

H + ="3A + °
plp> |P>

The states specified in (2.11) and (2.12) plus their two charge conjugate
counterparts | * p> and I—p) are the states used as a basis.in which to con-
struct the truncated Hamiltonian. This same process is then repeated by com-
bining 3 neighboring 3-site blocks as illustrated in Fig. 1. In order to do this,
however, we must express the terms in pr, (that couple different blocks to one

another) in terms of creation and annihilation operators, B;, Bp and D;, Dp,

defined by
B, 10> =D 10> =0 (2. 13)
B 10> = 14>
D; 10,> = 1-,>
B;D; 10p> = T2

—
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To accomplish this let us define for site @ = -1, 0, 1 in the pth block,

- + _
(+p |b3p+oz IOp) = u,
(2.14)
+ —

1t then follows from the symmetries (2.4) - (2.6) that we can fix the remaining

matrix elements: e.g., from (2.4) and (2.7) we see that

+ *

oy Mhgpug 152 = $plP3pag 1£p2

' *
= Gy IChy |0p>
+ *
<+p |b3p+oz |0p>
= ¥ (2, 15)
From (2.5), we find that
a, =v_, (2.16)
and from (2.6)
%
u =u (2.17)
o -
Combining these results, we see that we can write truncated operators
VTR
+ _ ot 2 ¥ 2
<b3p+0£> =B, {ua Upt Uy Qp}
(2.18)
TR
+ = nt 2, * 2 -
d =
where
Q =B 'B_-D'D
P P P PP
+ +
=B B +D D -1
Q5p pp pp
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Equations (2.18) summarize, in operator form, the contents of (2.13) - (2.17)
.and allow us to write the Hamiltonian restricted to the Hilbert space
spanned by tensor products of the four basis vectors IOp) s ltp >, |+p> ,

and !-p) . Since in this subspace
2 2
+ =1 2,19
Qp Q5p ( )

it follows that if u, and v, are real, then our truncation procedure amounts to

making the simple substitutions

o VIR _ 5
3p+oz) = Y Fp
TR
+ +
<d3p+ a) = u, D} 2. 20)

For the present case of a free fermion model u, and v, are re.’:LL,9 However,
this is not generally true, and the transformation (2. 18) for the Thirring model
takes the more general form as we shall see in the next section. Restricting to
the free field case and collecting our results, the truncated Hamiltonian (2.1)

becomes

+1

TR AL

H,; =~ (3A) =5 +§ 1<§ 6'(3(p-q)+a -8)u u> (2. 21)
M 3 p#£q \o,Bf=-1 ( >a A

X [B+B -p’D }

“pq " "pq
TR
(1)

ceeding to the second iteration, we couple three adjacent "'sites' of the new

where H denotes the Hamiltonian obtained after the first iteration. Pro-

Hamiltonian (or blocks of the original Hamiltonian) and again retain the lowest

eigenstate in each of the four sectors (Q =+ 1, Q5 =0) and (Q =0, Q'5 =% 1),
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Of course, this time the gradient is given in terms of a new function

- +1
8- =Y 0'(Bo-dra- g)u,u (2.22)
o,3=~1
which is readily calculated using (2.11) - (2, 14) and the definition (2.1) of

o' (j).

Table IV compares the first few terms of &' (j) to Al G). Xtis
evident from the table that in a single iteration, the strength of the
gradient is decreased by almost a factor of two and the second nearest neighbor
term is suppressed by = 30% relative to the nearest neighbor one. Continuing
this process, we find that, aside from the fact that the gradient's overall scale
keeps dropping by a factor ~ 8/15, An(j) rapidly converges to. a fixed form.

One can approximately carry out the iteration procedure analytically by setting
Ah(2)/An(1) =-1/2= 6'(2)/6'(1), in order to estimate the ground state energy.

One obtains

AL 8\ AL 8 \° AL
E = ~3A - 3 —3A<E>—2— 3A<E) 3 +
3 3
= AL (?)—?—) ~- 1,216 A%L (2. 23)

Carrying out the calculation exactly by means of a computer yields an almost

identical result

BN = -1.2174%L (2. 24)

The exact ground state energy can of course be computed very simply from (2.1)
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by transforming to momentum space. This leads to the familiar expression

H=) k[nb(k) - nd(k)] (2,25)

where nb(k) and n d(k) are the number of particles and anti-particles, respec~
tively, with momentum k. The ground state corresponds to filling allk > 0
states with d-quanta, n d(k) =0 (+k), and all k < 0 states with b-quanta,

nb(k) =9 (-k), Actually the ground state is 4-fold degenerate correspounding to
whether n, (0) =0, 1 and nd(O) =0, 1 in the k = 0 state (n.b. in the infinite vol-
ume limit it becomes infinitely degenerate). It follows that the ground state

energy for (2.25) is

TA
TA
- - o L = T A2
EO——ZZO:k = -zzﬂ/ kdk=- 5 AL (2. 26)
0

Hence our simple truncation procedure leads to a ground state energy that lies
22% above the exact answer. There are two ways in which this agreement can
be improved. One is by keeping a larger subspace of states than the four of the
64 retained in the above calculation for each three-site block. This has proved
very effective in the study of the Ising model. Alternatively we can determine

which states to retain by a variational procedure as illustrated in Paper IIl. 10

III. LATTICE THIRRING MODEL
Turning now to the Thirring model, we add a chirally invariant ""potential
term' to the Hamiltonian of the free fermion theory. The lattice Hamiltonian

is (see Eq. (2.15) and Section III-A of Paper II)
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1= Z 16'(Gy ~ig) x; lax %Z {(x X ) - (x; v5x) } (3.1)
j]_st j

+
=A i6'(j, =j,) (b, b, -d;
2, 19'0, JZ)( 1 32 J1 Jz) gZQ53

rig

where Q 54 is defined by (2.3). . Since the added potential term commutes with
Q and Q5, we again choose the site basis in Table I used for the massless free
fermion theory. The discrete symmetries C, P, and © of (2.4) - (2.7) are
again useful for classifying states.

Proceeding as in Section II, we divide the lattice into blocks of three sites,

and rewrite the Hamiltonian divided into single-block and block~block terms

—ZH +L Ho
p p#p'

:AZ[Z 215'(01—01)( pa'dpozdpaﬂ
p L ool

: + +
2 [T 10 - v (bt ) e

The plan is again to diagonalize the single-block terms exactly, to truncate the
Hilbert space to the lowest few eigenstates, and to rewrite the block-block
coupling term in terms of operators which are confined to the truncated space.
The enumeration of block states and the block diagonalization of H_ accord-
ing to Q and Q5 go through as for the free field, and once more we choose the

lowest eigenstates lOp> , I+p > l—p > , and | ip > and define Bp and Dp,
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Equations (2.16) and (2.17) still hold, because they depend only on the same
symmetries (2.4) - (2,6). Furthermore, (2.18) is unchanged; indeed, when we
truncate our block Hilbert space, that expression for (b+)TR is the most general
operator on the subspace with selection rules AQ =+ 1, AQ5 =+1; and analogously
for (d+)TR., However, we can no longer write (2.20), because uj is no longer

real. The reality condition depended on the symmetry of H under Q<~—.~Q5, which

does not hold for g # 0 in (3.1). Unlike the free field case, now
+ +
+ {b, |0 = |b, |- .
<p|JIP>#<PIJIp>

Thus (2.18) no longer turns into a simple scaling transformation for b+ and d-l-o
Instead it expresses a non-linear Bogoliubov transformation which forces these
operators to take on their most general forms in the next iteration.

The single site term Hp in (3.2) becomes the sum of two terms: a constant
representing an overall energy shift and a term proportional tc; (QS p‘)z which

7!

splits the degenerate pairs |+p> and I—p> from IOp> and ltp> : viz.

)T .
pl(1)  _

This is its most general form consistent with the symmetries. Correspondingly,

the kinetic Hamiltonian turns into

(Hp p'jTﬂ R) + 2 2 2 2
A = Bp (A (p_p' )Q5p Q5pv+ B(p—p') Qp Q5pt

- BY(p-p') Qg Q- A*(p-p), Qi} B,,
(3.4)
+ 2 2 N2 2
—Dp [_A* (p—pt) Q5PQ5p1+ B(p_p ) Qp Q5pl

* 2 2
-B (p-p) Q, Qo+ AP-D)Q, Qp} D,
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where

- A(p-—p‘)=z id'(S(p—-p')+a —a')ua u;,
ao' .
(3.5)
-p') = is! - - * %
B(p-p') Z ié (3 (p-p') ta oz.‘) uzuo
oo’
Note that if u, = u; , then A = B and (3.4) reduces to (2.21) when we use (2.19),
Equation (3.4) is in fact the most general site-site (or block-block) coupling

Hamiltonian which conserves Q, Q5, C, and P, for any functions A and B sub-

ject to
A (-p) = A*(p) B(-p) =-B(p) (3.6)

We are now faced with the prospect of iterating (that is, blocking and truncating)
this operator as a kinetic energy term in the Hamiltonian. It is clear that the
generality of (3.4) precludes any further change in form in the.truncated sub-
space to which we have restricted ourselves.

In the second iteration, we treat our former blocks as "'sites" and group
them into (super)blocks as in the free field theory. After diagonalizing, we will

need matrix elements such as (letting o index a "site' within "block" p)

+ 2 _
p B340 WBpra 1057 = 7y
and , (3.7)
+ ,
<+p IBSp+oz Q5,3p+'04 lOp> = Yy

Indeed, use of C and P symmetries shows these to be the only independenf
matrix elements. Then the newly truncated pr, takes the form (3.4) with new

A(p) and B(p) given by a generalization of (3.5):
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A(p —p')_,z AT, 1%, - AXx) W, Wh + B(X) W, T} - BX*X)r, Wy,
ao' '
- 1 (3.8)

B(p-p") »Z B(x) rg‘l rg, - B¥(x) W(’;WZ , HA(X) w; rz, ~A*(x) rg‘l WZ,

oo’
where
x=3(p-p)Y+ta -a'
This procedure can in fact be specialized to the first iteration if we start with
A(j) =B(j) =16'(j).
It is convenient, in order to make later comparison with the free-field

case more transparent, to rewrite H(n) (defined as H;H){/A in the ,nth

iteration) as

+ +
H, = iX (p —p)(B B -D_ D )
(n) P%:Pz ntl T27\Tp; TPy Py Py

2

+ +
- B B +D D -1 +
gnzp:(pp P D ) En

+ 2 2 + o2 2
+ 1|z o, -p) (B @@ @2 B -DL @ @ D)
p%,':z[n 1 z(pl P; Py Py Py 5P OPy Py

+ 92 2 + 2 2
+ Z*(p, -p,) (B, Q Q B -D_Q Q D ) (3.9)
n"l F2T\Tpy 5py 5Py "Ry Py Py Py Py

where Xn(p) and Zn(p) are the appropriate linear combinations of A's and B's:
X . — : — R* - Ak
viz., iX (p) = B (p) and iZ (p) = B;(p) - AL (D).
In this way our Hamiltonian (3.2), with generalized kinetic term (3.4),
takes on the same form when blocked and truncated, subject to an energy shift

and a change in the value of g and in the form of the '"gradient functions' A(j)

and B(j). We iterate this procedure until one of three limits is reached:
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(a) Xn and Zn_* oo relative to g, The resulting gradient functions must
then he compared to those resulting from the free field (where g = 0 to begin
with). More on this later.

(b) Xn and Zn_»o relative to g This, the "strong coupling limit, nll is
the Heisenberg antiferromagnet as discussed in Paper II, and the limiting form
of the gradient functions before they go to zero must be examined to determine
the degeneracy-breaking of the ground state.

(c) X.n and Zn approach a fixed form, and a fixed ratio with respect to g,
In this case the dynamics at large scales remain complicated.

We have thus far applied our procedure of successively truncating the Hil-
bert space to compute the general form of the Hamiltonian. We may also apply
this procedure to any other operator by computing its matrix elements between
the states retained in each step of truncation. An example which will be useful
for calculating the Schwinger term in the Appendix is the groun.d state expectation

value of the potential energy density (in units of A = (2N + 1)/L)
1 2
V‘2N+1Z - 8Qg;
]

3 1 2 _ 3
NI 2 <?§ 2 (-g)Q5,3p+a> =§ﬁ+—12 v, (3.10)
p

og=-1,0,1 p

Noting that ng is diagonal in our truncated basis and that it commutes with C,

we let, in a 3-site block basis,

= _-g 2 ) = =
a+b=-5 ;<OPIQ5’3P+QIOP> QO IVJ0 D> =< IV 125

(3.11)

: Za: Gl Qg g 14> = G IV 4> = (- IV I
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Then the matrix elements of Vp in the truncated basis are summarized by
- writing

2
V. =a+b
p Q5p

3 is just N b’ the number of blocks,

_ 1 2
V——a+————Nb‘ZbQ5p (3.12)
P

This procedure may be repeated through following blockings, and the recursion

formula is

b 2
&~ a+§z <+p'Q5,31c>+0é'+p>
o

b7 2 2 -
b — §ZL<Op Q5 35, +a'0p> - <+pIQ5,3p+al+p,>] (3.13)
o
N, — N./3

Initial conditions area =0, b= -g.

Thus we may calculate { V) in any of our final variational states. Since we
already know what the Hamiltonian is doing in the iteration, we also determine
the kinetic energy density by this process. This will be of interest for deter-
mining the theory's Schwinger term.

In order to renormalize the field, we will need its amplitude to create a

(QR=1, Q5 = 0) state at rest from the vacuum, i.e.,

JE QOIx (k=0) 14> = [ 0 1Y x, 1+
2N+1 ZJ: j

VA zé/z(})) (3.14)
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The operator of interest in (3.14) is
- 1 3 1
—_— z b, = [T E ~= z b (3.15)
ANF1 j j 2N+ 1 5 <\/3 = 3p+a>

after one blocking. The symmetries of the theory imply that in the truncated

basis

1 TR _
3 ; bspra) = €1 By (3.16)

After n iterations, with N = @2 N+1)/3", we have

TR
1 b, (M3 3.17
V2N+1 <JZ J \/N Zp: @10

where

At this stage there is no order in the system on a scale greater than 3" sites,

so that the zero-momentum state is just

( .
[+ = 1 Zil+p>n |0q>l (3.18)

\/Nb D a#Fp ‘
Therefore
1 (n) _(n)
0 b == =
«/2N+1 Z( | Nbg zp: o IB 1+ > =¢ (3.19)
Thus 0 .
712 - m (Wo [T (3.20)
2 n— o0 i=1 1

Using (3.16) and (3.7), we find that in iteration i

1
- Ly <r$)+ W(;)) (3.21)

\/§ a =-1
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IV. CONTINUUM THIRRING MODEL
Before discussing results obtained from our renormalization group pro-
cedure, we review known features of the continuum solution with which we are
interested in making contact. To begin, we recall that operator solutions to
the Thirring model have been constructed in two ways. In the first, 3 the starting

point is the formal equations of motion

189 =181y (4.1)

i =@y =0 (4.2)
and L P A )

o e, ¥ @ =35, (0 =0 (4.3)

We refer to these as formal equations since if one begins with the fields ¥(x) as
fundamental, the operators jM (x) and (§ ¥) (x) are singular. To give them meaning,
one must adopt some prescription for rendering them finite. .Johnson does this by

introducing a point splitting prescription
. . 1 - -
J“(X):ehm0 §<[zp(x+e), 'y” (x> - (4.4)

where the bracket indicates a suitable averaging process over directions of ¢ .
Once both sides of Eq. (4.1) - (4.3) are well defined, it is possible to com-
pute all finite Green's functions.

A second procedure12 is to take the currents and their commutators as
fundamental, and from these reconstruct the Thirring model and the fermion
field. According to this approach, the theory is defined in terms of currents

jli and j Bt where j i (x) is assumed to satisfy the commutators

30 Jo (y)]EQT =0 (4.5)

[100, 3, 0)|pqp = 108" (x-v) (4.6)
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[y 1,0] _— (4.7)

e

and also the conservation laws

ot =0t 1 m=o0 (4.8)

n

The fermionic degrees of freedom are introduced, after finding general solutions
of the problem specified by (4.5) - (4.8), by requiring that there exist a field

P(x) such that

(19, ¥9)] ~ai(x) 5 (x - )

EQT

(1,09, 9] 90 6 (x-) (4.9)

EQT

A Hamiltonian is then constructed in terms of currents alone in such a way that

Y(x) satisfies the equation

189 =g ] (%) p(x) : (4.10)

where : : indicates an appropriately defined normal ordering prescription for
the composite operator.

In either approach, if one studies the full operator solution of the theory,
one learns that only two of the four parameters (a, a, g, c) are independent and
that the resulting theory has no mass gap. Moreover, the wave function renor-
malization. Zz(gr) is found to vanish at a finite value 8. =8 if one adopts

Johnson's specific point splitting procedure. The parameter c in (4.6) is sin-
1

1-(gr/8cr) 4
which when written in terms of light-cone components of the Bose field jﬂ(x) is

H=Zl—c-,:f: j_?_(u):du+f:j_2_(v):dv] (4. 11)

cannot be constructed past this point.

gular at 8op 28 , and is negative for 8. > Bope Thus the Hamiltonian,
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V. CALCULATION

In this section, we present the calculational details necessary to understand
how we numerically carry out and interpret the results of our iterative "renor-
malization group" procedure for the lattice Thirring model. We find that the
picture emerging from our truncation procedure and the resulting equations (3.3) -
(3.9) is consistent with the continuum model in that there is a finite critical value
op = 1.1087 such for g< eor the theory has no mass gap; for g > 8or the cut-
off lattice theory cannot be multiplicatively renormalized in the usual fashion.
The lattice theory still exists for g > 8o in fact, for this region its behavior seems
entirely sensible and is precisely as described in Paper II—i.e., for g > 8op Ve
are driven to the strong coupling limit which corresponds to a Heisenberg anti-

ferromagnetic chain with nearest neighbor interactions. As was discussed in

Paper 1I, this theory possesses a massless excitation spectrum as first proved
46 years ago by Bethe.”® For g > g, however, the single palrticlé operator
__1__7.. f dx z[)+ (x) fails to create any finite energy states from the vacuum. In fact,
thg excitations of unit charge are found to lie an energy ~ gA above the ground
state. This result shows that for a certain region of the parameter g the particles
and low-lying excitation spectra found in finite cutoff lattice theories are not
simply related to the fundamental field introduced in the starting Lagrangian and
Hamiltonian.

In order to describe more fully how we carry out the numerical solution, we
recall that the generic form of the Hamiltonian obtained after n iterations will be
as given in Eq. (3.9). The problem of storing and recomputing the infinite arrays
Xn(j) and Zn(j) is handled in our numerical iteration procedure by explicitly com-
puting and storing the values of Xn(j) and Zn(j) forj=1, ... , 100. For j > 100

we parametrize Xn(j) and An(j) by



ARV (A 2)
X2 = (V| (5.1)
_ | j
JB1) (B2) i(C)
Z§S<j)=<—1)3[ g+ “} (5.2)
j j

where 'as' stands for asymptotic fit to large 'j', and compute the real coefficients
(A1), (A2) , (B1) , (B2) and (C).

Tables V through VII show the results of such a calculation for typical values
of g < 8or and g > Bore The meaning of the various columns is as follows:

(i) The number of iterations performed. |

(ii) The value of Xn(l) gince it proves convenient for numerical reasons to
redefine Hn = Xn( 1)><,7(n, where the shortest range part of the gradient term in
Ay is chosen to be normalized to the starting function &'(j).

(ii) g g is the value of gn/ IX (1) | and so, for example, g .0 implies
that up to an overall scale factor the theory is being driven to a theory with no
quartic single site interactions.

(iv) Xnorm(j) gives the first five values of

X, (% (@an, + @), ) /x Oxx () (5.3)

The values of Zn(j) stay small for all initial values of g and iterate to zero relative
to Xn(j) so that we do not bother to display them here.

(v) (A1) n/Xn(l), (AZ)H/Xn(l), etc., are self-explanatory.

We see that if Eoff and Bl/Xn(l), B2/Xn(1), and C/Xn(l) go to zero as the

number of iterations increases and if only X

norm (j) takes a fixed non-zero form,

then the Hamiltonian becomes a purely quadratic operator which can be diagonal-

ized simply. Tables V - VII show that this is what happens for g< opt On the
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other hand, for g > 8. We see that 8gf BTOWS; infact, geffXXn(l) approaches a fi-
nite yalue. This means that the quartic terms of the theory dominate the gradi-
ent. Moreover, according to Table VII, only the first(i.e., nearest neighbor) part

of X (j) survives an infinite number of iterations. Therefore, the Hamil~

norm
tonian ﬂfn = Hn/Xn(l) is seen to approach the strong coupling nearest neighbor
Thirring model—which was shown in Paper II to be equivalent to the Heisenberg
antiferromagnet as studied by Bethe. The results shown are typical of the be-
havior for all values of g> gor Since, as is shown in Table VI, the fixed form of
Xnorm(j) is the same for all g < 8op and is in fact the same as for the free field
case g = 0, it is evident that, for g< 8or? the large distance behavior of the
Thirring model will be that of a massless free fermion theory. This is of course
congistent with what is known about the continuum model.

In order to understand what the change in the behavior of the iterative solu-
tibn at the point g = eor signifies, we consider the Wave—fu.ncti(;n renormalization
constant Z2(g). Since the spectrum for g < 8or is always a free massless
spectrum, there is no scale in the theory which is set by multiplicatively re-
normalizing y(x) and so there is a great deal of arbitrariness in the definition
of Z2 (g). We therefore consider the ratio
Z, (2) (+|fdx¢‘+(x) 10>

_ (5.4)
Zo0) T e |fdx i (® 10> g

with Z,(g) defined in (3.14) with y = VAy.

The result of our renormalization group calculation of this ratio is shown
in Fig. 2. Note that it vanishes for g > B the point dividing the two regions
in which the Hamiltonian Hn iterates to very different forms. When g< Bop?

H_ converges to the same fixed form that the free g = 0 Hamiltonian
n
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iterates to, whereas for g > 8or it iterates to the very different form in which
‘the charged fermions move high up to mass ~ gA and fail to propagate. This
breakdown of multiplicative renormalization and the concomitant loss of the
charged degrees of freedom from the finite mass spectrum is interesting in that
it seems to occur in several types of lattice theories for appropriate values of
coupling constant. Presumably if there is a qualitative difference between non-
Abelian gauge theories,to which we look for an explanation of quark confinement,
and these non-gauge models, it will be that for the gauge theories whenever g # 0
we will lose the simple multiplicative renormalization procedure and, with it,

propagating free fermion (quark) states. 14

CONCLUSION
We have demonstrated that our iterative procedure of constructing an effective
Hamiltonian on the lattice can be readily applied to fermion preblems and is suc-

cessful in reproducing known results for the Thirring model.
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APPENDIX: THE SCHWINGER TERM

In the preceding sections we described a technique for calculating the prop-
erties of a lattice version of the Thirring model and showed that at least in its
most important features it corresponded to the continuum theory. If we wanted
to construct a more complete correspondence with the continuum theory, we
would have to give expressions for the operators ju(x) on a lattice with finite
parts that converge to their continuum counterparts. The next step would be to
fix the normalization of these operators by computing their matrix elements be-
tween an appropriately chosen set of low lying states. As an illustration of such a
general program we will discuss here the Schwinger term for this model. The
principle purpose of this discussion is {i) to show how to define continuum oper-
ators "j P«(X)” for finite cutoff A and (ii) to show how to compute matrix elements
of this operator and commutators of j O(x) with j 1 (x) between low lying states.

To begin, we observe that our goal is to define a current j u (x) satisfying
9j,/8 =0 Al
j “/ X, (A.1)

and to evaluate the commutator [jo(x,t), j1 (y,t)] which according to (4.6) must
be non-vanishing. We can directly construct a conserved current p(x) = j O(x)

and j 1(x) but it turns out technically to be simpler to use Eq. (A.1) and

p @ = ilH, p @] (A.2)
to rewrite (4. 6)
[ 2] gqp = i[eeEr@]]=-tc0"x-  -@.3)

There is no unique description for constructing a local charge density on
the lattice. We adopt the straightforward procedure of defining the continuum

field 10
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p0 = VE 7%y (j=0) ¢ PX

\/2N+1. E x(9 e~ Ui Z

=_7T _

RUCSIVIN)
Z 2N+1

- UK ‘. 1 ( sin T (Ax~}) )
EJ: j2N+1 sin[w(Ax—j)/(2N+1)]

sin T (Ax-j)
N ‘/_Z Xj Trdx-)) (-4

and introducing

p (%) = 4" (x) 9(x)

= Lt (sin 7 (Ax-j) sinT (A x -j"))
_AZ Xj XJ' i T(A X -j) W(AX—j')j (A.5.)

Next we construct: Qgﬂt& from the equation of motion

. +
)kjfi[H,xj]=-iA%%:15'(j—J )o X178 [voxj(xj VOXJ> (XJVOX )VOX J% (A.6)

Using (A.5), we find

dp '
-3 {regsafensap)

+ ~ +
o iS'(i'-3" . + NS Oé'i@' s 3 .
[xj JX (i'-3 ),xJ" ;xr, (G -1j )x],

- 28y xy (%5 ) 28Ry 0, )%y x5 )] : (A7)
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We will now evaluate the commutator (A.2) and verify that the left-hand
side Qf (A.3) becomes a c-number which is a function of the coupling g. This is

easily accomplished once we recognize that at km we can simply pick off the

ax

coefficient ¢ in the Schwinger term by averaging the commutator over a cell

size ~ 1/A. In the lattice theory (A.3) becomes

. A2 ik(x-y)
[ b =-ioy 3 Kt (A.8)

EQT  k=_gA

An average over the lattice distance is performed by operating on both sides of

(A.8) with
d/A  dA
0, =[x fdy (A.9)
-d/A -d/A

where d ~ 1, This gives

2
[0 @2 15, 0] = F=d*a ey (A.10)

The calculation of the left-hand side of (A.10) is straightforward in the limit
2N+1

L= A —® and we find
8d2AZ Lo+ _antd
PNF1 ¢ j5(31-32)xj1 @ X = T3 Alcy)
1°°2

or

_ -6 T -6 T

c p=— =
AT T2 AEN+) 22

(A.11)
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where

T =A X;1 i 8"y ~Jp) Xy (A.12)
I
is the kinetic energy term in the Hamiltonian., This result is independent of the
specific form of the quartic interaction terms which are softer at short distances,
i. €., the same result (A.11) follows from prescriptions for defining the Thirring
model on a lattice in terms of a quartic potential term free of Umklapps or of a
charge density defined by constructing p (x) by the operation (A.4) on the bilinear
x;xj. We must now verify that in the limit L — o0, (A.12) becomes a c-number
equation. We readily verify this by expressing T in a momentum basis and
recognizing its content:

TA

T= D, k<b+(k)b(k) - d+(k)d(k)) : (A.13)
k= -1A .

The only term in (A.13) proportional to volume L is the zero point energy since
all excitations are finite. Note, for the case g =0, H = T and since we know the

ground state of the system, we find

TA
olTl10) = —2; k + { finite excitations }
=0
"'7TA2L 1
=—2——'—' <1+O<T>>o ’ (A.14)

Hence in the L~ o0 limit the free field Schwinger term is given by -

=3
cp=2 . (A.15)

A

Finally, one must divide the ¢ A of (A.11) by (Zz)2 in order to have the Schwinger

term of the currents after field renormalizatio.m3 Since Zz —0 as g8, our
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¢ is indeed singular there. (See Fig. 3.)

Johnson has shown that the choice of a value of g, and of a point-splitting pro-
cedure are sufficient to determine the theory and its Schwinger term. Con-
versely, choice of values for g, and ¢ determine the ’cheory4 and every pair of
values corresponds to a point-splitting procedure. 5 We have given a renormal -
ization group construction of the operators determining ¢ as a function of the
"bare' coupling g. In order to complete the numerical correspondence to the
continuum theory, we would have to similarly construct the operators 4y and

i ¥, thus finding the "renormalized" 16 parameter g .
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Paper I, Eq. (1.3) - (1.5).

Furthermore, we choose g = Vo= s vy = Ba=-io, | -
Recall that the phases of IOp > and |+p > are determined to preserve the
single site convention (2.7).

This may be seen in a straightforward manner by diagonalizing the block

Hamiltonian with a transformation to normal modes.
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A simple variational guess for u , in (2.20) of u, =0 and u, = 1/J2, thereby
gmphasizing the block-block coupling terms by maximizing the trial wave
function at the block edges, cuts this error by almost a factor of two.

In the sense of large cogpling constant g, as oﬁposed to strong block-block
coupling.

This procedure for constructing operator solutions of the model, and not
only the Green's functions, was carried out by Dell' Antonio, Frishman,
and Zwanziger, Ref. 4.

H. A. Bethe, Z. Phys. 71, 205 (1931).

In this context, it is important to note what happens if we use the difference
operator for the gradient, which couples only nearest neighbor sites on the
lattice, instead of our form 6'(j) = —(-l)j/j for all j # 0. Recall that the
difference operator doubles the number of fermionic degrees of freedom in
the g = 0 free particle theory. In this case, we find that ﬁsi.ng the same
iteration-truncation procedure described in this paper we are led to a
theory of the Heisenberg antiferromagnet for all g # 0. That is, we find
Bor 0.

A, Luther(:(Physo Rev. B14, 2153 (1976)|has derived results for a lat-
tice version of the massive Thirring model which uses the difference oper-
ator for the gradient and assigns particles and anti-particles to alternate
lattice sites in order to avoid the doubling of degrees of freedom [in this

connection see also J. B. Kogut, "Three Lectures on Lattice Theory,"

Cornell University preprint PRINT-76-0865 (1976)] . He has foundfor m#0 that

there exists a Bor # 0 such that for g > orp the theory can only be defined

by reinterpreting the ground state.
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These fields satisfy the anticommutation relations

sin7TA (x -

with a non-locality resulting from the km ax - 7w A cut off.
"Renormalized" in the definition (4. 1) means after rendering the products

finite, and before wave function renormalization.



- 35-

TABLE CAPTIONS
Table.d. Single-site basis states.
Table II. Three-site basis states, Q@ = 0 sector.
Table III. Three-site basis states, Q = 1 sector.
Table IV. A comparison of the free field gradient functions before (6') and
after (Al) the first iteration.
Table V. Computational results for g = 0 (free field).
Table VI. Computational results for g=.1 < gop

Table VII. Computational results for g= 2 > g,
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TABLE I
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TABLE II

Q = 0 Sector

Q5 State iCP Transform
-3 {000> - 000>
-1 | 00> | 002>
|00z> | +00>
| 00> {0x0>
|+-0> | 0+>
| O+—> |+-0>
|+0-> | +0->
| -+0> | 0—+>
| 0—+> | -+0>
| -0+> -0+>
+1 [0+> -|x20>
| +£0> -|0tx>
| +02> -] 0>
| —+2> —| 4>
| £=+> - | ~+£>
| ~tt> - —tt>
{4-1> -] +~>
| t+-> - |+-t>
[++-> -|+t->
+3 [+it> | £xx>
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TABLE IIIT

Q = 1 Sector

5 State P transform
-2 |+00> ~|+++>
| 00+> -|+ie>
| 0+0> - | >
0 |+0£> - |ox+>
| 0x+> - |+0z>
| O++> - | O+>
[++0> -|x0+>
| £0+> - |+£0>
| ++0> - | ++0>
[+—+> | +~+>
| +-> -] >
| —++> - |4++=>
2 |[+22> - |00+
| 24> - |+00>
[+++> -] 0+0>
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TABLE IV
s A1 (3)
0 0
1 8/15

-1/2 -4/15(1-9/28)
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TABLE V:

g

il
[«

Iteration NUAHV

(n)

g

eff

X (j=1,..,5)
norm

(AL) /X, (1)

(A2), /X, (1)

(BL) /X (1)

(B2) /X, (1)

Cp /X, (1)

1 -.53333

2 -.31376

3 -.18805

15 -2.9897

x10~4

20 -1.9376
§ NHOIU

1.00000
.81897
.81187
.81071
.81040

1.00000
.60875
.60204

1.00000
.49614
.49103
.49024
.49003

1.00000
.31256
.30977
.30934

.30922

1.00000
.30931
.30655
.30612
.30601

-.625

-.46176

-.38047

-.24386

~.24138

-.18519

-.13878

-.10942

-.06528

~.06455




-41 -

Table VI:

g=.1

Iteration stHv

(n)

norm

(3=1,..,5) (AL)_/X_(1) (A2),/X_(1)

(BL) /X, (1)

(B2) /X (1)

C /%, (1)

1 ~.53265

2 -.31313

3 -.18760

15 -2.9803

x10™4

20 ¢  -1.9315
x10-5

1.00000
.81896
.81187
.81072
.81040

1.00000
.60872
.60201
.60098
.60070

1.00000
.49611
.49100
.49021
.49001

1.00000
.31256
.30977
.30934
.30922

1.00000
.30931
.30655
.30612

-.18521

-.13878

~.10942

-.06528_.

-.06455

1.321
x10~

1.5335
x10-9

-.0041123

-.0024703

-.0013154

~1.9239
x10-3
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TABLE VII:

g =2

Iteration

(n)

X, (1)

Beff

X (3=1,..,5) (A1) /X (1)

norm

(A2) /X 1) (B /X 1)

(B2) /X, (1)

C_/X, (1)

1

10

15

-.37452

-.12898

~.032991

-1.6136

x10~9

4.1286
x10-1>

2.9147

5.4885

16.712

-3.0816

x108

1.2044
%H0+Hb

1.00000
.81734
.81111
.81034
.81022

1.00000
.58901

1.00000
.44220
.43814
.43778
.43778

1.00000
.00119

NnN1 0N

.00120
.00123
.00124

1.00000
-2.0661 x
~2.7470 x
-3.0416 x
~3.1892 x

-.61755%

-.43935

~-.32930

-6.2370

x10™%

1.6849
x10™>

~.19282 0

~-.14330 0

~.10871 0

-6.4155 0

x10~4

1.7855 0
x10—>

.00723

.00909

.01048

2.3514

x10-4

-3.5695
x10-3

~.06680

-.06321

~.05874

3.8297
x10™%4
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FIGURE CAPTIONS

Iteration of the blocking procedure.

Wave-function renormalization vs coupling constant g in the lattice

Thirring model.

Renormalized Schwinger term ¢ vs coupling constant g in the lattice

Thirring model,
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